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Nuclear Excitation Processes  
in Astrophysical Plasmas 

G. Gosselin1, P. Mohr2,3, V. Méot1 and P. Morel1 
1CEA,DAM,DIF, Arpajon 

2Diakonie-Klinikum, Schwäbisch Hall 
3ATOMKI, Debrecen 

1France 
2Germany 
3Hungary 

1. Introduction 
In general, nuclear transitions are almost independent of the atomic environment of the 
nucleus. This feature is a basic prerequisite for the widely used nuclear chronometers (with 
the most famous example of 14C, the so-called radiocarbon dating). However, a closer look at 
the details of nuclear transitions shows that under special circumstances the atomic 
environment may affect nuclear transitions. This is most obvious for electron capture decays 
where the nucleus captures an electron (typically from the lowest K-shell). A nice example 
for the experimental verification of this effect is the dependence of the electron capture half-
life of 7Be on the chemical form of the beryllium sample (Ohtsuki et al., 2004). Also the half-
lives of --decays may be affected by the environment: for fully ionized nuclei the emitted 
electron may remain in the (otherwise completely occupied) K-shell, thus enhancing the 
decay Q-value and decay rate. An experimental verification was found for 187Re (Bosch et 
al., 1996). As electron densities in solids may also vary with temperature (e.g. in the Debye-
Hückel model), -decay half-lives may also depend on temperature. However, the latest 
study of the decay branching between --decay and +-decay/electron capture in 74As could 
not confirm earlier claims in this direction (Farkas et al., 2009). The relevance of temperature 
and density dependence of --decay has been studied in detail in the review (Takahashi and 
Yokoi, 1987). 

Contrary to the above mentioned -decays where the role of electrons in the environment of 
the nucleus is obvious, the present study investigates electromagnetic transitions in nuclei. 
We also do not analyze electron screening where stellar reaction rates between charged 
particles at extremely low energies are enhanced because the repulsive Coulomb force 
between the positively charged nuclei is screened by the electrons in the stellar plasma. 
Details on electron screening can also be found in this book (Kücük, 2012) and in the latest 
review of solar fusion reactions (Adelberger et al., 2011). 

The electromagnetic transitions under study in this chapter are extremely important in 
almost any astrophysical scenario. Capture reactions like (p,), (n,), and (,) play key roles 
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in hydrostatic and explosive burning of stars, in the neutrino production of our sun, and in 
the synthesis of heavy elements in the so-called s-process and r-process. Photodisintegration 
reactions like (,p), (,n) and (,) define the reaction path in the so-called γ-process which 
produces a significant amount of the rare p-nuclei. In addition, half-lives of isomeric states 
may be affected under stellar conditions via photon-induced excitation of so-called 
intermediate states. 

As we will show in this chapter, -transitions which are most affected by the electronic 
environment are found in heavy nuclei and are characterized by relatively low -transition 
energies below approximately 100 keV. First of all, astrophysical processes have to be 
identified where such -transitions play an important role. 

In early burning stages of stars from hydrogen burning up to silicon burning heavier nuclei 
are synthesized mainly by capture reactions along the valley of stability. Typical Q-values of 
these capture reactions between light nuclei are of the order of several MeV. In these 
scenarios -transitions are practically not affected by the surrounding plasma. A possible 
exception in the 7Be(p,)8B reaction will be discussed separately as a special example later in 
this chapter. 

The synthesis of heavy nuclei proceeds mainly via neutron capture reactions in the slow and 
rapid neutron capture processes (s-process, r-process). The s-process path is located close to 
stability, and typical Q-values for neutron capture reactions are again of the order of several 
MeV. The corresponding capture -rays are also not significantly affected by the 
environment. As the r-process operates close to the neutron dripline, typical Q-values 
decrease down to about 2-3 MeV or even below. However, under typical r-process 
conditions an equilibrium between the (n,) capture and (,n) photodisintegration reaction is 
found, and the r-process path becomes mainly sensitive to the neutron separation energies, 
but almost independent of the corresponding (n,) and (,n) cross sections. Although there 
may be some influence of the plasma environment on the low-energy -transitions in the r-
process, there is no significant influence on the outcome of the r-process. 

Contrary to the s-process and the r-process, the so-called rp-process proceeds via proton 
captures on the neutron-deficient side of the chart of nuclides close to the proton dripline. 
The Q-values of these (p,) reactions may become small. However, in general not much is 
known on nuclei on the path of the rp-process, and thus any discussion of the influence of 
the surrounding plasma on low-energy -transitions in the rp-process must remain quite 
speculative and is omitted in this chapter. 

In the so-called p-process or -process existing heavy seed nuclei are destroyed in the 
thermal photon bath of a hot environment by (,p), (,n) and (,) reactions leading to the 
production of the low-abundance p-nuclei. Again, the required -ray energy is of the order 
of several MeV, by far too high for a significant influence of the plasma environment. 

Further details on the various nucleosynthesis processes can be found in the latest textbooks 
(Iliadis, 2007; Rolfs and Rodney, 1988) and in several contributions to this book (Matteucci, 
2012; Pumo, 2012; Arnould and Goriely, 2012). 

At first view, it seems that the plasma environment is not able to play a significant role in 
any of the above processes. However, a closer look at the s-process nucleosynthesis shows 
that there are a number of cases where low-energy γ-transitions turn out to be extremely 
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important because such transitions may be able to produce and/or destroy isomers and thus 
affect s-process nucleosynthesis. The s-process path is located along the valley of stability. 
The level schemes of the nuclei under study are well-known; this holds in particular for the 
excitation energies and spins. This information allows for a careful study of the influence of 
the plasma. 

Details of the s-process are given in this book (Pumo, 2012) and in a recent review (Käppeler 
et al., 2011). Here we repeat very briefly the most important properties of s-process 
nucleosynthesis. The main component of the s-process operates in low-mass AGB stars. Two 
alternating neutron sources are active. The 13C(,n)16O reaction operates for about 104 to 105 
years at low temperatures below 10 keV; in most cases this temperature is too low to affect 
isomer production or destruction. The  22Ne(,n)25Mg reaction is activated for a few years 
during so-called helium shell flashes at temperatures around 25 keV and densities of about 
103 g/cm3. (Gallino et al., 1998). Under these conditions dramatic variations of isomer 
production and destruction rates can be expected (Ward & Fowler, 1980; Mohr et al. 2007; 
Gintautas et al., 2009; Mohr et al., 2009; Hayakawa et al., 2010). It has to be noted that the 
stellar transition rates may exceed the experimentally accessible ground state contribution 
(Belic et al., 2002; Mohr et al., 2007b; Rauscher et al., 2011) by orders of magnitude. 

Two different temperature dependencies can be found for such low-energy γ-transitions 
which should not be mixed up. First, the total transition rate between states is given by the 
sum over all contributing branchings; all these different contributions vary strongly with 
temperature because of the exponential temperature dependence of the surrounding 
blackbody radiation. Second, each individual transition may additionally be modified by the 
plasma environment; this may lead to an additional temperature and density dependence of 
individual transitions with low -ray energy. The latter effect is the main subject of this 
chapter. 

As example we have chosen the nucleus 171Tm. It has a ground state with Jπ = 1/2+ and a 
low-lying first excited state with Jπ = 3/2+ at the excitation energy of 5.04 keV. This state 
decays by a M1 transition with small E2 admixture (mixing δ = 0.021±0.001) with a half-
life of T1/2 = 4.77±0.08 ns. Because of its low energy, this transition is highly converted 
(internal conversion coefficient α = 1408±55). All data have been taken from the latest data 
evaluation (Baglin, 2002). 171Tm is located on a neutron-rich branch of the s-process and 
may be reached either via the branching at 169Er in the 168Er(n,)169Er(n,) 170Er(n,) 171Er(β-

)171Tm reaction chain or via the branching at 170Tm in the 169Tm(n,)170Tm(n,)171Tm chain. 
It is interesting to note that the destruction of 171Tm in the 171Tm(n,)172Tm capture 
reaction proceeds mainly via neutron capture in the thermally excited 3/2+ state 
(Rauscher et al., 2011). 

2. Modification of a particular transition 
As mentioned above, nuclear excitation in astrophysical plasmas may be significantly 
modified by the electronic environment -transitions of relatively low energy. Particles from 
the plasma other than photons interact with the nucleus and may excite it to an upper level. 
Thermodynamic conditions in the plasma may substantially alter the electronic environment 
of the nucleus and also perturb the de-excitation process of internal conversion. As a rule of 
thumb, every transition with an energy lower than 100 keV must be looked at, as internal 



 
Astrophysics 

 

4 

in hydrostatic and explosive burning of stars, in the neutrino production of our sun, and in 
the synthesis of heavy elements in the so-called s-process and r-process. Photodisintegration 
reactions like (,p), (,n) and (,) define the reaction path in the so-called γ-process which 
produces a significant amount of the rare p-nuclei. In addition, half-lives of isomeric states 
may be affected under stellar conditions via photon-induced excitation of so-called 
intermediate states. 

As we will show in this chapter, -transitions which are most affected by the electronic 
environment are found in heavy nuclei and are characterized by relatively low -transition 
energies below approximately 100 keV. First of all, astrophysical processes have to be 
identified where such -transitions play an important role. 

In early burning stages of stars from hydrogen burning up to silicon burning heavier nuclei 
are synthesized mainly by capture reactions along the valley of stability. Typical Q-values of 
these capture reactions between light nuclei are of the order of several MeV. In these 
scenarios -transitions are practically not affected by the surrounding plasma. A possible 
exception in the 7Be(p,)8B reaction will be discussed separately as a special example later in 
this chapter. 

The synthesis of heavy nuclei proceeds mainly via neutron capture reactions in the slow and 
rapid neutron capture processes (s-process, r-process). The s-process path is located close to 
stability, and typical Q-values for neutron capture reactions are again of the order of several 
MeV. The corresponding capture -rays are also not significantly affected by the 
environment. As the r-process operates close to the neutron dripline, typical Q-values 
decrease down to about 2-3 MeV or even below. However, under typical r-process 
conditions an equilibrium between the (n,) capture and (,n) photodisintegration reaction is 
found, and the r-process path becomes mainly sensitive to the neutron separation energies, 
but almost independent of the corresponding (n,) and (,n) cross sections. Although there 
may be some influence of the plasma environment on the low-energy -transitions in the r-
process, there is no significant influence on the outcome of the r-process. 

Contrary to the s-process and the r-process, the so-called rp-process proceeds via proton 
captures on the neutron-deficient side of the chart of nuclides close to the proton dripline. 
The Q-values of these (p,) reactions may become small. However, in general not much is 
known on nuclei on the path of the rp-process, and thus any discussion of the influence of 
the surrounding plasma on low-energy -transitions in the rp-process must remain quite 
speculative and is omitted in this chapter. 

In the so-called p-process or -process existing heavy seed nuclei are destroyed in the 
thermal photon bath of a hot environment by (,p), (,n) and (,) reactions leading to the 
production of the low-abundance p-nuclei. Again, the required -ray energy is of the order 
of several MeV, by far too high for a significant influence of the plasma environment. 

Further details on the various nucleosynthesis processes can be found in the latest textbooks 
(Iliadis, 2007; Rolfs and Rodney, 1988) and in several contributions to this book (Matteucci, 
2012; Pumo, 2012; Arnould and Goriely, 2012). 

At first view, it seems that the plasma environment is not able to play a significant role in 
any of the above processes. However, a closer look at the s-process nucleosynthesis shows 
that there are a number of cases where low-energy γ-transitions turn out to be extremely 

 
Nuclear Excitation Processes in Astrophysical Plasmas 

 

5 

important because such transitions may be able to produce and/or destroy isomers and thus 
affect s-process nucleosynthesis. The s-process path is located along the valley of stability. 
The level schemes of the nuclei under study are well-known; this holds in particular for the 
excitation energies and spins. This information allows for a careful study of the influence of 
the plasma. 

Details of the s-process are given in this book (Pumo, 2012) and in a recent review (Käppeler 
et al., 2011). Here we repeat very briefly the most important properties of s-process 
nucleosynthesis. The main component of the s-process operates in low-mass AGB stars. Two 
alternating neutron sources are active. The 13C(,n)16O reaction operates for about 104 to 105 
years at low temperatures below 10 keV; in most cases this temperature is too low to affect 
isomer production or destruction. The  22Ne(,n)25Mg reaction is activated for a few years 
during so-called helium shell flashes at temperatures around 25 keV and densities of about 
103 g/cm3. (Gallino et al., 1998). Under these conditions dramatic variations of isomer 
production and destruction rates can be expected (Ward & Fowler, 1980; Mohr et al. 2007; 
Gintautas et al., 2009; Mohr et al., 2009; Hayakawa et al., 2010). It has to be noted that the 
stellar transition rates may exceed the experimentally accessible ground state contribution 
(Belic et al., 2002; Mohr et al., 2007b; Rauscher et al., 2011) by orders of magnitude. 

Two different temperature dependencies can be found for such low-energy γ-transitions 
which should not be mixed up. First, the total transition rate between states is given by the 
sum over all contributing branchings; all these different contributions vary strongly with 
temperature because of the exponential temperature dependence of the surrounding 
blackbody radiation. Second, each individual transition may additionally be modified by the 
plasma environment; this may lead to an additional temperature and density dependence of 
individual transitions with low -ray energy. The latter effect is the main subject of this 
chapter. 

As example we have chosen the nucleus 171Tm. It has a ground state with Jπ = 1/2+ and a 
low-lying first excited state with Jπ = 3/2+ at the excitation energy of 5.04 keV. This state 
decays by a M1 transition with small E2 admixture (mixing δ = 0.021±0.001) with a half-
life of T1/2 = 4.77±0.08 ns. Because of its low energy, this transition is highly converted 
(internal conversion coefficient α = 1408±55). All data have been taken from the latest data 
evaluation (Baglin, 2002). 171Tm is located on a neutron-rich branch of the s-process and 
may be reached either via the branching at 169Er in the 168Er(n,)169Er(n,) 170Er(n,) 171Er(β-

)171Tm reaction chain or via the branching at 170Tm in the 169Tm(n,)170Tm(n,)171Tm chain. 
It is interesting to note that the destruction of 171Tm in the 171Tm(n,)172Tm capture 
reaction proceeds mainly via neutron capture in the thermally excited 3/2+ state 
(Rauscher et al., 2011). 

2. Modification of a particular transition 
As mentioned above, nuclear excitation in astrophysical plasmas may be significantly 
modified by the electronic environment -transitions of relatively low energy. Particles from 
the plasma other than photons interact with the nucleus and may excite it to an upper level. 
Thermodynamic conditions in the plasma may substantially alter the electronic environment 
of the nucleus and also perturb the de-excitation process of internal conversion. As a rule of 
thumb, every transition with an energy lower than 100 keV must be looked at, as internal 



 
Astrophysics 

 

6 

conversion can significantly contribute to the transition rate. Some examples for several -
transition energies have already been shown earlier (Gosselin et al., 2010). The two levels 
involved need not include the ground state, but can also be built on an isomeric state. 

At least four different electromagnetic excitation processes may be able to excite a nucleus 
under typical astrophysical plasma conditions (Gosselin et al., 2010): 

 Radiative excitation. A photon from the blackbody spectrum in the plasma is absorbed 
by the nucleus (Ward & Fowler, 1980). 

 Nuclear Excitation by Electron Capture (NEEC). A free electron from the plasma is 
captured onto an empty atomic shell, giving its energy to the nucleus. This is also 
known as Inverse Internal Conversion (Gosselin & Morel, 2004). 

 Nuclear Excitation by Electron Transition (NEET). A loosely bound electron makes a 
transition to a deeper atomic shell and gives its energy to the nucleus (Morel et al., 
2004). 

 Inelastic scattering of electrons (Gosselin et al., 2009). 

Another non-electromagnetic excitation process is inelastic neutron scattering. It will not be 
dealt with in here, as it is strongly dependent on the specific astrophysical plasma in which 
it occurs. As the neutron spectrum is not directly related to the thermodynamic conditions 
of the plasma, but rather to the astrophysical site under study, it is impossible to plot an 
excitation rate as a function of the temperature as for the other processes. 

All these electromagnetic processes must be dealt with along with their inverse processes, 
respectively photon emission, internal conversion, bound internal conversion (BIC), super-
elastic scattering of electrons (a scattering process where the scattered electron gains some 
energy from the nucleus) and neutrons. 

Describing each process is a two-step undertaking. The first step is a microscopic 
description of the excitation process which uses quantum mechanics formalism and aims at 
calculating a cross section (when there is an incident particle) or a transition rate (when 
there is none, such as with NEET). The electronic environment of the nucleus is described 
with a relativistic average atom model (RAAM) (Rozsnyai, 1972) from which an atomic 
potential can be extracted which depends on the density and the temperature of the plasma.  

The second step is to derive a macroscopic plasma transition rate for all processes. 
Thermodynamics and plasma physics in the RAAM model are used to get distribution 
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Here  is the photon frequency,  the gamma width of the excited nuclear level and  its 
total width. By folding this cross section with the blackbody distribution, we deduce an 
excitation rate: 
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where Tr is the radiative temperature and 
f iJ JT
  the transition radiative half-life. 

The induced de-excitation rate can be deduced from the spontaneous rate by multiplying by 
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where I is the blackbody radiative intensity. This gives a total de-excitation rate: 
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This total de-excitation rate and the excitation rate satisfy the principle of detailed 
balance. 

As mentioned above, all excitation processes were calculated for 171Tm. Fig. 1 shows 
excitation and induced emission rates becoming significant when the plasma temperature 
reaches a value in the same order of magnitude as the nuclear transition energy. 
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Fig. 1. Radiative excitation and de-excitation of 171Tm. 

2.2 Nuclear excitation by electron capture 

NEEC is the inverse process of internal conversion. A free electron from the plasma is 
captured onto an atomic shell and the excess energy is used to excite the nucleus. It still has 
not been observed in the laboratory despite some attempts in channeling experiments 
(Kimball et al., 1991) and some projects with EBIT or EBIS (Marss, 2010). Considering NEEC 
in plasmas has first been proposed by Doolen (Doolen, 1978) in plasma at LTE. 

If an electron has a kinetic energy lower than the nuclear excitation energy, the NEEC cross 
section can be expressed by the Fermi golden rule (Messiah, 1961): 
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where ve is the incident electron speed, i and f the nuclear initial and final states wave 
functions, b and r the bound and free electron wave functions and b(E) the total final state 
density. The matrix element is directly related to the internal conversion coefficient 
(Hamilton, 1975), which gives a resonant electron capture cross section: 
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where 
f iJ JT
 is the radiative half-life of the transition,  the internal conversion coefficient, 

Er the resonance energy and  the nuclear level width. 

A NEEC rate in plasma can then be derived by folding this cross section with the free 
electron distribution: 
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with Eb the binding energy of the bound electron and fFD is the Fermi-Dirac distribution. 

 
Fig. 2. NEEC excitation and Internal Conversion de-excitation of 171Tm. 

At low temperatures, Fig. 2 shows a near constant internal conversion rate which is very 
close to the laboratory value. For higher temperatures, the number of bound electrons 
decreases as the atom is ionized, and the number of allowed conversions must decrease. At 
low temperatures, the NEEC rate is very small as there are few free electrons to be captured 
and few vacant atomic states on which they could be captured. The NEEC rate then rises as 
the temperature increases to reach a maximum. The decrease at the higher temperatures can 
be attributed to the rising kinetic energy of the free electrons, the fraction of which below the 
nuclear transition threshold becoming less and less important.  

2.3 Nuclear excitation by electron transition 

Nuclear Excitation by Electron Transition (NEET) occurs when a loosely bound electron 
makes a transition to a deeper atomic shell and gives its energy to the nucleus. This may 
happen when the electronic and nuclear transition energies are very close to each other 
(separated by less than the atomic widths). NEET requires at least one electron on the outer 
atomic shell and at least a vacancy on the inner atomic shell. The energy difference between 
the atomic and the nuclear transition energy is called the mismatch and is denoted by . In 
the laboratory, such restrictive conditions can only be achieved for a very small number of 
nuclei. In astrophysical plasma, various conditions of density and temperature can be 
encountered, with a huge number of different electronic configurations at various charge 
states. The electronic shell binding energies are modified and the energy resonance 
condition (0) can more often be achieved. 
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The probability of NEET occurring on an isolated and excited atom is given by: 
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where 1 and 2 represent the total width (atomic and nuclear) of the initial and final 
configurations, respectively, and |R1,2| is the atom-nucleus matrix coupling element (Morel 
et al., 2004). The NEET probability reaches a maximum when the mismatch is zero. 
Mismatch variations for a 3s-6s atomic transition on Fig. 3 exhibit matching conditions 
around a temperature of 4 keV for a plasma density of 100 g/cm3. 

 
Fig. 3. Mismatch of (3s1/ –6s1/2) atomic transition for 171Tm. 

The atom-nucleus coupling matrix element is little sensitive to temperature as illustrated on 
Fig. 4. As the temperature increases, there are less bound electrons. This reduces screening 
of the nucleus by the remaining bound electrons, whose orbitals are closer to the nucleus. 
The overlap between the electron and the nucleus wave functions is larger, which increases 
the coupling. 

In plasma, the NEET rate can be estimated as a summation over all initial configurations of 
the rate of creation of such a configuration multiplied by the NEET probability: 
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Here, N1 and N2 are the initial electronic occupations of the two atomic shells involved in 
the transition, of degeneracy 1 and 2, corresponding to outer and inner shell, respectively. 
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Fig. 4. Atom-Nucleus coupling matrix element of (3s1/2 –6s1/2) atomic transition for 171Tm. 

An accurate calculation requires a good knowledge of nuclear and atomic wave functions 
for every configuration. However, the huge number of electronic configurations in this 
approach, which mirrors the DCA (Detailed Configuration Accounting) approach used to 
determine atomic spectra (Abdallah et al., 2008), makes such a calculation a prohibitive task. 
Therefore, we replace the detailed spectrum of atomic transitions by a Gaussian envelope, 
whose mean energy and statistical standard deviation  are extracted from the RAAM 
(Faussurier et al., 1997). This quicker approach works the best when only outer atomic shells 
are involved. The NEET rate becomes: 
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The NEET rate as a function of electronic temperature is presented in Fig. 5. Many atomic 
transitions contribute to the total NEET rate, the 3s1/2–6s1/2 and 3p1/2-6p3/2 transitions being 
the two dominant ones around 4 keV (only the M1 and E2 transitions with a maximum 
NEET rate higher than 103 s-1 are shown). 

The average atom model cannot be steadily applied for atomic transitions involving deep 
shells because their average occupation numbers differ highly from the NEET requirements 
of at least a vacancy in the inner shell and an electron in the outer shell. In such cases, the 
mismatch of the RAAM mean configuration can be very different from the mismatches of 
the real configurations on which NEET is possible. When this discrepancy gets higher than 
the statistical standard deviation, a detailed configuration approach such as DCA can then 
not be avoided. 

Fully comprehensive DCA calculations are still out of reach of the fastest available 
supercomputers. However, a careful selection of the atomic transitions may significantly 
reduce the number of electronic configurations and may soon be an accessible goal. 
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Fig. 5. NEET excitation of 171Tm. 

2.4 Inelastic electron scattering 

In astrophysical plasmas, there usually exists a huge number of free electrons. If the nuclear 
transition energy is low enough, a significant part of these electrons might be able to excite 
the nucleus through Coulomb excitation. A semi-classical theory works well for high -above 
1 MeV- energy ions (Alder et al., 1956), whereas a more sophisticated quantum model is 
required to deal with electrons in the keV range. With an unscreened atomic potential, a 
WKB approximation can be successfully implemented (Gosselin et al., 2009). The WKB cross 
section is very close to the more exact usual DWBA quantum approach (Alder et al., 1956) 
but much computationally heavier. 

Cross sections exhibit usually low values in the 10-30 cm2 range which can be at least 
partially compensated by the huge number of free electrons in high temperature plasmas 
(above the nuclear transition energy). However, these cross sections also exhibit a non-
physical behavior close to the energy threshold where it does not drop to zero as it should 
do, as can be seen on Fig. 6. This can be explained by an “acceleration” of the incident 
electron by the unscreened potential as the global neutrality of the atom is not verified. 
Using a screened potential in the future will allow to get rid of this artifact. 

By folding this cross section with the free electron distribution, we easily deduce an electron 
inelastic scattering excitation rate in plasma as shown on Fig. 7. It is negligible at low 
temperatures when there are very few free electrons, and these electrons do not have a high 
enough energy to be above the threshold. This changes when the temperature reaches 
values around the nuclear transition energy. At high temperatures, the excitation rate does 
not vary much as the lowering cross section is compensated by the increasing velocity of the 
electrons. 
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Fig. 6. WKB Inelastic electron scattering cross section of 171Tm. 

 
Fig. 7. Inelastic electron scattering excitation rate of 171Tm. 

2.5 Lifetime evolution 

Fig. 8 summarizes excitation rates of the four electromagnetic processes present in plasma. 
NEEC dominates at low temperatures, radiative excitation at the hottest temperatures and 
NEET in between. The electron inelastic scattering never dominates although this situation 
could change at higher plasma density. 
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Fig. 8. Nuclear excitation rate in plasma of 171Tm. 

Highly variable rates of excitation also means highly variable rates of de-excitation which 
means that the nuclear lifetime of the excited level now depends on the plasma 
temperature. Fig. 9 shows these variations which cover nearly two orders of magnitude in 
the particular example of 171Tm at 100 g/cm3. Some other nuclei even exhibit larger 
variations, such as 201Hg (Gosselin et al., 2007) where the lifetime can be increased by a 
factor of more than 104. 

 
Fig. 9. Lifetime in plasma of 171Tm. 

However, this lifetime is an extension of the usual notion of lifetime in the laboratory. This 
plasma lifetime is the characteristic time required to get from any relative populations of 
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both the ground and excited states to the LTE (for the nuclear levels) relative populations, 
that is populations whose ratio is given by the Boltzmann factor. For high temperatures and 
a higher spin for the excited state, the population of the excited state reaches a higher value 
than that of the ground state. 

3. Stellar transition rates 

As shown before in this chapter, thermalization between the ground state and the first 
excited state of 171Tm is achieved on a timescale far below 1 second, i.e. much faster than the 
timescales of the astrophysical s-process. This result remains valid as long as the levels 
under study are connected by a direct γ-transition or a γ-cascade. A similar result has been 
derived explicitly for the ground state band of 176Lu (Gintautas et al., 2009). Thus, because of 
the prompt thermalization within γ-bands it is obvious that the stellar transition rate of any 
photon-induced reaction has to be calculated including all contributions of thermally excited 
states. This holds in particular for (γ,n) and (γ,α) reactions for the astrophysical γ-process, 
but also for the photodestruction of isomers in the s-process. Because the required photon 
energies for (γ,n) and (γ,α) reactions is of the order of several MeV, the influence of the 
surrounding plasma remains small, and we focus on the photodestruction of isomers in the 
following. 

The K-isomers are found in heavy deformed nuclei. Transitions between states with large 
differences in the K quantum number are strongly suppressed by selection rules. Thus, there 
are no direct transitions between low-K states and high-K states. As a consequence, 
thermalization has to proceed via higher-lying so-called intermediate states (IMS) with 
intermediate K quantum number which have a decay branching to the low-K and to the 
high-K part of the excitation spectrum of the respective nucleus. The transition rates from 
the low-K side and the high-K side of the spectrum to the IMS define the timescale for 
thermalization. Typically, these IMS are located at excitation energies above 500 keV. They 
decay down to the lowest states with low and high K by γ-cascades where energies of the 
individual γ-transitions are obviously much smaller than the excitation energy, i.e. the 
energies may be as low as 100 keV or even below. This is the energy region where the 
plasma effects become important. The full formalism for the calculation of stellar reaction 
rates is given in an earlier work (Gosselin et al., 2010). The essential result is that the stellar 
reaction rate λ* for transitions from the low-K to the high-K states (and reverse) can be 
derived by a formula similar to Eq. (2) which leads to 

 * 1 2

1 2


 

  

 (12) 

where Γ1 and Γ2 are the total decay widths to the low-K and the high-K states respectively in 
the deformed nucleus under stellar conditions (i.e., summed over all levels, each particular 
transition width Γi→f being modified by the plasma environment according to the discussion 
in this work). It should be noted that the smaller of the two widths Γ1 and Γ2 essentially 
defines the stellar reaction rate λ* for transitions from the low-K to the high-K states because 
the larger width cancels out in the above equation. 
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both the ground and excited states to the LTE (for the nuclear levels) relative populations, 
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 * 1 2

1 2


 

  

 (12) 

where Γ1 and Γ2 are the total decay widths to the low-K and the high-K states respectively in 
the deformed nucleus under stellar conditions (i.e., summed over all levels, each particular 
transition width Γi→f being modified by the plasma environment according to the discussion 
in this work). It should be noted that the smaller of the two widths Γ1 and Γ2 essentially 
defines the stellar reaction rate λ* for transitions from the low-K to the high-K states because 
the larger width cancels out in the above equation. 
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4. Some selected examples 
In the following section we discuss three examples in greater detail. The first two examples 
are so-called K-isomers which are relevant in the astrophysical s-process (176Lu and 180Ta). 
The last example is the 7Be(p,)8B reaction with its low reaction Q-value of 137 keV. 

4.1 176Lu in the astrophysical s-process 
176Lu is a so-called s-only nucleus because it is synthesized only in the astrophysical s-
process. It is produced either in its high-K Jπ;K=7-;7 ground state with a half-life of 38 giga-
years (quasi-stable for the s-process) or in its low-lying low-K Jπ;K=1-;0 isomer at 123 keV 
with a half-life of less than 4 hours. The 175Lu(n,)176Lu reaction produces most of 176Lu in 
the low-K isomeric state which decays by β- emission to 176Hf. 176Lu can only survive if the 
isomer is coupled to the high-K ground state (Heil et al., 2008). The most relevant IMS for 
this coupling is located at 839 keV with Jπ;K=5-;4, although other IMS have been suggested 
very recently (Gintautas et al., 2009; Dracoulis et al., 2010). 

The IMS at 839 keV decays predominantly to the high-K part of 176Lu; thus, the decay branch 
to the low-K part defines the stellar reaction rate. The decay properties of the IMS at 839 keV 
are well known from various γ-spectroscopic studies (Doll et al., 1999; Klay et al., 1991; 
Lesko et al., 1991). The lowest γ-ray energy is 123 keV, and three further γ-rays are observed 
at higher energies. Because of the relatively high energies the stellar reaction rate is only 
weakly affected. The dominating effect is NEEC in this case. However, the modification of 
the stellar transition rate remains far below a factor of two in the astrophysically relevant 
energy region (Gosselin et al., 2010). 

4.2 180Ta and its uncertain nucleosynthetic origin 
180Ta is the rarest nucleus in our solar system (Lodders, 2003), and it is the only nucleus 
which does not exist in its ground state, but in an isomeric state. The ground state is a low-K 
state with Jπ;K=1+;1 and a short half-life of 8.154 hours. The isomer is located at an excitation 
energy of 77 keV; it is a high-K state with Jπ;K=9-;9. Because of its huge K quantum number, 
its decay to the ground state is highly suppressed, and also the energetically possible β-
decays to 180Hf and 180W are largely hindered.  The half-life of the isomer is unknown with a 
lower limit of 7.1 x 1015 years (Hult et al, 2006; Wu & Niu, 2003). Despite significant effort, 
the nucleosynthetic origin of 180Ta is still uncertain. 

Various astrophysical sites and corresponding processes have been suggested for the 
nucleosynthesis of 180Ta. Very recently it has been concluded that a large contribution to the 
solar abundance can be produced in the neutrino burst during type II supernovae in the so-
called ν-process by the 180Hf(ν,e-)180Ta reaction (Hayakawa et al., 2010). Alternatively, in the 
same astrophysical site the classical p- or γ-process may produce some 180Ta by 
photodestruction of 181Ta in the 181Ta(γ,n)180Ta reaction (Arnould & Goriely 2003; 
Utsunomiya et al., 2006). Similar conditions for the temperature of several billions Kelvin (or 
kT ≈ 200 – 300 keV) occur in type Ia supernovae, and it has been found that some 180Ta can 
also be made in that site (Travaglio et al., 2011). In addition, some 180Ta may also be 
produced in the s-process via β-decay of thermally excited 179Hf to 179Ta and subsequent 
neutron capture in the 179Ta(n,γ)180Ta reaction or via isomeric β-decay of 180mHf in the 
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179Hf(n,γ)180mHf( β-)180mTa reaction chain (Schumann & Käppeler, 1999; Beer & Ward, 1981; 
Yokoi & Takahashi, 1983; Mohr et al., 2007). 

A common problem in all above production scenarios is the survival of 180Ta in its isomeric 
state. If the production occurs in a high-temperature environment like any supernova 
explosion, then 180Ta is produced in thermal equilibrium between the low-K ground state 
band and the high-K isomeric band. Following the evolution of the isomer-to-ground state 
ratio, freeze-out is found around 40 keV with a survival probability of 180Ta in its isomeric 
state of 0.38±0.01 (Hayakawa et al., 2010). Under s-process conditions with its lower 
temperature, it is not clear how much 180Ta can survive in the isomeric state because of 
mixing between hotter and cooler areas of the thermally pulsing AGB star (Mohr et al., 
2007). The resulting yield of 180Ta depends sensitively on the properties of the lowest 
intermediate state (IMS) which couples the low-K and high-K bands. 

There is indirect confirmation for the existence of IMS which couple the low-K ground state 
and the high-K isomeric state from photoactivation experiments (Belic et al., 2002; Collins et 
al., 1990). However, no direct γ-transition has been observed up to now. Based on 
reasonable estimates for transition strengths it has been suggested (Mohr et al., 2007) that 
the lowest IMS is located at an excitation energy of 594 keV with J=(5). This state decays 
with a transition energy of 72 keV and a half-life of about 16 ns to the low-K side of 180Ta. A 
weak branch to the high-K side can be expected via a transition to the 7+ state at 357 keV. 
This may lead to thermalization of 180Ta within days at the s-process temperatures around 
25 keV (Mohr et al., 2007). 

Because of the low transition energy of only 72 keV, a significant modification of the 
corresponding transition strength can be expected. Enhancements of the radiative strength 
of up to a factor of 10 for this transition have been calculated (Gosselin et al., 2010) which are 
mainly based on NEEC. However, unfortunately the influence on the stellar transition rate 
between low-K states and high-K states remains very small. The stellar transition rate as 
given in Eq. (12) is essentially defined by the weak branch of the 594 keV state which has a 
transition energy of more than 200 keV. As transitions with such high energies are 
practically not affected by the plasma environment, the stellar transition rate remains almost 
unchanged. 

4.3 8B, the 7Be(p,γ)8B reaction, and solar neutrino production 

The 7Be(p,γ)8B reaction is the key reaction for the production of high-energy neutrinos in 
our sun. It is one of the very few examples for a capture reaction between light nuclei 
where low-energy γ-rays play a significant role. The Q-value of this reaction is extremely 
low (137 keV), and together with the most effective energy of about 18 keV (at 
temperatures around 15 million Kelvin, typical for the center of our sun) we find a 
transition energy of about 155 keV in the low-mass (Z=5) nucleus 8B. The γ-energy of 155 
keV is still too high to be significantly influenced by the surrounding plasma. Although 
experimental conditions in the laboratory (either a proton beam and neutral 7Be target or 
a 7Be beam in arbitrary charge state on a neutral hydrogen target) are quite different from 
the stellar environment of 7Be, the cross sections from laboratory experiments do not 
require a plasma correction for the electromagnetic transition strength to calculate the 
stellar reaction rates, as e.g. summarized in the NACRE compilation (Angulo et al., 1999) 
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or in a compilation of solar fusion cross sections (Adelberger et al., 2011). However, two 
further effects of the surrounding plasma have to be kept in mind here: (i) The electron 
capture decay of 7Be is significantly affected under solar conditions because electrons 
have to be captured from the surrounding plasma instead of the bound K-shell electrons 
for 7Be in a neutral beryllium atom. (ii) Electron screening affects all capture cross 
sections at very low energies. Because the electronic environment is different in 
laboratory experiments and under stellar conditions, different corrections have to be 
applied here. 

5. Conclusion 
The description of nuclear excitation in hot astrophysical plasma environment requires an 
accurate knowledge of each individual excitation process. The dominant processes are 
photo-excitation, where a photon close to the resonant nuclear transition energy is 
absorbed by the nucleus, NEEC and NEET, where an electron from the continuum 
(NEEC) or an outer electronic shell (NEET) is captured in a vacancy of the electronic 
cloud, and inelastic electron scattering, where an incident electron gives a part of its 
energy to excite the nucleus. 

Results for the excitation of the first isomeric state of 171Tm clearly exhibit a strong 
dependence upon the plasma temperature. The nuclear lifetime under plasma conditions is 
more than one order of magnitude higher than the laboratory value. All these calculations 
are made at Local Thermodynamic Equilibrium (LTE), a condition encountered in many 
astrophysical plasmas. 

However, nuclear excitation models in plasma need to be elaborated further. NEET rates 
require to take into account detailed electronic configuration, as the mean RAAM 
configuration is more often than not far from a real configuration on which NEET can occur. 
For high density plasmas, electron inelastic scattering is a major process and screening 
effects will have to be added to the description. 

In most astrophysical scenarios the influence of the surrounding plasma on astrophysical 
reaction rates will remain relatively small because the γ-transition energies are too high to 
be significantly affected by the electronic environment. Note that typical γ-transition 
energies exceed by far 1 MeV whereas plasma effects become most important below 100 
keV. Nevertheless, it should be always kept in mind that γ-transitions with energies below 
about 100 keV may be modified dramatically. As soon as such a transition defines the stellar 
transition rate, the calculated stellar reaction rate without consideration of plasma effects 
may be wrong; this error may reach one order of magnitude in special cases, i.e. for very low 
γ-transition energies. 

Such cases with small γ-transition energies (and thus huge influence of the plasma 
environment) can be found in particular in the astrophysical s-process where the production 
and destruction of so-called K-isomers proceeds by low-energy γ-transitions which connect 
the low-K and high-K parts of the excitation spectrum of heavy nuclei via intermediate 
states. However, for the two most prominent examples (176Lu and 180Ta) it is found that 
plasma effects remain relatively small for the resulting stellar reaction rates although one 
particular transition in 180Ta is enhanced by about a factor of 10. 
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1. Introduction

In the past 100 years, astronomy, astrophysics and cosmology have evolved from the
observational and theoretical fields into more experimental science, when many stellar and
planetary processes are recreated in physics laboratories and extensively studied (Boyd et
al., 2009). Many astrophysical phenomena have been explained using our understanding
of nuclear physics processes, and the whole concept of stellar nucleosynthesis has been
introduced. The importance of nuclear reactions as a source of stellar energy was recognized
by Arthur Stanley Eddington as early as 1920 (Eddington, 1920). Later, nuclear mechanisms by
which hydrogen is fused into helium were proposed by Hans Bethe (Bethe, 1939). However,
neither of these contributions explained the origin of elements heavier than helium.

Further developments helped to identify the Big Bang, stellar and explosive nucleosynthesis
processes that are responsible for the currently-observed variety of elements and isotopes
(Burbidge et al., 1957; Cameron, 1957; Hoyle, 1946; Merrill, 1952). Today, nuclear physics
is successfully applied to explain the variety of elements and isotope abundances observed
in stellar surfaces, the solar system and cosmic rays via network calculations and comparison
with observed values.

A comprehensive analysis of stellar energy production, metallicity and isotope abundances
indicates the crucial role of proton-, neutron- and light ion-induced nuclear reactions and
α-, β-decay rates. These subatomic processes govern the observables and predict the star
life cycle. Calculations of the transition rates between isotopes in a network strongly rely
on theoretical and experimental cross section and decay rate values at stellar temperatures.
Consequently, the general availability of nuclear data is of paramount importance in stellar
nucleosynthesis research.

This chapter will provide a review of theoretical and experimental nuclear reaction and
structure data for stellar and explosive nucleosynthesis and modern computation tools and
methods. Examples of evaluated and compiled nuclear physics data will be given. Major
nuclear databases and their input for nucleosynthesis calculations will be discussed.

2. Nucleosynthesis and its data needs

Nucleosynthesis is an important nuclear astrophysics phenomenon that is responsible for
presently observed chemical elements and isotope abundances. It started in the early Universe
and presently proceeds in the stars. The Big Bang nucleosynthesis is responsible for a
relatively high abundance of the lightest primordial elements in the Universe from 1H to 7Li,
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and it precedes stars formation and stellar nucleosynthesis. The general consistency between
theoretically predicted and observed lightest elements abundances serves as a strong evidence
for the Big Bang theory (Kolb & Turner, 1988).

The currently-known variety of nuclei and element abundances is shown in Fig. 1 and Fig. 2.
These Figures indicate a large variety of isotopes in Nature (Anders & Grevesse, 1989) and the
strong need for additional nucleosynthesis mechanisms beyond the Big Bang theory.

Fig. 1. The chart of nuclides. Stable and long-lived (>1015 s) nuclides are shown in black.
Courtesy of NuDat Web application (http://www.nndc.bnl.gov/nudat).

These additional mechanisms have been pioneered by Eddington (Eddington, 1920) via
introduction of a revolutionary concept of element production in the stars. Present
nucleosynthesis models explain medium and heavy element abundances using the stellar
nucleosynthesis that consists of burning (explosive) stages of stellar evolution, photo
disintegration, and neutron and proton capture processes. The model predictions can be
verified through the star metallicity studies and comparison of calculated isotopic/elemental
abundances with the observed values, as shown in Fig. 2 .

Nowadays, there are many well-established theoretical models of stellar nucleosynthesis
(Boyd et al., 2009; Burbidge et al., 1957); however, they still cannot reproduce the observed
abundances due to many parameter uncertainties. The flow of the nuclear physics processes
in the network calculations is defined by the nuclear masses, reaction, and decay rates, and
strongly correlated with the stellar temperature and density. These calculations depend
heavily on our understanding of nuclear physics processes in stars, and the availability of
high quality nuclear data.

The common sources of stellar nucleosynthesis data include KADONIS, NACRE and
REACLIB dedicated nuclear astrophysics libraries (Angulo et al., 1999; Cyburt et al., 2010;
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Fig. 2. Solar system elemental abundances; data are taken from (Grevesse & Sauval, 1998).

Dillmann et al., 2006) and general nuclear science and industry databases. Dedicated
libraries are optimized for nuclear astrophysics applications, and contain pre-selected data
that are often limited to the original scope. In many cases, these sources reflect the present
state of nuclear physics, when experimental data are not always available or limited to a
single measurement. Such limitation highlights the importance of theoretical calculations
that strongly dependent on nuclear models. Another problem arises from the fact that
nucleosynthesis processes are strongly affected by the astrophysical site conditions.

To broaden the scope of the traditional nuclear astrophysics calculations, we will investigate
applicability of nuclear physics databases for stellar nucleosynthesis data mining. These
databases were developed for nuclear science, energy production and national security
applications and will provide complementary astrophysics model-independent results.

3. Stellar nucleosynthesis

This section will briefly consider the light elements and concentrate on the active research
subject of production of medium and heavy elements beyond iron via slow and rapid
neutron capture and associated data needs. Finally, photo disintegration and proton capture
nucleosynthesis processes will be reviewed.

23Stellar Nucleosynthesis Nuclear Data Mining



2 Will-be-set-by-IN-TECH

and it precedes stars formation and stellar nucleosynthesis. The general consistency between
theoretically predicted and observed lightest elements abundances serves as a strong evidence
for the Big Bang theory (Kolb & Turner, 1988).

The currently-known variety of nuclei and element abundances is shown in Fig. 1 and Fig. 2.
These Figures indicate a large variety of isotopes in Nature (Anders & Grevesse, 1989) and the
strong need for additional nucleosynthesis mechanisms beyond the Big Bang theory.

Fig. 1. The chart of nuclides. Stable and long-lived (>1015 s) nuclides are shown in black.
Courtesy of NuDat Web application (http://www.nndc.bnl.gov/nudat).

These additional mechanisms have been pioneered by Eddington (Eddington, 1920) via
introduction of a revolutionary concept of element production in the stars. Present
nucleosynthesis models explain medium and heavy element abundances using the stellar
nucleosynthesis that consists of burning (explosive) stages of stellar evolution, photo
disintegration, and neutron and proton capture processes. The model predictions can be
verified through the star metallicity studies and comparison of calculated isotopic/elemental
abundances with the observed values, as shown in Fig. 2 .

Nowadays, there are many well-established theoretical models of stellar nucleosynthesis
(Boyd et al., 2009; Burbidge et al., 1957); however, they still cannot reproduce the observed
abundances due to many parameter uncertainties. The flow of the nuclear physics processes
in the network calculations is defined by the nuclear masses, reaction, and decay rates, and
strongly correlated with the stellar temperature and density. These calculations depend
heavily on our understanding of nuclear physics processes in stars, and the availability of
high quality nuclear data.

The common sources of stellar nucleosynthesis data include KADONIS, NACRE and
REACLIB dedicated nuclear astrophysics libraries (Angulo et al., 1999; Cyburt et al., 2010;

22 Astrophysics Stellar Nucleosynthesis Nuclear Data Mining 3

0 10 20 30 40 50 60 70 80 90 100

2

4

6

8

10

12

 

Z

lo
g(

N
el
/N

H
) +

 1
2

Fig. 2. Solar system elemental abundances; data are taken from (Grevesse & Sauval, 1998).

Dillmann et al., 2006) and general nuclear science and industry databases. Dedicated
libraries are optimized for nuclear astrophysics applications, and contain pre-selected data
that are often limited to the original scope. In many cases, these sources reflect the present
state of nuclear physics, when experimental data are not always available or limited to a
single measurement. Such limitation highlights the importance of theoretical calculations
that strongly dependent on nuclear models. Another problem arises from the fact that
nucleosynthesis processes are strongly affected by the astrophysical site conditions.

To broaden the scope of the traditional nuclear astrophysics calculations, we will investigate
applicability of nuclear physics databases for stellar nucleosynthesis data mining. These
databases were developed for nuclear science, energy production and national security
applications and will provide complementary astrophysics model-independent results.

3. Stellar nucleosynthesis

This section will briefly consider the light elements and concentrate on the active research
subject of production of medium and heavy elements beyond iron via slow and rapid
neutron capture and associated data needs. Finally, photo disintegration and proton capture
nucleosynthesis processes will be reviewed.

23Stellar Nucleosynthesis Nuclear Data Mining



4 Will-be-set-by-IN-TECH

3.1 Burning phases of stellar evolution

Fusion reactions are responsible for burning phases of stellar evolution. These reactions
produce light, tightly-bound nuclei and release energy. The process of new element creation
proceeds before nuclear binding energy reaches maximum value in the Fe-Ni region. Four
important cases will be reviewed: pure hydrogen burning, triple alpha process, CNO cycle,
and stellar burning. These processes take place in stars with a mass similar to our Sun, as
shown in Fig. 3. The data needs for these processes are addressed in the IAEA FENDL
(Aldama & Trkov, 2004) and EXFOR (Experimental Nuclear Reaction Data) (NRDC, 2011)
databases.

Fig. 3. Cross section of a Red Giant showing nucleosynthesis and elements formed. Courtesy
of Wikipedia (http://en.wikipedia.org/wiki/Stellar_nucleosynthesis).

3.1.1 Pure hydrogen burning

Hydrogen is the most abundant element in the Universe. The proton-proton chain dominates
stellar nucleosynthesis in stars comparable to our Sun

p + p → d + β+ + ν + 0.42MeV (1)

Further analysis of the pp-process (Burbidge et al., 1957) indicates extremely low cross sections
for E<1 MeV nuclear projectiles and explains the necessity of large target mass and density

24 Astrophysics Stellar Nucleosynthesis Nuclear Data Mining 5

for sustainable nuclear fusion reaction

σ ∼ 3E4.5 × 10−24b (2)

Next, the deuterium produced in the first stage can fuse with another hydrogen

d + p →3 He + γ + 5.49MeV (3)

Finally, 4He will be produced in the pp I and pp II branches.

3.1.2 Triple alpha process

The hydrogen burning in stars leads to the production of the helium core at a star’s center.
Further helium burning goes through the 3α process

α + α ⇔ 8Be − 93.7keV
8Be + α ⇔ 12C∗ + 7.367MeV (4)

3.1.3 CNO cycle

Carbon-Nitrogen-Oxygen cycle leads to the production of elements heavier than carbon and
consists of major CNO-I (regeneration of carbon and alpha particle)

12C →13 N →13 C →14 N →15 O →15 N →12 C (5)

and minor CNO-II branches (production of 16O and proton):

15N →16 O →17 F →17 O →14 N →15 O →15 N (6)

3.1.4 Advanced stages of stellar burning

Further burning includes carbon, neon, oxygen and silicon burning. Here, we have
high-temperature and density burning stages when photonuclear processes produce
additional α-particles and create a complex network of reactions with light particles. These
reactions produce fusion nuclei up to the Fe-Ni peak. The Fe-Ni region nuclei are the most
tightly bound in Nature and fusion reactions stop. Further element production proceeds via
neutron and proton captures and photo disintegration.

3.2 s-process

The slow-neutron capture (s-process) is responsible for creation of ∼50 % of the elements
beyond iron. In this region, neutron capture becomes dominant because of the increasing
Coulomb barrier and decreasing binding energies. This s-process takes place in the Red Giants
and AGB stars, where neutron temperature (kT) varies from 8 to 90 keV. A steady supply of
neutrons is available due to H-burning and He-flash reactions

13C(α, n)16O
22 Ne(α, n)25Mg (7)

Fig. 2 indicates a high abundance of 56Fe nuclei due to termination of the explosive
nucleosynthesis. It is natural to assume that iron acts as a seed for the neutron capture

25Stellar Nucleosynthesis Nuclear Data Mining
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reactions that eventually produce medium and heavy elements. The neutron capture time of
s-process takes approximately one year. Consequently, the process path lies along the nuclear
valley of stability up to the last long-lived nucleus of 209Bi.

In the giant stars, neutron reaction rates define the elemental abundances, and in some cases
branching points (created by the competition between neutron capture and β-decay) strongly
affect the heavy isotope production rates. Therefore, special attention has to be paid to the
branching points at 79Se,134Cs,147Pm, 151Sm, 154Eu, 170Yb and 185W, and the neutron poison
(absorption) 16,18O,22Ne(n,γ) reactions. The s-process astrophysical site conditions imply the
following data needs

• Reaction rates
– neutron-induced
– charged particle

• Half-lives

Convincing proof of s-process existence and its role in Nature could come from the calculation
of isotopic abundances and comparison with observed values (Anders & Grevesse, 1989;
Grevesse & Sauval, 1998). Present-day s-process nucleosynthesis calculations often are
based on the dedicated nuclear astrophysics data tables, such as works of (Bao et al., 2000),
and (Rauscher & Thielemann, 2000). These data tables contain quality information on
Maxwellian-averaged cross sections (�σMaxw

γ (kT)�) and astrophysical reaction rates (R(T9)).
However, it is essential to produce complementary neutron-induced reaction data sets for an
independent verification and to expand the boundaries of the existing data tables.

Recent releases of ENDF/B-VII evaluated nuclear reaction libraries (Chadwick et al., 2006)
and publication of the Atlas of Neutron Resonances reference book (Mughabghab, 2006)
created a unique opportunity of applying these data for non-traditional applications, such
as s-process nucleosynthesis (Pritychenko et al., 2010). Many neutron cross sections for
astrophysical range of energies, including 56Fe(n,γ) reaction as shown in Fig. 4, are available
in the ENDF (Evaluated Nuclear Data File) and EXFOR libraries. The feasibility study of the
evaluated nuclear data for s-process nucleosynthesis will be presented below.

3.2.1 Calculation of Maxwellian-averaged cross sections and uncertainties

The Maxwellian-averaged cross section can be expressed as

�σMaxw(kT)� = 2√
π

(m2/(m1 + m2))
2

(kT)2

∫ ∞

0
σ(EL

n)E
L
n e

− EL
n m2

kT(m1+m2) dEL
n , (8)

where k and T are the Boltzmann constant and temperature of the system, respectively, and E
is an energy of relative motion of the neutron with respect to the target. Here, EL

n is a neutron
energy in the laboratory system and m1 and m2 are masses of a neutron and target nucleus,
respectively.

The astrophysical reaction rate for network calculations is defined as

R(T9) = NA�σv� = 10−24
√
(2kT/μ)NAσMaxw(kT), (9)
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Fig. 4. ENDF/B-VII.1 and EXFOR libraries 56Fe(n,γ) cross sections (Chadwick et al., 2006;
NRDC, 2011) for astrophysical range of energies.

where T9 is temperature expressed in billions of Kelvin, NA is an Avogadro number. T9 is
related to the kT in MeV units as follows

11.6045 × T9 = kT (10)

It is commonly known that for the equilibrium s-process-only nuclei product of �σMaxw
γ (kT)�

and solar-system abundances (N(A)) is preserved (Rolfs & Rodney, 1988)

σAN(A) = σA−1N(A−1) = constant (11)

The stellar equilibrium conditions provide an important test for the s-process nucleosynthesis
in mass regions between neutron magic numbers N=50,82,126 (Arlandini et al., 1999). To
investigate this phenomenon, we will consider ENDF libraries. These data were never
adjusted for nuclear astrophysics models and are essentially model-independent.

ENDF library is a core nuclear reaction database containing evaluated (recommended) cross
sections, spectra, angular distributions, fission product yields, thermal neutron scattering,
photo-atomic and other data, with emphasis on neutron-induced reactions. ENDF library
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− EL
n m2

kT(m1+m2) dEL
n , (8)

where k and T are the Boltzmann constant and temperature of the system, respectively, and E
is an energy of relative motion of the neutron with respect to the target. Here, EL

n is a neutron
energy in the laboratory system and m1 and m2 are masses of a neutron and target nucleus,
respectively.

The astrophysical reaction rate for network calculations is defined as

R(T9) = NA�σv� = 10−24
√
(2kT/μ)NAσMaxw(kT), (9)
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NRDC, 2011) for astrophysical range of energies.
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evaluations cover all neutron reaction channels within 10−5 eV - 20 MeV energy range.
In many cases, evaluations contain information on neutron cross section covariances. An
example of ENDF/B-VII.1library 56Fe(n,γ) neutron cross section covariances (uncertainties)
is shown in Fig. 5.

Fig. 5. ENDF/B-VII.1 library 56Fe(n,γ) cross section covariances (Zerkin et al., 2005).

The evaluated neutron libraries are based on theoretical calculations using EMPIRE, TALYS
and Atlas collection of nuclear reaction model codes (Herman et al., 2007; Koning et al., 2008;
Mughabghab, 2006) that are often adjusted to fit experimental data (NRDC, 2011). The model
codes are essential for neutron cross section calculations of short-lived radioactive nuclei
where experimental data are not available. The ENDF data files are publicly available from the
NNDC (National Nuclear Data Center) Sigma Web Interface: http://www.nndc.bnl.gov/sigma
(Pritychenko & Sonzogni, 2008).

Previously, Maxwellian-averaged cross sections and astrophysical reaction rates were
produced using the Simpson method for the linearized ENDF cross sections (Pritychenko et
al., 2010) . A similar effort was completed at the Japanese Atomic Energy Agency (Nakagawa
et al., 2005). Fig. 6 shows the NNDC website (Pritychenko et al., 2006) that provides access
to nuclear databases and the NucRates Web application (http://www.nndc.bnl.gov/astro). The
NucRates application was designed for online calculations of �σMaxw(kT)� and R(T9) using
all major evaluated nuclear reaction libraries, astrophysical neutron-induced reactions and kT
values ranging from 10−5 eV to 20 MeV.

The Simpson method allowed quick calculation of integral values; however, the degree of
precision was within ∼1%. Precision can be improved with the linearized ENDF files because
the cross section value is linearly-dependent on energy within a particular bin (Pritychenko,
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2010)

σ(E) = σ(E1) + (E − E1)
σ(E2)− σ(E1)

E2 − E1
, (12)

where σ(E1), E1 and σ(E2), E2 are cross section and energy values for the corresponding
energy bin. The last equation is a good approximation of neutron cross section values for
a sufficiently dense energy grid. This allowed deduction of �σMaxw

γ (kT)� definite integrals for
separate energy bins using Doppler-broadened cross sections and the Wolfram Mathematica
online integrator (Wolram, 2011). Further, summing integrals for all energy bins will produce
a precise ENDF value for the Maxwellian-averaged cross section.

The product values of the ENDF/B-VII.1 �σMaxw
γ (30keV)� times solar abundances (Anders &

Grevesse, 1989) are plotted in Fig. 7. They reveal that the ENDF/B-VII.1 library data closely
replicate a two-plateau plot (Rolfs & Rodney, 1988). The current result provides a powerful
testimony for stellar nucleosynthesis.
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Fig. 7. ENDF/B-VII.1 library product of neutron-capture cross section (at 30 keV in mb) times
solar system abundances (relative to Si = 106) as a function of atomic mass for nuclei
produced only in the s-process.

The predictive power of stellar nucleosynthesis calculations depends heavily on the neutron
cross section values and their covariances. To understand the unique isotopic signatures
from the presolar grains, ∼1% cross section uncertainties are necessary (Käppeler, 2011).
Unfortunately, present uncertainties are often much higher, as shown in Fig. 8.

The situation gets even more complex after considering s-process branches where β-decay
and neutron capture rates are

λn ∼ λβ (13)

Here, the stellar thermal environment may affect β-decay rates and change the process path.
Branching is particularly important for unstable isotopes such as 134Cs. This isotope can either
decay to 134Ba, if neutron flux is low or capture neutron and produce 135Cs. The 134Cs β-decay
lifetime may vary from ∼1 y to 30 day over the temperature range of (100-300)×106 K, which
further complicates the calculations.

Finally, the calculated values of Maxwellian-averaged cross sections at kT=30 keV, for selected
s-process nuclei, derived from the JENDL-4.0, ROSFOND 2010 and ENDF/B-VII.1 libraries
(Chadwick et al., 2006; Shibata et al., 2011; Zabrodskaya et al., 2007) have been produced and
shown in Table 1. The tabulated results are compared with the KADONIS values (Dillmann
et al., 2006). Due to a limited number of ENDF covariance files, Low-Fidelity cross section
covariances (Little et al., 2008) were used to calculate uncertainties for ENDF/B-VII.1 data.

The complete sets of ENDF s-process nucleosynthesis data sets are available for download
from the NucRates Web application http://www.nndc.bnl.gov/astro. These complimentary data
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Fig. 8. Maxwellian-averaged cross section uncertainties for ENDF/B-VII.1, Low-Fidelity and
KADONIS libraries (Chadwick et al., 2006; Dillmann et al., 2006; Little et al., 2008).
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Isotope JENDL-4.0 ROSFOND 2010 ENDF/B-VII.1 KADONIS

42-Mo- 96 1.052E+2 1.035E+2 1.035E+2±1.700E+1 1.120E+2±8.000E+0
44-Ru-100 2.065E+2 2.062E+2 2.035E+2±3.949E+1 2.060E+2±1.300E+1
46-Pd-104 2.700E+2 2.809E+2 2.809E+2±4.923E+1 2.890E+2±2.900E+1
48-Cd-110 2.260E+2 2.346E+2 2.349E+2±4.263E+1 2.370E+2±2.000E+0
50-Sn-116 9.115E+1 1.002E+2 1.003E+2±1.875E+1 9.160E+1±6.000E-1
52-Te-122 2.644E+2 2.639E+2 2.349E+2±4.882E+1 2.950E+2±3.000E+0
52-Te-123 8.138E+2 8.128E+2 8.063E+2±1.063E+2 8.320E+2±8.000E+0
52-Te-124 1.474E+2 1.473E+2 1.351E+2±2.697E+1 1.550E+2±2.000E+0
54-Xe-128 2.582E+2 2.826E+2 2.826E+2±6.823E+1 2.625E+2±3.700E+0
54-Xe-130 1.333E+2 1.518E+2 1.518E+2±2.835E+1 1.320E+2±2.100E+0
56-Ba-134 2.301E+2 2.270E+2 2.270E+2±4.038E+1 1.760E+2±5.600E+0
56-Ba-136 7.071E+1 7.001E+1 7.001E+1±1.087E+1 6.120E+1±2.000E+0
60-Nd-142 3.557E+1 3.701E+1 3.343E+1±4.251E+1 3.500E+1±7.000E-1
62-Sm-148 2.361E+2 2.444E+2 2.449E+2±4.507E+1 2.410E+2±2.000E+0
62-Sm-150 4.217E+2 4.079E+2 4.227E+2±3.607E+2 4.220E+2±4.000E+0
64-Gd-154 9.926E+2 1.010E+3 9.511E+2±1.096E+2 1.028E+3±1.200E+1
66-Dy-160 8.702E+2 8.293E+2 8.328E+2±6.769E+1 8.900E+2±1.200E+1
72-Hf-176 5.930E+2 4.529E+2 4.531E+2±4.896E+1 6.260E+2±1.100E+1
80-Hg-198 1.612E+2 1.612E+2 1.613E+2±1.635E+1 1.730E+2±1.500E+1
82-Pb-204 8.355E+1 7.242E+1 7.242E+1±7.624E+0 8.100E+1±2.300E+0

Table 1. Evaluated nuclear reaction and KADONIS libraries Maxwellian-averaged neutron
capture cross sections in mb at kT=30 keV for s-process nuclei.

sets demonstrate a strong correlation between nuclear astrophysics and nuclear industry data
needs, the large nuclear astrophysics potential of ENDF libraries, and a perspective beneficial
relationship between both fields.

3.3 r-process

The detailed analysis of stable and long-lived nuclei indicates the large number of isotopes
that lie outside of the s-process path peaks near A=138 and 208. In addition, the large gap
between s-process nucleus 209Bi and 232Th,235,238U effectively terminates the s-process at
210Po. Production of the actinide neutron-rich nuclei cannot be explained by the s-process
nucleosynthesis and requires introduction of rapid neutron capture or r-process. In this
case, neutron capture timescale has to be less than typical β-decay lifetimes of ∼ms for
neutron-rich nuclides. It implies neutron fluxes 1010-1011 higher than those of the s-process.
Such conditions can be found in ν-driven core-collapse supernova and neutron stars. From
here, one may conclude that r-process temperature depends on the site and may lie within a
(0.5-10) ×109 K range. However, it is still not clear where r-process takes place and how it
proceeds.

Among many unknowns of the r-process is process path. The path is defined by the nuclear
masses and β-decay half-lives. The 2003 & 2011 experimental Atomic Mass Evaluations
(Audi et al., 2003; Audi & Meng, 2011) do not cover nuclei far from stability near the
r-process expected path. To resolve this problem, theoretical mass calculations based on the
FRDM and other models have been performed with 25% uncertainties (Aprahamian, 2011).
This calculation helped to identify the list of critical nuclei along the r-process path and
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demonstrated strong connections between nuclear astrophysics and nuclear structure. Further
progress will require mass and half-life measurements of unstable nuclei. The r-process data
needs can be summarized as follows

• nuclear masses
• β-decay half-lives
• n-capture rates
• neutrino interaction rates
• fission probabilities
• fission products distribution

Recent r-process estimates (Cowan & Thielemann, 2004) demonstrate sharp abundance peaks
for the A=130,195 (N=82,126) nuclei with large N/Z ratios and another broad peak at A=160.
Further analysis of r-process abundances shows (Boyd, 2008)

dNZ,A/dt = λZ−1NZ−1 − λZ NZ (14)

For neutron closed shells, nuclei most likely will experience β-decay rather than absorb
another neutron

λZ NZ = NZ/τZ (15)
Thus near neutron closed shells, the relationship between abundances and β-decay lifetimes
is

dNZ,A/dt = NZ−1,A−1/τZ−1 − NZ,A/τZ (16)
Finally, for equilibrium conditions one can deduce r-process analog of the equation 11

NZ−1/τZ−1 = NZ/τZ (17)

From the last formula, one can conclude that closed shell nuclei with the largest half-lives
will have the largest abundances. In order to obtain the complete picture, all half-lives and
decay modes have to be determined. A list of properties relevant to r-process A∼130 nuclei
is shown in Table 2. It includes β-decay half-lives and emission probabilities for delayed
neutrons. The delayed neutrons provide an additional neutron source for the r-process and
may shift the location of the abundance peak. The tabulated data were taken from the
Evaluated Nuclear Structure Data File (ENSDF) database (Burrows, 1990) and the relation
between nuclear lifetime and half-life is

τ = T1/2/0.693 (18)

The regularly updated ENDF and ENSDF database evaluations could provide valuable for
r-process data in the actinide region. The extremely neutron-rich superheavy fission nuclei
play an important role in element production. Presently, these nuclei can be studied only
with theoretical model calculations. These calculations could be calibrated using the existing
actinide data for Maxwellian-averaged neutron cross sections, half-lives, spontaneous fission
and delayed neutrons probabilities.

An example of nuclear reaction and structure data sets for the Z=90-110 region is shown
in Table 3. The tabulated values demonstrate an increasingly complex nature of nuclear
decay for Z>95 nuclei where spontaneous fission and β-decay play an important role.
Spontaneous fission fragments are of interest to the r-process studies. Complimentary
information on fission fragments distribution can be obtained from the Sigma Web interface
http://www.nndc.bnl.gov/sigma (Pritychenko & Sonzogni, 2008).
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masses and β-decay half-lives. The 2003 & 2011 experimental Atomic Mass Evaluations
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demonstrated strong connections between nuclear astrophysics and nuclear structure. Further
progress will require mass and half-life measurements of unstable nuclei. The r-process data
needs can be summarized as follows

• nuclear masses
• β-decay half-lives
• n-capture rates
• neutrino interaction rates
• fission probabilities
• fission products distribution

Recent r-process estimates (Cowan & Thielemann, 2004) demonstrate sharp abundance peaks
for the A=130,195 (N=82,126) nuclei with large N/Z ratios and another broad peak at A=160.
Further analysis of r-process abundances shows (Boyd, 2008)

dNZ,A/dt = λZ−1NZ−1 − λZ NZ (14)

For neutron closed shells, nuclei most likely will experience β-decay rather than absorb
another neutron

λZ NZ = NZ/τZ (15)
Thus near neutron closed shells, the relationship between abundances and β-decay lifetimes
is

dNZ,A/dt = NZ−1,A−1/τZ−1 − NZ,A/τZ (16)
Finally, for equilibrium conditions one can deduce r-process analog of the equation 11

NZ−1/τZ−1 = NZ/τZ (17)

From the last formula, one can conclude that closed shell nuclei with the largest half-lives
will have the largest abundances. In order to obtain the complete picture, all half-lives and
decay modes have to be determined. A list of properties relevant to r-process A∼130 nuclei
is shown in Table 2. It includes β-decay half-lives and emission probabilities for delayed
neutrons. The delayed neutrons provide an additional neutron source for the r-process and
may shift the location of the abundance peak. The tabulated data were taken from the
Evaluated Nuclear Structure Data File (ENSDF) database (Burrows, 1990) and the relation
between nuclear lifetime and half-life is

τ = T1/2/0.693 (18)

The regularly updated ENDF and ENSDF database evaluations could provide valuable for
r-process data in the actinide region. The extremely neutron-rich superheavy fission nuclei
play an important role in element production. Presently, these nuclei can be studied only
with theoretical model calculations. These calculations could be calibrated using the existing
actinide data for Maxwellian-averaged neutron cross sections, half-lives, spontaneous fission
and delayed neutrons probabilities.

An example of nuclear reaction and structure data sets for the Z=90-110 region is shown
in Table 3. The tabulated values demonstrate an increasingly complex nature of nuclear
decay for Z>95 nuclei where spontaneous fission and β-decay play an important role.
Spontaneous fission fragments are of interest to the r-process studies. Complimentary
information on fission fragments distribution can be obtained from the Sigma Web interface
http://www.nndc.bnl.gov/sigma (Pritychenko & Sonzogni, 2008).
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Isotope T1/2, msec β−-decay, % β-n Emission, %
127Ag 109±25 100 ?
128Ag 58±5 100 ?
129Ag 46±7 100 ?
130Ag ≈50 ? ?
130Cd 162±7 100 3.5±1.0
131Cd 68±3 100 3.5±1.0
132Cd 97±10 100 60±15
131In 280±30 100 ≤2.0±0.3
132In 207±6 100 6.3±0.9
133In 165±3 100 85±10
134In 140±4 100 65
135In 92±10 100 >0
130Sn 223200±4200 100 ?
131Sn 56000±5000 100 ?
132Sn 39700±800 100 ?
133Sn 1460±30 100 0.0294±24
134Sn 1050±11 100 17±13
135Sn 530±20 100 21±3
136Sn 250±30 100 30±5
137Sn 190±60 100 58±15
138Sn >0.000408 ? ?
139Sn ? ? ?
140Sn ? ? ?
136Sb 923±14 100 16.3±3.2
137Sb 450±50 100 49±10
138Sb ≥0.0003 ? ?
139Sb >0.00015 ? ?
137Te 2490±50 100 2.99±16
138Te 1400±400 100 6.3±2.1
139Te >0.00015 ? ?

Table 2. Properties of neutron-rich nuclides relevant to the A=130 r-process peak. All data are
taken from the ENSDF database (http://www.nndc.bnl.gov/ensdf) (Burrows, 1990). The ?
symbol was used where data were not available.

3.4 p-process

A detailed analysis of the Fig. 1 data indicates between 29 and 35 proton-rich nuclei that
cannot be produced in the s- or r-processes. A significant fraction of these nuclei originate
from the γ-process (Boyd, 2008; Woosley & Howard, 1978). This process could take place
in Type-II supernovae at (2-3)×T9. It begins with (γ,n) reactions that synthesize proton-rich
heavy nuclei that are followed by charged-particle emitting reactions. Such process includes
an extensive reaction network consisting of approximately 20,000 reactions and 2,000 nuclei.
Due to lack of experimental data, p-process network calculations are often based on theoretical
model predictions. This situation can be improved via addition of the known experimental
reaction cross sections.
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Isotope σ(n, F), mb T1/2, y SF, % α-decay, % β-decay, %
232Th 1.672E1 1.40E10 1.1E-9 100 ?
235U 1.376E3 7.04E8 7E-9 100 ?
238U 7.839E1 4.468E9 5.45E-5 100 ?

237Np 9.953E2 2.144E6 ≤2E-10 100 ?
239Pu 1.885E3 2.411E4 3.1E-10 100 ?

241Am 7.767E2 432.6 3.6E-10 100 ?
250Cm 3.192E2 8.3E3 74 18 8
250Bk 1.209E3 3.212 h ? ? 100
252Cf 2.133E3 2.645 3.092 96.908 ?
255Es 3.108E2 39.8 d 0.0041 8 92

255Fm 2.776E3 20.07 h 2.4E-5 100 ?

Table 3. Nuclear reaction and structure properties of several actinides. Reaction cross
sections were calculated from ENDF/B-VII.1 library at kT=400 keV and decay data were
taken from the ENSDF database (http://www.nndc.bnl.gov/ensdf). The ? symbol was used
where data were not available.

Reaction EXFOR NSR

p,γ 396 2162
p,n 666 2571
p,α 337 1031
α,γ 144 522
α,n 343 1321
α,p 166 848

Table 4. Total number of p-process reaction entries in EXFOR (http://www-nds.iaea.org/exfor)
and NSR (http://www.nndc.bnl.gov/nsr) databases as of August 2011.

These reactions have been compiled in the EXFOR database since 70ies, and the database
content is shown in Fig. 9. For historic reasons, it is relatively complete for
neutron-, proton- and alpha-induced reaction compilations, and has a limited number of
compilations for heavy-ion and photonuclear reactions. The IAEA EXFOR Web interface:
http://www-nds.iaea.org/exfor (Zerkin et al., 2005) allows user-friendly nuclear astrophysics data
search using multiple parameters, such as target, nuclear reaction, cross section, and energy
range. The interface is currently used for a p-process nuclei data mining operation at ATOMKI
(Szücs et al., 2010). EXFOR is the best source of experimental nuclear reaction data; however,
it is not complete, and it takes ∼1-2 y before article compilation is completed.

To overcome this problem the Nuclear Science References (NSR) database
(http://www.nndc.bnl.gov/nsr) (Pritychenko et al., 2011) is recommended. Table 4 shows
EXFOR and NSR database content for the ATOMKI project scope of (p,γ), (p,n), (p,α), (α,γ),
(α,n) and (α,p) reactions. The tabulated data indicate a factor of 3-5 difference between two
databases. This is mostly due to the fact that multiple article can be combined into a single
EXFOR entry and gaps in the EXFOR coverage.

Another important tool for p-process nucleosynthesis studies is the nuclear reaction
reciprocity theorem. It allows extracting a reaction cross section if an inverse reaction is
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Fig. 9. Time and content evolution of the EXFOR database. Initially database scope was
limited to neutron-induced reaction cross sections, later scope expansion included charge
particle and photo-nuclear reactions.

known. For 1 + 2 → 3 + 4 and 3 + 4 → 1 + 2 processes the cross section ratio is

σ34
σ12

=
m3m4E34(2J3 + 1)(2J4 + 1)(1 + δ12)

m1m2E12(2J1 + 1)(2J1 + 1)(1 + δ34)
, (19)

where E12, E34 are kinetic energies in the c.m. system, J is angular momentum, and δ12=δ34=0.

3.5 rp-process

The rp-process (rapid proton capture process) consists of consecutive proton captures onto
seed nuclei to produce heavier elements. It occurs in a number of astrophysical sites
including X-ray bursts, novae, and supernovae. The rp-process requires a high-temperature
environment (∼109 K) to overcome Coulomb barrier for charged particles. This process
contributes to observed abundances of light and medium proton-rich nuclei and compliments
the p-process. The rp-process data needs include

• nuclear masses

• proton capture rates
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4. Conclusion

Finally, a review of stellar nucleosynthesis and its data needs has been presented. Several
nuclear astrophysics opportunities and the corresponding computation tools and methods
have been identified. Complimentary sets of nuclear data for s-process nucleosynthesis
have been produced. These, nuclear astrophysics model-independent data sets are based
on the latest evaluated nuclear libraries and low-fidelity covariances data. This analysis
indicates that the nucleosynthesis processes and respective abundances are strongly affected
by both nuclear reaction cross sections and nuclear structure effects. Several nuclear structure
data sets that include β-decay half-lives, spontaneous fission, and delayed neutron emission
probabilities have been considered.

Present results demonstrate a wide range of uses for nuclear reaction cross sections and
structure data in stellar nucleosynthesis. They provide additional benchmarks and build a
bridge between nuclear astrophysics and nuclear industry applications. Further work will
include extensive data analysis, neutron physics, and network calculations.

We are grateful to M. Herman (BNL) for the constant support of this project, to S. Goriely
(Universite Libre de Bruxells) and R. Reifarth (Goethe University) for productive discussions,
and to V. Unferth (Viterbo University) for a careful reading of the manuscript. This work was
sponsored in part by the Office of Nuclear Physics, Office of Science of the U.S. Department of
Energy under Contract No. DE-AC02-98CH10886 with Brookhaven Science Associates, LLC.
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40 Astrophysics

1. Introduction

From time out of mind, men wish to know more about the world surrounding them and, in
particular, to understand the origin of the matter. However, only in the late 1950s, thanks to
the pioneering work of Burbidge et al. (1957, the famous B2FH) and the independent analysis
of Cameron (1957), the basic principles of explaining the origin of the elements were laid down
in the theory of nucleosynthesis, giving rise to a dedicated, interdisciplinary field of research
referred to as “nuclear astrophysics”.

Since the early days of its development, nuclear astrophysics has improved at an impressive
pace. Nowadays, it is a peculiar mixing of knowledge that blends the progresses
in experimental and theoretical nuclear physics, ground-based and space observational
astronomy, cosmochemistry, and theoretical astrophysics.

Different works have been devoted to review the achievements reached by the nuclear
astrophysics, either providing an overall picture of this field of research (e.g. Arnould &
Takahashi, 1999; Jordi & Iliadis, 2011; Rauscher & Patkós, 2011; Wallerstein et al., 1997),
or focusing on various its subfields such as the Big-Bang nucleosynthesis and primordial
abundances (e.g. Iocco et al., 2009; Steigman , 2007; Tytler et al., 2000), the nucleosynthesis
mechanisms of specific types of trans-iron elements (e.g. Arnould & Goriely, 2003; Arnould
et al., 2007; Käppeler, 1999; Käppeler et al., 2011; Meyer, 1994), the hydrostatic and explosive
stellar nucleosynthesis (e.g. Busso et al., 1999; Chiosi, 2007; Jordi & Hernanz, 2007; Woosley
et al., 2002, and references therein), the nucleosynthesis by spallation (e.g. Reeves, 1994;
Vangioni-Flamet al., 2000), the experimental techniques and theoretical methods used to
investigate nuclear processes of astrophysical interest (e.g. Angulo, 2009; Baur et al., 2003;
Bertulani & Gade, 2010; Costantini, 2009; Spitaleri, 2010; Thielemann et al., 2001; Typel & Baur,
2003).
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2 Will-be-set-by-IN-TECH

This chapter is concerned with one of the aforementioned subfields of the nuclear
astrophysics. In particular, it is devoted to the so-called s-process, which is a nucleosynthesis
mechanism responsible for the production of about half of all the trans-iron elements. The
chapter starts out in Sect. 2.1 with some basic considerations on the solar system composition,
considered as “standard of reference” dataset for cosmic abundances. A brief description of
the nucleosynthesis mechanisms responsible for the production of trans-iron nuclei follows in
Sect. 2.2. Afterward (see Sect. 3), the s-process nucleosynthesis mechanism is reviewed and
its different components are discussed. A specific attention is paid to the so-called “weak
component” occurring in massive stars (MZAMS � 13M�), showing its sensitivity to stellar
mass and metallicity (see Sect. 4.1). Moreover the uncertainties affecting the efficiency of this
component are described (see Sect. 4.2), placing particular emphasis upon uncertainties due
to convective overshooting (see Sect. 5). Prospects of improvements in modeling the s-process
weak component and their possible consequences for some open astrophysical questions are
also briefly discussed (see Sect. 6).

2. General considerations on the origin of the elements

2.1 Cosmic abundances

Whatever nucleosynthesis model is built, a comparison between the model predictions to the
observed cosmic abundances is needed.

Even if the possibility of defining a truly “standard” set of observed cosmic abundances
has to be considered with caution (see e.g. Grevesse et al., 1996), the composition of the
material from which the solar system formed ∼ 5.6 Gy ago (referred hereafter also as solar
composition) is usually considered as the “standard of reference” dataset (e.g. Asplund
et al., 2009, and references therein). Such a choice is essentially due to the fact that the
solar composition is the only comprehensive sample with a well defined isotopic abundance
distribution (e.g. Arnett, 1996; Käppeler, 1999), since it can be derived using different sources
of information that include, among others, the Earth, the Moon, other solar system planets,
the Sun, meteorites, and material from the interplanetary medium. The methods employed to
gather abundances information combine spectral analysis (e.g. via spectroscopy of the solar
photosphere), laboratory measurements of matter samples (e.g. via mass spectrometry of
meteorites, Lunar glasses, and material from the Earth’s crust and carried by space probes
from the interplanetary medium), and particle detection from space-based experiments
(e.g. via analysis of solar wind and solar energetic particles).

Specifically, the elemental solar composition (displayed in right panel of Fig. 1) is largely
grounded on abundance analyses of a peculiar class of uncommon meteorites — the so-called
CI chondrites — which are believed to reflect the composition of the “primitive” solar system.
However information derived from the Sun (i.e. using the solar photospheric spectrum, the
impulse flare spectra, and the analysis of solar wind and solar energetic particles) have to be
used for determining the abundances of H, C, N, O and the noble gases He, Ne, and Ar; while
analyses based on theoretical considerations are required for the “heavy” noble gases Kr and
Xe. The nuclear solar composition (displayed in left panel of Fig. 1) is determined considering
the terrestrial isotopic compositions as the most representative ones for all the elements of the
primitive solar system with the exception of the H and all the noble gases, for which other
sources of information (e.g. Jupiter’s atmosphere, solar wind and lunar samples) are used
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(for details see e.g. Lodders, 2003, but also the other widely used compilations of the solar
composition by Anders & Grevesse, 1989; Grevesse & Noels, 1993; Grevesse & Sauval, 1998;
Lodders at al., 2009, and Asplund et al., 2009).
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Fig. 1. Nuclear (left panel) and elemental (right panel) solar compositions from the
compilation of Lodders (2003). In both panels, the abundances are normalized to 106 Si
atoms and the y axes are logarithmic. In left panel, only the most abundant isobar is reported
for a given mass number A.

Looking at Fig. 1, it is easy to notice that the solar distribution is clearly dominated by the
H and He abundances, followed by a “deep” (with respect to the neighboring nuclides)
minimum of the abundances for the elements Li, Be, and B. Subsequently, the main feature
of the distribution is the presence of a series of peaks at the locations of the “α-elements1”,
superimposed on an exponentially decreasing curve from the A � 12-16 mass region down
to the Sc, followed by a pronounced peak centered around 56Fe. From this peak on, the
distribution becomes fairly flat with a variety of superimposed peaks which correspond to
nuclides having magic numbers2 of neutrons.

As already pointed out by Burbidge et al. (1957), these features are a “reflection” of the
different nucleosynthesis processes responsible for the production of the various isotopes.
Even without going into details because it is out of the purpose of this chapter (for details
the interested reader is referred to the reviews/books of Arnett, 1996; Arnould & Takahashi,
1999; Clayton, 1983; Jordi & Iliadis, 2011; Käppeler, 1999; Rolfs & Rodney, 1988, and references
therein), we remind that the nuclides with A < 12 are produced by Big-Bang nucleosynthesis
and via spallation mechanisms. The minimum at the elements Li, Be, and B primarily
reflects the difficult to synthesize such rare and fragile nuclides due to the stability gaps
at A = 5 and 8. Various charged-particle induced reactions, which occur inside the stars
during quiescent evolutionary phases and are accountable for the stellar energy production,
are instead responsible for the nucleosynthesis of all the elements from the A � 12-16 mass
region up to the region of the iron peak. The exponentially drop in the elemental abundances

1 Alpha-elements are so-called since their most abundant isotopes are integer multiples of the mass of
the α particle. The most abundant are 16O and 12C, followed by 20Ne, 24Mg, 28Si, 32S, 36Ar, and 40Ca.

2 In the nuclear shell model, a magic number is a number of nucleons (either protons or neutrons) such
that they can be arranged into complete shells within a nucleus. The seven most widely recognised
magic numbers are: 2, 8, 20, 28, 50, 82, and 126. Nuclei consisting of such a magic number of nucleons
have a particularly tightly bound configuration (see e.g. Povh et al., 2008, for details).
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component are described (see Sect. 4.2), placing particular emphasis upon uncertainties due
to convective overshooting (see Sect. 5). Prospects of improvements in modeling the s-process
weak component and their possible consequences for some open astrophysical questions are
also briefly discussed (see Sect. 6).

2. General considerations on the origin of the elements

2.1 Cosmic abundances

Whatever nucleosynthesis model is built, a comparison between the model predictions to the
observed cosmic abundances is needed.

Even if the possibility of defining a truly “standard” set of observed cosmic abundances
has to be considered with caution (see e.g. Grevesse et al., 1996), the composition of the
material from which the solar system formed ∼ 5.6 Gy ago (referred hereafter also as solar
composition) is usually considered as the “standard of reference” dataset (e.g. Asplund
et al., 2009, and references therein). Such a choice is essentially due to the fact that the
solar composition is the only comprehensive sample with a well defined isotopic abundance
distribution (e.g. Arnett, 1996; Käppeler, 1999), since it can be derived using different sources
of information that include, among others, the Earth, the Moon, other solar system planets,
the Sun, meteorites, and material from the interplanetary medium. The methods employed to
gather abundances information combine spectral analysis (e.g. via spectroscopy of the solar
photosphere), laboratory measurements of matter samples (e.g. via mass spectrometry of
meteorites, Lunar glasses, and material from the Earth’s crust and carried by space probes
from the interplanetary medium), and particle detection from space-based experiments
(e.g. via analysis of solar wind and solar energetic particles).

Specifically, the elemental solar composition (displayed in right panel of Fig. 1) is largely
grounded on abundance analyses of a peculiar class of uncommon meteorites — the so-called
CI chondrites — which are believed to reflect the composition of the “primitive” solar system.
However information derived from the Sun (i.e. using the solar photospheric spectrum, the
impulse flare spectra, and the analysis of solar wind and solar energetic particles) have to be
used for determining the abundances of H, C, N, O and the noble gases He, Ne, and Ar; while
analyses based on theoretical considerations are required for the “heavy” noble gases Kr and
Xe. The nuclear solar composition (displayed in left panel of Fig. 1) is determined considering
the terrestrial isotopic compositions as the most representative ones for all the elements of the
primitive solar system with the exception of the H and all the noble gases, for which other
sources of information (e.g. Jupiter’s atmosphere, solar wind and lunar samples) are used
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(for details see e.g. Lodders, 2003, but also the other widely used compilations of the solar
composition by Anders & Grevesse, 1989; Grevesse & Noels, 1993; Grevesse & Sauval, 1998;
Lodders at al., 2009, and Asplund et al., 2009).
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Fig. 1. Nuclear (left panel) and elemental (right panel) solar compositions from the
compilation of Lodders (2003). In both panels, the abundances are normalized to 106 Si
atoms and the y axes are logarithmic. In left panel, only the most abundant isobar is reported
for a given mass number A.

Looking at Fig. 1, it is easy to notice that the solar distribution is clearly dominated by the
H and He abundances, followed by a “deep” (with respect to the neighboring nuclides)
minimum of the abundances for the elements Li, Be, and B. Subsequently, the main feature
of the distribution is the presence of a series of peaks at the locations of the “α-elements1”,
superimposed on an exponentially decreasing curve from the A � 12-16 mass region down
to the Sc, followed by a pronounced peak centered around 56Fe. From this peak on, the
distribution becomes fairly flat with a variety of superimposed peaks which correspond to
nuclides having magic numbers2 of neutrons.

As already pointed out by Burbidge et al. (1957), these features are a “reflection” of the
different nucleosynthesis processes responsible for the production of the various isotopes.
Even without going into details because it is out of the purpose of this chapter (for details
the interested reader is referred to the reviews/books of Arnett, 1996; Arnould & Takahashi,
1999; Clayton, 1983; Jordi & Iliadis, 2011; Käppeler, 1999; Rolfs & Rodney, 1988, and references
therein), we remind that the nuclides with A < 12 are produced by Big-Bang nucleosynthesis
and via spallation mechanisms. The minimum at the elements Li, Be, and B primarily
reflects the difficult to synthesize such rare and fragile nuclides due to the stability gaps
at A = 5 and 8. Various charged-particle induced reactions, which occur inside the stars
during quiescent evolutionary phases and are accountable for the stellar energy production,
are instead responsible for the nucleosynthesis of all the elements from the A � 12-16 mass
region up to the region of the iron peak. The exponentially drop in the elemental abundances

1 Alpha-elements are so-called since their most abundant isotopes are integer multiples of the mass of
the α particle. The most abundant are 16O and 12C, followed by 20Ne, 24Mg, 28Si, 32S, 36Ar, and 40Ca.

2 In the nuclear shell model, a magic number is a number of nucleons (either protons or neutrons) such
that they can be arranged into complete shells within a nucleus. The seven most widely recognised
magic numbers are: 2, 8, 20, 28, 50, 82, and 126. Nuclei consisting of such a magic number of nucleons
have a particularly tightly bound configuration (see e.g. Povh et al., 2008, for details).
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up to the Sc is just related to the increase of the Coulomb barrier with increasing the nuclear
charged of the particles involved in the different charged-particle induced reactions, that
increasingly hampers such reactions. Exceptions to this trend are the peaks at the locations
of the α-elements and the iron peak. The greater stability of these nuclei (compared to
the one of the neighbouring nuclides) leads to a their more abundant production and,
consequently, gives rise to the above mentioned local maxima in the solar distribution. Finally,
neutron capture chains and an additional mechanism characterized by photo-disintegrations
of preexisting nuclei are called for in order to synthesize the trans-iron elements, as better
described in the following Sect. 2.2. Indeed, if the trans-iron elements had been synthesized
by charged-particle induced reactions, the peaks present in the trans-iron region of the solar
distribution would not be explained and the abundances of the trans-iron elements would
exhibit a much higher decrease (with the mass number A) than the one actually observed in
the solar distribution.

2.2 Nucleosynthesis mechanisms for the production of trans-iron nuclei

The stable trans-iron nuclides can be classified into three categories according to their position
on the chart of nuclides (see Fig. 2): those located at the bottom of the valley of nuclear stability,
called the s-nuclei, and those situated on the neutron-deficient or neutron-rich side of the
valley, named the p- or r-nuclei, respectively.

As pointed out above, the charged-particle induced reactions are not able to account for the
production of these three types of trans-iron nuclides, which are instead primarily produced
by three different mechanisms, naturally referred to as the s-, r-, and p-processes.

The first two processes (namely, s- and r-processes) can take place through neutron captures
and subsequent β-decays in astrophysical environments where at least one neutrons source
is working efficiently (e.g. Käppeler, 1999). As a result of each (n, γ) capture reaction, a
generic nucleus (Z, A) is transformed into the heavier isotope (Z, A+1). If this isotope is stable
against β-decay, an additional neutron capture can take place, leading to the isotope (Z, A+2).
Otherwise, if the produced isotope is unstable, it can either decay into the isobar (Z+1, A+1)
or capture another neutron (e.g. Clayton, 1983). The question whether this unstable isotope
decays or captures a neutron depends on the values of τβ and τnγ, which are the β-decay
lifetime and the average time between two successive neutron captures for such unstable
isotope, respectively. If the relation τβ � τnγ is valid for the majority of the unstable nuclides
involved in the nucleosynthesis process, the sequence of neutron captures and β-decays is
called s-process (“s” stands just for “slow” neutron capture); otherwise, if neutron capture
proceeds on a rapid time scale compared to the β-decay lifetimes (i.e. relation τβ � τnγ is
valid for the majority of the unstable nuclides), the sequence of reactions is named r-process,
where “r” stands for “rapid” neutron capture (e.g. Rolfs & Rodney, 1988).

Fig. 3 reveals that the s-process involves the addition of neutrons to seed nuclei, which are
nuclear species of the iron peak region (mainly 56Fe). In particular, this nucleosynthesis
process produces nuclei from the A � 60 mass region up to 209Bi, closely following the valley
of nuclear stability. Indeed, since the neutron capture is slow compared to the β-decay rates,
the neutron capture chains move through the stable isotopes of a given element until an
unstable isotope is reached. At this point, a β-decay occurs and the neutron capture chains

44 Astrophysics The s-Process Nucleosynthesis in Massive Stars: Current Status and Uncertainties due to Convective Overshooting 5

Fig. 2. Chart of nuclides where bound nuclear systems are reported as a function of the
neutron number N (x axis) and the proton number Z (y axis). The brown squares represent
stable plus very long-lived (lifetime > 105 yr) nuclei that define the so-called valley of
nuclear stability. The red lines show the magic numbers for the valley of nuclear stability.
The pink region designates the zone of unstable nuclei that has been explored in laboratory;
while the green region indicates the so-called “terra incognita” (Latin expression for
“unknown land”) occupied with unstable nuclei that remain to be explored. The explorable
nuclear landscape is bounded by the proton drip line to the upper left and neutron drip line
to the bottom right. Both drip lines are marked by thin lines. (Figure adapted from
http://www.pas.rochester.edu/∼cline/Research/sciencehome.htm)

resume in the element having the nuclear charge increased by one unit (e.g. Clayton, 1983, for
details).

As with the s-process, also the r-process has the nuclides of the iron peak region as seeds.
However, the path of the r-process moves along the extreme neutron-rich side of the valley of
nuclear stability (see Fig. 3), where the values of the neutron binding energies approach zero
(so-called neutron drip line; see also caption of Fig. 2). Indeed, since the neutron capture
proceeds on very rapid time scale compared to the β-decay lifetimes, a generic nucleus
(Z, A) is transformed into the heavier neutron-rich isotope (Z, A+i) by a series of (n, γ)
capture reactions. Only when it is reached a point where the (n, γ) capture reaction and
its inverse (γ, n) reaction are in equilibrium, capture reactions stop and a β-decay can occur,
transforming the nucleus (Z, A+i) into its isobaric neighbour (Z+1, A+i). A this point, the chain
of capture reactions restarts and the nucleus (Z+1, A+i) absorbs neutrons until the balance
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consequently, gives rise to the above mentioned local maxima in the solar distribution. Finally,
neutron capture chains and an additional mechanism characterized by photo-disintegrations
of preexisting nuclei are called for in order to synthesize the trans-iron elements, as better
described in the following Sect. 2.2. Indeed, if the trans-iron elements had been synthesized
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by three different mechanisms, naturally referred to as the s-, r-, and p-processes.

The first two processes (namely, s- and r-processes) can take place through neutron captures
and subsequent β-decays in astrophysical environments where at least one neutrons source
is working efficiently (e.g. Käppeler, 1999). As a result of each (n, γ) capture reaction, a
generic nucleus (Z, A) is transformed into the heavier isotope (Z, A+1). If this isotope is stable
against β-decay, an additional neutron capture can take place, leading to the isotope (Z, A+2).
Otherwise, if the produced isotope is unstable, it can either decay into the isobar (Z+1, A+1)
or capture another neutron (e.g. Clayton, 1983). The question whether this unstable isotope
decays or captures a neutron depends on the values of τβ and τnγ, which are the β-decay
lifetime and the average time between two successive neutron captures for such unstable
isotope, respectively. If the relation τβ � τnγ is valid for the majority of the unstable nuclides
involved in the nucleosynthesis process, the sequence of neutron captures and β-decays is
called s-process (“s” stands just for “slow” neutron capture); otherwise, if neutron capture
proceeds on a rapid time scale compared to the β-decay lifetimes (i.e. relation τβ � τnγ is
valid for the majority of the unstable nuclides), the sequence of reactions is named r-process,
where “r” stands for “rapid” neutron capture (e.g. Rolfs & Rodney, 1988).

Fig. 3 reveals that the s-process involves the addition of neutrons to seed nuclei, which are
nuclear species of the iron peak region (mainly 56Fe). In particular, this nucleosynthesis
process produces nuclei from the A � 60 mass region up to 209Bi, closely following the valley
of nuclear stability. Indeed, since the neutron capture is slow compared to the β-decay rates,
the neutron capture chains move through the stable isotopes of a given element until an
unstable isotope is reached. At this point, a β-decay occurs and the neutron capture chains
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stable plus very long-lived (lifetime > 105 yr) nuclei that define the so-called valley of
nuclear stability. The red lines show the magic numbers for the valley of nuclear stability.
The pink region designates the zone of unstable nuclei that has been explored in laboratory;
while the green region indicates the so-called “terra incognita” (Latin expression for
“unknown land”) occupied with unstable nuclei that remain to be explored. The explorable
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resume in the element having the nuclear charge increased by one unit (e.g. Clayton, 1983, for
details).

As with the s-process, also the r-process has the nuclides of the iron peak region as seeds.
However, the path of the r-process moves along the extreme neutron-rich side of the valley of
nuclear stability (see Fig. 3), where the values of the neutron binding energies approach zero
(so-called neutron drip line; see also caption of Fig. 2). Indeed, since the neutron capture
proceeds on very rapid time scale compared to the β-decay lifetimes, a generic nucleus
(Z, A) is transformed into the heavier neutron-rich isotope (Z, A+i) by a series of (n, γ)
capture reactions. Only when it is reached a point where the (n, γ) capture reaction and
its inverse (γ, n) reaction are in equilibrium, capture reactions stop and a β-decay can occur,
transforming the nucleus (Z, A+i) into its isobaric neighbour (Z+1, A+i). A this point, the chain
of capture reactions restarts and the nucleus (Z+1, A+i) absorbs neutrons until the balance
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Fig. 3. Paths of the s- and r-processes in the N-Z plan. Both processes start with the nuclides
of the iron peak region (mainly 56Fe) as seeds. The s-process path (blue line) follows the
valley of nuclear stability and stops at the 209Bi, after which one enters the region of
α-instability. The r-process path (red line) moves far to the neutron-rich side of the valley of
nuclear stability, bypasses nuclei with natural α-radioactivity (which stops the s-process
path), and terminates by β-delayed fission and neutron-induced fission at A � 270 (e.g.
Thielemann et al., 2001). The chains of β-decays from the path of the r-process towards the
valley of nuclear stability, which occur after the r-process neutron irradiation, are
schematized by a dashed line. The sequences of waiting points at nuclei with magic neutron
numbers Nm = 50, 82, and 126 are also highlighted. (Figure adapted from Rolfs & Rodney,
1988)

between capture reactions and photodisintegrations is again reached for its isotopic neighbour
(Z+1, A+i+k). This recurring sequence of “neutron captures plus β-decay” reactions where it
is necessary to “wait” a β-decay prior of restarting another series of neutron captures leads
to a so-called waiting point on the N-Z plan. In particular, if the r-process path reaches a
nucleus with a magic neutron number Nm, the next heavier isotope with Nm+1 neutrons has
a relatively small neutron binding energy and it is relatively easy to reach the equilibrium
between the (n, γ) capture reaction and its inverse (γ, n). Consequently, the sequence of
neutron capture events stops and, after one neutron capture and a subsequent β-decay, the
(Z, Nm) nucleus is transformed into its isobaric neighbour (Z+1, Nm), which is again a nucleus
with the same magic number Nm of neutrons. Therefore, it is expected the occurrence of a
series of waiting points at the same magic neutron number Nm, that increases the Z value by
one unit at a time and moves the resulting nuclei nearer and nearer to the valley of nuclear
stability. Only when these nuclei are enough close to the valley of nuclear stability that
the neutron binding energy becomes sufficiently large to break through the neutron magic
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bottleneck at Nm, the chain of capture reactions restarts (e.g. see in Fig. 3 the sequences of
waiting points at nuclei with Nm = 50, 82, and 126). After the synthesizing event (when the
neutron irradiation stops), the very neutron-rich unstable nuclides undergo chains of β-decay,
which end at the most neutron-rich stable isobar for each value of A. In this way, it is possible
to produce either neutron-rich stable nuclei bypassed by the s-process3 or nuclides lying also
on the s-process path (see e.g. Arnould & Takahashi, 1999; Arnould et al., 2007; Clayton, 1983;
Rolfs & Rodney, 1988, for details).

The p-process is instead responsible for the production of proton-rich isotopic species (named
p-nuclei), which are skipped by the s-process and r-process paths because they are “shielded”
from formation both via β-decay by the presence of other stable isobars and via neutron
capture by the lack of other less massive stable isotopes (neutron capture will obviously
never bring a more massive stable isotope to a lighter one). The general consensus is that
the p-nuclei are synthesized through “photo-erosion” of neutrons, α particles and protons
involving heavy (A � 75) isotopes previously formed via the s- and/or r-processes. A variety
of astrophysical sites (e.g. the Ne-O-rich layer of massive stars during their pre-supernova
phase or their explosion as core-collapse supernova, the C-rich zones of Chandrasekhar-mass
white dwarfs exploding as Type Ia supernovae, and the exploding sub-Chandrasekhar mass
white dwarfs on which He-rich material has been accreted from a companion star) have been
identified as possible active p-nuclei contributors, but a complete and self-consistent model
for the origin of the p-isotopes remain to be soundly based (for details see e.g. Arnould &
Goriely, 2003, and references therein).

3. The s-process

3.1 An analytical approach: the σN-curve and the different components of s-process

As mentioned above, the path of the s-process follows the valley of nuclear stability,
synthesizing about half of all the trans-iron elements. The time dependence of the abundance
of these synthesized nuclei can be described on first approximation4 using an analytical
approach. It is based on the assumption that the relation τβ � τnγ is valid for all the
unstable nuclides involved in the nucleosynthesis process and, consequently, that a generic
unstable nucleus (Z, A+1) immediately decays into its isobar (Z+1, A+1), which is usually
stable. Although this assumption does not hold in every instance (cf. Sect. 3.2), it enable
us to describe the s-process in a relatively simple way and with no general damage to the
theoretical description of this nucleosynthesis process (e.g. Clayton, 1983; Rolfs & Rodney,
1988, for details). Indeed, according to such assumption, one can neglect the abundances of
unstable species and assume that, fixed the mass number A, there is only one stable nuclide
with a given Z (i.e. only one isotope for each element) involved in the nucleosynthesis process.
As a consequence, the time dependence of the abundance NA

5 of the nuclei synthesized by

3 Such neutron-rich stable nuclei are referred to as “r-only“ products. Similarly, nuclides produced by
the s-process and bypassed by the r-process are referred to as “s-only” nuclei.

4 A dedicated numerical modelling is required for a more detailed description (see e.g. the numerical
approaches described in Pignatari et al., 2008; Prantzos et al., 1987; Pumo et al., 2010, and references
therein).

5 The abundance is labeled only by the mass number A and not additionally by the nuclear charge Z
because the latter quantity is uniquely defined within the aforementioned assumption that there is only
one stable nuclide with a given Z involved in the nucleosynthesis process.
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Fig. 3. Paths of the s- and r-processes in the N-Z plan. Both processes start with the nuclides
of the iron peak region (mainly 56Fe) as seeds. The s-process path (blue line) follows the
valley of nuclear stability and stops at the 209Bi, after which one enters the region of
α-instability. The r-process path (red line) moves far to the neutron-rich side of the valley of
nuclear stability, bypasses nuclei with natural α-radioactivity (which stops the s-process
path), and terminates by β-delayed fission and neutron-induced fission at A � 270 (e.g.
Thielemann et al., 2001). The chains of β-decays from the path of the r-process towards the
valley of nuclear stability, which occur after the r-process neutron irradiation, are
schematized by a dashed line. The sequences of waiting points at nuclei with magic neutron
numbers Nm = 50, 82, and 126 are also highlighted. (Figure adapted from Rolfs & Rodney,
1988)

between capture reactions and photodisintegrations is again reached for its isotopic neighbour
(Z+1, A+i+k). This recurring sequence of “neutron captures plus β-decay” reactions where it
is necessary to “wait” a β-decay prior of restarting another series of neutron captures leads
to a so-called waiting point on the N-Z plan. In particular, if the r-process path reaches a
nucleus with a magic neutron number Nm, the next heavier isotope with Nm+1 neutrons has
a relatively small neutron binding energy and it is relatively easy to reach the equilibrium
between the (n, γ) capture reaction and its inverse (γ, n). Consequently, the sequence of
neutron capture events stops and, after one neutron capture and a subsequent β-decay, the
(Z, Nm) nucleus is transformed into its isobaric neighbour (Z+1, Nm), which is again a nucleus
with the same magic number Nm of neutrons. Therefore, it is expected the occurrence of a
series of waiting points at the same magic neutron number Nm, that increases the Z value by
one unit at a time and moves the resulting nuclei nearer and nearer to the valley of nuclear
stability. Only when these nuclei are enough close to the valley of nuclear stability that
the neutron binding energy becomes sufficiently large to break through the neutron magic
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white dwarfs on which He-rich material has been accreted from a companion star) have been
identified as possible active p-nuclei contributors, but a complete and self-consistent model
for the origin of the p-isotopes remain to be soundly based (for details see e.g. Arnould &
Goriely, 2003, and references therein).
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3.1 An analytical approach: the σN-curve and the different components of s-process
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synthesizing about half of all the trans-iron elements. The time dependence of the abundance
of these synthesized nuclei can be described on first approximation4 using an analytical
approach. It is based on the assumption that the relation τβ � τnγ is valid for all the
unstable nuclides involved in the nucleosynthesis process and, consequently, that a generic
unstable nucleus (Z, A+1) immediately decays into its isobar (Z+1, A+1), which is usually
stable. Although this assumption does not hold in every instance (cf. Sect. 3.2), it enable
us to describe the s-process in a relatively simple way and with no general damage to the
theoretical description of this nucleosynthesis process (e.g. Clayton, 1983; Rolfs & Rodney,
1988, for details). Indeed, according to such assumption, one can neglect the abundances of
unstable species and assume that, fixed the mass number A, there is only one stable nuclide
with a given Z (i.e. only one isotope for each element) involved in the nucleosynthesis process.
As a consequence, the time dependence of the abundance NA
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3 Such neutron-rich stable nuclei are referred to as “r-only“ products. Similarly, nuclides produced by
the s-process and bypassed by the r-process are referred to as “s-only” nuclei.
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the s-process can be written as

dNA(t)
dt

= Nn(t)NA−1(t) < σv >A−1 − Nn(t)NA(t) < σv >A, (1)

where Nn(t) is the neutron density at time t, while < σv >A−1 and < σv >A are the reaction
rate of the capture reaction involving the isotope with mass number A − 1 and A, respectively.
The first term on the right side of the above equation describes the production of an isotope
with mass number A by neutron capture of its lighter “neighbour” with mass number A − 1,
and the second one represents the destruction of the isotope with mass number A, again due
to a neutron capture reaction. All the terms in the equation are time-dependent because of
their dependence upon the temperature that, in turn, depends on the time.

Relation 1 defines a set of coupled differential equations, which can be solved analytically
under the additional assumption that the temperature is essentially constant during the
event of neutron irradiation. Indeed, with this further hypothesis, it is possible to replace
< σv >A−1 with σA−1 vT , where σA−1 is the Maxwellian-averaged neutron-capture cross
section for the isotope with mass number A − 1 and vT is the thermal velocity given by the

relation vT �
(

2kT
Mn

)1/2
, in which k and T have their standard meaning of Boltzmann constant

and temperature, and Mn is the neutron mass (see e.g. Rolfs & Rodney, 1988, for details).
Similarly < σv >A can be replaced with σA vT and, consequently, relation 1 becomes

dNA(t)
dt

= vT Nn(t) [NA−1(t)σA−1 − NA(t)σA] . (2)

Moreover it is possible to introduce a new variable, the so-called time-integrated neutron flux
τ, which is a measurement of the total neutron irradiation per unit of area and is defined as
τ = v T

∫ t
0 Nn(t)dt. Replacing the time t with this new variable τ, the relation 2 reduces to

dNA(t)
dτ

= σA−1NA−1 − σA NA, (3)

where the rate of change of the NA is now with respect to τ.

The process described by the set of coupled equations 3 has the property to be
“self-regulating” (see also Clayton, 1983; Rolfs & Rodney, 1988), that is the tendency to reach
a state of equilibrium where dNA(t)

dτ � 0 → σA−1NA−1 � σA NA � constant. For a true
equilibrium condition in the s-process, the σ N value should be strictly constant over the
whole mass region from 56Fe up to 209Bi. However, looking at Fig. 4, it is easy to notice
that such a condition is only satisfied locally in mass regions between magic neutron numbers
and, for that reason, the condition is called the local condition approximation.

The existence of a local equilibrium indicates that the observed distribution of σA NA can not
be generated by a uniform exposure of iron-peak nuclei to a single neutron flux, but it is
necessary a superposition of different exposures to various neutron fluxes. As a consequence,
the quantity σA NA can be written as (see e.g. Clayton, 1983, for details)

σANA =
∫ ∞

0
ρ(τ)σN(τ) dτ,

48 Astrophysics The s-Process Nucleosynthesis in Massive Stars: Current Status and Uncertainties due to Convective Overshooting 9

Fig. 4. Observed distribution of the product σA NA as a function of the mass number A for
the s-only nuclei. The neutron-capture cross section σ is measured at 30 keV in millibarn, and
the abundances are the solar ones (normalized to 106 Si atoms). The solid lines represent
theoretical calculations for the single exponential distribution ρ2(τ) (both panels) and for the
sum of the exponential distributions ρ1(τ) + ρ2(τ) (bottom panel). (Figures adapted from
Rolfs & Rodney, 1988)
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the s-only nuclei. The neutron-capture cross section σ is measured at 30 keV in millibarn, and
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where ρ(τ) represents the continuous distribution of multiple neutron exposures and is
defined by the following relation

ρ(τ) ∝ 1
τ0

exp
(
− τ

τ0

)
,

in which τ0 is a parameter representing the mean neutron exposure.

It is found (see e.g. Clayton, 1983; Käppeler, 1999; Käppeler et al., 2011; Rolfs & Rodney, 1988)
that at least two exponential neutron exposures, ρ1(τ) and ρ2(τ), are necessary to roughly
reproduce the σA NA curve reported in Fig. 4. The first one, called weak component, has
a relatively low mean neutron exposure (τ0,1 � 0.06 neutrons millibarn−1, with 1 neutron
millibarn−1 ≡ 1027 neutrons cm−2) that allows for the synthesis of s-species in the 60 � A � 90
mass range (see also the red line in bottom panel of Fig. 4). The second one, called main
component, has a higher mean neutron exposure (τ0,2 � 0.25 neutrons millibarn−1) and
allows for the synthesis of the remaining s-nuclei.

3.2 The s-process branchings

As above mentioned, the analytical approach discussed in the previous Sect. 3.1 is based on
the assumption that the relation τβ � τnγ is valid for all the unstable nuclides involved in the
nucleosynthesis process. However, the s-process path can actually encounter unstable nuclei
for which the decay rate becomes comparable to the neutron capture rate (i.e. τβ � τnγ).
This leads to a splitting of the path, which is called s-process branching. As a consequence,
a fraction of the s-process flow proceeds through neutron capture, while the other one goes
through the β-decay (see Fig. 5).

Fig. 5. A section of the chart of nuclides showing the s-process branching at the isotope 176Lu
(highlighted in red). (Figure adapted from Rolfs & Rodney, 1988)

A comparison of abundances of nuclei reached at a branching starting at a nucleus with mass
number A can provide information on the physical conditions of the environment in which
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the s-process takes place, through the analysis of the so-called branching ratio R defined as

R =
1

τβ Nn < σv >A
.

Indeed, the above mentioned ratio can be also deduced directly from the observations,

considering that R can be also written in terms of the observed values of σ N as R =
(σ N)Z+1
(σ N)A+1

or R = (σ N)A−1
(σ N)A+1

− 1. As a consequence, if τβ is temperature-independent and < σv >A is
known, the observed ratio R can provide information about the s-process neutron density
Nn. Instead, if Nn is known, the ratio R can become a sensitive s-process “thermometer”
or “barometer”, every time that the s-process branching involves reactions which critically
depend on temperature or density (see e.g. Rolfs & Rodney, 1988, for details).

3.3 Actual sites of the s-process

To have a more complete picture of the s-process it is necessary to individuate the
astrophysical sites where the s-process can take place, keeping in mind that more than one
s-process component is required in order to explain the observed solar distribution of s-nuclei
abundances.

Current views on the subject suggest that the main and weak components of s-process
correspond, in terms of stellar environments, to two distinct categories of stars in different
evolutionary phases (e.g. Käppeler, 1999).

In particular, the main component is associated with low-mass stars (MZAMS ∼ 1.5 − 3M�)
during their thermally pulsing asymptotic giant branch (TP-AGB) phase, when the H- and
He-burning shells surrounding the degenerate stellar core are alternately activated. The
predominant neutron source is the 13C(α,n)16O reaction, but the 22Ne(α,n)25Mg reaction can
be also marginally activated, leading to a variation of some abundance ratios of nuclides
belonging to s-process branchings (for details on main component the interested reader is
referred to the reviews of Busso et al., 1999; Käppeler, 1999; Käppeler et al., 2011, and
references therein).

The weak component occurs in massive stars (MZAMS � 13M�) primarily during their core
He-burning phase, and the most important neutron source is the 22Ne(α,n)25Mg reaction.
This reaction is efficiently activated only at the end of the core He-burning phase, when
the temperature is � 2, 5 × 108 K. The available 22Ne is produced at the beginning of the
core He-burning phase via the reaction sequence 14N(α,γ)18F(e+ ν)18O(α,γ)22Ne, where 14N
derives from the CNO cycle activated during the previous H-burning phase (for details see
e.g. Woosley et al., 2002, and references therein).

In addition to these two components, other kinds of stars, such as massive AGB (MZAMS ∼
4− 7M�) and super-AGB stars ending their life as NeO white dwarfs (MZAMS ∼ 7.5− 10M� ;
for details see e.g. Fig. 1 in Pumo et al. 2009b, but also Pumo & Siess 2007 or Pumo 2007
and references therein), could also contribute to the nucleosynthesis of s-species, but this
hypothesis still needs further investigation (Pumo et al., 2009a, and references therein).
Moreover, some studies (Busso et al., 1999; Gallino et al., 1998; Goriely & Siess, 2004; Lugaro et
al., 2003) suggest the existence of a “strong” component, which occurs in low-metallicity stars
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astrophysical sites where the s-process can take place, keeping in mind that more than one
s-process component is required in order to explain the observed solar distribution of s-nuclei
abundances.

Current views on the subject suggest that the main and weak components of s-process
correspond, in terms of stellar environments, to two distinct categories of stars in different
evolutionary phases (e.g. Käppeler, 1999).

In particular, the main component is associated with low-mass stars (MZAMS ∼ 1.5 − 3M�)
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He-burning phase, and the most important neutron source is the 22Ne(α,n)25Mg reaction.
This reaction is efficiently activated only at the end of the core He-burning phase, when
the temperature is � 2, 5 × 108 K. The available 22Ne is produced at the beginning of the
core He-burning phase via the reaction sequence 14N(α,γ)18F(e+ ν)18O(α,γ)22Ne, where 14N
derives from the CNO cycle activated during the previous H-burning phase (for details see
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4− 7M�) and super-AGB stars ending their life as NeO white dwarfs (MZAMS ∼ 7.5− 10M� ;
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of low-intermediate mass during the TP-AGB phase, and which is supposed to be responsible
for the synthesis of “massive” (around 208Pb) s-species. Furthermore, Travaglio et al. (2004)
propose the existence of an additional component referred to as lighter element primary
s-process (LEPP), but its nature is still unclear and under debate (e.g. Pignatari et al., 2010;
Tur et al., 2009, and references therein).

4. Production of s-nuclei in massive stars

4.1 Sensitivity to stellar mass and metallicity

There is a wide consensus about the main characteristics of weak component of the s-process
and, in particular, about its sensitivity to stellar mass and metallicity (e.g. Käppeler, 1999).

As for the dependence on the stellar mass, quantitative studies (see e.g. Prantzos et al. 1990;
Käppeler et al. 1994; Rayet & Hashimoto 2000; The et al. 2000, 2007) show that the s-process
weak component efficiency6 decreases with decreasing initial stellar mass, and that the shape
of the distribution of the overproduction factors as a function of the mass number essentially
does not depend on the initial stellar mass value. This behavior is connected to the fact that
the reaction 22Ne(α, n)25Mg becomes efficient only for T � 2, 5 × 108 K, so the production
of s-nuclei is more and more efficient when the initial stellar mass is increased, because more
massive models burn helium at a “time averaged” higher temperature; however the ratio of
the overproduction factor Fi of a given s-only nucleus i to the average overproduction factor
F0 (see footnote 6 for details on Fi and F0) remains fairly constant irrespective of the stellar
mass, so the shape of the distribution of the overproduction factors does not change when the
initial stellar mass is increased (see also the behavior of the s-only nuclei distribution in Fig. 6).

6 Usually the s-process efficiency is analyzed in terms of the following efficiency indicators (see e.g.
Prantzos et al. 1987; The et al. 2000; Costa et al. 2006; Pumo et al. 2006, 2010):

- the average overproduction factor F0 for the 6 s-only nuclei 70Ge, 76Se, 80Kr, 82Kr, 86Sr and 87Sr,
given by

F0 =
1

Ns
∑

i
Fi with Fi =

Xi

Xi,ini
, Ns = 6

where Fi is the overproduction factor, Xi is the mass fraction (averaged over the convective
He-burning core) of s-only nucleus i at the end of s-process, Xi,ini is the initial mass fraction of
the same nucleus, and Ns is the number of the s-only nuclei within the mass range 60 ≤ A ≤ 87;

- the maximum mass number Amax for which the species in the 60 ≤ A ≤ Amax mass range are
overproduced by at least a factor of about 10;

- the number of neutrons captured per initial 56Fe seed nucleus nc defined as

nc =
209

∑
A=57

(A − 56)
[YA − YA(0)]

Y56(0)

where Y56(0) is the initial number fraction of 56Fe, YA is the final number fraction of the nucleus
with mass number A, and YA(0) is the initial one.

In addition to the previous parameters, the maximum convection zone mass extension and the duration
of the nucleosynthesis event are also used for characterizing the efficiency of the s-process weak
component during the core He-burning.
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Fig. 6. Overproduction factor at the end of the core He-burning as function of the mass
number A for stellar models of different initial mass (namely, MZAMS = 15, 20, 25, and
30M�). All the stable trans-iron nuclei of the network used to simulate the s-process are
reported. The primary nucleosynthesis production process of each nucleus is indicated by
the symbol type. (Figure adapted from The et al., 2007)

As for the effect of metallicity, the s-process weak component efficiency depends on the
so-called source/seed ratio7 (see e.g. Prantzos et al., 1990; Rayet & Hashimoto, 2000). If the
source/seed ratio is constant with the metallicity Z, the efficiency is expected to increase when
increasing the Z value, because the effect of the 16O primary poison becomes less important
when the abundances of the source nuclei increase with Z. For a non-constant source/seed ratio
that increases when decreasing Z, the efficiency (measured in terms of the number of neutrons
captured per initial 56Fe seed nucleus nc; see also footnote 6) has a non-linear behavior with Z,
which reflects the interplay between two opposite factors: from one hand, the aforementioned
role of the 16O primary poison, which tends to decrease nc with decreasing Z, because its

7 Considering that the 22Ne is the main neutron provider during the core He-burning phase and
neglecting all the heavier 56Fe nuclei, one obtains:

source/seed � 22Ne/56Fe.

This last quantity approximately corresponds to the 14N/56Fe ratio at the end of the core H-burning
phase which, in turn, is roughly equal to the O/56Fe ratio at the ZAMS (see Prantzos et al., 1990; Rayet
& Hashimoto, 2000, for details).
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30M�). All the stable trans-iron nuclei of the network used to simulate the s-process are
reported. The primary nucleosynthesis production process of each nucleus is indicated by
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As for the effect of metallicity, the s-process weak component efficiency depends on the
so-called source/seed ratio7 (see e.g. Prantzos et al., 1990; Rayet & Hashimoto, 2000). If the
source/seed ratio is constant with the metallicity Z, the efficiency is expected to increase when
increasing the Z value, because the effect of the 16O primary poison becomes less important
when the abundances of the source nuclei increase with Z. For a non-constant source/seed ratio
that increases when decreasing Z, the efficiency (measured in terms of the number of neutrons
captured per initial 56Fe seed nucleus nc; see also footnote 6) has a non-linear behavior with Z,
which reflects the interplay between two opposite factors: from one hand, the aforementioned
role of the 16O primary poison, which tends to decrease nc with decreasing Z, because its

7 Considering that the 22Ne is the main neutron provider during the core He-burning phase and
neglecting all the heavier 56Fe nuclei, one obtains:

source/seed � 22Ne/56Fe.

This last quantity approximately corresponds to the 14N/56Fe ratio at the end of the core H-burning
phase which, in turn, is roughly equal to the O/56Fe ratio at the ZAMS (see Prantzos et al., 1990; Rayet
& Hashimoto, 2000, for details).
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abundance remains the same independently of Z, so its relative importance increases as Z
decreases; on the other hand the effect of the increased source/seed ratio, which tends to
increase nc with decreasing Z, because the number of available neutrons per nucleus seed
increases as Z decreases.

4.2 Sources of uncertainties

Although the general features of the s-process weak component seem to be well established,
there are still some open questions linked to the nuclear physics, the stellar evolution
modeling, and the possible contribution to the s-nucleosynthesis from post-He-burning stellar
evolutionary phases (see e.g. Costa et al., 2006; Pumo et al., 2006; Woosley et al., 2002).

The uncertainties due to nuclear physics are linked both with the reaction rates of reactions
affecting the stellar structure evolution (as, for example, the triple-alpha, the 12C(α,γ)16O and
the 12C + 12C reactions) and with reaction rates on which the so-called “neutron economy”
(i.e. the balance between neutron emission and captures) is based. Many works (see e.g.
Bennett et al., 2010; Hoffman et al., 2001; Käppeler et al., 1994; Pignatari et al., 2010; Rayet
& Hashimoto, 2000; The et al., 2000; 2007; Tur et al., 2007; 2009) have been devoted to analyze
these uncertainties, showing that such uncertainties still affect significantly the s-process weak
component efficiency.

The contribution to the synthesis of s-nuclei during the post-core-He-burning evolutionary
phases was also explored by many authors (see e.g. Arcoragi et al. 1991; Raiteri et al. 1993;
The et al. 2000, 2007; Hoffman et al. 2001; Rauscher et al. 2002; Limongi & Chieffi 2003; Tur
et al. 2007, 2009), including in some cases the explosive burning (see e.g. Hoffman et al.
2001; Rauscher et al. 2002; Limongi & Chieffi 2003; Tur et al. 2007, 2009). All these studies
have shown that a significant production of s-nuclei in massive stars can continue during the
post-core-He-burning evolutionary phases and that the abundance of s-nuclei ejected in the
interstellar medium after the core-collapse supernova events can be substantially modified by
the explosive nucleosynthesis.

As for the impact of uncertainties owing to stellar evolution modeling, the determination of
the size of the convective core and, more in general, of the mixing regions represents one of
the major source of uncertainties still affecting the s-process weak component efficiency, as
described in detail in the next Sect. 5.

5. Role of the convective overshooting

The determination of the mixing regions and, in particular, of the size of the convective core
can directly affect the efficiency of the s-process nucleosynthesis by influencing the chemical
and local temperature stratification (see e.g. Canuto, 1997; Deng & Xiong, 2008; Molawi &
Forestini, 1994), by determining the amount of stellar material which experiences neutron
irradiation (see e.g. Langer et al., 1989), and by giving rise to a variation of the s-process
lifetime (see e.g. Costa et al., 2006; Pumo et al., 2010).

The convective core’s extension of a star with a given initial mass and metallicity is determined
in turn by a series of physical parameters such as the choice of the convective instability
criterion (Schwarzschild’s or Ledoux’s criteria), the extra mixing processes induced by axial
rotation and convective overshooting (see e.g. Chiosi et al., 1992; Woosley et al., 2002).
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A series of studies have been devoted to analyze the effects of these physical parameters on the
evolution of massive stars (see e.g. Meynet & Maeder 1997, 2000; Heger et al. 2000; Woosley
et al. 2002; Hirschi et al. 2004; Limongi & Chieffi 2006; El Eid et al. 2009) and to examine the
corresponding impact on the s-process weak component (see e.g. Costa et al., 2006; Langer et
al., 1989; Pignatari et al., 2008; Pumo et al., 2006).

As far as the convective overshooting is concerned, one finds that this extra mixing process
leads to an increase of the convective core mass (see also Fig. 7) and to a variation of the
chemical and temperature stratification that, in turn, tend to enhance the s-process weak
component efficiency, by giving rise to an increase of the amount of material that experiences
neutron irradiation and to a variation of the s-process lifetime (see e.g. Costa et al., 2006, for
more details).

Fig. 7. Mass extension of the convection zone (in unit of M�) during the core He-burning
s-process as a function of time (measured from the core He-burning ignition) for a Z=0.005,
M=20M� model with (dotted line) and without (red dots) convective overshooting. Details
on the input physics used to calculate the models can be found in Pumo et al. (2010).

Recent works (Costa et al., 2006; Pumo et al., 2006; 2010) have been devoted to perform a
comprehensive and quantitative study on the impact of the convective overshooting on the
s-process, using a diffusive approach to model the convective overshooting (for details see e.g.
Freytag et al., 1996; Herwig et al., 1997, and reference therein). The results show that models
with overshooting give a higher s-process efficiency compared with “no-overshooting”
models, with enhancements for the main s-process indicators F0 and nc until a factor ∼ 6
and ∼ 3, respectively.
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the major source of uncertainties still affecting the s-process weak component efficiency, as
described in detail in the next Sect. 5.
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6. Final remarks

The results reported in Sect. 5 clearly show the high level of uncertainty (up to a factor ∼ 6) in
the modeling of the weak s-process component due to the current lack of a self-consistent
theory describing mixing processes inside the stars, indicating that a detailed scrutiny of
the impact of the stellar evolution modelling uncertainties on this component remain to be
performed prior to giving a final conclusion on the the s-process weak component efficiency.

In particular, prior to giving a final conclusion on the possible contribution of post-He burning
phases to the s-process yields from a quantitative point of view, some additional investigation
taking into account stellar evolution uncertainties in addition to the nuclear physics ones
should be performed. Moreover, this additional investigation may shed light on different
open questions (see also Pumo et al., 2010) linked, for example, to the effective existence of the
LEPP process and to the model for the p-process taking place in the core-collapse supernovae
O-Ne layers (see also Costa et al., 2006, and references therein), because the relevant s-nuclei
are p-process seeds (cf. Sect.2.2 and see also e.g. Arnould & Goriely, 2003, and references
therein).
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60 Astrophysics

1. Introduction

Through the increasing number and quality of astronomical observations, our picture of the
composition of the various constituents of the Universe is getting quickly more and more
complete, and concomitantly more and more complex. Despite this spectacular progress, the
solar system (hereafter SoS) continues to provide a body of abundance data whose quantity,
quality and coherence remain unmatched. This concerns especially the heavy elements
(defined here as those with atomic numbers in excess of the value Z = 26 corresponding
to iron), and in particular their isotopic compositions, which are the prime fingerprints of
astrophysical nuclear processes. Except in a few cases, these isotopic patterns indeed remain
out of reach even of the most-advanced stellar spectroscopic techniques available today. No
wonder then that, from the early days of its development, the theory of nucleosynthesis has
been deeply rooted in the SoS composition, especially in the heavy element domain.

Since the early days of the development of the theory of nucleosynthesis, it has been proved
operationally rewarding to introduce three categories of heavy nuclides referred to as s-,
p-, and r-nuclides. This splitting corresponds to the ‘topology’ of the chart of the nuclides,
which exhibits three categories of stable heavy nuclides: those located at the bottom of the
valley of nuclear stability, called the s-nuclides, and those situated on the neutron-deficient
or neutron-rich side of the valley, named the p- or r-nuclides, respectively. Three different
mechanisms are called for to account for the production of these three types of stable nuclides.
They are naturally referred to as the s-, r-, and p-processes. An extensive survey of the
p-process can be found in Arnould & Goriely (2003), while some aspects of the s-process are
the subject of another chapter of this book.

The main aim of this chapter is to provide a rather brief summary of some selected
astrophysics and nuclear physics aspects of the r-process already reviewed in detail by
Arnould et al. (2007), but that we consider to be worth emphasizing again for one reason
or another. Some update of this review is also proposed, based on papers published after
September 2006.

2. The bulk solar system abundances of the r-nuclides: too often neglected severe
intricacies

The bulk SoS material has long been recognized to be made of a well-mixed blend of many
nucleosynthesis contributions over the approximate 10 Gy that have elapsed between the
formations of the Galaxy and of the SoS. Since the nineteen fifties, much effort has been
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or neutron-rich side of the valley, named the p- or r-nuclides, respectively. Three different
mechanisms are called for to account for the production of these three types of stable nuclides.
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astrophysics and nuclear physics aspects of the r-process already reviewed in detail by
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devoted to the highly complex derivation of a meaningful set of elemental abundances
representative of this material at the SoS formation some 4.6 Gy ago. This research has led
to refinements over the years, but not to drastic changes (see (Lodders, 2010) for the most
recent compilation).
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Fig. 1. Decomposition of the solar abundances of heavy nuclides into s-process (solid line),
r-process (open circles) and p-process (squares) contributions. The uncertainties on the
abundances of some p-nuclides due to a possible s-process contamination are represented by
vertical bars (from (Arnould & Goriely, 2003)). See Figs. 2 - 4 for the uncertainties in the s-
and r-nuclide data

As mentioned above, it is very useful to split the abundance distribution of the nuclides
heavier than iron into three separate distributions giving the image of the SoS content of the
p-, s- and r-nuclides. A rough representation of this splitting is displayed in Fig. 1. In its
details, the procedure of decomposition is by far not as obvious as it might be thought from
the very definition of the different types of the nuclides heavier than iron, and is to some
extent dependent on the models for the synthesis of these nuclides. These models predict
in particular that the stable nuclides located on the neutron-rich(deficient) side of the valley
of nuclear stability are produced, to a first good approximation, by the r-(p-)process only.
These stable nuclides are naturally called ‘r-only’ and ‘p-only’ nuclides, and their abundances
are deduced directly from the SoS abundances. The situation is much more intricate for the
nuclides situated at the bottom of the valley of nuclear stability. Some of them are produced
solely by the s-process, the typical flow of which is located very close to the valley (see the
review of the s-process in this volume). They are referred to as ‘s-only’ nuclides, and are
encountered only when a stable r- or p-isobar exists, which ‘shields’ the s-isobar from the
r- and p-processes. As a result, only even-Z heavy elements possess an s-only isotope. In
the other cases, the nuclides at the bottom of the valley of nuclear stability may be produced
by both the s- and the r-processes in proportions that vary from nuclide to nuclide. They
are referred to as ‘sr’ nuclides, and the relative contributions of the two processes to their
abundances are the most intricate to evaluate1.
1 The abundances of some nuclides may also result result from a contribution of the s- and p-processes,

they are referred to as ’sp’ nuclides
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Schematic SoS distributions of the p-, s- and r-nuclides are displayed in Fig. 1. It appears
that about half of the heavy nuclei in the SoS material come from the s-process, and the other
half from the r-process, whereas the p-process is responsible for the production of about 0.01
to 0.001 of the abundances of the s- and r-isobars. Some elements have their abundances
dominated by an s- or r-nuclide. They are naturally referred to as s- or r-elements. Clearly,
p-elements do not exist. These general characteristics are not drastically sensitive to the
particular model used to obtain this splitting. In contrast, most details of the decomposition
between the s- and r-contributions do, and many uncertainties remain. It is highly unfortunate
that they are classically put under the rug, especially in view of the sometimes very detailed and
far-reaching considerations that have the s-r SoS splitting as an essential starting point.

The canonical s-process model has been widely used to split the s- and r-contributions to
the SoS material. In short, this model assumes that stellar material composed only of iron
nuclei is subject to neutron densities and temperatures that remain constant over the whole
period of the neutron irradiation. In addition, the SoS s-abundance pattern is viewed as
originating from a superposition of two exponential distributions of the time-integrated
neutron exposure τn =

∫ t
0 NnvTdt (where vT is the most probable relative neutron-nucleus

velocity at temperature T, and Nn is the neutron density). These distributions are traditionally
held responsible for the so-called weak (70 <∼ A <∼ 90) and main (A >∼ 90) components of the
s-process. A third exponential distribution is sometimes added in order to account for the
204 < A ≤ 209 s-nuclides. Through an adequate fitting of the parameters of the two or
three τ-distributions, the superposition of the two or three resulting abundance components
reproduces quite successfully the abundance distribution of the s-only nuclides in the SoS,
from which it is concluded that the s-contribution to the sr-nuclides can be predicted reliably.
It has to be stressed that this result is rooted only in the nuclear properties of the species
involved in the s-process, and does not rely at all on specific astrophysics scenarios.

In spite of the claimed success of the canonical model, some of its basic assumptions deserve
questioning. This concerns in particular a presumed exponential form for the distribution
of the neutron exposures τ, which has been introduced in view of its mathematical ease
in abundance calculations. In addition, the canonical model makes it difficult to evaluate
uncertainties of nuclear or observational nature. As a result, the concomitant uncertainties in
the SoS r-abundances are traditionally not evaluated.

For about ten years, it has become fashionable to predict the s- and r-contributions from
s-process calculations performed in the framework of some models for stars of various masses
and initial compositions (e.g. Arlandini et al., 1999; Simmerer et al., 2004). We strongly suggest
not to use this procedure for predicting the SoS s- and r-components. Large uncertainties indeed
remain in the s-abundances predicted from all model stars. In addition, the SoS s-nuclide
abundances result from a long evolution of the galactic composition that cannot be mimicked
reliably enough.

A third approach has been proposed by Goriely (1997), and is referred to as the multi-event
s-process model (MES). It cures to a large extent many of the shortcomings of the canonical
model, and is in fact the only attempt so far to evaluate on a quantitative basis the uncertainties
in the derived SoS s- and r-abundances. This makes quite incomprehensible the fact that it has
remained largely unnoticed for more than ten years. In view of the importance to evaluate the
uncertainties affecting the SoS distribution of the abundances of the r-nuclides, we review the
MES in some detail.
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devoted to the highly complex derivation of a meaningful set of elemental abundances
representative of this material at the SoS formation some 4.6 Gy ago. This research has led
to refinements over the years, but not to drastic changes (see (Lodders, 2010) for the most
recent compilation).
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Fig. 1. Decomposition of the solar abundances of heavy nuclides into s-process (solid line),
r-process (open circles) and p-process (squares) contributions. The uncertainties on the
abundances of some p-nuclides due to a possible s-process contamination are represented by
vertical bars (from (Arnould & Goriely, 2003)). See Figs. 2 - 4 for the uncertainties in the s-
and r-nuclide data

As mentioned above, it is very useful to split the abundance distribution of the nuclides
heavier than iron into three separate distributions giving the image of the SoS content of the
p-, s- and r-nuclides. A rough representation of this splitting is displayed in Fig. 1. In its
details, the procedure of decomposition is by far not as obvious as it might be thought from
the very definition of the different types of the nuclides heavier than iron, and is to some
extent dependent on the models for the synthesis of these nuclides. These models predict
in particular that the stable nuclides located on the neutron-rich(deficient) side of the valley
of nuclear stability are produced, to a first good approximation, by the r-(p-)process only.
These stable nuclides are naturally called ‘r-only’ and ‘p-only’ nuclides, and their abundances
are deduced directly from the SoS abundances. The situation is much more intricate for the
nuclides situated at the bottom of the valley of nuclear stability. Some of them are produced
solely by the s-process, the typical flow of which is located very close to the valley (see the
review of the s-process in this volume). They are referred to as ‘s-only’ nuclides, and are
encountered only when a stable r- or p-isobar exists, which ‘shields’ the s-isobar from the
r- and p-processes. As a result, only even-Z heavy elements possess an s-only isotope. In
the other cases, the nuclides at the bottom of the valley of nuclear stability may be produced
by both the s- and the r-processes in proportions that vary from nuclide to nuclide. They
are referred to as ‘sr’ nuclides, and the relative contributions of the two processes to their
abundances are the most intricate to evaluate1.
1 The abundances of some nuclides may also result result from a contribution of the s- and p-processes,

they are referred to as ’sp’ nuclides
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Schematic SoS distributions of the p-, s- and r-nuclides are displayed in Fig. 1. It appears
that about half of the heavy nuclei in the SoS material come from the s-process, and the other
half from the r-process, whereas the p-process is responsible for the production of about 0.01
to 0.001 of the abundances of the s- and r-isobars. Some elements have their abundances
dominated by an s- or r-nuclide. They are naturally referred to as s- or r-elements. Clearly,
p-elements do not exist. These general characteristics are not drastically sensitive to the
particular model used to obtain this splitting. In contrast, most details of the decomposition
between the s- and r-contributions do, and many uncertainties remain. It is highly unfortunate
that they are classically put under the rug, especially in view of the sometimes very detailed and
far-reaching considerations that have the s-r SoS splitting as an essential starting point.

The canonical s-process model has been widely used to split the s- and r-contributions to
the SoS material. In short, this model assumes that stellar material composed only of iron
nuclei is subject to neutron densities and temperatures that remain constant over the whole
period of the neutron irradiation. In addition, the SoS s-abundance pattern is viewed as
originating from a superposition of two exponential distributions of the time-integrated
neutron exposure τn =

∫ t
0 NnvTdt (where vT is the most probable relative neutron-nucleus

velocity at temperature T, and Nn is the neutron density). These distributions are traditionally
held responsible for the so-called weak (70 <∼ A <∼ 90) and main (A >∼ 90) components of the
s-process. A third exponential distribution is sometimes added in order to account for the
204 < A ≤ 209 s-nuclides. Through an adequate fitting of the parameters of the two or
three τ-distributions, the superposition of the two or three resulting abundance components
reproduces quite successfully the abundance distribution of the s-only nuclides in the SoS,
from which it is concluded that the s-contribution to the sr-nuclides can be predicted reliably.
It has to be stressed that this result is rooted only in the nuclear properties of the species
involved in the s-process, and does not rely at all on specific astrophysics scenarios.

In spite of the claimed success of the canonical model, some of its basic assumptions deserve
questioning. This concerns in particular a presumed exponential form for the distribution
of the neutron exposures τ, which has been introduced in view of its mathematical ease
in abundance calculations. In addition, the canonical model makes it difficult to evaluate
uncertainties of nuclear or observational nature. As a result, the concomitant uncertainties in
the SoS r-abundances are traditionally not evaluated.

For about ten years, it has become fashionable to predict the s- and r-contributions from
s-process calculations performed in the framework of some models for stars of various masses
and initial compositions (e.g. Arlandini et al., 1999; Simmerer et al., 2004). We strongly suggest
not to use this procedure for predicting the SoS s- and r-components. Large uncertainties indeed
remain in the s-abundances predicted from all model stars. In addition, the SoS s-nuclide
abundances result from a long evolution of the galactic composition that cannot be mimicked
reliably enough.

A third approach has been proposed by Goriely (1997), and is referred to as the multi-event
s-process model (MES). It cures to a large extent many of the shortcomings of the canonical
model, and is in fact the only attempt so far to evaluate on a quantitative basis the uncertainties
in the derived SoS s- and r-abundances. This makes quite incomprehensible the fact that it has
remained largely unnoticed for more than ten years. In view of the importance to evaluate the
uncertainties affecting the SoS distribution of the abundances of the r-nuclides, we review the
MES in some detail.
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The MES relies on a superposition of a given number of canonical events, each of them being
defined by a neutron irradiation on the 56Fe seed nuclei during a time tirr at a constant
temperature T and a constant neutron density Nn. In contrast to the canonical model, no
hypothesis is made concerning any particular distribution of the neutron exposures. Only a
set of canonical events that are considered as astrophysically plausible is selected a priori. We
adopt here about 500 s-process canonical events covering ranges of astrophysical conditions
that are identified as relevant by the canonical model, that is 1.5 × 108 ≤ T ≤ 4 × 108 K,
7.5 ≤ log Nn[cm−3] ≤ 10, and 40 chosen tirr-values, corresponding to evenly distributed
values of ncap in the 5 ≤ ncap ≤ 150 range, where

ncap = ∑
Z,A

A NZ,A(t = tirr)− ∑
Z,A

A NZ,A(t = 0) (1)

is the number of neutrons captured per seed nucleus (56Fe) on the timescale tirr, the summation
extending over all the nuclides involved in the s-process. For each of the selected canonical
events, the abundances NZ,A are obtained by solving a reaction network including 640 nuclear
species between Cr and Po. Based on these calculated abundances, an iterative inversion
procedure described in Goriely (1997) allows to identify a combination of events from the
considered set that provides the best fit to the solar abundances of a selected ensemble of
nuclides. This set includes 35 nuclides comprising the s-only nuclides, complemented with
86Kr and 96Zr (largely produced by the s-process in the canonical model), 152Gd and 164Er
(not produced in the p-process, but able to be produced in solar abundances in the s-process
(Arnould & Goriely, 2003)), and 208Pb (possibly produced by the strong s-process component
in the canonical model).

0

0.2

0.4

0.6

0.8

1

30 40 50 60 70 80

N
s /

 N
so

la
r

Z

Ga

Ag

Hf
Kr

La

Nd

Sm

Tm

Yb

Pb

Re

Hg

Eu

Ba

Pr

Sr
Zr

Nb

Rb

Mo

Sb

Lu

Bi
W

In

Y

Ce

Pt
Os

Tl
Sn

Cd

Ge

Cs

Fig. 2. The s-process contribution to the elemental SoS abundances Nsolar (Palme & Beer,
1993) of the elements with Z ≥ 30 predicted from the MES procedure. Uncertainties are
represented by vertical bars

On grounds of the solar abundances of Palme & Beer (1993), it is demonstrated in Goriely
(1997) that the MES provides an excellent fit to the abundances of the 35 nuclides included
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procedure described in Goriely (1997) allows to identify a combination of events from the
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(not produced in the p-process, but able to be produced in solar abundances in the s-process
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in the considered set of species, and in fact performs to a quite-similar overall quality as that
of the exponential canonical model predictions of Palme & Beer (1993) with a distribution of
neutron irradiations that agrees qualitatively with the exponential distributions assumed in
the canonical model, even though some deviations are noticed with respect to the canonical
weak and strong components.2. An even better fit than in the canonical framework is obtained
for the s-only nuclides (see Goriely, 1999, for details). The MES model is therefore expected to
provide a decomposition of the solar abundances into their s- and r-components that is likely to be more
reliable than the one derived from the canonical approach without any a priori assumption regarding
the distribution of neutron exposures.

Compared with the canonical approach, the MES model has the additional major advantage
of allowing a systematic study of the various uncertainties affecting the abundances derived
from the parametric s-process model, and consequently the residual r-nuclide abundances.
The uncertainties in these residuals have been studied in detail by Goriely (1999) from due
consideration of the uncertainties in (i) the observed SoS abundances as given by Palme & Beer
(1993) (see footnote1), (ii) the experimental and theoretical radiative neutron-capture rates
involved in the s-process network, and in (iii) the relevant β-decay and electron-capture rates.
Total uncertainties resulting from a combination of (i) to (iii) have finally been evaluated. The
r-residuals obtained from such a study for the elements with Z ≥ 30 are displayed in Fig. 3.
Under the classical adoption of terrestrial isotopic compositions of the considered elements,
the corresponding SoS isotopic r-residuals and their uncertainties have been calculated by
Goriely (1999) and are shown in Fig. 4. They are presented in tabular form in Goriely (1999)
and Arnould et al. (2007). Different situations can be identified concerning the uncertainties
affecting the r-residuals. Many sr-nuclides are predicted to have a small s-process component
only. The r-process contribution to these species, referred to as r-dominant, is clearly quite
insensitive to the s-process uncertainties. The situation is just the opposite in the case of
s-dominant nuclides.

Some r-process residuals suffer from remarkably large uncertainties, which quite clearly
cannot be ignored when discussing the r-process and the virtues of one or another model
for this process. This concerns in particular the elements Rb, Sr, Y, Zr, Ba, La, Ce and Pb. Some
of them, and in particular Ba or La, are often used as tracers of the levels of s- or r-processing
during the galactic history (see Sect. 9). Lead has also a special status in the studies of the
s-process (e.g. Goriely, 2005, for references), as well as of the r-process (see Sect. 9). It could
well be of pure s-nature if a strong s-process component can indeed develop in some stars,
but a pure r-process origin cannot be excluded. These uncertainties largely blur any picture
one might try to draw from observations and from simplistic theoretical considerations.

3. Isotopic anomalies in the SoS composition

The bulk SoS composition has been of focal interest since the very beginning of the
development of the theory of nucleosynthesis. Further astrophysical interest and excitement
have developed with the discovery of the fact that a minute fraction of the SoS material has an
isotopic composition deviating from that of the bulk. Such ‘isotopic anomalies’ are observed
in quite a large suite of elements ranging from C to Nd (including the rare gases), and are
now known to be carried by high-temperature inclusions of primitive meteorites, as well as
by various types of meteoritic grains. The inclusions are formed from SoS material out of

2 A MES calculation with the revised solar abundances of Lodders (2010) has not been done, but is
expected not to give significantly different results from those reported here
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equilibrium with the rest of the solar nebula. The grains are considered to be of circumstellar
origin, and to have survived the process of incorporation into the SoS.

Isotopic anomalies contradict the canonical model of an homogeneous and gaseous protosolar
nebula, and provide new clues to many astrophysical problems, like the physics and
chemistry of interstellar dust grains, the formation and growth of grains in the vicinity of
objects with active nucleosynthesis, the circumstances under which stars (and in particular
SoS-type structures) can form, as well as the early history of the Sun (in the so-called ‘T-Tauri’
phase) and of the SoS solid bodies. Last but not least, they raise the question of their
nucleosynthesis origin and offer the exciting perspective of complementing the spectroscopic
data for chemically peculiar stars in the confrontation between abundance observations and
nucleosynthesis models for a very limited number of stellar sources, even possibly a single
one. This situation is in marked contrast with the one encountered when trying to understand
the bulk SoS composition, which results from the mixture of a large variety of nucleosynthesis
events, and consequently requires the modelling of the chemical evolution of the Galaxy.

Among the identified anomalies, several concern the p-, s- and r-nuclides. Those attributed
to the p- and r-processes are discussed in some detail by Arnould & Goriely (2003) and
Arnould et al. (2007), and are not reviewed here. As a very brief summary, let us just
say that various blends of p-, s- and r-nuclides that differ more or less markedly from the
bulk SoS mixture depicted in Sect. (2) are identified in a variety of meteorites at various
scales, including bulk samples, refractory inclusions or grains viewed from their many highly
anomalous isotopic signatures as grains of circumstellar origins. This is generally interpreted
in terms of the decoupling between the three mechanisms producing these nuclides, and of the
non-uniform mixing of their products. One of the surprises of main relevance in the discussion
of the r-process is that those grains that are generally interpreted in terms of supernova (SN)
condensates do not carry the unambiguous signature of the r-process that would be expected
if indeed SNe are the provileged r-process providers (see Sect. 7).

4. The r-nuclide content of the Galaxy and its evolution

In practice, the question of the evolution of the galactic content of the nuclides heavier than
iron concerns the s- and r-nuclides only. It is traditionally assumed indeed that the p-nuclides
are just as rare in all galactic locations as in the SoS. In such conditions, the p-nuclide
abundances outside the SoS are out of reach of spectroscopic studies. On the other hand, the
s-process is discussed elsewhere in this volume, so that we focus here only on the evolution
of the r-nuclide galactic content.

A substantial observational work has been conducted in recent years on this subject. This
effort largely relies on the abundance evolution of Eu, classified as an r-process element on
grounds of SoS abundance analyses. The main conclusions derived from this observational
work up to 2007 have been discussed in some detail by Arnould et al. (2007). Some new
observations have confirmed previous ones, or have brought some interesting new pieces of
information which, however, are not considered to bring a real breakthrough in our global
understanding of the r-process. Let us just give a very limited flavour of the conclusions that
can be drawn from the myriad of available observations:

(i) the Eu data are classically used to support the idea that the r-process has contributed very
early to the heavy element content of the Galaxy. However, the observed Eu abundance scatter
introduces some confusion when one tries to establish a clear trend of the Eu enrichment
with metallicity. It is also difficult to identify the value of [Fe/H] at which the signature
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the canonical model, even though some deviations are noticed with respect to the canonical
weak and strong components.2. An even better fit than in the canonical framework is obtained
for the s-only nuclides (see Goriely, 1999, for details). The MES model is therefore expected to
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well be of pure s-nature if a strong s-process component can indeed develop in some stars,
but a pure r-process origin cannot be excluded. These uncertainties largely blur any picture
one might try to draw from observations and from simplistic theoretical considerations.
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have developed with the discovery of the fact that a minute fraction of the SoS material has an
isotopic composition deviating from that of the bulk. Such ‘isotopic anomalies’ are observed
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by various types of meteoritic grains. The inclusions are formed from SoS material out of

2 A MES calculation with the revised solar abundances of Lodders (2010) has not been done, but is
expected not to give significantly different results from those reported here
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abundances outside the SoS are out of reach of spectroscopic studies. On the other hand, the
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observations have confirmed previous ones, or have brought some interesting new pieces of
information which, however, are not considered to bring a real breakthrough in our global
understanding of the r-process. Let us just give a very limited flavour of the conclusions that
can be drawn from the myriad of available observations:

(i) the Eu data are classically used to support the idea that the r-process has contributed very
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of the s-process becomes identifiable. This conclusion relies in particular on La abundances
derived from observation, La being classically considered as an s-element in the SoS (even if a
non-negligible r-process contribution cannot be excluded). Recent observations also indicate
that star to star variations in the r-process content of metal-poor globular clusters may be a
common, although not ubiquitous, phenomenon (Roederer, 2011);

(ii) a most useful information on the relative evolution of the s- and r-process efficiencies
in the Galaxy would be provided by the knowledge of the isotopic composition of the
neutron-capture elements. Such data are unfortunately very scarce, and concern the Ba
isotopic composition in a limited sample of stars. They are still under some debate, but raise
the possibility that Ba may be mainly of s-process venue in some metal-poor stars (Gallagher
et al. (2010), who refer to this possibility as an ’inconvenient truth’);

(iii) much excitement has been raised by the observation that the patterns of abundances of
heavy neutron-capture elements between Ba and Pb in r-process-rich metal-poor stars are
remarkably similar to the SoS one. This claimed ‘convergence’ or ‘universality’ has to be
taken with some care, however, as it largely relies on the assumption that the decomposition
between s- and r-process contributions in metal-poor stars is identical to the SoS one, which
has yet to be demonstrated. An interpretation of this universality is proposed in Sect. 6.1;

(iv) no universality appears to hold for Z <∼ 58 and for Z >∼ 76, where this concerns
in particular the Pb-peak elements and the actinides. This situation has far-reaching
consequences, particularly regarding the possibility of building galactic chronologies on the
actinide content of very metal-poor stars (see Sect. 9);

(v) the different behaviours of the abundance patterns of the elements below and above Ba
have laid the ground for speculations on possible different sites of the r-process. It is discussed
by Arnould et al. (2007) that the interest of these speculations is rather limited at the present stage of
desperate search for a single suitable site for the r-process (see Sects. 7.2 and 8);

(vi) the knowledge of the r-process content of the galactic cosmic rays (GCRs) is of substantial
interest, as they are made of much younger material than the SoS (i.e., about 20 to 30 Myr
old). In spite of substantial progress made in the measurement of the GCR composition,
much remains to be done. At this time, there is no clear proof that the r-process(es) that
has (have) contributed to this recent sample of galactic material is (are) of a similar nature as
those responsible for the bulk SoS. The identification of actinides in the GCRs has been made
possible recently. An accurate measurement of their abundances would be of great value to
discriminate between various GCR sources that have been proposed. As in the stellar case,
information on the isotopic composition of the GCRs would be of prime interest in helping to
evaluate the fractional contribution of freshly synthesized r-process material to this sample of
young galactic material.

5. Nuclear physics input for the r-process

It is easy to conceive that the nuclear physics that enters the r-process modelling depends to a
more or less large extent on the astrophysics conditions that are suitable for the development
of that process. Even if the proper site(s) of the r-process has (have) not been reliably identified
yet, it appears reasonable to say from existing studies that a huge body of nuclear data
are potentially needed for the purpose of r-process predictions. This includes the static
properties (like masses, matter and charge distributions, single-particle spectra, or pairing
characteristics) of thousands of nuclides from hydrogen to the superheavy region located
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between the valley of β-stability and the neutron drip line. Their decay characteristics
(α-decay, spontaneous fission, β-decay, β-delayed neutron emission or fission), and reactivity
(nucleon or α-particle captures, photoreactions, or neutrino captures) are needed as well.

A major effort has been devoted in recent years to the measurement of nuclear data of
relevance to the r-process. Still, a large body of information remains, and will remain in
a foreseeable future, out of reach of experimental capabilities. This is of course the direct
consequence of the huge number of nuclear species that may be involved in one r-process
or another, along with the fact that nuclei very far from the valley of stability are likely to
enter the process. Theory has thus mandatorily to complement the laboratory measurements
(see e.g. Dillmann & Litvinov (2011) and Habs et al. (2011) for a non-exhaustive list of recent
laboratory efforts). Predictions based as much as possible on global universal and microscopic
models have to be favoured, as discussed in Arnould et al. (2007) where the reader is referred
to for many details on the relevant nuclear physics.

6. The astrophysics of the r-process: parametrized site-free scenarios

6.1 Canonical and ‘multi-event r-process (MER)’ high-temperature models

Since the early days of the theory of nucleosynthesis, it has been proposed that the r-process
results from the availability of neutron concentrations that are so high that neutron captures
(especially of the radiative type) are faster than β-decays, at least for a substantial number
of neutron-rich nuclides that are not located too far from the valley of nuclear stability. This
is in marked contrast to the situation envisioned for the s-process. Such conditions clearly
provide a natural way to transform any pre-existing material into very neutron-rich species,
viewed as the progenitors of the r-nuclides. A classical additional hypothesis has been that
the otherwise unspecified stellar location is hot enough to allow (γ,n) photodisintegrations to
counteract to a more or less large extent the action of the inverse radiative neutron captures.
Finally, it is supposed that a cooling of the material that allows the ‘freezing-out’ of the
highly temperature-sensitive photodisintegrations occurs concomitantly with a decrease of
the neutron density to values that are low enough to freeze the neutron captures.3 The
hypothesized high neutron fluence and temperature have been the framework adopted by
the vast majority of studies of the r-process. In many cases, the consequences of such an
assumption have been scrutinized only from a purely nuclear physics point of view, just
considering that one astrophysical site or the other, and in particular the inner regions of
massive star SN explosions, could be the required neutron provider.

The simplest and most widely used form of this high-temperature r-process scenario is
commonly referred to as the canonical r-process model (see e.g. Arnould et al., 2007, for
details). It assumes constant thermodynamic conditions (temperatures, densities, neutron
concentrations) during a given irradiation time. Over this period, pre-existing iron-peak
material is driven by neutron captures into a location of the neutron-rich region determined
by the neutron fluence and by the reverse photodintegrations. When the irradiation stops, all
neutron captures and photodisintegrations are abruptly frozen (this implies that the capture
of neutrons produced in β-delayed processes is neglected). Even if this canonical model does
not make reference to any specific astrophysics scenario, but builds on nuclear properties only,
it has helped greatly paving the way to more sophisticated approaches of the r-process.

3 Let us recall that a transformation is said to be ‘frozen’ if its typical mean lifetime gets longer than a
typical evolutionary timescale of the considered astrophysical site
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counteract to a more or less large extent the action of the inverse radiative neutron captures.
Finally, it is supposed that a cooling of the material that allows the ‘freezing-out’ of the
highly temperature-sensitive photodisintegrations occurs concomitantly with a decrease of
the neutron density to values that are low enough to freeze the neutron captures.3 The
hypothesized high neutron fluence and temperature have been the framework adopted by
the vast majority of studies of the r-process. In many cases, the consequences of such an
assumption have been scrutinized only from a purely nuclear physics point of view, just
considering that one astrophysical site or the other, and in particular the inner regions of
massive star SN explosions, could be the required neutron provider.

The simplest and most widely used form of this high-temperature r-process scenario is
commonly referred to as the canonical r-process model (see e.g. Arnould et al., 2007, for
details). It assumes constant thermodynamic conditions (temperatures, densities, neutron
concentrations) during a given irradiation time. Over this period, pre-existing iron-peak
material is driven by neutron captures into a location of the neutron-rich region determined
by the neutron fluence and by the reverse photodintegrations. When the irradiation stops, all
neutron captures and photodisintegrations are abruptly frozen (this implies that the capture
of neutrons produced in β-delayed processes is neglected). Even if this canonical model does
not make reference to any specific astrophysics scenario, but builds on nuclear properties only,
it has helped greatly paving the way to more sophisticated approaches of the r-process.

3 Let us recall that a transformation is said to be ‘frozen’ if its typical mean lifetime gets longer than a
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Fig. 5. Comparison between the SoS r-abundances (Fig. 4; the uncertainties are not shown)
and a MER fit obtained assuming a constant temperature T9 = 1.2 (in billion K) and a
superposition of events characterized by free neutron concentrations Nn and numbers of
neutrons captured by iron seed ncap located in the indicated ranges. Within these prescribed
limits, the characteristic of the involved events and their relative contributions to the
displayed yields are derived from an iterative inversion procedure (see Arnould et al., 2007,
for details and references)

A parametric approach of the r-process referred to as the ‘multi-event r-process (MER)’ has
been developed recently (see Arnould et al., 2007, for details). It drops some of the basic
assumptions of the canonical model, but keeps the simplification of constant thermodynamic
conditions and neutron concentrations during the irradiation time, after which all nuclear
reactions are frozen. It is an especially efficient tool to carry out systematic studies of the
impact of uncertainties of nuclear physics nature on yield predictions, which, in this approach,
necessitate the solution of huge nuclear reaction networks involving thousands of nuclear
species, and the availability of an even larger body of input nuclear data (reaction and β-decay
rates, fission probabilities,...). Figure 5 provides an example of fit to the SoS r-abundance
distribution obtained with the use of MER.

6.2 Universality, you have said universality?

As a special application, MER has been used to interpret the high similarity of the SoS
r-abundances between Ba and Os and those observed in r-process-rich metal-poor stars. This
situation is generally interpreted as the signature of a ‘universality’ of the r-process (see
Sect. 4). As reviewed by Arnould et al. (2007), the main conclusions drawn from the MER
results are that

(1) the pattern of abundances in the Ba to Os range is mainly governed by nuclear physics properties
(and in particular by the fact that even Z elements have more stable isotopes that can be fed
by the r-process). If this is indeed true, a possible universality in this Z range does not tell
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much about specific astrophysical conditions. It is quite remarkable that this result is largely
ignored in the literature on the r-process;

(2) the convergence of abundances in the above mentioned range does not provide any
demonstration of any sort of a more global universality involving lighter and heavier
elements. With time, these reservations have received mounting support from observation,
as noted in Sect. 4.

6.3 Dynamical high-temperature r-process approaches (DYR)

In associating the r-process with SN explosions, several attempts to go beyond the canonical
and MER models have been made by taking into account some evolution of the characteristics
of the sites of the r-process during its development. These models are coined ‘dynamical’
(DYR) in the following in order to remind of the time variations of the thermodynamic state
of the r-process environment (see Arnould et al., 2007, for references). These models do not
rely on any specific explosion scenario. They just assume that a material that is initially hot
enough for allowing a nuclear statistical equilibrium (NSE) to be achieved expands and cools
in a prescribed way on some selected timescale. This evolution is fully parameterized.

With the requirement of charge and mass conservation, and if the relevant nuclear binding
energies are known, the initial NSE composition is determined from the application of the
nuclear Saha equation (e.g. Sect. 7-2 of Clayton, 1968, for a general presentation) for an
initial temperature and density (or, equivalently, entropy), and electron fraction (net electron
number per baryon) Ye. These three quantities are of course free parameters in a site-free
r-process approach. The evolution of the abundances during expansion and cooling of the
material from the NSE state is derived by solving an appropriate nuclear reaction network.
The freeze-out of the charged-particle induced reactions might be followed by an r-process.

With temperature, density and Ye as free parameters, many choices of initial NSE
compositions may clearly be made, involving a dominance of light or heavy nuclides, as
illustrated in Fig. 6. However, in view of its relevance to the SN models, an initial NSE at
temperatures of the order of 1010 K is generally considered. It favours the recombination of
essentially all the available protons into α-particles (the region noted NSE [n,α] in Fig. 6).
The evolution of this initial composition to the stage of charged-particle induced reaction
freeze-out has been analyzed in detail by Meyer et al. (1998)), and we just summarize here
some of its most important features that are of relevance to a possible subsequent r-process:

(1) at some point in the course of the expansion and cooling of the initially α-rich material, full
NSE breaks down as the result of the slowness of a fraction of the charged-particle reactions
relative to the expansion timescale. The formation of quasi-equilibrium (QSE) clusters results.
In this state, the intra-QSE composition still follows the NSE Saha equation, but the relative
inter-cluster abundances do not, and depend on the kinetics of the nuclear flows into and out
of the QSE clusters. To be more specific, the QSE phase is dominated in its early stages by
a light cluster made of neutrons, α-particles and traces of protons, and by a cluster made of
12C and heavier species. The population of the latter is determined mainly by the α + α + n
reaction, followed by 9Be(α, n)12C(n, γ)13C(α, n)16O, as first noticed by Delano & Cameron
(1971);

(2) as the temperature decreases further, the QSE clusters fragment more and more into
smaller clusters until total breakdown of the QSE approximation, at which point the
abundances of all nuclides have to be calculated from a full nuclear reaction network. In the
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and a MER fit obtained assuming a constant temperature T9 = 1.2 (in billion K) and a
superposition of events characterized by free neutron concentrations Nn and numbers of
neutrons captured by iron seed ncap located in the indicated ranges. Within these prescribed
limits, the characteristic of the involved events and their relative contributions to the
displayed yields are derived from an iterative inversion procedure (see Arnould et al., 2007,
for details and references)

A parametric approach of the r-process referred to as the ‘multi-event r-process (MER)’ has
been developed recently (see Arnould et al., 2007, for details). It drops some of the basic
assumptions of the canonical model, but keeps the simplification of constant thermodynamic
conditions and neutron concentrations during the irradiation time, after which all nuclear
reactions are frozen. It is an especially efficient tool to carry out systematic studies of the
impact of uncertainties of nuclear physics nature on yield predictions, which, in this approach,
necessitate the solution of huge nuclear reaction networks involving thousands of nuclear
species, and the availability of an even larger body of input nuclear data (reaction and β-decay
rates, fission probabilities,...). Figure 5 provides an example of fit to the SoS r-abundance
distribution obtained with the use of MER.

6.2 Universality, you have said universality?

As a special application, MER has been used to interpret the high similarity of the SoS
r-abundances between Ba and Os and those observed in r-process-rich metal-poor stars. This
situation is generally interpreted as the signature of a ‘universality’ of the r-process (see
Sect. 4). As reviewed by Arnould et al. (2007), the main conclusions drawn from the MER
results are that

(1) the pattern of abundances in the Ba to Os range is mainly governed by nuclear physics properties
(and in particular by the fact that even Z elements have more stable isotopes that can be fed
by the r-process). If this is indeed true, a possible universality in this Z range does not tell
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much about specific astrophysical conditions. It is quite remarkable that this result is largely
ignored in the literature on the r-process;

(2) the convergence of abundances in the above mentioned range does not provide any
demonstration of any sort of a more global universality involving lighter and heavier
elements. With time, these reservations have received mounting support from observation,
as noted in Sect. 4.

6.3 Dynamical high-temperature r-process approaches (DYR)

In associating the r-process with SN explosions, several attempts to go beyond the canonical
and MER models have been made by taking into account some evolution of the characteristics
of the sites of the r-process during its development. These models are coined ‘dynamical’
(DYR) in the following in order to remind of the time variations of the thermodynamic state
of the r-process environment (see Arnould et al., 2007, for references). These models do not
rely on any specific explosion scenario. They just assume that a material that is initially hot
enough for allowing a nuclear statistical equilibrium (NSE) to be achieved expands and cools
in a prescribed way on some selected timescale. This evolution is fully parameterized.

With the requirement of charge and mass conservation, and if the relevant nuclear binding
energies are known, the initial NSE composition is determined from the application of the
nuclear Saha equation (e.g. Sect. 7-2 of Clayton, 1968, for a general presentation) for an
initial temperature and density (or, equivalently, entropy), and electron fraction (net electron
number per baryon) Ye. These three quantities are of course free parameters in a site-free
r-process approach. The evolution of the abundances during expansion and cooling of the
material from the NSE state is derived by solving an appropriate nuclear reaction network.
The freeze-out of the charged-particle induced reactions might be followed by an r-process.

With temperature, density and Ye as free parameters, many choices of initial NSE
compositions may clearly be made, involving a dominance of light or heavy nuclides, as
illustrated in Fig. 6. However, in view of its relevance to the SN models, an initial NSE at
temperatures of the order of 1010 K is generally considered. It favours the recombination of
essentially all the available protons into α-particles (the region noted NSE [n,α] in Fig. 6).
The evolution of this initial composition to the stage of charged-particle induced reaction
freeze-out has been analyzed in detail by Meyer et al. (1998)), and we just summarize here
some of its most important features that are of relevance to a possible subsequent r-process:

(1) at some point in the course of the expansion and cooling of the initially α-rich material, full
NSE breaks down as the result of the slowness of a fraction of the charged-particle reactions
relative to the expansion timescale. The formation of quasi-equilibrium (QSE) clusters results.
In this state, the intra-QSE composition still follows the NSE Saha equation, but the relative
inter-cluster abundances do not, and depend on the kinetics of the nuclear flows into and out
of the QSE clusters. To be more specific, the QSE phase is dominated in its early stages by
a light cluster made of neutrons, α-particles and traces of protons, and by a cluster made of
12C and heavier species. The population of the latter is determined mainly by the α + α + n
reaction, followed by 9Be(α, n)12C(n, γ)13C(α, n)16O, as first noticed by Delano & Cameron
(1971);

(2) as the temperature decreases further, the QSE clusters fragment more and more into
smaller clusters until total breakdown of the QSE approximation, at which point the
abundances of all nuclides have to be calculated from a full nuclear reaction network. In the
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Fig. 6. The likelihood of a DYR r-process for given combinations of the electron fraction Ye
and the entropy per baryon s. A SoS-like r-process is expected for a suitable superposition of
conditions between the black lines. The results inferred from an initial NSE phase at low s are
smoothly connected to those of various nuclear network calculations for high s values. In the
latter cases, the assumed expansion timescales imply that the charged-particle induced
reaction freeze-out is reached after dynamical timescales τdyn in excess of about 50 - 100 ms.
The two dotted lines represent the contours of successful r-processing for τdyn = 50 ms (left
line) and 100 ms (right line) (see Hoffman et al., 1997, for details)

relevant α-particle-rich environment, the reaction flows are dominated by (α, γ) and (α, n)
reactions with the addition of radiative neutron captures. Nuclei as heavy as Fe or even
beyond may result. For a low enough temperature, all charged-particle-induced reactions
freeze-out, only neutron captures being still possible. This freeze-out is made even more
efficient if the temperature decrease is accompanied with a drop of the density ρ, which is
especially efficient in bringing the operation of the ρ2-dependent α + α + n reaction to an end.
In the following, the neutron-rich α-rich process summarized above will be referred to as the
α-process for simplicity, and for keeping the terminology introduced by Woosley & Hoffman
(1992).

The composition of the material at the time of freeze-out depends on the initial Ye, on the
entropy s (see Meyer et al., 1998, for a detailed discussion), as well as on the dynamical
timescale τdyn. The heavy nuclei synthesized at that moment may have on average neutron
numbers close to the N = 50 closed shell, and an average mass number around A = 100.
These nuclei can be envisioned to be the seeds for a subsequent r-process, in replacement of
the iron peak assumed in the canonical and MER models. For a robust r-process to develop,
favourable conditions have to be fulfilled at the time of the α-process freeze-out. In particular,
the ratio at that time of the neutron concentration to the abundance of heavy neutron-rich
seeds has to be high enough for allowing even the heaviest r-nuclides to be produced. As
an example, A = 200 nuclei can be produced if an average of 100 neutrons are available
per A = 100 nuclei that could emerge from the α-process. The availability of a large enough
number of neutrons per seed can be obtained under different circumstances: (i) at high enough
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entropies (high enough temperatures and low enough densities), even in absence of a large
neutron excess, as it is the case if Ye is close to 0.5 (Woosley & Hoffman, 1992), (ii) at lower
entropies if Ye is low enough, and/or (iii) if the temperature decrease is fast enough for
avoiding a too prolific production of heavy seeds. Figure 6 sketches in a semi-quantitative
way the conclusions of the discussion above concerning the likelihood of development of a
successful r-process in terms of entropy and Ye.

6.4 A high-density r-process scenario (HIDER)
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Fig. 7. Abundance distributions predicted by the steady flow HIDER for Nn = 1020 and
1021 cm−3. The details of the adopted nuclear physics can be found in Arnould et al. (2007).
The SoS abundances are shown for illustrative purpose

Early in the development of the theory of nucleosynthesis, an alternative to the high-T
r-process canonical model has been proposed (Tsuruta & Cameron, 1965). It relies on the fact
that very high densities (say ρ > 1010 gcm−3) can lead material deep into the neutron-rich
side of the valley of nuclear stability as a result of the operation of endothermic free electron
captures. This so-called ‘neutronization’ of the material is possible even at the T = 0 limit. The
astrophysical plausibility of this scenario in accounting for the production of the r-nuclides has
long been questioned, and has remained largely unexplored until the study of the composition
of the outer and inner crusts of neutron stars (Baym et al., 1971) and of the decompression
of cold neutronized matter resulting from tidal effects of a black hole on a neutron star
companion (Lattimer et al., 1977). The decompression of cold neutron star matter has been
studied further recently (Sect. 8).

In view of the renewed interest for a high-density r-process, a simple steady flow model,
referred to in the following as HIDER, may be developed. Irrespective of the specific details
of a given astrophysical scenario, it allows to follow in a very simple and approximate way the
evolution of the composition of an initial cold (say T = 0) highly neutronized matter under the
combined effect of β-decays and of the captures of free neutrons that are an important initial
component of the considered material. These are the only two types of transformations that
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conditions between the black lines. The results inferred from an initial NSE phase at low s are
smoothly connected to those of various nuclear network calculations for high s values. In the
latter cases, the assumed expansion timescales imply that the charged-particle induced
reaction freeze-out is reached after dynamical timescales τdyn in excess of about 50 - 100 ms.
The two dotted lines represent the contours of successful r-processing for τdyn = 50 ms (left
line) and 100 ms (right line) (see Hoffman et al., 1997, for details)
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reactions with the addition of radiative neutron captures. Nuclei as heavy as Fe or even
beyond may result. For a low enough temperature, all charged-particle-induced reactions
freeze-out, only neutron captures being still possible. This freeze-out is made even more
efficient if the temperature decrease is accompanied with a drop of the density ρ, which is
especially efficient in bringing the operation of the ρ2-dependent α + α + n reaction to an end.
In the following, the neutron-rich α-rich process summarized above will be referred to as the
α-process for simplicity, and for keeping the terminology introduced by Woosley & Hoffman
(1992).

The composition of the material at the time of freeze-out depends on the initial Ye, on the
entropy s (see Meyer et al., 1998, for a detailed discussion), as well as on the dynamical
timescale τdyn. The heavy nuclei synthesized at that moment may have on average neutron
numbers close to the N = 50 closed shell, and an average mass number around A = 100.
These nuclei can be envisioned to be the seeds for a subsequent r-process, in replacement of
the iron peak assumed in the canonical and MER models. For a robust r-process to develop,
favourable conditions have to be fulfilled at the time of the α-process freeze-out. In particular,
the ratio at that time of the neutron concentration to the abundance of heavy neutron-rich
seeds has to be high enough for allowing even the heaviest r-nuclides to be produced. As
an example, A = 200 nuclei can be produced if an average of 100 neutrons are available
per A = 100 nuclei that could emerge from the α-process. The availability of a large enough
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entropies (high enough temperatures and low enough densities), even in absence of a large
neutron excess, as it is the case if Ye is close to 0.5 (Woosley & Hoffman, 1992), (ii) at lower
entropies if Ye is low enough, and/or (iii) if the temperature decrease is fast enough for
avoiding a too prolific production of heavy seeds. Figure 6 sketches in a semi-quantitative
way the conclusions of the discussion above concerning the likelihood of development of a
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6.4 A high-density r-process scenario (HIDER)
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Early in the development of the theory of nucleosynthesis, an alternative to the high-T
r-process canonical model has been proposed (Tsuruta & Cameron, 1965). It relies on the fact
that very high densities (say ρ > 1010 gcm−3) can lead material deep into the neutron-rich
side of the valley of nuclear stability as a result of the operation of endothermic free electron
captures. This so-called ‘neutronization’ of the material is possible even at the T = 0 limit. The
astrophysical plausibility of this scenario in accounting for the production of the r-nuclides has
long been questioned, and has remained largely unexplored until the study of the composition
of the outer and inner crusts of neutron stars (Baym et al., 1971) and of the decompression
of cold neutronized matter resulting from tidal effects of a black hole on a neutron star
companion (Lattimer et al., 1977). The decompression of cold neutron star matter has been
studied further recently (Sect. 8).

In view of the renewed interest for a high-density r-process, a simple steady flow model,
referred to in the following as HIDER, may be developed. Irrespective of the specific details
of a given astrophysical scenario, it allows to follow in a very simple and approximate way the
evolution of the composition of an initial cold (say T = 0) highly neutronized matter under the
combined effect of β-decays and of the captures of free neutrons that are an important initial
component of the considered material. These are the only two types of transformations that
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have to be considered if fissions are disregarded, and if any heating of the material resulting
from the β-decay energy deposition is neglected, so that photodisintegrations can be ignored.

The predictions of HIDER under the additional assumption of a steady flow (dN(A)/dt = 0,
N(A) being the total abundance of all the isobars with mass number A; see Arnould et al.
(2007) for details) are illustrated in Fig. 7. This model does roughly as well in reproducing the
three SoS abundance peaks as a steady state high-T canonical model for comparable neutron
densities. In other words, a high-T environment is not a necessary condition to account either
for the location, or for the width of the observed SoS r-abundance peaks.

7. Supernovae: a high-temperature site for the r-process, really?

7.1 The current status of supernova simulations: a brief review

As recalled above, the r-process has for long been associated with SN explosions. Over
the years, many attempts have been conducted to better characterize the SN site where
an r-process can develop. One has to acknowledge that these efforts have not been really
successful up to now. Even simulating the explosion itself represents a real nightmare, as we
briefly review below (see Arnould et al., 2007, for additional details and references).

At the end of their nuclear evolution, stars between about 10 and 100 M� develop a core
made of nuclides of the iron group (‘iron core’) at temperatures in excess of about 4 × 109 K.
As these nuclides have the highest binding energy per nucleon, further nuclear energy cannot
be released at this stage, so that the iron core contracts and heats up. This triggers endothermic
photodisintegrations of the iron-group nuclides down to α-particles, and even nucleons.
The corresponding energy deficit is accompanied with a pressure decrease which can be
responsible of the acceleration of the contraction into a collapse of the core. Endothermic
electron captures can make things even worse. To a first approximation, this gravitational
instability sets in near the classical Chandrasekhar mass limit for cold white dwarfs, MCh =
5.83 Y2

e (as above, Ye is the electron mole fraction).

The gravitational collapse of the iron core does not stop before the central densities exceed
the nuclear matter density ρ0 ≈ 2.5 × 1014 g cm−3 by about a factor of two. At this point,
the innermost (M <∼ 0.5 M�) material forms an incompressible, hot and still lepton-rich
‘proto-neutron’ star (PNS) whose collapse is stopped abruptly. A shock wave powered by
the gravitational binding energy released in the collapse propagates supersonically into the
infalling outer layers. For many years there has been hope that this shock could be sufficiently
strong for ejecting explosively most of the material outside the core, producing a so-called
‘prompt core collapse supernova’ (PCCSN) with a typical kinetic energy of 1–2 × 1051 ergs,
as observed. The problem is that the shock is formed roughly half-way inside the iron
core, and looses a substantial fraction of its energy in the endothermic photodisintegrations
of the iron-group nuclei located in the outermost portion of the core. The shock energy
loss is aggravated further by the escape of the neutrinos produced by electron captures
on the abundant free protons in the shock-heated material. Detailed one-dimensional
hydrodynamic simulations conclude that the initially outgoing shock wave transforms within
a few milliseconds after bounce into an accretion shock. The matter behind the shock
continues to accrete on the PNS. The bottom line is that no recent simulation is able to predict
a successful PCCSN for a Fe-core progenitor star (M >∼ 10M�).

Even so, some hope to get a CCSN of a non-prompt type has been expressed if there is a way to
‘rejuvenate’ the shock efficiently enough to obtain an explosive ejection of the material outside

74 Astrophysics The r-Process of Nucleosynthesis: The Puzzle is Still with Us 15

the PNS. This rejuvenation remains a matter of intensive research. Neutrinos might well play
a pivotal role in this matter. They are produced in profusion from the internal energy reservoir
of the PNS that cools and deleptonizes hundreds of milliseconds after bounce, and their total
energy might amount to several 1053 ergs, that is about 100 times the typical explosion energy
of a Type II supernova (SNII). The deposition of a few percent of this energy would thus be
sufficient to unbind the stellar mantle and envelope, and provoke a ‘delayed’ CCSN (DCCSN)
(these qualitative statements assume that a black hole is not formed instead of a PNS; see
below). Very many attempts to evaluate the precise level of neutrino energy deposition have
been conducted over the last decades, based on more or less controversial simplifications of
the treatment of the neutrino transport (e.g. Liebendorfer et al., 2005, for a recent re-analysis
of the problem, which is made even more complex by the due consideration of neutrino
flavour mixing). In fact, theoretical investigations and numerical simulations performed with
increasing sophistication over the past 20 years have not been able to come up with a clearly
successful DCCSN for a Fe-core progenitor. This conclusion is apparently robust to changes
in the highly complex physical ingredients (like the neutrino interactions, or the equation of
state), and in the numerical techniques (e.g. Liebendorfer et al., 2005). In fact, the neutrino
energy deposition should have to be significantly enhanced over the calculated one in order
to trigger an explosion.

This adverse situation may not mark the end of any hope to get a DCCSN, however. In the
case of single stars considered here, one might just have to limit the considerations to stars in
the approximate 9 to 10 M� range. These stars possibly develop O-Ne cores instead of iron
cores at the termination of their hydrostatic evolution. Efficient endothermic electron captures
could trigger the collapse of that core, which could eventually transform into a so-called
electron-capture SN that may be of the SNII or Type Ia (SNIa) type, depending upon the extent
of the pre-explosion wind mass losses (binary systems might offer additional opportunities of
obtaining electron-capture SNe, as mentioned below). Just as in the case of more massive
stars, a PCCSN is not obtained. However, a successful DCCSN is predicted (Kitaura et al.,
2006). The neutrino heating is efficient enough for rejuvenating the shock wave about 150 ms
after bounce, and mass shells start being ablated from the PNS surface about 50 ms later,
leading to a so-called ‘neutrino-driven wind’.4 No information is provided by the current
simulations on the conditions at times much later than a second after bounce. Note that the
predicted successful delayed electron capture SN is characterized by a low final explosion
energy (of the order of 1050 ergs, which is roughly ten times lower than typical SN values),
and by just a small amount of ejected material (only about 0.015 M�). These features might
suggest a possible connection with some subluminous SNII events and with the Crab nebula.

Note that the outcome of a failed CCSN is the transformation of the PNS into a black hole
through the fallback onto the neutron star of the material that cannot be shock ejected. A
black hole is even expected to form ‘directly’ instead by fallback in M >∼ 40M� non-rotating
stars, at least under the assumption of no strong mass losses. In fact, this assumption is
likely to be invalid for a large fraction at least of the not too low metallicity M >∼ 40M�
stars which transform through strong steady mass losses into Wolf-Rayet stars that might
eventually experience a DCCSN of the SNIb/c type.

A major effort has been put recently in the development of simulations of explosions that
go beyond the one-dimensional approximation. This is motivated not only by the difficulty
of obtaining successful CCSNe in one-dimensional simulations, as briefly reviewed above,

4 Unless otherwise stated, neutrino-driven winds refer to transonic as well as subsonic winds. In case
one has to be more specific, a subsonic wind is referred to as a breeze
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of the problem, which is made even more complex by the due consideration of neutrino
flavour mixing). In fact, theoretical investigations and numerical simulations performed with
increasing sophistication over the past 20 years have not been able to come up with a clearly
successful DCCSN for a Fe-core progenitor. This conclusion is apparently robust to changes
in the highly complex physical ingredients (like the neutrino interactions, or the equation of
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energy deposition should have to be significantly enhanced over the calculated one in order
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This adverse situation may not mark the end of any hope to get a DCCSN, however. In the
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the approximate 9 to 10 M� range. These stars possibly develop O-Ne cores instead of iron
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could trigger the collapse of that core, which could eventually transform into a so-called
electron-capture SN that may be of the SNII or Type Ia (SNIa) type, depending upon the extent
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obtaining electron-capture SNe, as mentioned below). Just as in the case of more massive
stars, a PCCSN is not obtained. However, a successful DCCSN is predicted (Kitaura et al.,
2006). The neutrino heating is efficient enough for rejuvenating the shock wave about 150 ms
after bounce, and mass shells start being ablated from the PNS surface about 50 ms later,
leading to a so-called ‘neutrino-driven wind’.4 No information is provided by the current
simulations on the conditions at times much later than a second after bounce. Note that the
predicted successful delayed electron capture SN is characterized by a low final explosion
energy (of the order of 1050 ergs, which is roughly ten times lower than typical SN values),
and by just a small amount of ejected material (only about 0.015 M�). These features might
suggest a possible connection with some subluminous SNII events and with the Crab nebula.

Note that the outcome of a failed CCSN is the transformation of the PNS into a black hole
through the fallback onto the neutron star of the material that cannot be shock ejected. A
black hole is even expected to form ‘directly’ instead by fallback in M >∼ 40M� non-rotating
stars, at least under the assumption of no strong mass losses. In fact, this assumption is
likely to be invalid for a large fraction at least of the not too low metallicity M >∼ 40M�
stars which transform through strong steady mass losses into Wolf-Rayet stars that might
eventually experience a DCCSN of the SNIb/c type.

A major effort has been put recently in the development of simulations of explosions that
go beyond the one-dimensional approximation. This is motivated not only by the difficulty
of obtaining successful CCSNe in one-dimensional simulations, as briefly reviewed above,

4 Unless otherwise stated, neutrino-driven winds refer to transonic as well as subsonic winds. In case
one has to be more specific, a subsonic wind is referred to as a breeze

75The r-Process of Nucleosynthesis: The Puzzle Is Still with Us



16 Will-be-set-by-IN-TECH

but also by the mounting observational evidence that SN explosions deviate from spherical
symmetry, not talking about the possible connection between the so-called soft long-duration
gamma-ray bursts and grossly asymmetric explosions accompanied with narrow jets of
relativistic particles, referred to as JetSNe. The multi-dimensional extension of the simulations
opens the potentiality to treat in a proper way different effects that may turn out to be
essential in the CCSN or JetSNe process. They include fluid instabilities, rotation and magnetic
fields, or, possibly, acoustic power triggering (see Arnould et al., 2007, for more details and
references). These effects come of course on top of the neutrino transport already built into
the one-dimensional models. The exact properties of this transport remain a subject of active
research. In particular, the role of collective neutrino oscillations on the SN explosion has been
studied recently by Duan & Friedland (2011). They consider that this phenomenon still needs
a more complete physical understanding, and still has a rich potential of surprises.

7.2 Neutrino-driven winds and the r-process

The neutrino-driven winds that may accompany successful DCCSNe are certainly interesting
from a purely hydrodynamical point of view, even if they may turn out not to be the key
triggering agents of DCCSNe. In addition, their nucleosynthesis has been scrutinized in detail,
especially following the excitement raised by the hope that they could provide a natural site
for an α-process and for a subsequent dynamical r-process (Sect. 6.3, and e.g. Takahashi et al.
(1994) for early calculations). This hope has gained support from a one-dimensional DCCSN
simulation of an iron-core progenitor predicting that entropies as high as about 400 could
be attained in the wind more than 10 seconds after bounce (Woosley et al., 1994). Such a
high entropy allows the development of a robust r-process for a large variety of values of the
neutron excess or Ye and dynamical timescale τdyn (see Sect. 6.3 and Fig. 6). However, another
one-dimensional iron-core DCCSN model has predicted about five times lower entropies, so
that the development of an extended r-process is severely endangered (Takahashi et al., 1994).
The subsequent studies have confirmed that this r-process scenario could only be recovered
at the expense of some twists that are difficult to justify in general (e.g. Qian & Woosley, 1996)
and that large late time entropies (Woosley et al., 1994) were unrealistic due to some problems
with the equation of state (Roberts et al., 2010). As a consequence, recent studies conclude that
the simplest model of the neutrino-driven wind can most likely not produce the r-process (Roberts et
al., 2010).

In such an unsatisfactory state of affairs, the best one can do is to try to understand better
the physics of neutrino-driven winds through the development of (semi-)analytical models
some aspects of which may be inspired by (failed) explosion simulations, and to try to
delineate on such grounds favourable conditions for the development of the r-process. These
analytical models confirm that the wind nucleosynthesis depends on Ye, entropy s, and τdyn,
as in the α-process discussed in Sect. 6.3. The wind mass-loss rate Ṁ is influential as well.
Ultimately, the quantities acting upon the synthesis in the neutrino-driven DCCSN model
depend crucially on the details of the interaction of neutrinos with the innermost SN layers,
as well as on the mechanisms that might aid to get a successful DCCSN, and whose relative
importance remains to be quantified in detail.

Several wind models of analytical nature exist. They differ in their level of physical
sophistication and in their way to parametrize the wind characteristics. In all cases, the wind
is assumed to be spherically symmetric, which appears to be a reasonable first approximation
even in two-dimensional simulations, at least late enough after core bounce. In addition, the
wind is generally treated as a stationary flow, meaning no explicit time dependence of any
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physical quantity at a given radial position. Newtonian and post-Newtonian descriptions
of a spherically symmetric stationary neutrino-driven (supersonic) wind or (subsonic) breeze
emerging from the surface of a PNS have been developed. The reader is referred to Arnould et
al. (2007) for the presentation of a Newtonian, adiabatic and steady-state model for the wind
and breeze regimes, and for a general-relativistic steady-state wind solution.

A comment is in order here concerning the relevance of the wind or breeze regimes. Is one of
the two favoured by the DCCSN physics? This question is far from being just academic, as it
is likely that its answer may have some impact on the predicted development of the r-process.
It is quite intricate as well. One difficulty arises as the neutrino-driven material is likely not
to flow unperturbed to infinity in a variety of DCCSN situations. The wind may in particular
interact with matter and radiation in that portion of the star through which the SN shock
has already passed. This interaction is likely to depend, among other things, on the pre-SN
structure. As an example, it is clearly more limited as the mass of the outer layers decreases
when going from massive SNII progenitors to SNIb/c events whose progenitors (Wolf-Rayet
stars) have lost their extended H-rich envelope prior to the explosion. The interaction of the
material ablated from the PNS and the outer SN layers has several important consequences. It
may give rise to a reverse shock responsible for the fallback of a more or less large amount of
material onto the PNS, and whose properties (location and strength) alter more or less deeply
the characteristics of the neutrino-ejected material. For large enough energies of the reverse
shock, the wind may indeed transform into a breeze.

Figure 8 displays the evolution of temperature and density for a particular breeze solution
discussed in Arnould et al. (2007). Some snapshots of the corresponding progressive build-up
of heavy nuclei by the α-process, followed by the production of r-nuclides are shown in Fig. 9.
The r-nuclide abundance distributions calculated for a breeze solution that is slightly different
from the one displayed in Fig. 8 (even if the PNS mass and entropy are the same; see Arnould
et al., 2007, for details) and three different mass loss rates (leading to three different cooling
timescales) are shown in Fig. 10. The influence on the r-abundances of different values of other
breeze parameters is discussed by Arnould et al. (2007).

0

2

4

6

8

10

10-2

100

102

104

106

10-3 10-2 10-1 100

T
9

 [g
/c

m
3]

t [s]

T
9

Fig. 8. Evolution of density ρ and of temperature T9 (in 109K) calculated in the Newtonian
approximation for a breeze starting about 14 km away from a 1.5M� PNS with a temperature
T9 = 9. The displayed solution depends on other parameters (including entropy and mass
loss rate) that are discussed in Arnould et al. (2007)

77The r-Process of Nucleosynthesis: The Puzzle Is Still with Us



16 Will-be-set-by-IN-TECH

but also by the mounting observational evidence that SN explosions deviate from spherical
symmetry, not talking about the possible connection between the so-called soft long-duration
gamma-ray bursts and grossly asymmetric explosions accompanied with narrow jets of
relativistic particles, referred to as JetSNe. The multi-dimensional extension of the simulations
opens the potentiality to treat in a proper way different effects that may turn out to be
essential in the CCSN or JetSNe process. They include fluid instabilities, rotation and magnetic
fields, or, possibly, acoustic power triggering (see Arnould et al., 2007, for more details and
references). These effects come of course on top of the neutrino transport already built into
the one-dimensional models. The exact properties of this transport remain a subject of active
research. In particular, the role of collective neutrino oscillations on the SN explosion has been
studied recently by Duan & Friedland (2011). They consider that this phenomenon still needs
a more complete physical understanding, and still has a rich potential of surprises.

7.2 Neutrino-driven winds and the r-process

The neutrino-driven winds that may accompany successful DCCSNe are certainly interesting
from a purely hydrodynamical point of view, even if they may turn out not to be the key
triggering agents of DCCSNe. In addition, their nucleosynthesis has been scrutinized in detail,
especially following the excitement raised by the hope that they could provide a natural site
for an α-process and for a subsequent dynamical r-process (Sect. 6.3, and e.g. Takahashi et al.
(1994) for early calculations). This hope has gained support from a one-dimensional DCCSN
simulation of an iron-core progenitor predicting that entropies as high as about 400 could
be attained in the wind more than 10 seconds after bounce (Woosley et al., 1994). Such a
high entropy allows the development of a robust r-process for a large variety of values of the
neutron excess or Ye and dynamical timescale τdyn (see Sect. 6.3 and Fig. 6). However, another
one-dimensional iron-core DCCSN model has predicted about five times lower entropies, so
that the development of an extended r-process is severely endangered (Takahashi et al., 1994).
The subsequent studies have confirmed that this r-process scenario could only be recovered
at the expense of some twists that are difficult to justify in general (e.g. Qian & Woosley, 1996)
and that large late time entropies (Woosley et al., 1994) were unrealistic due to some problems
with the equation of state (Roberts et al., 2010). As a consequence, recent studies conclude that
the simplest model of the neutrino-driven wind can most likely not produce the r-process (Roberts et
al., 2010).

In such an unsatisfactory state of affairs, the best one can do is to try to understand better
the physics of neutrino-driven winds through the development of (semi-)analytical models
some aspects of which may be inspired by (failed) explosion simulations, and to try to
delineate on such grounds favourable conditions for the development of the r-process. These
analytical models confirm that the wind nucleosynthesis depends on Ye, entropy s, and τdyn,
as in the α-process discussed in Sect. 6.3. The wind mass-loss rate Ṁ is influential as well.
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Fig. 9. Snapshots of the nuclear flows calculated for the breeze solution of Fig. 8. The first
three panels (t ≤ 0.15 s) describe the progressive build-up of heavy nuclei by the α-process.
These act as the seeds for the r-process that develops after the α-process freeze-out, as shown
in the last panel

The influence of the neutrino luminosity on the r-process is also reviewed by Arnould et al.
(2007). The neutrino interaction is detrimental to the r-process as a result of the reduction of
the number of neutrons available per seed nucleus. In addition, the abundance distribution is
reshaped by the neutrino interactions. Such effects strongly depend on the adopted neutrino
luminosities and temperatures, which remain rather uncertain. The impact of neutrinos on
the r-process has been further explored recently (Duan & Friedland, 2011; Duan et al., 2011).
They demonstrate that neutrino flavour transformations, and more specifically collective
oscillations, might play a role in the SN explosion and might decrease further the r-process
yields.

Let us finally report on some recent work concerning

(1) the possible development of an r-process in electron-capture SNe studied in 1D (Wanajo et
al., 2009) and 2D (Wanajo et al., 2011) simulations. These models show that some neutron-rich
material can be expelled. In particular, the 2D calculations predict the ejection of lumps of
material enriched with some r-nuclides up to about Zr that are reminiscent of the abundance
patterns in some r-nuclide deficient halo stars. However, the possibility of development of
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Fig. 10. Distribution of the r-nuclide abundances derived for a breeze solution obtained with
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loss rate dM/dt (in units of 10−5 M�/s). The open dots give the SoS r-nuclide abundances
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a limited r-process in electron-capture SNe remains to be confirmed by more reliable pre-SN
models and by 3D simulations with high enough resolution;

(2) a further examination of the possibility of r-nuclide production in the He-shell of massive
stars. As reviewed by Arnould et al. (2007), a neutron-capture episode could be encountered in
explosive He-burning as a result of the neutrons produced by (α,n) reactions on pre-existing
22Ne or Mg isotopes. This neutron supply is, however, found to be so weak that it could
only lead to a limited redistribution of pre-explosion heavy nuclide abundances. It has been
speculated that some meteoritic r-nuclide anomalies could be generated this way. The (α,n)
neutron production could be augmented by neutral (Epstein et al., 1988) or charged-current
(Banerjee et al., 2011) neutrino reactions on 4He, the necessary neutrinos streaming out of the
PNS at the centre of the exploding star. It is concluded by Banerjee et al. (2011) that r-nuclide
abundance peaks at A = 130 and 195 could be expected in very metal-poor (Z <∼ 10−3Z�)
stars.

8. Compact objects: a site for the high-density r-process scenario?

As reminded in Sect. 6.4, the decompression of the crust of cold neutron stars (NSs) has long
been envisioned as a possible site for the development of a high-density r-process (HIDER).
Recently, special attention has been paid to the coalescence of two NSs or of a NS and a BH.
This interest follows the confirmation by hydrodynamic simulations that a non-negligible
amount of matter can be ejected in such events (Janka et al., 1999; Oechslin et al., 2007;
Rosswog et al., 2004), and that this material should be enriched in r-nuclides (Freiburghaus
et al., 1999; Goriely, 2005). The ejection of initially cold, decompressed NS matter might also
occur in other astrophysical scenarios like giant flares in soft-gamma repeaters, the explosion
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The influence of the neutrino luminosity on the r-process is also reviewed by Arnould et al.
(2007). The neutrino interaction is detrimental to the r-process as a result of the reduction of
the number of neutrons available per seed nucleus. In addition, the abundance distribution is
reshaped by the neutrino interactions. Such effects strongly depend on the adopted neutrino
luminosities and temperatures, which remain rather uncertain. The impact of neutrinos on
the r-process has been further explored recently (Duan & Friedland, 2011; Duan et al., 2011).
They demonstrate that neutrino flavour transformations, and more specifically collective
oscillations, might play a role in the SN explosion and might decrease further the r-process
yields.
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al., 2009) and 2D (Wanajo et al., 2011) simulations. These models show that some neutron-rich
material can be expelled. In particular, the 2D calculations predict the ejection of lumps of
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a limited r-process in electron-capture SNe remains to be confirmed by more reliable pre-SN
models and by 3D simulations with high enough resolution;

(2) a further examination of the possibility of r-nuclide production in the He-shell of massive
stars. As reviewed by Arnould et al. (2007), a neutron-capture episode could be encountered in
explosive He-burning as a result of the neutrons produced by (α,n) reactions on pre-existing
22Ne or Mg isotopes. This neutron supply is, however, found to be so weak that it could
only lead to a limited redistribution of pre-explosion heavy nuclide abundances. It has been
speculated that some meteoritic r-nuclide anomalies could be generated this way. The (α,n)
neutron production could be augmented by neutral (Epstein et al., 1988) or charged-current
(Banerjee et al., 2011) neutrino reactions on 4He, the necessary neutrinos streaming out of the
PNS at the centre of the exploding star. It is concluded by Banerjee et al. (2011) that r-nuclide
abundance peaks at A = 130 and 195 could be expected in very metal-poor (Z <∼ 10−3Z�)
stars.

8. Compact objects: a site for the high-density r-process scenario?

As reminded in Sect. 6.4, the decompression of the crust of cold neutron stars (NSs) has long
been envisioned as a possible site for the development of a high-density r-process (HIDER).
Recently, special attention has been paid to the coalescence of two NSs or of a NS and a BH.
This interest follows the confirmation by hydrodynamic simulations that a non-negligible
amount of matter can be ejected in such events (Janka et al., 1999; Oechslin et al., 2007;
Rosswog et al., 2004), and that this material should be enriched in r-nuclides (Freiburghaus
et al., 1999; Goriely, 2005). The ejection of initially cold, decompressed NS matter might also
occur in other astrophysical scenarios like giant flares in soft-gamma repeaters, the explosion
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of a NS eroded below its minimum mass, or the equatorial shedding of material from very
rapidly rotating supramassive or ultramassive NSs (see Arnould et al., 2007, for more details).

Little effort has so far been devoted to determining the composition of the matter that
undergoes a decompression from initially cold NS crust conditions. The first detailed
calculation was performed by Meyer (1989) in a systematic parametric study, but only the
decompression down to densities around the neutron drip density ρdrip � 4.2 × 1011g/cm3

was followed. Most of the subsequent investigations of the ejecta from coalescing NSs
(Arnould et al., 2007; Freiburghaus et al., 1999; Goriely, 2005; Metzger et al., 2010; Roberts et
al., 2011) were parametrized in one way or another, which makes their results and conclusions
open to questions. In Goriely (2005) and Arnould et al. (2007) the thermodynamic profiles
were constructed from a simple decompression model (see Goriely et al., 2011), but the
neutron enrichment (or equivalently the electron fraction Ye) was consistently taken from
β-equilibrium assumed to have been achieved at the initial density prior to the decompression.
It was found, as shown in Fig. 11, that the final composition of the material ejected from
the inner crust depends on the initial density, at least for the outer parts of the inner crust
at ρdrip ≤ ρ ≤ 1012g/cm3. For the deeper inner crust layers (ρ > 1012 g/cm3), large
neutron-to-seed ratios drive the nuclear flow into the very heavy-mass region, leading to
multiple fission recycling. As a consequence, the resulting abundance distribution becomes
independent of the initial conditions, especially of the initial density. It was found to be in
close agreement with the solar distribution for A > 140 nuclei, as shown in Fig. 12 (Arnould
et al., 2007; Goriely, 2005).

Different approaches were taken by Freiburghaus et al. (1999); Metzger et al. (2010) and
Roberts et al. (2011). In their calculations, while the density evolution of the mass elements
was adopted from hydrodynamical simulations, both the initial neutron enrichment and the
temperature history were taken as free parameters. In particular, Ye was chosen in order
to obtain, after decompression, an r-abundance distribution as close as possible to the solar
distribution. This led to values of Ye = 0.1 (Freiburghaus et al., 1999) or 0.2 (Roberts et al.,
2011), corresponding to relatively near-surface layers of the inner crust and to nuclear flows
that are not subject to multiple fission cycles.

Recent nucleosynthesis calculations (Goriely et al., 2011) have performed in the framework of
the hydrodynamic simulation of a double 1.35 M� and of a 1.20–1.50 M� NS binary, where
about 3× 10−3 and 6× 10−3 M�, respectively, of the system is found to become gravitationally
unbound. In contrast to previous studies, detailed information about the density, Ye,
and entropy evolution of the ejecta is extracted from the hydrodynamical simulations and
included in the network calculations. The ejected mass elements (referred to as ’particles’)
originate essentially from the inner crust, and more precisely from two different layers at
densities below and above roughly 0.3 × ρS (where ρS is the nuclear saturation density), as
shown in the density histogram of Fig. 13. The low-density set of surface particles is ejected
through tidal forces without being much affected by the coalescence. When the NSs come
in contact for the first time, some particles deeper in the inner crust are shocked and ejected
perpendicularly to the orbital plane. These particles have a higher initial density (ρ >∼ 0.4 ρS)
than the crust particles ejected by tidal forces. Both types of expelled particles have a low
initial electron fraction ranging between 0.015 and 0.050 (see Fig. 13, where Ye = 0.015 in
about 45% of the mass).

As far as the temperature history is concerned, most of the particles are heated during
the ejection process to temperatures above 1 MeV. At these temperatures, a particle has
a NSE composition at its own density and Ye. At the time the drip density is reached,
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Fig. 11. Composition of the ejected NS inner crust material with four different initial
densities lower than 1012 g/cm3 (black squares). The abundances are normalized to the SoS
r-abundance distribution shown by open dots (from Arnould et al., 2007)

most of the ejected matter has cooled below 1 MeV (see Fig. 13, right panel) and the
NSE has frozen out. As soon as the particle temperature has dropped below 1010 K, the
particle composition, initially at NSE, must be followed by a full network calculation at the
temperatures determined on the basis of the laws of thermodynamics allowing for possible
nuclear heating through β-decays, fission and α-decay processes, as described in Meyer (1989).

In this specific r-process scenario, the neutron density is initially so high (Nn � 1033−35cm−3)
that the nuclear flow follows for the first hundreds of ms a path licking the neutron drip line.
For Z ≥ 103, fission becomes efficient and recycling takes place two to three times before
the neutrons are totally exhausted, as shown in Fig. 14 by the oscillating behaviour of the
time evolution of the charge �Z� and mass number �A� mass-averaged over all the ejected
particles. After several hundreds of ms, the density has dropped by a few orders of magnitude
and the neutron density experiences a dramatic fall-off as a result of the neutron exhaution by
captures. During this period of time, the nuclear flow around the N = 126 region follows
an isotonic chain. When the neutron density reaches some Nn = 1020 cm−3, the timescale of
neutron captures by the most abundant N = 126 nuclei becomes longer than a few seconds,
and the nuclear flow is dominated by β-decays back to the stability line (as well as by fissions
and α-decays for the heaviest species). During the decompression, the average temperature
remains rather low (around T9 = 0.3− 0.5; Fig. 14), so that photoreactions do not play a major
role.

The final mass-averaged composition of the ejected particles is shown in Fig. 15. The A = 195
abundance peak related to the N = 126 shell closure is produced in SoS distribution, and
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and entropy evolution of the ejecta is extracted from the hydrodynamical simulations and
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originate essentially from the inner crust, and more precisely from two different layers at
densities below and above roughly 0.3 × ρS (where ρS is the nuclear saturation density), as
shown in the density histogram of Fig. 13. The low-density set of surface particles is ejected
through tidal forces without being much affected by the coalescence. When the NSs come
in contact for the first time, some particles deeper in the inner crust are shocked and ejected
perpendicularly to the orbital plane. These particles have a higher initial density (ρ >∼ 0.4 ρS)
than the crust particles ejected by tidal forces. Both types of expelled particles have a low
initial electron fraction ranging between 0.015 and 0.050 (see Fig. 13, where Ye = 0.015 in
about 45% of the mass).

As far as the temperature history is concerned, most of the particles are heated during
the ejection process to temperatures above 1 MeV. At these temperatures, a particle has
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NSE has frozen out. As soon as the particle temperature has dropped below 1010 K, the
particle composition, initially at NSE, must be followed by a full network calculation at the
temperatures determined on the basis of the laws of thermodynamics allowing for possible
nuclear heating through β-decays, fission and α-decay processes, as described in Meyer (1989).

In this specific r-process scenario, the neutron density is initially so high (Nn � 1033−35cm−3)
that the nuclear flow follows for the first hundreds of ms a path licking the neutron drip line.
For Z ≥ 103, fission becomes efficient and recycling takes place two to three times before
the neutrons are totally exhausted, as shown in Fig. 14 by the oscillating behaviour of the
time evolution of the charge �Z� and mass number �A� mass-averaged over all the ejected
particles. After several hundreds of ms, the density has dropped by a few orders of magnitude
and the neutron density experiences a dramatic fall-off as a result of the neutron exhaution by
captures. During this period of time, the nuclear flow around the N = 126 region follows
an isotonic chain. When the neutron density reaches some Nn = 1020 cm−3, the timescale of
neutron captures by the most abundant N = 126 nuclei becomes longer than a few seconds,
and the nuclear flow is dominated by β-decays back to the stability line (as well as by fissions
and α-decays for the heaviest species). During the decompression, the average temperature
remains rather low (around T9 = 0.3− 0.5; Fig. 14), so that photoreactions do not play a major
role.

The final mass-averaged composition of the ejected particles is shown in Fig. 15. The A = 195
abundance peak related to the N = 126 shell closure is produced in SoS distribution, and
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is found to be almost insensitive to all input parameters, such as the initial abundances, the
expansion timescales or the adopted nuclear models. In contrast, the second peak around
A = 140 originates exclusively from the fission recycling, which is found to take place in
the A � 280–290 region at the time all the neutrons have been captured. These nuclei are
found to fission symmetrically, as seen in Fig. 15 where the A � 140 peak corresponds to the
mass-symmetric fragment distribution. It should be emphasized that significant uncertainties
still affect the prediction of fission probabilities and fragment distributions, so that the exact
strength and location of the A � 140 fission peak depend on the adopted nuclear model.

Although the outer crust (ρ ≤ ρdrip � 4.2× 1011g/cm3) is far less massive than the inner crust,
the ejection of the inner crust cannot take place without leading at the same time to the ejection
of at least some outer crust material. The whole outer crust typically amounts to 10−5 to
10−4 M�, depending on the NS mass and radius (Pearson et al., 2011), so that its contribution,
even for complete ejection, remains negligible compared to the 10−3 to 10−2 M� of the inner
crust material ejected during a NS–NS merger event. Still, the composition of the outer crust
initially heated to NSE at a temperature of about 1010 K can be estimated before and after
the decompression that follows its ejection (Goriely et al., 2011). Note that the amount of
unbound outer crust and the dynamics of its ejection cannot be reliably calculated from the
hydrodynamical model. Details about the adopted decompression model can be found in
Goriely et al. (2011).

Fig. 16. Abundance distribution before and after decompression of a layer initially in NSE at
T9 = 8 and ρ0 = 3.4 × 1011g/cm3 with initial pressure P0 = 4 × 10−4 MeV/fm3. The
distributions are compared with the solar r-abundance distributions (open dots). See Goriely
et al. (2011) for details

Before decompression and at temperatures corresponding to 8–10 × 109 K, the Coulomb
effect due to the high densities in the crust leads to an overall content in neutron-rich nuclei
of the outer crust close to the SoS r-abundance distribution, as shown in Fig. 16. Such a
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distribution differs, however, from the SoS one due to a shift of the second peak to lower mass
numbers. During the decompression, the free neutrons (initially liberated as a result of the
high temperatures) are re-captured, which leads to a final distribution of stable neutron-rich
nuclei with a mass distribution of 80 ≤ A ≤ 140 nuclei in excellent agreement with the SoS
one, provided that the outer crust is initially at a temperature around 8× 109 K, and that all the
layers of the outer crust are ejected. The decompression of the outer NS crust provides suitable
conditions for a robust r-processing of the r-nuclides with A ≤ 140. The overall abundance
distribution depends on the fraction of the ejected crust, but also on the initial temperature at
which the NSE has been frozen in. Figure 17 shows the abundance distributions obtained for
different initial temperatures between 7 and 10× 109 K, assuming that the whole outer crust is
ejected. The final composition should carry the imprint of the temperature at which the NSE
is frozen prior to the ejection. Temperatures typically around 8–9 × 109 K correspond to those
at which NSE can be dynamically achieved in cooling events Goriely et al. (2011).
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Fig. 17. Final abundance distributions of the outer crust material after decompression, if
initially in NSE at different temperatures ranging between T9 = 7 and 10. The distributions
are compared with the SoS r-abundance distributions (open dots). See Goriely et al. (2011) for
details

It could be seen as purely fortuitous that temperatures around T9 � 8 give rise to r-abundance
distributions in agreement with the solar distribution. In fact, the temperatures considered
here typically correspond to those at which NSE can be dynamically achieved in cooling
events. As shown in Goriely et al. (2011), for matter with initial values of Ye = 0.33 − 0.40,
it takes about 1 to 20 ms to reach a NSE at T9 = 8 and ρ = 3 × 1011 g/cm−3, while at
T9 � 9, around 0.2 ms are required for the most neutron-rich conditions (Ye = 0.33). Such
ms timescales are characteristic of dynamical scenarios of interest here for the potential mass
ejection (e.g. in the bursts of soft gamma-repeaters, during NS mergers, . . . ), so that prior to
the ejection the NSE should be achieved at temperatures typically above T9 � 8 − 9. It can be
expected to be frozen during the ejection.
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9. The evolution of the r-nuclide content of the Galaxy and
nucleo-cosmochronology: inquietudes in a minefield

A quite natural astrophysicists’ dream is to understand the wealth of data on the evolution
of the r-nuclide content of the Galaxy that are accumulating from very many spectroscopic
observations (Sect. 4). These observations clearly demonstrate a huge complexity that will
probably keep rising as new observations become available. The best one can thus imagine
at this stage is to explain broad trends which may be identified through the analysis of the
r-nuclide abundance information. In this exercise, one has always to keep in mind that, at
best, more or less reliable elemental abundances are derived from spectral analyses that often
rely on approximate classically used techniques. This necessitates to disentangle the s- and
r-process contributions to a given elemental abundance. It is generally done by assuming that
these two nucleosynthesis contributions are at a largely metallicity-independent relative level,
and thus do not differ widely from the SoS case. This assumption cannot yet be ascertained in
any quantitative way, and is in fact not expected to hold for the s-process.

Various galactic chemical evolution toy models have been constructed, which often focus on
the evolution of the abundances of two representative elements, Ba (a s-process element in
the SoS) and Eu (a r-process element in the SoS). They adopt different schematic descriptions
of the galactic halo and disk, and different prescriptions for the physical input quantities to
these models. In particular, fully ad-hoc assumptions are made or free parameters are chosen
concerning the r-process yields from stars of different masses and metallicities.

Some predictions for [Eu/Fe] have been made recently by Wanajo & Ishimaru (2006). They
are based on a homogeneous one zone model in which it is assumed that stars in prescribed
mass ranges produce an artificially selected amount of r-nuclides through the neutrino wind
or prompt explosion mechanisms (Sect. 7.2). As expected, the predicted [Eu/Fe] ratio is very
sensitive to the selected stellar mass ranges. This result might be optimistically considered
as providing a way to constrain the site(s) of the r-process from observation. Reality is most
likely less rosy, as very many uncertainties and severe approximations drastically blur the
picture.

The assumption of the homogeneity of the interstellar medium at all times is dropped by
Argast et al. (2004). The resulting inhomogeneous model might increase the plausibility
of the predictions especially at early times in the galactic history. With the granularity of
the nucleosynthesis events duly considered, one might hope to better account for the large
observed scatter of the r-nuclide abundances at very low metallicities. In addition, the model
of Argast et al. (2004) takes into account the r-process contribution from NS mergers (Sect. 8)
on top of the one from SNe in selected mass ranges. The many other simplifications generally
made in other chemical evolution models are also adopted by Argast et al. (2004). This
concerns in particular the r-process yields from SNe, as well as from NS mergers, that are
just taken to be SoS-like. From their predicted [Eu/Fe] ratio, Argast et al. (2004) conclude
that the scenario assuming the predominance of SNII events in the 20 to 50 M� range allows
the best fit to the observations. This result is obtained for total masses of r-nuclides per SN
varying from about 10−4 M� down to about 10−7 M� when going from 20 to 50 M� stars.
Again, this conclusion has to be taken with great care in view of the many uncertainties and
approximations involved in the chemical evolution model. Within the same model, it is also
claimed that NS mergers are ruled out as the major source of r-nuclides in the Galaxy. This
conclusion relies on a very approximate and highly uncertain time-dependent frequency of
the events. In order to cope at best with observational constraints, coalescence timescales and
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amount of r-nuclides ejected per merger are adopted by Argast et al. (2004) to vary from about
0.1 to 10−4 M�, depending upon other parameters of the NS merging model.

All in all, we consider that the galactic chemical evolution models devised up to now are by far too
schematic and uncertain to provide a reliable tool to account for the observed evolution of the r-nuclide
content of the Galaxy, or for constraining the possible sites of the r-process. A priority should clearly
be at least to identify with a reasonable confidence a single site for the r-process before dwelling on the
grand project of constructing models for the evolution of the r-nuclide content of a whole galaxy, and of
the SoS in particular.

As far as nucleo-cosmochronology is concerned, the actinides produced by the r-process enter
in particular attempts to estimate the age of the Galaxy through their present SoS content, or
through their abundances evaluated at the surface of very metal-poor stars. These attempts
face some severe problems related to the nuclear physics and astrophysics uncertainties that
affect the predictions of the actinide production. The situation is worsened further by the
especially large uncertainties in the contribution of the r-process to the solar-system Pb and
Bi content (Arnould et al., 2007). Concerning the 232Th - 238U and 235U - 238U pairs classically
used to date the Galaxy from their present meteoritic abundances, the opinion has been expressed more
than 20 years ago by Yokoi et al. (1983) that they have just limited chronometric virtues. This is in
marked contrast to a widely-spread and repeated claim following Fowler & Hoyle (1960), and
based on simple analytic models for the evolution of Th and U in the Galaxy. In addition,
the chronometric predictions based on the observations of Th and U in very metal-poor stars have to
be considered with great care (see Arnould et al., 2007, for a brief review and references). In
order for them to be reliable, it is not only required that the production of the actinides by the
r-process is well known, but also, and very decisively, that the production of Th with respect
to U and to the Pt peak is universal. Observation demonstrates now that this is not the case.
In spite of this, age evaluations based on this technique continue to appear in the literature.

10. By way of a very brief conclusion

The bottom line of this brief review of the r-process is that unanswered questions are by
far more numerous than solved problems when one is dealing with this nucleosynthesis
mechanism. They concern especially the astrophysics of the process, as no single site has been
identified decisively yet. It also raises many nuclear physics questions. In such conditions,
the modelling of the evolution of the r-nuclide content of the Galaxy and actinide-based
chronometric evaluations cannot be put on solid grounds yet. This is in fact a very pleasing
situation, as hope for many exciting discoveries is still ahead of us!
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88 Astrophysics

1. Introduction

The Universe is a huge factory of the elements. Just 3 minutes after the big bang, primordial
nucleosynthesis occurred (original idea by Gamow 1946). The big bang nucleosynthesis (BBN)
produces the present abundance of light elements: D (Deuterium), 3He, 4He, 7Li. But the
heavier elements (A>12) cannot be produced during BBN. Some light elements, e.g. B, Be
and 6Li, are produced by cosmic ray spallation processes. But the heavier elements are
mainly produced by nucleosynthesis in stars (see details in a review by Burbidge et al. 1957;
Wallerstein et al. 1997).

Cosmic element abundance could be measured precisely by astronomical observations
over a wide range of the electromagnetic spectrum, specially in the optical and infrared
bands. Anyway, optical, infrared, and ultraviolet observatories provide only a part of the
information. Observations of gamma-ray lines from radioactive isotopes open a new window
of observations and guide our understanding of nucleosynthesis in stars. Radioactive decays
can been studied by measuring γ-ray line spectra of celestial sources. The γ-ray lines can
identify the individual isotope, and the abundance of these isotopes can be quantified with
the measurement of γ-ray line intensity of the sky. In particular, γ-ray line photons are nearly
transparent for the universe, with no absorption by the very dense molecular clouds and
interstellar medium. So detections of these γ-ray lines are a powerful tool to study the cosmic
abundance of radioactive isotopes.

Two long-lived radioactive isotopes 26Al and 60Fe have the similar half-life (about million
years) and astrophysical origins in the Galaxy. Their nucleosynthesis and ejection into the
interstellar medium (ISM) are dominated by massive stars and the subsequent core-collapse
supernova explosions (Diehl & Timmes, 1998; Prantzos & Diehl, 1996). Detections of these
isotopes provide direct evidence that nucleosynthesis is ongoing in the Galaxy. Their line
shapes reflect the dynamics of the ejected isotopes in the interstellar medium and then probe
properties of ISM and Galactic rotation effect. Measurements of gamma-ray fluxes of 26Al and
60Fe in the Galaxy provide the unique way to constrain the nuclear reaction rates and stellar
evolution models.

Cosmic gamma-ray line signals are very weak, and the gamma-ray photons are absorbed by
the atmosphere. The detection of Galactic radioactivity must be based on the gamma-ray
detectors aboard balloons and spacecrafts. The first gamma-ray line observations were from
OSO-3, OSO-7 in 1960’s, which revealed the strong 2.223 MeV line from solar flares (Brandt,
1969). This line results from the formation of deuterium via the union of a neutron and
proton; in a solar flare the neutrons appear as secondaries from interactions of high-energy
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88 Astrophysics

1. Introduction

The Universe is a huge factory of the elements. Just 3 minutes after the big bang, primordial
nucleosynthesis occurred (original idea by Gamow 1946). The big bang nucleosynthesis (BBN)
produces the present abundance of light elements: D (Deuterium), 3He, 4He, 7Li. But the
heavier elements (A>12) cannot be produced during BBN. Some light elements, e.g. B, Be
and 6Li, are produced by cosmic ray spallation processes. But the heavier elements are
mainly produced by nucleosynthesis in stars (see details in a review by Burbidge et al. 1957;
Wallerstein et al. 1997).

Cosmic element abundance could be measured precisely by astronomical observations
over a wide range of the electromagnetic spectrum, specially in the optical and infrared
bands. Anyway, optical, infrared, and ultraviolet observatories provide only a part of the
information. Observations of gamma-ray lines from radioactive isotopes open a new window
of observations and guide our understanding of nucleosynthesis in stars. Radioactive decays
can been studied by measuring γ-ray line spectra of celestial sources. The γ-ray lines can
identify the individual isotope, and the abundance of these isotopes can be quantified with
the measurement of γ-ray line intensity of the sky. In particular, γ-ray line photons are nearly
transparent for the universe, with no absorption by the very dense molecular clouds and
interstellar medium. So detections of these γ-ray lines are a powerful tool to study the cosmic
abundance of radioactive isotopes.

Two long-lived radioactive isotopes 26Al and 60Fe have the similar half-life (about million
years) and astrophysical origins in the Galaxy. Their nucleosynthesis and ejection into the
interstellar medium (ISM) are dominated by massive stars and the subsequent core-collapse
supernova explosions (Diehl & Timmes, 1998; Prantzos & Diehl, 1996). Detections of these
isotopes provide direct evidence that nucleosynthesis is ongoing in the Galaxy. Their line
shapes reflect the dynamics of the ejected isotopes in the interstellar medium and then probe
properties of ISM and Galactic rotation effect. Measurements of gamma-ray fluxes of 26Al and
60Fe in the Galaxy provide the unique way to constrain the nuclear reaction rates and stellar
evolution models.

Cosmic gamma-ray line signals are very weak, and the gamma-ray photons are absorbed by
the atmosphere. The detection of Galactic radioactivity must be based on the gamma-ray
detectors aboard balloons and spacecrafts. The first gamma-ray line observations were from
OSO-3, OSO-7 in 1960’s, which revealed the strong 2.223 MeV line from solar flares (Brandt,
1969). This line results from the formation of deuterium via the union of a neutron and
proton; in a solar flare the neutrons appear as secondaries from interactions of high-energy
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ions accelerated in the flare process. And the field of gamma-ray line astronomy took great
leaps forward with the HEAO C, the COS-B (1975-1982) and the Solar Maximum Mission
(launched in 1980) satellites. The HEAO C first detected the 1809 keV line from radioactive
26Al in the inner Galaxy (Mahoney et al., 1982). In 1977, NASA announced plans to build
a "great observatory" for gamma-ray astronomy. The Compton Gamma-Ray Observatory
(CGRO) was designed to take advantage of the major advances in detector technology during
the 1980s, and was launched in 1991. The COMPTEL telescope aboard CGRO first mapped
the 1809 keV γ-ray line emission of the whole sky (Diehl et al., 1995a; Plüschke et al., 2001),
and first detected the strong and broad 44Ti line around 1157 keV from a young supernova
remnant (SNR) Cas A (Iyudin et al., 1994). The OSSE telescope aboard CGRO also firstly
mapped the 511 keV annihilation line emission in the inner Galaxy (Purcell et al., 1997).
Currently, the main space-based gamma ray observatory is the INTErnational Gamma-Ray
Astrophysics Laboratory (INTEGRAL). The spectrometer aboard INTEGRAL (SPI) provides
the high spectral resolution enough to resolve astrophysical lines and allow spectroscopy in
the regime of gamma-rays.

Gamma-ray emissions of 26Al and 60Fe in the Galaxy are studied with the high spectral
resolution INTEGRAL spectrometer (SPI). Observations of diffuse 26Al and 60Fe emission and
their line shapes in the Galaxy and active nearby star-formation regions with SPI are main
scientific objectives in this chapter.

2. Origin of Galactic 26Al and 60Fe

2.1 26Al

26Al is an unstable nucleus, produced almost exclusively by proton capture on 25Mg in a
sufficiently hot environment (Woosley, 1986), mainly destroyed by the β+ decay into 26Mg
since the competing destruction process, i.e., the 26Al (p, γ)27Si reaction, becomes efficient for
T > 5 × 107 K, and the end of central the H burning barely reaches such a temperature (see
the reaction chains shown in Fig. 1). In addition, the 26Al freshly synthesized must be ejected
into the interstellar medium before it is destroyed in situ. So its synthesis occurs, essentially in
three different specific environments: i.e., the core H burning, the C and Ne convective shells,
and the explosive Ne burning. For the hydrostatic nucleosynthesis in the core of stars with
convective envelopes, the fresh 26Al requires to be convected away from the hot inner burning
region sufficiently fast to prevent destruction, and ejected by strong stellar winds. The present
theoretical knowledge of 26Al origin in the Galaxy will be presented. Five possible origins of
26Al are discussed separately: core-collapse supernovae; Wolf-Rayet stars; novae; asymptotic
giant branch (AGB) stars; and cosmic-ray nuclear reactions in the interstellar medium.

2.1.1 Core-collapse supernovae

Massive stars (e.g. M > 8M�) end up as core-collapse supernovae (Type II and Type Ib/c
events). Thirty years ago, it has been suggested that 26Al is created in core-collapse supernovae
(Arnett, 1977; Ramaty & Lingenfelter, 1977). Explosive 26Al nucleosynthesis is triggered by
the shock wave in the Ne burning shell (Woosley & Weaver 1980) and 26Al production can be
enhanced by neutrino-induced nuclear reactions (Woosley et al., 1990).

Significant 26Al production occurs in both the late pre-supernova phases and explosion
processes. In general, the larger the mass, the lager amount of 26Al survives the explosion

90 Astrophysics Diffuse Emission of 26Al and 60Fe in the Galaxy 3

F19 Ne20 24Mg
(p,γ )

(p,γ )

(p,α)

(p,γ )

β( +) β( +) β( +)

(p,γ ) (p,γ )

β( +)

(p,γ )
(p,γ )

β( +)

(p,γ ) (p,γ )(p,α)

(p,γ )

27Si

21Na

Ne21

Ne

22Na

22

Na23

Al25

26Al

27Al

Mg

26Mg

Si28

Mg−AlNe−Na

25

Fig. 1. Reactions of the Ne-Na and Mg-Al chains. Unstable isotopes are denoted by dashed
circles (from Rolfs & Rodney 1994).

Fig. 2. 26Al yields in different processes (C/Ne convective shells, explosion, winds in the WR
star phase) as a function of the initial stellar mass (from recent calculations by Limongi &
Chieffi 2006).

(Woosley & Weaver 1995; Rauscher et al. 2002; Limongi & Chieffi 2006). The triangles in
Fig. 2 show the 26Al yield produced in C/Ne convective shells that survived to the explosion
as a function of the initial mass. The explosive 26Al yield is generally a little higher than
pre-supernova production with the different initial masses (Limongi & Chieffi 2006). But
different models may have different predictions, e.g., the explosive 26Al is low compared to
pre-supernova production for stars with masses higher than 35M� (Weaver & Woosley, 1993).
Typically, the 26Al yields from core-collapse supernovae range from 2 × 10−5 − 5 × 10−4M�
with initial star masses of 12 − 120M� (see Fig. 2).
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Typically, the 26Al yields from core-collapse supernovae range from 2 × 10−5 − 5 × 10−4M�
with initial star masses of 12 − 120M� (see Fig. 2).
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2.1.2 Wolf-Rayet stars

Hydrostatic core H burning in the main sequence stars can produce large amounts of 26Al .
At central H exhaustion, the 26Al is located in the He core and in the region of variable H left
behind by the receding convective core. Since the He burning easily and quickly destroys the
26Al (via the (n, α) and (n, p) reactions), the amount of 26Al synthesized by central H burning
and possible preserved up to the explosion is just the one located in the H-rich layers plus the
one locked in the fraction of the He core that would not be affected by the He burning. If the
dredge-up and the mass-loss were not effective, 26Al would mostly decay before it could be
ejected by the explosion.

Stars with masses between 10 − 35M� will undergo a dredge-up episode that does not enter
into the He core, and the mass-loss is weak. Since the He convective shell extends almost up
to the base of the H burning shell, only a tiny amount of 26Al which is present in the region
of variable H left by the receding H convective core and engulfed in the convective envelope,
would be ejected into the interstellar medium. Stars more massive than 35 M� do not show
dredge-up episodes, but the mass-loss is so strong that a substantial fraction of the He core
is ejected through stellar winds, i.e., the Wolf-Rayet phase (van der Hucht et al., 1988). For
the Wolf-Rayet stars, a large amount of 26Al present in the He core is thus preserved from the
destruction and ejected into the interstellar medium. So the main 26Al production in the ISM
before supernova explosions comes from the stellar winds of Wolf-Rayet stars. The average
yield of 26Al production during the Wolf-Rayet phase ranges from 1× 10−5 − 3 × 10−4 M� for
with initial star masses of 35 − 120M� (Limongi & Chieffi, 2006; Palacios et al., 2005).

From the all-sky survey of 1809 keV emission by COMPTEL (Plüschke et al. 2001), the 26Al in
the interstellar medium is predominantly synthesized in massive stars, through the strong
stellar winds of Wolf-Rayet stars and core-collapse supernova explosions. The total 26Al
yields due to two processes have been calculated by different work (e.g., Limongi & Chieffi
2006; Woosley & Weaver 1995; Langer et al. 1995; Meynet et al. 1997; Thielemann et al. 1996;
Rauscher et al. 2002; Palacios et al. 2005). The average 26Al yields provided by various work
range from (0.3 − 30) × 10−5 M� for 10 − 35 M� stars, and from (1 − 10) × 10−4 M� for
stars above 35 M� (also see Fig. 2). The calculations of the total 26Al yield would be directly
compared with the observational limits. Knödlseder (1999) argued that most of 26Al in the
Galaxy comes from WR stars, and the study of 26Al in the Cygnus region is a way to resolve
this argument.

2.1.3 Novae

26Al production requires moderate peak temperatures, e.g., Tpeak < 2 × 108 K, and a fast
decline from maximum temperature (Ward & Fowler, 1980). These conditions are commonly
achieved in nova outbursts. In 1980s, one-zone model calculations of explosive H-burning
nucleosynthesis with solar or CNO-enhanced envelopes (Hillebrandt & Thielemann, 1982;
Wiescher et al., 1986) suggested that classical novae might produce sufficient amounts of 26Al
to account for some of the observed meteoritic anomalies but would not represent major
Galactic sources. New calculations on the basis of ONeMg white dwarf stars (Nofar et al.,
1991; Weiss & Truran, 1990) produced large amounts of long-lived radioactive nuclei, such as
22Na and 26Al , concluding that the ONe novae might be important sources of the Galactic
26Al . Furthermore, the production of 26Al by novae is very sensitive to the initial composition
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of the envelope and to the nuclear reaction rates adopted. ONe novae should be more
important 26Al sources than CO novae, because seed nuclei for the Ne-Na and Mg-Al cycles
are almost absent in CO novae. For the same reason, the amount of 26Al synthesized in ONe
novae depends on the initial composition of the white dwarf core. Some improvements in the
nuclear reaction rates since Caughlan & Fowler (1988) would lead to a lower 26Al production.
Recent hydrodynamic calculations of nova outbursts (Jose et al., 1997) predict that the ejected
26Al mass by ONe novae ranges from (0.3 − 1.7)× 10−8 M� considering various white dwarf
masses and accretion rates.

The amount of 26Al ejected into the interstellar medium by ONe novae decreases as the mass
of the underlying white dwarf increases (Jose et al., 1997). So the low-mass white dwarfs
are most likely candidates for 26Al production, with the higher 26Al production and higher
ejected mass. But white dwarfs lower than ∼ 1.1M� are expected to be CO white dwarf,
which are unable to produce important quantities of 26Al . Then the maximum ejection mass
of 26Al by one ONe nova event would be ∼ 2 × 10−8M�. The predicted contribution of nova
outbursts to the Galactic 26Al ranges (0.1− 0.4) M�, which is small compared with the present
observational limits (Mgal(

26Al ) ∼ 2 M�) derived by COMPTEL measurements (Diehl et al.,
1995a) and INTEGRAL/SPI (Diehl et al., 2006a; Wang et al., 2009). Hence, novae represent
important 26Al sources in the Galaxy, but cannot be the dominant ones, which is consistent
with the accepted hypothesis of young populations as major sources of the Galactic 26Al .

2.1.4 Asymptotic giant branch (AGB) stars

The intermediate-mass stars (1.5 ≤ M/M� ≤ 6) can evolve through a thermally-pulsing
phase with the strong stellar wind, so-called asymptotic giant branch (AGB) stars. AGB
stars are characterized by two burning shells, one of helium, and one of hydrogen, and by
a deep convective envelope extending from above the H-burning shell up to the surface.
26Al could be produced in three sites of AGB stars: the H-burning shell via Mg-Al chain;
the He-burning shell via α-capture on 22Ne, and at the base of the convective envelope in the
most massive AGB stars that experience H-burning. In AGB stars, 26Al is efficiently produced
by H-burning, but destruction by n-capture reaction during the interpulse and pulse phases
becomes increasingly more efficient (Mowlavi & Meynet, 2000).

The ejected 26Al masses by AGB stars depend on the temperature which directly relates to
the initial mass, and initial composition. Recent calculations show that the low mass AGB
stars (< 4M�) cannot significantly contribute to 26Al production (Karakas & Lattanzio, 2003;
Mowlavi & Meynet, 2000). The AGB star with masses of 4 − 6M� can yield 26Al in the regime
of (0.2 − 8) × 10−8 M� (Karakas & Lattanzio 2003). The AGB stars with lower metallicity
produce a higher amount of 26Al . The rough estimation of the contribution by AGB stars
to the Galactic 26Al varies from 0.01 − 0.4 M� (Mowlavi & Meynet, 2000). Though the large
uncertainties exist for the prediction of 26Al by AGB stars, AGB stars cannot be the main 26Al
sources in the Galaxy. But the AGB stars could be best candidates to explain the inferred 26Al
/27Al ratios ranging from ∼ 10−4 − 10−2 observed in meteoritic grains (Clayton & Leising,
1987). As an interesting science, models predict a higher amount of 26Al (∼ (1− 2)× 10−7 M�,
Mowlavi & Meynet, 2000) around planetary nebulae, which could be possible candidates for
direct 26Al detection in future.
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by H-burning, but destruction by n-capture reaction during the interpulse and pulse phases
becomes increasingly more efficient (Mowlavi & Meynet, 2000).

The ejected 26Al masses by AGB stars depend on the temperature which directly relates to
the initial mass, and initial composition. Recent calculations show that the low mass AGB
stars (< 4M�) cannot significantly contribute to 26Al production (Karakas & Lattanzio, 2003;
Mowlavi & Meynet, 2000). The AGB star with masses of 4 − 6M� can yield 26Al in the regime
of (0.2 − 8) × 10−8 M� (Karakas & Lattanzio 2003). The AGB stars with lower metallicity
produce a higher amount of 26Al . The rough estimation of the contribution by AGB stars
to the Galactic 26Al varies from 0.01 − 0.4 M� (Mowlavi & Meynet, 2000). Though the large
uncertainties exist for the prediction of 26Al by AGB stars, AGB stars cannot be the main 26Al
sources in the Galaxy. But the AGB stars could be best candidates to explain the inferred 26Al
/27Al ratios ranging from ∼ 10−4 − 10−2 observed in meteoritic grains (Clayton & Leising,
1987). As an interesting science, models predict a higher amount of 26Al (∼ (1− 2)× 10−7 M�,
Mowlavi & Meynet, 2000) around planetary nebulae, which could be possible candidates for
direct 26Al detection in future.
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Fig. 3. The caption of 60Fe produced by neutron capture processes of iron isotopes e.g., 56Fe,
and 59Fe β-decay will generate a leak in the 60Fe production.

2.1.5 Cosmic-ray nuclear reactions in the interstellar medium

The interactions of accelerated particles with ambient matter can produce a variety of
gamma-ray lines following the de-excitation of excited nuclei in both the ambient matter
and the accelerated particles. Nuclear reaction of low energy heavy cosmic-ray particles
have been proposed as another 26Al source process (Clayton, 1994). Based on the COMPTEL
measurement of excited 12C in the Orion molecular cloud complex (Bloemen et al., 1994),
Clayton (1994) suggested that this could be an efficient 26Al source process. The cross sections
for the 26Mg(H,n)26Al and 28Si(H,ppn)26Al reactions are of the similar magnitude as the one
for the 12C(H,p)∗12C reaction. Therefore, the estimation for the Orion region of active star
formation corresponds to an 26Al yield of ∼ 10−4 M�.

The Galactic 26Al yield is quite uncertain, depending on the fractions of molecular clouds
irradiated by low-energy cosmic rays. And the absence of substantial Galactic plane 4.4 MeV
emission due to 12C de-excitation suggests that this process is probably negligible as a Galactic
26Al source (Ramaty, 1996).

2.2 60Fe

The radioactive isotope 60Fe is believed to be synthesized through successive neutron captures
on Fe isotopes (e.g., 56Fe, see Fig. 3) in a neutron-rich environment inside He shells in AGB
stars (60Fe is stored in white dwarfs and cannot be ejected), and massive stars, before or
during their final evolution to core collapse supernovae. 60Fe can be also synthesized in Type
Ia SNe (Woosley, 1997). It is destroyed by the 60Fe (n, γ) process. Since its closest parent,
59Fe is unstable, the 59Fe(n, γ) process must compete with the 59Fe(γ−) decay to produce an
appreciate amount of 60Fe .

2.2.1 Massive stars

A neutron-rich environment in massive stars is required to produce 60Fe . And a temperature
of the order of 2 billion degrees represents an upper limit for the synthesis of 60Fe because
above this temperature the (γ, n) and the (γ, p) photon disintegrations of both 59Fe and 60Fe
become tremendously efficient. Such an occurrence limits a possible 60Fe production to the
He, C, Ne shell burning phases.
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Fig. 4. Comparison among the 60Fe yields as a function of the initial stellar mass provided by
various work (from Limongi & Chieffi 2006). The solid and open circles refer to the amount
of ejected 60Fe for two different choices of the stability criterion in the He convective shell,
i.e., the Schwarzschild and the Ledoux criteria, respectively. The stars represent the amount
of ejected 60Fe obtained by adopting the Langer (1989) mass-loss rate for massive stars (WR
stars of masses from 40 - 120 M� ). Solid squares and triangles are the results from Woosley
& Weaver (1995) and Rauscher et al. (2002) in the initial mass range of 12 - 40 M� .

In He shell burning phases, significant 60Fe production occurs when the star becomes a WR
star which experiences such strong mass loss that it first loses all H-rich envelope and then
continues eroding the He core up to the moment of the core collapse. In these stars, the He
convective shell forms within the region of variable He abundance, then a problem arises of
whether the Schwarzschild criterion or the Ledoux one is used to determine if a convective
region forms. In Fig. 4, The solid and open circles refer to the amount of ejected 60Fe for
two different choices of the stability criterion in the He convective shell. In C shell burning,
the high temperature (> 109 K) allows a large production of α-particles which translates into
a high neutron density and hence a large yield of 60Fe . C convective shell could produce a
conspicuous amount of 60Fe in stars of the initial mass below 40 M� . Ne burning may produce
60Fe , but the lack of an extended and stable convective shell lasting up to the explosion
prevents the build up of a significant amount of 60Fe . The average yield of ejected 60Fe in
convective shells varies from 10−6 − 7 × 10−4 M� , increasing with the initial mass from 11
-120 M� (Limongi & Chieffi, 2006). Calculations by Limongi & Chieffi (2006) suggested the
dominant yield of 60Fe in massive stars above 40 M� comes from the He convective shell
burning, which sensitively depends on the mass-loss rate. Models with a strong mass-loss
rate (Langer, 1989) would reduce the 60Fe production during the WR phases into a level of
∼ 10−5 M� (see Fig. 4).

2.2.2 Supernovae

The last episode of synthesis of 60Fe occurs when the blast wave crosses the mantle of the star
on its way out during the core-collapse supernova explosions. The peak temperature is of the
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have been proposed as another 26Al source process (Clayton, 1994). Based on the COMPTEL
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Clayton (1994) suggested that this could be an efficient 26Al source process. The cross sections
for the 26Mg(H,n)26Al and 28Si(H,ppn)26Al reactions are of the similar magnitude as the one
for the 12C(H,p)∗12C reaction. Therefore, the estimation for the Orion region of active star
formation corresponds to an 26Al yield of ∼ 10−4 M�.

The Galactic 26Al yield is quite uncertain, depending on the fractions of molecular clouds
irradiated by low-energy cosmic rays. And the absence of substantial Galactic plane 4.4 MeV
emission due to 12C de-excitation suggests that this process is probably negligible as a Galactic
26Al source (Ramaty, 1996).
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The radioactive isotope 60Fe is believed to be synthesized through successive neutron captures
on Fe isotopes (e.g., 56Fe, see Fig. 3) in a neutron-rich environment inside He shells in AGB
stars (60Fe is stored in white dwarfs and cannot be ejected), and massive stars, before or
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Ia SNe (Woosley, 1997). It is destroyed by the 60Fe (n, γ) process. Since its closest parent,
59Fe is unstable, the 59Fe(n, γ) process must compete with the 59Fe(γ−) decay to produce an
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2.2.1 Massive stars

A neutron-rich environment in massive stars is required to produce 60Fe . And a temperature
of the order of 2 billion degrees represents an upper limit for the synthesis of 60Fe because
above this temperature the (γ, n) and the (γ, p) photon disintegrations of both 59Fe and 60Fe
become tremendously efficient. Such an occurrence limits a possible 60Fe production to the
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of ejected 60Fe for two different choices of the stability criterion in the He convective shell,
i.e., the Schwarzschild and the Ledoux criteria, respectively. The stars represent the amount
of ejected 60Fe obtained by adopting the Langer (1989) mass-loss rate for massive stars (WR
stars of masses from 40 - 120 M� ). Solid squares and triangles are the results from Woosley
& Weaver (1995) and Rauscher et al. (2002) in the initial mass range of 12 - 40 M� .

In He shell burning phases, significant 60Fe production occurs when the star becomes a WR
star which experiences such strong mass loss that it first loses all H-rich envelope and then
continues eroding the He core up to the moment of the core collapse. In these stars, the He
convective shell forms within the region of variable He abundance, then a problem arises of
whether the Schwarzschild criterion or the Ledoux one is used to determine if a convective
region forms. In Fig. 4, The solid and open circles refer to the amount of ejected 60Fe for
two different choices of the stability criterion in the He convective shell. In C shell burning,
the high temperature (> 109 K) allows a large production of α-particles which translates into
a high neutron density and hence a large yield of 60Fe . C convective shell could produce a
conspicuous amount of 60Fe in stars of the initial mass below 40 M� . Ne burning may produce
60Fe , but the lack of an extended and stable convective shell lasting up to the explosion
prevents the build up of a significant amount of 60Fe . The average yield of ejected 60Fe in
convective shells varies from 10−6 − 7 × 10−4 M� , increasing with the initial mass from 11
-120 M� (Limongi & Chieffi, 2006). Calculations by Limongi & Chieffi (2006) suggested the
dominant yield of 60Fe in massive stars above 40 M� comes from the He convective shell
burning, which sensitively depends on the mass-loss rate. Models with a strong mass-loss
rate (Langer, 1989) would reduce the 60Fe production during the WR phases into a level of
∼ 10−5 M� (see Fig. 4).

2.2.2 Supernovae

The last episode of synthesis of 60Fe occurs when the blast wave crosses the mantle of the star
on its way out during the core-collapse supernova explosions. The peak temperature is of the
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order of 2.2 × 109 K, and hence roughly in the same region where the explosive synthesis of
26Al occurs. The average yield of 60Fe in explosion varies from 10−5 M� (initial mass region
of 11 − 50 M� ) to 4 × 10−5 M� (50 − 120 M� ).

Fig. 4 shows the total amount of ejected 60Fe as a function of the initial stellar masses (from
11 -120 M� ) calculated by Limongi & Chieffi (2006). The results by the previous work (initial
masses from 12 -40 M� , Woosley & Weaver 1995; Rauscher et al. 2002) are also presented for
a comparison. In the initial mass range < 40 M� , the 60Fe yield by Rauscher et al. (2002)
are significantly larger than the yields by both Woosley & Weaver (1995) and Limongi &
Chieffi (2006). In Fig. 4, the solid and open circles are obtained by adopting the mass-loss
rate by Nugis & Lamers (2000); the stars are obtained by taking the rate by Langer (1989).
The mass-loss rate proposed by Langer (1989) is much stronger than the Nugis & Lamers
(2000) one. With adopting a stronger mass-loss rate, they have significantly reduce the 60Fe
production during the WR phases with the initial masses above 40 M� .

In addition, 60Fe could also be produced in substantial amounts by rare subtypes of SN Ia
(Woosley, 1997), which would then be point sources of 60Fe gamma-rays. The average yield
of 60Fe in SN Ia is (1 − 5)× 10−3 M� depending on models. The 60Fe per event is typically
100 times greater in a high-density white dwarf explosion than in a Type II supernova. With
an event rate 10−4 yr−1, the composite signal here comes from ∼ 100 point sources. A single
source at 10 kpc that made 0.005 M� of 60Fe would be visible for several million years at a flux
level of 10−7 ph cm−2 s−1. However, this is well beyond the capability of present gamma-ray
telescopes.

3. All-sky observations of 26Al by CGRO/COMPTEL

The 1809 keV gamma-ray line from radioactive 26Al with its decay time of 1 million years
can be used as the tracer of the recent nucleosynthesis activity in the Galaxy. Ramaty &
Lingenfelter (1979) first predicted the 1809 keV γ-ray line flux of ∼ 10−4ph cm−2 s−1 rad−1

from the inner Galaxy, combining the solar 27Al abundance with an estimate of the isotope
ratio 26Al /27Al (∼ 10−5) from supernovae.

The 1809 keV γ-ray line emission was first detected with the Ge spectrometer on the HEAO-C
spacecraft (Mahoney et al. 1982). This detection was confirmed by the measurement of
Galactic transits through the field of view by the NaI spectrometer on the SMM spacecraft
(Share et al., 1985). The following balloon-borne experiments measured the intensity of the
26Al emission and derived some information on its angular distribution (see Durouchoux
et al. 1993; Prantzos & Diehl 1996; Schoenfelder et al. 1991; von Ballmoos et al. 1987). And
the 26Al fluxes derived from these different measurements depend on the assumed Galactic
distribution of 26Al line emission. For example, they found (1.1 − 4.6)× 10−4ph cm−2 s−1 for
a point source at the Galactic center, and (3.9− 5.4)× 10−4ph cm−2 s−1 from the inner Galaxy
for a flat supernova model. So mapping the 1809 keV γ-ray line emission of the Galaxy can
provide insight into the nature of 26Al sources, and precise determination of the 26Al flux.

The COMPTEL imaging telescope aboard the Compton Observatory performed the first
survey of 26Al γ-ray line emission in the whole Galaxy. COMPTEL covered the energy range
of 1 – 30 MeV, with an energy resolution of 140 keV (FWHM) around 1809 keV and an angular
resolution of 3.8◦ (see Schoenfelder et al. 1993). COMPTEL has the enough sensitivity to study
the origin of 26Al .
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Fig. 5. The maximum-entropy all-sky images of the Galactic 1809 keV line emission observed
with COMPTEL over 9 years (from Plüschke et al., 2001).

Diehl et al. (1995a) analyzed the first-year COMPTEL survey data, which has covered the
whole Galactic plane. Overlays of the 26Al emission map with the positions of supernova
remnants and Wolf-Rayet (WR) stars in the Galaxy suggest that the large-scale structure of
26Al emission in the Galaxy may be contributed to massive stars. And the Vela region (the
Vela SNR) shows evidence for a single identified close-by 26Al source (Diehl et al., 1995b). So
the first 26Al emission map of the Galactic Plane favors the dominant 26Al origin from massive
stars, presumedly core-collapse supernovae or Wolf-Rayet stars.

The first 1809 keV all-sky map was presented based on the first three years of COMPTEL
observations (Oberlack et al., 1996). The all-sky map confirmed the non-local character of the
detected 26Al emission in the first Galactic plane survey (Diehl et al. 1995a). Most of the 26Al
emission is attributed to young, massive stars and star-formation regions.

Based on the 9-year COMPTEL observations (1991 – 2000), Plüschke et al. (2001) obtained
1809 keV all-sky map with best significance level. The image (Fig. 5) reconstructions show
an extended Galactic ridge emission mostly concentrated towards the Galactic center region
(−30◦ < l < 30◦), plus an emission feature in the Cygnus region, and a low-intensity ridge
along the Carina and Vela regions. These features confirm the previously reported emission
structures. In addition, the image shows some low-intensity features in the longitude range
between 110◦ and 270◦ , e.g. the Orion region (Fig. 5). Near the Galactic center region, the
image shows a possible emission from the nearby Sco-Cen region. Also at latitudes beyond
±30◦, some of these low-intensity structures are visible, which may be artifacts, subject to
further studies.

In summary, from the all-sky 26Al emission image by COMPTEL, the observed 1809 keV γ-ray
line is ascribed to the radioactive decay of 26Al in the interstellar medium. 26Al has been
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order of 2.2 × 109 K, and hence roughly in the same region where the explosive synthesis of
26Al occurs. The average yield of 60Fe in explosion varies from 10−5 M� (initial mass region
of 11 − 50 M� ) to 4 × 10−5 M� (50 − 120 M� ).

Fig. 4 shows the total amount of ejected 60Fe as a function of the initial stellar masses (from
11 -120 M� ) calculated by Limongi & Chieffi (2006). The results by the previous work (initial
masses from 12 -40 M� , Woosley & Weaver 1995; Rauscher et al. 2002) are also presented for
a comparison. In the initial mass range < 40 M� , the 60Fe yield by Rauscher et al. (2002)
are significantly larger than the yields by both Woosley & Weaver (1995) and Limongi &
Chieffi (2006). In Fig. 4, the solid and open circles are obtained by adopting the mass-loss
rate by Nugis & Lamers (2000); the stars are obtained by taking the rate by Langer (1989).
The mass-loss rate proposed by Langer (1989) is much stronger than the Nugis & Lamers
(2000) one. With adopting a stronger mass-loss rate, they have significantly reduce the 60Fe
production during the WR phases with the initial masses above 40 M� .

In addition, 60Fe could also be produced in substantial amounts by rare subtypes of SN Ia
(Woosley, 1997), which would then be point sources of 60Fe gamma-rays. The average yield
of 60Fe in SN Ia is (1 − 5)× 10−3 M� depending on models. The 60Fe per event is typically
100 times greater in a high-density white dwarf explosion than in a Type II supernova. With
an event rate 10−4 yr−1, the composite signal here comes from ∼ 100 point sources. A single
source at 10 kpc that made 0.005 M� of 60Fe would be visible for several million years at a flux
level of 10−7 ph cm−2 s−1. However, this is well beyond the capability of present gamma-ray
telescopes.

3. All-sky observations of 26Al by CGRO/COMPTEL

The 1809 keV gamma-ray line from radioactive 26Al with its decay time of 1 million years
can be used as the tracer of the recent nucleosynthesis activity in the Galaxy. Ramaty &
Lingenfelter (1979) first predicted the 1809 keV γ-ray line flux of ∼ 10−4ph cm−2 s−1 rad−1

from the inner Galaxy, combining the solar 27Al abundance with an estimate of the isotope
ratio 26Al /27Al (∼ 10−5) from supernovae.

The 1809 keV γ-ray line emission was first detected with the Ge spectrometer on the HEAO-C
spacecraft (Mahoney et al. 1982). This detection was confirmed by the measurement of
Galactic transits through the field of view by the NaI spectrometer on the SMM spacecraft
(Share et al., 1985). The following balloon-borne experiments measured the intensity of the
26Al emission and derived some information on its angular distribution (see Durouchoux
et al. 1993; Prantzos & Diehl 1996; Schoenfelder et al. 1991; von Ballmoos et al. 1987). And
the 26Al fluxes derived from these different measurements depend on the assumed Galactic
distribution of 26Al line emission. For example, they found (1.1 − 4.6)× 10−4ph cm−2 s−1 for
a point source at the Galactic center, and (3.9− 5.4)× 10−4ph cm−2 s−1 from the inner Galaxy
for a flat supernova model. So mapping the 1809 keV γ-ray line emission of the Galaxy can
provide insight into the nature of 26Al sources, and precise determination of the 26Al flux.

The COMPTEL imaging telescope aboard the Compton Observatory performed the first
survey of 26Al γ-ray line emission in the whole Galaxy. COMPTEL covered the energy range
of 1 – 30 MeV, with an energy resolution of 140 keV (FWHM) around 1809 keV and an angular
resolution of 3.8◦ (see Schoenfelder et al. 1993). COMPTEL has the enough sensitivity to study
the origin of 26Al .
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Diehl et al. (1995a) analyzed the first-year COMPTEL survey data, which has covered the
whole Galactic plane. Overlays of the 26Al emission map with the positions of supernova
remnants and Wolf-Rayet (WR) stars in the Galaxy suggest that the large-scale structure of
26Al emission in the Galaxy may be contributed to massive stars. And the Vela region (the
Vela SNR) shows evidence for a single identified close-by 26Al source (Diehl et al., 1995b). So
the first 26Al emission map of the Galactic Plane favors the dominant 26Al origin from massive
stars, presumedly core-collapse supernovae or Wolf-Rayet stars.

The first 1809 keV all-sky map was presented based on the first three years of COMPTEL
observations (Oberlack et al., 1996). The all-sky map confirmed the non-local character of the
detected 26Al emission in the first Galactic plane survey (Diehl et al. 1995a). Most of the 26Al
emission is attributed to young, massive stars and star-formation regions.

Based on the 9-year COMPTEL observations (1991 – 2000), Plüschke et al. (2001) obtained
1809 keV all-sky map with best significance level. The image (Fig. 5) reconstructions show
an extended Galactic ridge emission mostly concentrated towards the Galactic center region
(−30◦ < l < 30◦), plus an emission feature in the Cygnus region, and a low-intensity ridge
along the Carina and Vela regions. These features confirm the previously reported emission
structures. In addition, the image shows some low-intensity features in the longitude range
between 110◦ and 270◦ , e.g. the Orion region (Fig. 5). Near the Galactic center region, the
image shows a possible emission from the nearby Sco-Cen region. Also at latitudes beyond
±30◦, some of these low-intensity structures are visible, which may be artifacts, subject to
further studies.

In summary, from the all-sky 26Al emission image by COMPTEL, the observed 1809 keV γ-ray
line is ascribed to the radioactive decay of 26Al in the interstellar medium. 26Al has been
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found to be predominantly synthesized in massive stars and their subsequent core-collapse
supernovae. Furthermore, 26Al flux enhancements are detected aligned with regions of recent
star formation, such as apparently observed in the Cygnus and Vela regions.

4. INTEGRAL/SPI studies on Galactic 26Al

The INTEGRAL Observatory is an European (ESA) Gamma-Ray Observatory Satellite
Mission for the study of cosmic gamma-ray sources in the keV to MeV energy range
(Winkler et al., 2003). INTEGRAL was successfully launched from Baikonur Cosmodrome
(Kazakhstan) on October 17, 2002 using a Proton rocket provided by the Russian Space
Agency. The INTEGRAL orbit is eccentric, with an apogee of 153 000 km, a perigee of 9000 km,
and a 3 day period (Jensen et al., 2003). Two main instruments are on board INTEGRAL: the
INTEGRAL imager (IBIS) with an angular resolution of 12�, allowing for source localization
with arcmin precise with a field of view of 9◦ × 9◦ (Ubertini et al., 2003); the INTEGRAL
spectrometer (SPI) with an energy resolution of 2.5 keV at 1.3 MeV and angular resolution of
2.5◦ within a field of view of 16◦ × 16◦ (Vedrenne et al. 2003).

The SPI composed of composed of 19 high purity germanium detectors (GeD) and their
associated electronics can allow for high spectral resolution of ∼ 2.5 keV at 1 MeV, suitable
for astrophysical studies of individual gamma-ray lines and their shapes, e.g. 511 keV line
emission, γ-ray lines from radioactivities of 26Al and 60Fe .

26Al is an unstable isotope with a mean lifetime of 1.04 Myr. 26Al first decays into an excited
state of 26Mg, which de-excites into the 26Mg ground state by emitting gamma-ray photons
with the characteristic energy of 1809 keV (Fig. 6). The study of 26Al line emission from the
Galaxy is one of the main science goals of the INTEGRAL mission. SPI aboard INTEGRAL is
a high resolution spectrometer with energy resolution of 3 keV (FWHM) at 1809 keV, which
therefore adds high-resolution spectroscopic information to 26Al astronomy. The detailed
measurement of 26Al line position and shape is expected to reveal more information beyond
the COMPTEL imaging survey about the 26Al sources and their location through the Doppler
effect, induced from Galactic rotation and dynamics of the ejected 26Al as it propagates in the
interstellar medium around its stellar sources.

4.1 Diffuse 26Al emission of the inner Galaxy

The spectral characteristics of 26Al emission in the inner Galaxy serve to study the current
nucleosynthesis activity and the properties of the interstellar medium near the 26Al sources
on a large-scale averaged scale. We define the “inner Galaxy” as the region −30◦ < l <
30◦ , −10◦ < b < 10◦), and may use this as a representative region for this purpose, since it
coincides with the bright ridge of observed 1809 keV emission as observed along the plane of
the Galaxy.

Earlier INTEGRAL analysis had used 1.5 years of SPI data to first explore the large-scale
spectral characteristics of 26Al emission in the inner Galaxy (Diehl et al. 2006a, 2006b). A
detection of the 26Al line from the inner Galaxy with a significance of ∼ 16σ had confirmed the
narrowness of the 26Al line (FWHM < 2.8 keV, 2σ), which had already been seen by RHESSI
(Smith et al. 2003) and HEAO-C (Mahoney et al. 1984) earlier.

At present, INTEGRAL/SPI data are accumulated from more than five years to extend this
study towards spatially-resolved details of 26Al line spectroscopy across the inner regions of

98 Astrophysics Diffuse Emission of 26Al and 60Fe in the Galaxy 11

Fig. 6. The decay chain of the radioactive isotope 26Al . 26Al decays with a characteristic
lifetime of 1.04 Myr into an excited state of 26Mg, then de-excites into the Mg ground state by
emitting γ-ray lines with the energies of 1809 keV (99.7%) and 2.936 keV (0.3%).
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Fig. 7. 26Al spectrum of the inner Galaxy from INTEGRAL/SPI observations (from Wang et
al., 2009). The 26Al line width is found to be (< 1.3 keV, 2σ). Fluxes are quoted in units of
10−4 ph cm−2 s−1 rad−1.
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found to be predominantly synthesized in massive stars and their subsequent core-collapse
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star formation, such as apparently observed in the Cygnus and Vela regions.
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INTEGRAL imager (IBIS) with an angular resolution of 12�, allowing for source localization
with arcmin precise with a field of view of 9◦ × 9◦ (Ubertini et al., 2003); the INTEGRAL
spectrometer (SPI) with an energy resolution of 2.5 keV at 1.3 MeV and angular resolution of
2.5◦ within a field of view of 16◦ × 16◦ (Vedrenne et al. 2003).

The SPI composed of composed of 19 high purity germanium detectors (GeD) and their
associated electronics can allow for high spectral resolution of ∼ 2.5 keV at 1 MeV, suitable
for astrophysical studies of individual gamma-ray lines and their shapes, e.g. 511 keV line
emission, γ-ray lines from radioactivities of 26Al and 60Fe .

26Al is an unstable isotope with a mean lifetime of 1.04 Myr. 26Al first decays into an excited
state of 26Mg, which de-excites into the 26Mg ground state by emitting gamma-ray photons
with the characteristic energy of 1809 keV (Fig. 6). The study of 26Al line emission from the
Galaxy is one of the main science goals of the INTEGRAL mission. SPI aboard INTEGRAL is
a high resolution spectrometer with energy resolution of 3 keV (FWHM) at 1809 keV, which
therefore adds high-resolution spectroscopic information to 26Al astronomy. The detailed
measurement of 26Al line position and shape is expected to reveal more information beyond
the COMPTEL imaging survey about the 26Al sources and their location through the Doppler
effect, induced from Galactic rotation and dynamics of the ejected 26Al as it propagates in the
interstellar medium around its stellar sources.

4.1 Diffuse 26Al emission of the inner Galaxy

The spectral characteristics of 26Al emission in the inner Galaxy serve to study the current
nucleosynthesis activity and the properties of the interstellar medium near the 26Al sources
on a large-scale averaged scale. We define the “inner Galaxy” as the region −30◦ < l <
30◦ , −10◦ < b < 10◦), and may use this as a representative region for this purpose, since it
coincides with the bright ridge of observed 1809 keV emission as observed along the plane of
the Galaxy.

Earlier INTEGRAL analysis had used 1.5 years of SPI data to first explore the large-scale
spectral characteristics of 26Al emission in the inner Galaxy (Diehl et al. 2006a, 2006b). A
detection of the 26Al line from the inner Galaxy with a significance of ∼ 16σ had confirmed the
narrowness of the 26Al line (FWHM < 2.8 keV, 2σ), which had already been seen by RHESSI
(Smith et al. 2003) and HEAO-C (Mahoney et al. 1984) earlier.

At present, INTEGRAL/SPI data are accumulated from more than five years to extend this
study towards spatially-resolved details of 26Al line spectroscopy across the inner regions of
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Fig. 6. The decay chain of the radioactive isotope 26Al . 26Al decays with a characteristic
lifetime of 1.04 Myr into an excited state of 26Mg, then de-excites into the Mg ground state by
emitting γ-ray lines with the energies of 1809 keV (99.7%) and 2.936 keV (0.3%).
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Fig. 7. 26Al spectrum of the inner Galaxy from INTEGRAL/SPI observations (from Wang et
al., 2009). The 26Al line width is found to be (< 1.3 keV, 2σ). Fluxes are quoted in units of
10−4 ph cm−2 s−1 rad−1.
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the Galaxy. We characterize the 26Al line details through two different approaches. When the
sky signal is weak, we fit the spectra with Gaussians plus a linear residual background, and
use the Gaussian intensities, centroid energies, and FWHM widths for relative comparisons,
such as trends along the plane of the Galaxy. When the signal is sufficiently strong so that we
are sensitive to line width details, we describe the line component not by a single Gaussian
any more, but rather by the convolution of a Gaussian with the asymmetric instrumental line
response. This allows us to infer immediate information about the celestial 26Al dynamics,
which we identify with this Gaussian, and in particular its width, which arises from Doppler
shifting of the line energies with motion of decaying 26Al nuclei relative to the observer.

Using more than five years of SPI data, the inner-Galaxy 26Al emission spectrum is shown
in Fig. 7. The 26Al line is detected at ∼ 28σ significance. The 26Al gamma-ray flux from the
inner Galaxy turns out as (2.93 ± 0.15)× 10−4 ph cm−2 s−1 rad−1. This is consistent with our
earlier values (3.3 ± 0.4)× 10−4 ph cm−2 s−1 rad−1 (Diehl et al. 2006a, 2006b), and also with
the COMPTEL imaging-analysis value of (2.8 ± 0.4)× 10−4 ph cm−2 s−1 rad−1 (Plüschke et
al. 2001). The above value is derived using an asymmetric line shape as best matching our
expectations from SPI’s spectral response and eventual additional celestial line broadening.
The total 26Al gamma-ray flux of the Gaussian fit as determined for the inner Galaxy region is
(2.73 ± 0.17)× 10−4 ph cm−2 s−1 rad−1.

The measured 26Al flux of (2.93 ± 0.15)× 10−4 ph cm−2 s−1 rad−1 for the inner Galaxy thus
translates into a Galactic 26Al mass of (2.6 ± 0.6) M� using a plausible scale height of 180 pc.
If we ignored the ejection of 26Al into surrounding cavities and corresponding champagne
flows, and used the lower scale heights of O stars or of the molecular disk, we would obtain
lower total amounts around or even below 2 M� .

The amount of 26Al is maintained in steady state by a core-collapse supernova rate via
Meq = SNRate · τ · Y, where the rate is measured in events per year, τ is the mean life
of 26Al , and Y is the IMF-averaged 26Al yield in units of M� per supernova. The yield
in this context must include the explosive yields from the supernova model as well as any
26Al ejected in the Wolf-Rayet wind phase. Yields are moderated by the steep initial mass
function (IMF), ξ ∝ m−α, in our relevant mass range 10–120 M� . We use the Miller-Scalo
IMF (ξ ∝ m−2.7) for this higher-mass range (Miller & Scalo, 1979), supported by a wide
range of astronomical constraints. Y is obtained from the high-mass initial mass function
(IMF) and the nucleosynthesis yields of models. The resulting 26Al yield per massive star is
(1.4± 0.7)× 10−4 M� based on various published yields as a function of progenitor mass (see
Fig. 2). The corresponding supernova rate is SNRate = 1.90 ± 0.95 events per century (this
does not include type Ia supernovae, which have been found to be negligible sources of 26Al ).
The resulting range of one to three core collapses per century coincides with the recent values
obtained from on a survey of local O3-B2 dwarfs (Reed, 2005), extrapolated to the Galaxy
as whole with spatial distribution models, and the study of the luminosity function of OB
associations (McKee & Williams, 1997).

The intrinsic line width is now constrained to < 1.3 keV (2 σ). In the inner Galaxy, Galactic
differential rotation alone can lead to significant Doppler shifts towards specific longitudes
where the projected-velocity differences with respect to the solar orbit reach maxima; line
broadening results if we integrate over a larger longitude range with different bulk velocity
differences. Kretschmer et al. (2003) have simulated the 26Al line shape diagnostics in the inner
Galaxy due to Galactic rotation and 26Al ejection from sources, and find that line broadening
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Fig. 8. 26Al spectra for two Galactic quadrants (left 0◦ < l < 60◦, and right −60◦ < l < 0◦,
from Wang et al., 2009). Line centroids relative to the centroid energy of 26Al line in the
laboratory (1808.65 keV) show a significant blueshift in the 4th quadrant. Both the spectra
have width values near the value of the instrumental line width, implying that 26Al
emissions from two quadrants are the narrow lines. In addition, the 26Al flux of the 4th
quadrant is higher than that of the 1st quadrant, and the flux ratio is ∼ 1.3.

of up to 1 keV is expected if the signal is integrated over the inner region of the Galaxy.
Our present large-scale line-shape constraints are consistent with these expectations. If we
interpret line broadening of the 26Al line from the inner Galaxy in terms of interstellar-medium
characteristics, the intrinsic-width constraint of < 1.3 keV corresponds to 160 km s−1 as a
corresponding 2σ limit on ISM velocities. This is well within the plausible and acceptable
range for the environment of normal interstellar-medium turbulence (Chen et al. 1997). As a
summary, the measured line width of 26Al from the inner Galaxy is consistent with Galactic
rotation and modest interstellar-medium turbulence around the sources of 26Al .

4.2 Spectral variations of 26Al gamma-ray line along the Galactic plane

The 9-year COMPTEL imaging of 26Al line emission has already suggested some asymmetry
in the inner Galaxy: the fourth Galactic quadrant appears somewhat brighter than the first
quadrant (Plüschke (2001) found a significance of 2.5σ for a brightness difference). COMPTEL
could provide the image details of 26Al in the Galaxy, but no significant spectral information
due to its spectral resolution of about 150 keV near the 26Al line. SPI with its Ge detectors
features sufficiently-high spectral resolution to allow astrophysical constraints from 26Al line
shapes, averaged over the Galaxy as discussed above, but also for different regions along the
Galactic plane due to its imaging properties as a coded-mask telescope.

In this part, we will proceed towards increasing spatial resolution along the Galactic plane,
starting out from testing Galactic asymmetries between the first and fourth quadrant. 26Al
line parameters toward the different directions of the Galactic plane are determined using
separate sky maps covering each sky region, simultaneously fitting these together with our
background model to the entire sky survey database. 26Al line fluxes, centroid energies, and
line widths then are derived by a simple Gaussian fit to the 26Al line in the resulting spectra,
as we are interested in relative changes between different portions of the sky. This will allow
us to identify line shifts from bulk motion such as expected from large-scale Galactic rotation,
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the Galaxy. We characterize the 26Al line details through two different approaches. When the
sky signal is weak, we fit the spectra with Gaussians plus a linear residual background, and
use the Gaussian intensities, centroid energies, and FWHM widths for relative comparisons,
such as trends along the plane of the Galaxy. When the signal is sufficiently strong so that we
are sensitive to line width details, we describe the line component not by a single Gaussian
any more, but rather by the convolution of a Gaussian with the asymmetric instrumental line
response. This allows us to infer immediate information about the celestial 26Al dynamics,
which we identify with this Gaussian, and in particular its width, which arises from Doppler
shifting of the line energies with motion of decaying 26Al nuclei relative to the observer.

Using more than five years of SPI data, the inner-Galaxy 26Al emission spectrum is shown
in Fig. 7. The 26Al line is detected at ∼ 28σ significance. The 26Al gamma-ray flux from the
inner Galaxy turns out as (2.93 ± 0.15)× 10−4 ph cm−2 s−1 rad−1. This is consistent with our
earlier values (3.3 ± 0.4)× 10−4 ph cm−2 s−1 rad−1 (Diehl et al. 2006a, 2006b), and also with
the COMPTEL imaging-analysis value of (2.8 ± 0.4)× 10−4 ph cm−2 s−1 rad−1 (Plüschke et
al. 2001). The above value is derived using an asymmetric line shape as best matching our
expectations from SPI’s spectral response and eventual additional celestial line broadening.
The total 26Al gamma-ray flux of the Gaussian fit as determined for the inner Galaxy region is
(2.73 ± 0.17)× 10−4 ph cm−2 s−1 rad−1.

The measured 26Al flux of (2.93 ± 0.15)× 10−4 ph cm−2 s−1 rad−1 for the inner Galaxy thus
translates into a Galactic 26Al mass of (2.6 ± 0.6) M� using a plausible scale height of 180 pc.
If we ignored the ejection of 26Al into surrounding cavities and corresponding champagne
flows, and used the lower scale heights of O stars or of the molecular disk, we would obtain
lower total amounts around or even below 2 M� .

The amount of 26Al is maintained in steady state by a core-collapse supernova rate via
Meq = SNRate · τ · Y, where the rate is measured in events per year, τ is the mean life
of 26Al , and Y is the IMF-averaged 26Al yield in units of M� per supernova. The yield
in this context must include the explosive yields from the supernova model as well as any
26Al ejected in the Wolf-Rayet wind phase. Yields are moderated by the steep initial mass
function (IMF), ξ ∝ m−α, in our relevant mass range 10–120 M� . We use the Miller-Scalo
IMF (ξ ∝ m−2.7) for this higher-mass range (Miller & Scalo, 1979), supported by a wide
range of astronomical constraints. Y is obtained from the high-mass initial mass function
(IMF) and the nucleosynthesis yields of models. The resulting 26Al yield per massive star is
(1.4± 0.7)× 10−4 M� based on various published yields as a function of progenitor mass (see
Fig. 2). The corresponding supernova rate is SNRate = 1.90 ± 0.95 events per century (this
does not include type Ia supernovae, which have been found to be negligible sources of 26Al ).
The resulting range of one to three core collapses per century coincides with the recent values
obtained from on a survey of local O3-B2 dwarfs (Reed, 2005), extrapolated to the Galaxy
as whole with spatial distribution models, and the study of the luminosity function of OB
associations (McKee & Williams, 1997).

The intrinsic line width is now constrained to < 1.3 keV (2 σ). In the inner Galaxy, Galactic
differential rotation alone can lead to significant Doppler shifts towards specific longitudes
where the projected-velocity differences with respect to the solar orbit reach maxima; line
broadening results if we integrate over a larger longitude range with different bulk velocity
differences. Kretschmer et al. (2003) have simulated the 26Al line shape diagnostics in the inner
Galaxy due to Galactic rotation and 26Al ejection from sources, and find that line broadening
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Fig. 8. 26Al spectra for two Galactic quadrants (left 0◦ < l < 60◦, and right −60◦ < l < 0◦,
from Wang et al., 2009). Line centroids relative to the centroid energy of 26Al line in the
laboratory (1808.65 keV) show a significant blueshift in the 4th quadrant. Both the spectra
have width values near the value of the instrumental line width, implying that 26Al
emissions from two quadrants are the narrow lines. In addition, the 26Al flux of the 4th
quadrant is higher than that of the 1st quadrant, and the flux ratio is ∼ 1.3.

of up to 1 keV is expected if the signal is integrated over the inner region of the Galaxy.
Our present large-scale line-shape constraints are consistent with these expectations. If we
interpret line broadening of the 26Al line from the inner Galaxy in terms of interstellar-medium
characteristics, the intrinsic-width constraint of < 1.3 keV corresponds to 160 km s−1 as a
corresponding 2σ limit on ISM velocities. This is well within the plausible and acceptable
range for the environment of normal interstellar-medium turbulence (Chen et al. 1997). As a
summary, the measured line width of 26Al from the inner Galaxy is consistent with Galactic
rotation and modest interstellar-medium turbulence around the sources of 26Al .

4.2 Spectral variations of 26Al gamma-ray line along the Galactic plane

The 9-year COMPTEL imaging of 26Al line emission has already suggested some asymmetry
in the inner Galaxy: the fourth Galactic quadrant appears somewhat brighter than the first
quadrant (Plüschke (2001) found a significance of 2.5σ for a brightness difference). COMPTEL
could provide the image details of 26Al in the Galaxy, but no significant spectral information
due to its spectral resolution of about 150 keV near the 26Al line. SPI with its Ge detectors
features sufficiently-high spectral resolution to allow astrophysical constraints from 26Al line
shapes, averaged over the Galaxy as discussed above, but also for different regions along the
Galactic plane due to its imaging properties as a coded-mask telescope.

In this part, we will proceed towards increasing spatial resolution along the Galactic plane,
starting out from testing Galactic asymmetries between the first and fourth quadrant. 26Al
line parameters toward the different directions of the Galactic plane are determined using
separate sky maps covering each sky region, simultaneously fitting these together with our
background model to the entire sky survey database. 26Al line fluxes, centroid energies, and
line widths then are derived by a simple Gaussian fit to the 26Al line in the resulting spectra,
as we are interested in relative changes between different portions of the sky. This will allow
us to identify line shifts from bulk motion such as expected from large-scale Galactic rotation,
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Fig. 9. 26Al spectra of six segments along the Galactic plane ( −60◦ < l < 60◦ , from Wang et
al., 2009). Small longitude degree bin (20◦) makes the detections of 26Al not significant in the
regions of 40◦ < |l| < 60◦.

and hints for additional line broadenings in particular regions, which would reflect increased
26Al velocities in such regions.

26Al spectra for the 1st (0◦ < l < 60◦) and 4th quadrant (−60◦ < l < 0◦ ) are presented
in Fig. 8. In the 4th quadrant we note a blueshift of 0.49 ± 0.07 keV relative to the centroid
energy of 26Al line in the laboratory, but no significant redshift in the 1st quadrant is apparent
(∼ 0.04 ± 0.10 keV). Both spectra have width values compatible with no significant 26Al
line broadenings. The indicated 26Al asymmetry between the two inner Galactic quadrants
appears again, with a flux ratio of ∼ 1.3 ± 0.2.

Challenging the imaging capability of SPI for diffuse and extended emission, we refine spatial
structure even more towards smaller longitude intervals. In Fig. 9, we present the spectra
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Fig. 10. Top 26Al intensity distribution along the Galactic plane (from Wang et al., 2009). For
comparison, the COMPTEL-derived 26Al intensity profile is shown (solid line, and dashed
lines when integrated over the same longitude bins). Bottom 26Al FWHM (Gaussian fitting)
variation along the Galactic longitudes, a broad 26Al line feature is detected toward the
longitudes 20◦ < l < 40◦ (from Wang et al., 2009).

of 26Al emission line for six smaller longitude intervals of 20 degree width along the Galactic
plane (−60◦ < l < 60◦). The 26Al line is still detected for the inner Galaxy (−40◦ < l < 40◦ ,
> 6σ for each 20◦ bin region), but only marginal for the two outer regions (40◦ < l < 60◦
and −60◦ < l < −40◦, < 4σ). This may be attributed to both less 26Al brightness and to less
exposure in these regions, compared to the inner Galaxy.

Fig. 10 shows the intensity distribution of 26Al emission (from the same 20◦ regions) along the
Galactic plane, adding the (longitude-range normalized) Galactic-Center region 26Al intensity
(|l| < 5◦) for comparison. The variability of 26Al intensity along the Galactic plane again is
evident.

We note that the 26Al line in the region of 20◦ < l < 40◦ appears somewhat broadened, with
a Gaussian width of FWHM∼ 4.15 ± 0.75 keV. This may hint towards a peculiar 26Al source
region towards this direction, which could be associated with the Aquila region (Rice et al.
2006). Broadening could result from higher turbulence if the 26Al source region is younger
than average and dominated by the 26Al ejection from more massive stars (see Knödlseder
et al. 2004). Further studies would be interesting, and have the potential to identify star
formation otherwise occulted by foreground molecular clouds.
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Fig. 9. 26Al spectra of six segments along the Galactic plane ( −60◦ < l < 60◦ , from Wang et
al., 2009). Small longitude degree bin (20◦) makes the detections of 26Al not significant in the
regions of 40◦ < |l| < 60◦.

and hints for additional line broadenings in particular regions, which would reflect increased
26Al velocities in such regions.

26Al spectra for the 1st (0◦ < l < 60◦) and 4th quadrant (−60◦ < l < 0◦ ) are presented
in Fig. 8. In the 4th quadrant we note a blueshift of 0.49 ± 0.07 keV relative to the centroid
energy of 26Al line in the laboratory, but no significant redshift in the 1st quadrant is apparent
(∼ 0.04 ± 0.10 keV). Both spectra have width values compatible with no significant 26Al
line broadenings. The indicated 26Al asymmetry between the two inner Galactic quadrants
appears again, with a flux ratio of ∼ 1.3 ± 0.2.

Challenging the imaging capability of SPI for diffuse and extended emission, we refine spatial
structure even more towards smaller longitude intervals. In Fig. 9, we present the spectra
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Fig. 10. Top 26Al intensity distribution along the Galactic plane (from Wang et al., 2009). For
comparison, the COMPTEL-derived 26Al intensity profile is shown (solid line, and dashed
lines when integrated over the same longitude bins). Bottom 26Al FWHM (Gaussian fitting)
variation along the Galactic longitudes, a broad 26Al line feature is detected toward the
longitudes 20◦ < l < 40◦ (from Wang et al., 2009).

of 26Al emission line for six smaller longitude intervals of 20 degree width along the Galactic
plane (−60◦ < l < 60◦). The 26Al line is still detected for the inner Galaxy (−40◦ < l < 40◦ ,
> 6σ for each 20◦ bin region), but only marginal for the two outer regions (40◦ < l < 60◦
and −60◦ < l < −40◦, < 4σ). This may be attributed to both less 26Al brightness and to less
exposure in these regions, compared to the inner Galaxy.

Fig. 10 shows the intensity distribution of 26Al emission (from the same 20◦ regions) along the
Galactic plane, adding the (longitude-range normalized) Galactic-Center region 26Al intensity
(|l| < 5◦) for comparison. The variability of 26Al intensity along the Galactic plane again is
evident.

We note that the 26Al line in the region of 20◦ < l < 40◦ appears somewhat broadened, with
a Gaussian width of FWHM∼ 4.15 ± 0.75 keV. This may hint towards a peculiar 26Al source
region towards this direction, which could be associated with the Aquila region (Rice et al.
2006). Broadening could result from higher turbulence if the 26Al source region is younger
than average and dominated by the 26Al ejection from more massive stars (see Knödlseder
et al. 2004). Further studies would be interesting, and have the potential to identify star
formation otherwise occulted by foreground molecular clouds.
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Fig. 11. 26Al line energy shifts along the Galactic plane. Galactic rotation will shift the
observed 26Al line energy due to the Doppler effect, to appear blueshifted at negative
longitudes and redshifted at positive longitudes. (Top) The 26Al line shifts according to the
1.5-year SPI data (−40◦ < l < 40◦, −10◦ < b < 10◦ , Diehl et al. 2006a). Colour scales are
expectations of 26Al line positions and intensity modelled from the Galactic rotation curve
and a three-dimensional distribution of 26Al sources (Kretschmer et al., 2003). Using the
central Galactic region (−10◦ < l < 10◦) as a reference (fitted line energy 1808.72 keV), we
found centroid energy shifts of -0.14 keV (10◦ < l < 40◦) and +0.44 keV (−40◦ < l < −10◦),
respectively. (Bottom) Radial velocity curve of 26Al ejecta in the stellar medium along
Galactic longitudes which shows Doppler shifts of the 1809 keV gamma-ray line from 26Al
due to Galactic rotation according to more than 6 years of SPI data on the Galactic plane
(−40◦ < l < 40◦ , −5◦ < b < 5◦ , Kretschmer 2011).

4.3 26Al line centroid energy as probe of Galactic rotation

Galactic differential rotation can result in not only the broadening of 26Al line but also the shifts
of the line centroid energy due to the Doppler effect (Gehrels & Chen, 1996; Kretschmer et al.,
2003).Galactic rotation would induce the 26Al line centroid energy redshifts in the 1st quadrant
and blueshifts in the 4th quadrant. The Galactic rotation curve can be also determined from
observations of various objects (e.g., HI, CO, HII, Brand & Blitz 1993).

The first study on the Doppler shifts of 26Al line due to Galactic rotation using the 1.5-year SPI
data was present in Fig. 11 top panel (Diehl et al. 2006a). Using the central Galactic region
(−10◦ < l < 10◦) as a reference (fitted line energy 1808.72 keV), we found centroid energy
shifts of -0.14 keV (10◦ < l < 40◦) and +0.44 keV (−40◦ < l < −10◦), respectively. Though
the error bars for the line positions are very large, we concluded that the results of the line
energy shifts are consistent with the Galactic rotation effect (Diehl et al. 2006a).
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Recently, using more than 6 years of INTEGRAL/SPI data, Kretschmer (2011) obtained the
radial velocity curve of 26Al ejecta along Galactic longitudes with much better resolution
(see Fig. 11 bottom panel). The measurements show the characteristic wave-like shape of
velocity offset versus Galactic longitude due to the large-scale Galactic rotation. This has been
observed for molecular and atomic gas in our and other galaxies. But with 26Al gamma-rays,
we get unique access to kinematics of the tenuous, diluted, and presumably hot phase of
the interstellar medium, as it is expected around the massive stars which eject radioactive
26Al in the Galaxy. We should note that comparing the velocity curves from 26Al line shape
measurements along the Galactic plane and other observations and theory found that the hot
gas of 26Al ejecta undergoes additional acceleration in the direction of Galactic rotation.

4.4 Latitudinal variations of 26Al emission

The interpretation of 26Al imaging and spectral results relies on (uncertain) distances of
26Al sources. Along the line-of-sight, the detected 26Al signal could originate from local
star-formation complexes (∼ 100 pc), or from the nearest part of the Sagittarius-Carina arm
(1 − 2 kpc), or from the Galactic center region (∼ 8 kpc), or even from the distant side of the
Galaxy (> 10 kpc). In this section, we try a possible way to resolve the 26Al signals for the
local complexes from the large scales of the Galactic plane by probing the latitudinal variation
of 26Al emission.

26Al emission for low latitudes (|b| < 5◦) would be dominated by the large-scale origin in
the Galactic disk. While 26Al sources for high latitudes (|b| > 5◦) should originate from local
star-formation systems in the Gould Belt. The Gould Belt appears as an ellipsoidal shaped
ring with semi-major and minor axes equal to ∼ 500 pc and 340 pc, respectively (Perrot &
Grenier, 2003). The Sun is displaced from the center of the Gould Belt about 200 pc towards
l = 130◦ (Guillout et al., 1998). The Vela region is located near the boundary of the Gould Belt
towards l ∼ −90◦ . The nearby Sco-Cen region also belongs to the Gould Belt, extending from
(l, b) = (0◦, 20◦) towards (l, b) = (−30◦, 0◦) (Sartori et al., 2003).

In Fig. 12, we present 26Al spectra along Galactic latitudes for the 1st and 4th quadrants,
respectively. No 26Al signals are detected for two intermediate latitude regions of the 1st
quadrant. While in the 4th quadrant, 26Al emission is clearly detected in the latitude region of
5◦ < b < 20◦ , which may originate toward the nearby Sco-Cen OB associations at a distance
of ∼ 140 pc. Additionally, a very weak 26Al signal may be hinted toward the latitude region
of −60◦ < l < 0◦ , −20◦ < b < −5◦, which need a further check in future.

Finally, we determine the scale height of the Galactic plane in 26Al emission by comparing the
fit quality for sets of two different plausible geometrical models for the 26Al source density
distribution in the Galaxy (a Glactocentric double-exponential disk model (Wang et al., 2009)
and a spiral-arm structure model based on Taylor & Cordes (1993), varying their scale height
parameters). In order to avoid a bias from bright special regions such as Cygnus/Vela/Carina,
we restrict this analysis to data within |l| < 60◦ and |b| < 30◦. Fig. 13 shows the variation of
log-likelihood values with different scale heights for both model types. Here, the values for
the exponential-disk models have been shifted by +16, as the spiral-arm model systematically
provides a better description of our data. With −2 logL being asymptotically χ2 distributed,
we derive a scale height of 130+120

−70 pc (1σ) for the 26Al emission in the inner Galactic disk, from
the spiral arm model constraints. This confirms previous such studies based on COMPTEL
data (Diehl et al., 1998).
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Fig. 11. 26Al line energy shifts along the Galactic plane. Galactic rotation will shift the
observed 26Al line energy due to the Doppler effect, to appear blueshifted at negative
longitudes and redshifted at positive longitudes. (Top) The 26Al line shifts according to the
1.5-year SPI data (−40◦ < l < 40◦, −10◦ < b < 10◦ , Diehl et al. 2006a). Colour scales are
expectations of 26Al line positions and intensity modelled from the Galactic rotation curve
and a three-dimensional distribution of 26Al sources (Kretschmer et al., 2003). Using the
central Galactic region (−10◦ < l < 10◦) as a reference (fitted line energy 1808.72 keV), we
found centroid energy shifts of -0.14 keV (10◦ < l < 40◦) and +0.44 keV (−40◦ < l < −10◦),
respectively. (Bottom) Radial velocity curve of 26Al ejecta in the stellar medium along
Galactic longitudes which shows Doppler shifts of the 1809 keV gamma-ray line from 26Al
due to Galactic rotation according to more than 6 years of SPI data on the Galactic plane
(−40◦ < l < 40◦ , −5◦ < b < 5◦ , Kretschmer 2011).

4.3 26Al line centroid energy as probe of Galactic rotation

Galactic differential rotation can result in not only the broadening of 26Al line but also the shifts
of the line centroid energy due to the Doppler effect (Gehrels & Chen, 1996; Kretschmer et al.,
2003).Galactic rotation would induce the 26Al line centroid energy redshifts in the 1st quadrant
and blueshifts in the 4th quadrant. The Galactic rotation curve can be also determined from
observations of various objects (e.g., HI, CO, HII, Brand & Blitz 1993).

The first study on the Doppler shifts of 26Al line due to Galactic rotation using the 1.5-year SPI
data was present in Fig. 11 top panel (Diehl et al. 2006a). Using the central Galactic region
(−10◦ < l < 10◦) as a reference (fitted line energy 1808.72 keV), we found centroid energy
shifts of -0.14 keV (10◦ < l < 40◦) and +0.44 keV (−40◦ < l < −10◦), respectively. Though
the error bars for the line positions are very large, we concluded that the results of the line
energy shifts are consistent with the Galactic rotation effect (Diehl et al. 2006a).
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Recently, using more than 6 years of INTEGRAL/SPI data, Kretschmer (2011) obtained the
radial velocity curve of 26Al ejecta along Galactic longitudes with much better resolution
(see Fig. 11 bottom panel). The measurements show the characteristic wave-like shape of
velocity offset versus Galactic longitude due to the large-scale Galactic rotation. This has been
observed for molecular and atomic gas in our and other galaxies. But with 26Al gamma-rays,
we get unique access to kinematics of the tenuous, diluted, and presumably hot phase of
the interstellar medium, as it is expected around the massive stars which eject radioactive
26Al in the Galaxy. We should note that comparing the velocity curves from 26Al line shape
measurements along the Galactic plane and other observations and theory found that the hot
gas of 26Al ejecta undergoes additional acceleration in the direction of Galactic rotation.

4.4 Latitudinal variations of 26Al emission

The interpretation of 26Al imaging and spectral results relies on (uncertain) distances of
26Al sources. Along the line-of-sight, the detected 26Al signal could originate from local
star-formation complexes (∼ 100 pc), or from the nearest part of the Sagittarius-Carina arm
(1 − 2 kpc), or from the Galactic center region (∼ 8 kpc), or even from the distant side of the
Galaxy (> 10 kpc). In this section, we try a possible way to resolve the 26Al signals for the
local complexes from the large scales of the Galactic plane by probing the latitudinal variation
of 26Al emission.

26Al emission for low latitudes (|b| < 5◦) would be dominated by the large-scale origin in
the Galactic disk. While 26Al sources for high latitudes (|b| > 5◦) should originate from local
star-formation systems in the Gould Belt. The Gould Belt appears as an ellipsoidal shaped
ring with semi-major and minor axes equal to ∼ 500 pc and 340 pc, respectively (Perrot &
Grenier, 2003). The Sun is displaced from the center of the Gould Belt about 200 pc towards
l = 130◦ (Guillout et al., 1998). The Vela region is located near the boundary of the Gould Belt
towards l ∼ −90◦ . The nearby Sco-Cen region also belongs to the Gould Belt, extending from
(l, b) = (0◦, 20◦) towards (l, b) = (−30◦, 0◦) (Sartori et al., 2003).

In Fig. 12, we present 26Al spectra along Galactic latitudes for the 1st and 4th quadrants,
respectively. No 26Al signals are detected for two intermediate latitude regions of the 1st
quadrant. While in the 4th quadrant, 26Al emission is clearly detected in the latitude region of
5◦ < b < 20◦ , which may originate toward the nearby Sco-Cen OB associations at a distance
of ∼ 140 pc. Additionally, a very weak 26Al signal may be hinted toward the latitude region
of −60◦ < l < 0◦ , −20◦ < b < −5◦, which need a further check in future.

Finally, we determine the scale height of the Galactic plane in 26Al emission by comparing the
fit quality for sets of two different plausible geometrical models for the 26Al source density
distribution in the Galaxy (a Glactocentric double-exponential disk model (Wang et al., 2009)
and a spiral-arm structure model based on Taylor & Cordes (1993), varying their scale height
parameters). In order to avoid a bias from bright special regions such as Cygnus/Vela/Carina,
we restrict this analysis to data within |l| < 60◦ and |b| < 30◦. Fig. 13 shows the variation of
log-likelihood values with different scale heights for both model types. Here, the values for
the exponential-disk models have been shifted by +16, as the spiral-arm model systematically
provides a better description of our data. With −2 logL being asymptotically χ2 distributed,
we derive a scale height of 130+120

−70 pc (1σ) for the 26Al emission in the inner Galactic disk, from
the spiral arm model constraints. This confirms previous such studies based on COMPTEL
data (Diehl et al., 1998).
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Fig. 12. 26Al spectra for different latitude intervals of the 1st (left) and 4th (right) quadrants
(taken from Wang, 2007): 5◦ < b < 20◦ (Top), −5◦ < b < 5◦ (Middle), −20◦ < b < −5◦
(Bottom).

4.5 26Al line shapes of the Cygnus and Sco-Cen regions

The COMPTEL 1809 keV all-sky map attributed to radioactive decay of Galactic 26Al
confirmed the diffuse emission along the inner Galaxy. Several significant features of
the reconstructed intensity pattern are flux enhancements in the directions of nearby
star-formation regions, e.g., the Cygnus region (del Rio et al., 1996), the Vela region (Diehl et
al., 1995b), and a possible feature above the Galactic center which is attributed to the nearby
Sco-Cen region. Detections of 26Al in these regions strongly support the hypothesis of massive
stars and their descendent supernovae being the dominant sources of interstellar 26Al . 26Al
near these young populations may be located in the different medium environment from the
large scales in inner Galaxy, e.g. high turbulent velocities of interstellar medium in these
star-formation regions due to stellar winds and supernova explosions.

The INTEGRAL/SPI is a powerful spectrometer to probe the 26Al line shapes. So spectral
studies of 26Al line in these star-formation regions can provide new information of 26Al sources
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Fig. 13. Determination of the Galactic-disk scale height (from Wang et al., 2009). Shown is the
logarithmic likelihood-ratio for the exponential-disk (dashed line) and spiral-arm structure
models (solid line) for different scale height values. Log-likelihood values for the
exponential-disk model have been offset by +16.

and their environments. In this section, we will show recent SPI results on 26Al line shapes of
two nearby star-formation regions: Cygnus and Sco-Cen.

4.5.1 Cygnus

The Cygnus region is one of the most active nearby star forming regions in the Galaxy with
a mean age of ∼ 3 Myr (Plüschke, 2001). The region as defined by the Cygnus 1.8 MeV
emission feature contains numerous massive stars. The galactic O star catalogue lists 96 O
stars in this field (Garmany et al., 1982). In addition, one finds 23 Wolf-Rayet stars in this
region of which 14 are of WN-type, 8 of WC-type and one is classified as WO-star (van der
Hucht, 2001). The Galactic SNR Catalogue lists 19 remnants in this region, for 9 of those age
and distance have been estimated with sufficient accuracy (Green, 2011). Beside numerous
open clusters, the region contains nine OB associations (Alter et al., 1970; Plüschke, 2001).
Fig. 14 shows the distribution of O and WR stars, SNRs and OB associations in the direction
of Cygnus as viewed from above the galactic plane. Therefore, the Cygnus region provides
a good opportunity to study the physics of massive stars, specially on the nucleosynthesis
processes which will enrich the interstellar medium with new elements.

The 26Al emission from the Cygnus region was first reported by the COMPTEL imaging
observations (see Fig. 5). With two years of COMPTEL data, del Rio et al. (1996) derived
a flux of (7.0 ± 1.4) × 10−5ph cm−2 s−1 from a sky region defined as 73◦ < l < 93◦ , −9◦ <
b < 9◦. Using 9 years of COMPTEL data, Plüschke (2001) found a flux of (10.3 ± 2.0) ×
10−5ph cm−2 s−1 from a slightly larger region covering 70◦ < l < 96◦ , −9◦ < b < 25◦ .

INTEGRAL/SPI has done deep surveys around the Cygnus region. 26Al line shape of Cygnus
has been detailedly studied by SPI. With early SPI data, the first result of 26Al line emission
from the Cygnus region showed a 1809 keV line flux of (7.3 ± 1.8)× 10−5ph cm−2 s−1 from
a sky region defined as 73◦ < l < 93◦ , |b| < 9◦ (Knödlseder et al., 2004). The 26Al line
from Cygnus appears moderately broadening, with an intrinsic FWHM of (3.3 ± 1.3) keV.
Recently, new SPI results show the 26Al flux of ∼ (7.2 ± 1.2)× 10−5ph cm−2 s−1 for the region
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Fig. 12. 26Al spectra for different latitude intervals of the 1st (left) and 4th (right) quadrants
(taken from Wang, 2007): 5◦ < b < 20◦ (Top), −5◦ < b < 5◦ (Middle), −20◦ < b < −5◦
(Bottom).

4.5 26Al line shapes of the Cygnus and Sco-Cen regions

The COMPTEL 1809 keV all-sky map attributed to radioactive decay of Galactic 26Al
confirmed the diffuse emission along the inner Galaxy. Several significant features of
the reconstructed intensity pattern are flux enhancements in the directions of nearby
star-formation regions, e.g., the Cygnus region (del Rio et al., 1996), the Vela region (Diehl et
al., 1995b), and a possible feature above the Galactic center which is attributed to the nearby
Sco-Cen region. Detections of 26Al in these regions strongly support the hypothesis of massive
stars and their descendent supernovae being the dominant sources of interstellar 26Al . 26Al
near these young populations may be located in the different medium environment from the
large scales in inner Galaxy, e.g. high turbulent velocities of interstellar medium in these
star-formation regions due to stellar winds and supernova explosions.

The INTEGRAL/SPI is a powerful spectrometer to probe the 26Al line shapes. So spectral
studies of 26Al line in these star-formation regions can provide new information of 26Al sources
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Fig. 13. Determination of the Galactic-disk scale height (from Wang et al., 2009). Shown is the
logarithmic likelihood-ratio for the exponential-disk (dashed line) and spiral-arm structure
models (solid line) for different scale height values. Log-likelihood values for the
exponential-disk model have been offset by +16.

and their environments. In this section, we will show recent SPI results on 26Al line shapes of
two nearby star-formation regions: Cygnus and Sco-Cen.

4.5.1 Cygnus

The Cygnus region is one of the most active nearby star forming regions in the Galaxy with
a mean age of ∼ 3 Myr (Plüschke, 2001). The region as defined by the Cygnus 1.8 MeV
emission feature contains numerous massive stars. The galactic O star catalogue lists 96 O
stars in this field (Garmany et al., 1982). In addition, one finds 23 Wolf-Rayet stars in this
region of which 14 are of WN-type, 8 of WC-type and one is classified as WO-star (van der
Hucht, 2001). The Galactic SNR Catalogue lists 19 remnants in this region, for 9 of those age
and distance have been estimated with sufficient accuracy (Green, 2011). Beside numerous
open clusters, the region contains nine OB associations (Alter et al., 1970; Plüschke, 2001).
Fig. 14 shows the distribution of O and WR stars, SNRs and OB associations in the direction
of Cygnus as viewed from above the galactic plane. Therefore, the Cygnus region provides
a good opportunity to study the physics of massive stars, specially on the nucleosynthesis
processes which will enrich the interstellar medium with new elements.

The 26Al emission from the Cygnus region was first reported by the COMPTEL imaging
observations (see Fig. 5). With two years of COMPTEL data, del Rio et al. (1996) derived
a flux of (7.0 ± 1.4) × 10−5ph cm−2 s−1 from a sky region defined as 73◦ < l < 93◦ , −9◦ <
b < 9◦. Using 9 years of COMPTEL data, Plüschke (2001) found a flux of (10.3 ± 2.0) ×
10−5ph cm−2 s−1 from a slightly larger region covering 70◦ < l < 96◦ , −9◦ < b < 25◦ .

INTEGRAL/SPI has done deep surveys around the Cygnus region. 26Al line shape of Cygnus
has been detailedly studied by SPI. With early SPI data, the first result of 26Al line emission
from the Cygnus region showed a 1809 keV line flux of (7.3 ± 1.8)× 10−5ph cm−2 s−1 from
a sky region defined as 73◦ < l < 93◦ , |b| < 9◦ (Knödlseder et al., 2004). The 26Al line
from Cygnus appears moderately broadening, with an intrinsic FWHM of (3.3 ± 1.3) keV.
Recently, new SPI results show the 26Al flux of ∼ (7.2 ± 1.2)× 10−5ph cm−2 s−1 for the region
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Fig. 14. Distribution of O and WR stars (red and black stars) as well as SNR (blue circles) and
OB associations (green ellipses) in the direction of Cygnus as viewed from above the galactic
plane (from Plüschke 2001). The sun is allocated along the y-axis at 8.0 kpc.
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Fig. 15. Spectra of 26Al line emission from the Cygnus region: left panel from Wang (2007);
right one from Martin et al. (2009a). Both analyses show the 26Al line flux around
(6 − 7)× 10−5ph cm−2 s−1 with a narrow line feature.

of 65◦ < l < 95◦ , −13◦ < b < 17◦ (Fig. 15 left panel), but found a narrow line feature
with an intrinsic FWHM of 0.9 ± 0.8 keV (Wang 2007; 2008). The narrow line feature was
confirmed by re-analysis SPI data by Martin et al. (2009), in which the 26Al decay emission
from Cygnus was represented as a 3◦ × 3◦ Gaussian centred on (l, b) = (81◦ , 0.1◦), a position
consistent with that of the massive Cyg OB2 cluster thought to dominate the energetics and
nucleosynthesis of the Cygnus complex (Fig. 15 right panel). They obtained an 26Al flux of
(6.0± 1.0)× 10−5ph cm−2 s−1. In addition, they considered the possible Galactic background
and foreground contributions, reducing the 26Al flux of the Cygnus region to ∼ (3.9 ± 1.1)×
10−5ph cm−2 s−1. This reduced 26Al flux is comparable with the predicted one based on the
latest models of stellar nucleosysnthesis (Martin et al. 2010).

4.5.2 Sco-Cen

The nearest site of massive star formation, the Scorpius-Centaurus-Lupus region (hereafter
the Sco-Cen region), is about 100 – 150 pc from the Sun. Nearby young stars are seen mostly
in the Southern Hemisphere, which is related to recent massive star formation in Sco-Cen OB
association that consists of three sub-regions: Upper Scorpius (US), Upper Centaurus Lupus
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Fig. 16. Distribution of young stars including pre-main sequence stars (PMS) and young
early-type stars in Sco-Cen region (from Sartori et al. 2003). Three sub-groups, UC, UCL and
LCC are notified with the dashed-line boxes. The Chamaeleon OB association could be an
extension of the Sco-Cen one. The positions of the rho Ophiuchus active star formation
region and the Lupus cloud complex are also marked.

(UCL), and Lower Centaurus Crux (LCC), each distinguishable by different sky positions, age
(de Geus et al., 1989), and kinematics (de Zeeuw et al. 1999, see Fig. 16).

The closest of the three sub-regions is Lower Centaurus-Crux (LCC) with an estimated
distance of ∼ 120 pc (de Zeeuw et al., 1999). The age of LCC is thought to be 10– 20
Myr (de Geus et al., 1989). LCC is located toward the direction of the Galactic plane (
−70◦ < l < −40◦), and may contribute to 26Al line emission observed by COMPTEL and
SPI in the plane.

US and UCL are located at latitudes above the Galactic plane. The mean distance of UCL
is ∼ 140 pc, with an age of ∼ 10 Myr (de Geus et al., 1989; de Zeeuw et al., 1999). UC is
the youngest one with an age of ∼ 5 − 10 Myr. Its mean distance is ∼ 145 pc (de Geus et
al., 1989; de Zeeuw et al., 1999). The rho Ophiuchus star forming region is located near the
center of this group (Fig. 16). UC is just located in the direction above the Galactic centre
(l ∼ −5◦, b ∼ 18◦), so the 26Al emission structure in this direction observed by COMPTEL
(Fig. 5) is most probably attributed to the UC OB association.

In Fig. 12, the significant excess of 26Al emission in the intermediate latitudes 5◦ < b <
20◦ , l < 0◦ suggests that this extra 26Al emission should be attributed to nearby Sco-Cen
OB associations. With more than 5 years of SPI observations, 26Al gamma-ray signal toward
Sco-Cen is detected with a significance level of ∼ 5σ (Diehl et al., 2010). The 26Al line spectrum
toward the Sco-Cen region is presented in Fig. 17. The observed flux of Sco-Cen is about
6 × 10−5ph cm−2 s−1 for the region of 12◦ < b < 32◦, −16◦ < l < −2◦. This 26Al flux
corresponds to 1.1 × 10−4 M� at a distance of 150 pc. A typical 26Al yield from a massive star
in mass range 8–40 M� is about 10−4 M� (Limongi & Chieffi, 2006; Woosley & Heger, 2007),
which is consistent with the derived 26Al mass from observations. In Upper Sco, the most
massive star is presumably a 50 M� O5–O6 star, which may have exploded as a supernova
about 1.5 Myr ago; the pulsar PSR J1932+1059 may be its compact remnant (Hoogerwerf et
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Fig. 15. Spectra of 26Al line emission from the Cygnus region: left panel from Wang (2007);
right one from Martin et al. (2009a). Both analyses show the 26Al line flux around
(6 − 7)× 10−5ph cm−2 s−1 with a narrow line feature.

of 65◦ < l < 95◦ , −13◦ < b < 17◦ (Fig. 15 left panel), but found a narrow line feature
with an intrinsic FWHM of 0.9 ± 0.8 keV (Wang 2007; 2008). The narrow line feature was
confirmed by re-analysis SPI data by Martin et al. (2009), in which the 26Al decay emission
from Cygnus was represented as a 3◦ × 3◦ Gaussian centred on (l, b) = (81◦ , 0.1◦), a position
consistent with that of the massive Cyg OB2 cluster thought to dominate the energetics and
nucleosynthesis of the Cygnus complex (Fig. 15 right panel). They obtained an 26Al flux of
(6.0± 1.0)× 10−5ph cm−2 s−1. In addition, they considered the possible Galactic background
and foreground contributions, reducing the 26Al flux of the Cygnus region to ∼ (3.9 ± 1.1)×
10−5ph cm−2 s−1. This reduced 26Al flux is comparable with the predicted one based on the
latest models of stellar nucleosysnthesis (Martin et al. 2010).

4.5.2 Sco-Cen

The nearest site of massive star formation, the Scorpius-Centaurus-Lupus region (hereafter
the Sco-Cen region), is about 100 – 150 pc from the Sun. Nearby young stars are seen mostly
in the Southern Hemisphere, which is related to recent massive star formation in Sco-Cen OB
association that consists of three sub-regions: Upper Scorpius (US), Upper Centaurus Lupus
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Fig. 16. Distribution of young stars including pre-main sequence stars (PMS) and young
early-type stars in Sco-Cen region (from Sartori et al. 2003). Three sub-groups, UC, UCL and
LCC are notified with the dashed-line boxes. The Chamaeleon OB association could be an
extension of the Sco-Cen one. The positions of the rho Ophiuchus active star formation
region and the Lupus cloud complex are also marked.

(UCL), and Lower Centaurus Crux (LCC), each distinguishable by different sky positions, age
(de Geus et al., 1989), and kinematics (de Zeeuw et al. 1999, see Fig. 16).

The closest of the three sub-regions is Lower Centaurus-Crux (LCC) with an estimated
distance of ∼ 120 pc (de Zeeuw et al., 1999). The age of LCC is thought to be 10– 20
Myr (de Geus et al., 1989). LCC is located toward the direction of the Galactic plane (
−70◦ < l < −40◦), and may contribute to 26Al line emission observed by COMPTEL and
SPI in the plane.

US and UCL are located at latitudes above the Galactic plane. The mean distance of UCL
is ∼ 140 pc, with an age of ∼ 10 Myr (de Geus et al., 1989; de Zeeuw et al., 1999). UC is
the youngest one with an age of ∼ 5 − 10 Myr. Its mean distance is ∼ 145 pc (de Geus et
al., 1989; de Zeeuw et al., 1999). The rho Ophiuchus star forming region is located near the
center of this group (Fig. 16). UC is just located in the direction above the Galactic centre
(l ∼ −5◦, b ∼ 18◦), so the 26Al emission structure in this direction observed by COMPTEL
(Fig. 5) is most probably attributed to the UC OB association.

In Fig. 12, the significant excess of 26Al emission in the intermediate latitudes 5◦ < b <
20◦ , l < 0◦ suggests that this extra 26Al emission should be attributed to nearby Sco-Cen
OB associations. With more than 5 years of SPI observations, 26Al gamma-ray signal toward
Sco-Cen is detected with a significance level of ∼ 5σ (Diehl et al., 2010). The 26Al line spectrum
toward the Sco-Cen region is presented in Fig. 17. The observed flux of Sco-Cen is about
6 × 10−5ph cm−2 s−1 for the region of 12◦ < b < 32◦, −16◦ < l < −2◦. This 26Al flux
corresponds to 1.1 × 10−4 M� at a distance of 150 pc. A typical 26Al yield from a massive star
in mass range 8–40 M� is about 10−4 M� (Limongi & Chieffi, 2006; Woosley & Heger, 2007),
which is consistent with the derived 26Al mass from observations. In Upper Sco, the most
massive star is presumably a 50 M� O5–O6 star, which may have exploded as a supernova
about 1.5 Myr ago; the pulsar PSR J1932+1059 may be its compact remnant (Hoogerwerf et
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Fig. 17. 26Al spectra for Sco-Cen by the 5-year SPI data. The 26Al flux is derived as
F ∼ (6.0 ± 1.1)× 10−5ph cm−2 s−1 (from Diehl et al., 2010). A significant blueshift of line
centroid energy is found.

al., 2000; Chatterjee et al., 2004). But because of uncertainty of this event and no obvious
supernova activity being evident in Sco-Cen less than 1 My ago, the observed 26Al could be
a product of massive-star nucleosynthesis from a number of sources during an earlier epoch,
rather than from a single event, like a supernova explosion.

The line width of ∼ 3 keV is consistent with the instrumental line width of SPI at 1809 keV,
implying no additional astrophysical line broadening in the Sco-Cen region. If we compare
the centroid line energy with the 26Al -decay laboratory value for the γ-ray energy of 1808.63
keV, a blueshift of 0.8 keV is evident. This blueshift suggests a kinematic Doppler effect from
bulk motion of 26Al ejecta corresponding to about 140 km s−1 toward us. The bulk motions
of 26Al ejecta in the Sco-Cen region suggest that the very nearby 26Al sources have a quite
different behavior in dynamics from the large scale feature in the inner Galaxy.

The origin of this bulk motions is still uncertain. The cavity surrounding Upper Sco appears
to expand with a velocity of about 10±2 km s−1, together with the relative motion of Sco-Cen
stars with respect to the Sun of about 5 km s−1, an approaching relative velocity of the entire
complex is only few tens of km s−1 at most. But decaying 26Al moves at higher velocities. So
we exclude the association between the 26Al decays and the cavity walls. The initial velocity
of 26Al ejecta from massive star winds and supernova explosion is about 1000 –1500 km s−1,
which will slow down due to the interactions with the interstellar medium. Generally, if
the medium is homogenous, the expanding 26Al ejecta would be isotropic. In this case, the
isotropic motions of 26Al ejecta (∼ 140 km s−1) would induce a significant line broadening,
but this Doppler broadening is not detected in SPI observations (Fig. 17). The possibility of
inhomogenous ISM around the Sco-Cen region leads to the fast flowing 26Al materials toward
us. The other possibility is related to the assumed scenario that the 26Al ejecta originated
in Sco-Cen stream into the pre-blown cavity around it, decelerating through turbulence and
interactions with the cavity walls (Diehl et al. 2010). The size of the cavity walls will be very
large. Thus the whole 26Al emission from the cavity walls is more extended on the sky. The
detected region (12◦ < b < 32◦ , −16◦ < l < −2◦) is small but bright compared with the total
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Fig. 18. The decay scheme of 60Fe . The mean lifetime is about (2 − 3)× 106 years. The
gamma-ray flux at 59 kev line is ∼ 2% of those at 1173 and 1332 keV.

extended 26Al emission region. However, we cannot detect such more extended emission
yet, both because it may be weaker than the main feature we show here, and because other
locations of Sco-Cen stars overlap with Galactic-disk viewing directions.

5. Diffuse 60Fe emission of the Galaxy

60Fe is an unstable nucleus whose terrestrial half-life is � 1.5× 106 years (recent measurements
suggest a longer half-life time of ∼ 2.6 × 106 yr, Rugel et al. 2009), and it is located at
the neutron rich side of the “valley of stable isotopes”. The 60Fe isotope is synthesized in
neutron capture reactions from the 56Fe isotope which is abundant from former equilibrium
nucleosynthesis of 56Ni and its decay, Such s-process is expected to occur in stellar regions
with efficient neutron-liberating reactions, e.g., 13C and 20Ne α captures, hence in the O/Ne
burning shell and bottom of He burning shell of core-collapse supernovae, and the He burning
shell inside massive stars.

The decay chains of 60Fe are shown in Fig. 18. 60Fe firstly decays to 60Co, with emitting γ-ray
photons at 59 keV, and then decays to 60Ni, with emitting γ-ray photons at 1173 and 1332 keV.
The gamma-ray efficiency of the 59 keV transition is only ∼ 2% of those at 1173 and 1332 keV,
so the gamma-ray flux at 59 keV is much lower than the fluxes of the high energy lines. The
59 keV gamma-ray line is very difficult to be detected with present missions. Measurements
of the two high energy lines have been the main scientific target to study the radioactive 60Fe
isotope in the Galaxy.

60Fe has been found to be part of meteorites formed in the early solar system (Shukolyukov
& Lugmair, 1993). The inferred 60Fe /56Fe ratio for these meteorites exceeded the
interstellar-medium estimates from nucleosynthesis models, which led to suggestion that
the late supernova ejection of 60Fe occurred before formation of the solar system (Tachibana
& Huss, 2003; Tachibana et al., 2006). Yet, this is a proof for cosmic 60Fe production,
accelerator-mass spectroscopy of seafloor crust material from the southern Pacific ocean has
revealed an 60Fe excess in a crust depth corresponding to an age of 2.8 Myr (Knie et al.,
2004). From this interesting measurement, it is concluded that a supernova explosion event
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Fig. 17. 26Al spectra for Sco-Cen by the 5-year SPI data. The 26Al flux is derived as
F ∼ (6.0 ± 1.1)× 10−5ph cm−2 s−1 (from Diehl et al., 2010). A significant blueshift of line
centroid energy is found.

al., 2000; Chatterjee et al., 2004). But because of uncertainty of this event and no obvious
supernova activity being evident in Sco-Cen less than 1 My ago, the observed 26Al could be
a product of massive-star nucleosynthesis from a number of sources during an earlier epoch,
rather than from a single event, like a supernova explosion.

The line width of ∼ 3 keV is consistent with the instrumental line width of SPI at 1809 keV,
implying no additional astrophysical line broadening in the Sco-Cen region. If we compare
the centroid line energy with the 26Al -decay laboratory value for the γ-ray energy of 1808.63
keV, a blueshift of 0.8 keV is evident. This blueshift suggests a kinematic Doppler effect from
bulk motion of 26Al ejecta corresponding to about 140 km s−1 toward us. The bulk motions
of 26Al ejecta in the Sco-Cen region suggest that the very nearby 26Al sources have a quite
different behavior in dynamics from the large scale feature in the inner Galaxy.

The origin of this bulk motions is still uncertain. The cavity surrounding Upper Sco appears
to expand with a velocity of about 10±2 km s−1, together with the relative motion of Sco-Cen
stars with respect to the Sun of about 5 km s−1, an approaching relative velocity of the entire
complex is only few tens of km s−1 at most. But decaying 26Al moves at higher velocities. So
we exclude the association between the 26Al decays and the cavity walls. The initial velocity
of 26Al ejecta from massive star winds and supernova explosion is about 1000 –1500 km s−1,
which will slow down due to the interactions with the interstellar medium. Generally, if
the medium is homogenous, the expanding 26Al ejecta would be isotropic. In this case, the
isotropic motions of 26Al ejecta (∼ 140 km s−1) would induce a significant line broadening,
but this Doppler broadening is not detected in SPI observations (Fig. 17). The possibility of
inhomogenous ISM around the Sco-Cen region leads to the fast flowing 26Al materials toward
us. The other possibility is related to the assumed scenario that the 26Al ejecta originated
in Sco-Cen stream into the pre-blown cavity around it, decelerating through turbulence and
interactions with the cavity walls (Diehl et al. 2010). The size of the cavity walls will be very
large. Thus the whole 26Al emission from the cavity walls is more extended on the sky. The
detected region (12◦ < b < 32◦ , −16◦ < l < −2◦) is small but bright compared with the total
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Fig. 18. The decay scheme of 60Fe . The mean lifetime is about (2 − 3)× 106 years. The
gamma-ray flux at 59 kev line is ∼ 2% of those at 1173 and 1332 keV.

extended 26Al emission region. However, we cannot detect such more extended emission
yet, both because it may be weaker than the main feature we show here, and because other
locations of Sco-Cen stars overlap with Galactic-disk viewing directions.

5. Diffuse 60Fe emission of the Galaxy

60Fe is an unstable nucleus whose terrestrial half-life is � 1.5× 106 years (recent measurements
suggest a longer half-life time of ∼ 2.6 × 106 yr, Rugel et al. 2009), and it is located at
the neutron rich side of the “valley of stable isotopes”. The 60Fe isotope is synthesized in
neutron capture reactions from the 56Fe isotope which is abundant from former equilibrium
nucleosynthesis of 56Ni and its decay, Such s-process is expected to occur in stellar regions
with efficient neutron-liberating reactions, e.g., 13C and 20Ne α captures, hence in the O/Ne
burning shell and bottom of He burning shell of core-collapse supernovae, and the He burning
shell inside massive stars.

The decay chains of 60Fe are shown in Fig. 18. 60Fe firstly decays to 60Co, with emitting γ-ray
photons at 59 keV, and then decays to 60Ni, with emitting γ-ray photons at 1173 and 1332 keV.
The gamma-ray efficiency of the 59 keV transition is only ∼ 2% of those at 1173 and 1332 keV,
so the gamma-ray flux at 59 keV is much lower than the fluxes of the high energy lines. The
59 keV gamma-ray line is very difficult to be detected with present missions. Measurements
of the two high energy lines have been the main scientific target to study the radioactive 60Fe
isotope in the Galaxy.

60Fe has been found to be part of meteorites formed in the early solar system (Shukolyukov
& Lugmair, 1993). The inferred 60Fe /56Fe ratio for these meteorites exceeded the
interstellar-medium estimates from nucleosynthesis models, which led to suggestion that
the late supernova ejection of 60Fe occurred before formation of the solar system (Tachibana
& Huss, 2003; Tachibana et al., 2006). Yet, this is a proof for cosmic 60Fe production,
accelerator-mass spectroscopy of seafloor crust material from the southern Pacific ocean has
revealed an 60Fe excess in a crust depth corresponding to an age of 2.8 Myr (Knie et al.,
2004). From this interesting measurement, it is concluded that a supernova explosion event
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near the solar system occurred about 3 Myr ago, depositing some of its debris directly in the
earth’s atmosphere. All these measurements based on material samples demonstrate that 60Fe
necleosynthesis does occur in nature. It is now interesting to search for current 60Fe production
in the Galaxy through detecting radioactive-decay γ-ray lines.

Many experiments and efforts were made to measure the 60Fe gamma-ray emission. The
first detection of 60Fe lines was provided by HEAO-3, the 60Fe flux from the inner Galaxy
region (−30◦ < l < 30◦) is ∼ (5.3 ± 4.3) × 10−5 ph cm−2 s−1 rad−1 (Mahoney et al., 1982).
The SMM Gamma-Ray Spectrometer reported a 60Fe flux of (2.9 ± 2.5) × 10−5 ph cm−2 s−1

rad−1 (Leising & Share, 1994). OSSE aboard the COMPTON Observatory gave a 60Fe flux
of (6.3 ± 4.5) × 10−5 ph cm−2 s−1 rad−1 (Harris et al., 1994; 1997). And COMPTEL aboard
the COMPTON Observatory also reported a 60Fe flux limit of 1.2× 10−4 ph cm−2 s−1 rad−1

(2σ, Diehl et al. 1997). The Gamma-Ray Imaging Spectrometer (GRIS) reported an upper limit
for the 60Fe flux of 6.8× 10−5 ph cm−2 s−1 rad−1 (2σ, Naya et al. 1998). Recently, RHESSI
reported observations of the gamma-ray lines from 60Fe with a signal of 2.6 σ significance,
and an average flux of (3.6 ± 1.4)× 10−5ph cm−2 s−1 (Smith, 2004b) from the inner Galaxy.

The analysis of the first year of data from the SPI data resulted in a similarly
marginally-significant detection of these γ-ray lines from 60Fe (∼ 3σ, Harris et al. 2005), with
an average line flux of (3.7 ± 1.1)× 10−5ph cm−2 s−1 from the inner Galaxy. With more than
3-year SPI data, we detected the diffuse 60Fe emission in the Galaxy with a significance level
of ∼ 5σ by superposing two gamma-ray lines at 1173 keV and 1332 keV (Fig. 19, Wang et al.,
2007). Line energies of the 60Fe lines in the laboratory are 1173.23 and 1332.49 keV. For this
superposition, we therefore define the zero of the relative energy axis at 1173 and 1333 keV, to
derive the summed spectrum of all 60Fe signals. The line flux estimated from the combined
spectrum is (4.4 ± 0.9)× 10−5ph cm−2 s−1 rad−1.

We also done searching for the possible 60Fe signal in nearby star-formation regions, like
the Cygnus and Vela regions. Since the majority of Cygnus region star-clusters are young
(∼ 3 Myr), from population synthesis studies of the massive stars in the Cygnus region it
has been suggested that the 60Fe production is low, consistent with the small number of
recent supernova events inferred for this region (F(1173 keV) ∼ 2 × 10−6ph cm−2 s−1, see
Knödlseder et al., 2002). The Vela region including a core-collapse supernova remnant Vela
SNR at d ∼ 250 pc (Cha et al., 1999) should be a good candidate for gamma-ray line emission
from 60Fe. With the SPI data, no significant 60Fe signal was detected in theses regions with an
upper limit of ∼ 1.1 × 10−5ph cm−2 s−1 (2σ) (Wang et al. 2007; Martin et al., 2009a).

6. The ratio of 60Fe/26Al

26Al and 60Fe would share at least some of the same production sites, i.e. massive stars and
supernovae (Timmes et al. 1995; Limongi & Chieffi 2006). In addition both are long-lived
radioactive isotopes, so we have good reasons to believe their gamma-ray distributions are
similar as well. Therefore we adopt the sky distribution of 26Al gamma-rays as our best model
for celestial 60Fe gamma-ray distribution. And we use an 26Al distribution obtained in direct
observations, from the 9-year COMPTEL data (Plüschke et al., 2001).

Different theoretical models have predicted the ratio of 60Fe/26Al (Limongi & Chieffi, 2006;
Prantzos, 2004; Timmes et al., 1995). Gamma-ray observations could detect these two isotopes
and report the flux ratio of 60Fe/26Al which can be directly compared with theories. Therefore,
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Fig. 19. The combined spectrum of the 60Fe signal in the inner Galaxy by SPI, superimposing
two gamma-ray lines (from Wang et al., 2007). In the laboratory, the line energies are 1173.23
and 1332.49 keV; here superimposed bins are zero at 1173 and 1332 keV. We find a detection
significance of 4.9σ. The solid line represents a fitted Gaussian profile of fixed instrumental
width (2.76 keV), and a flat continuum. The average line flux is estimated as
(4.4 ± 0.9)× 10−5ph cm−2 s−1 rad−1.

Table 1. Different measurements of 60Fe flux from the inner Galaxy and 60Fe/26Al flux ratio

Experiments 60Fe flux (10−5 ph cm−2 s−1 rad−1) F(60Fe)/F(26Al) references
HEAO-3 5.3 ± 4.3 0.09 ± 0.08 Mahoney et al. 1982
SMM 2.9 ± 2.5 0.1 ± 0.08 Leising & Share 1994
OSSE 6.3 ± 4.5 0.21 ± 0.15 Harris et al. 1997
COMPTEL < 12(2σ) 0.17 ± 0.135 Diehl et al. 1997
GRIS < 6.8(2σ) < 0.14(2σ) Naya et al. 1998
RHESSI 6.3 ± 5.0 0.16 ± 0.13 Smith 2004a
RHESSI 3.6 ± 1.4 0.10 ± 0.04 Smith 2004b
SPI 3.7 ± 1.1 0.11 ± 0.07 Harris et al. 2005
SPI 4.4 ± 0.9 0.148 ± 0.06 Wang et al. 2007

the measurement of the gamma-ray flux ratio 60Fe/26Al is important for discussions of the
astrophysical origins of the two radioactive isotopes, and the nuclear physics involved in
models for their production (addressing the uncertain nuclear reaction cross sections and
half-lives).

Many experiments and efforts were made (see Table 1) to measure the 60Fe/26Al flux ratio that
was predicted by theory – we now provide the most significant detection to date. In Figure
20, we show the previous constraints on the flux ratio of 60Fe/ 26Al together with the present
SPI result, and compare the observational results with different theoretical predictions. The
earliest observational limit was given from HEAO-3, F(60Fe)/F(26Al) = 0.09± 0.08, an upper
limit being 0.27 (Mahoney et al., 1982) (in Fig. 20, we chose to give limits at 2σ for all reported
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near the solar system occurred about 3 Myr ago, depositing some of its debris directly in the
earth’s atmosphere. All these measurements based on material samples demonstrate that 60Fe
necleosynthesis does occur in nature. It is now interesting to search for current 60Fe production
in the Galaxy through detecting radioactive-decay γ-ray lines.

Many experiments and efforts were made to measure the 60Fe gamma-ray emission. The
first detection of 60Fe lines was provided by HEAO-3, the 60Fe flux from the inner Galaxy
region (−30◦ < l < 30◦) is ∼ (5.3 ± 4.3) × 10−5 ph cm−2 s−1 rad−1 (Mahoney et al., 1982).
The SMM Gamma-Ray Spectrometer reported a 60Fe flux of (2.9 ± 2.5) × 10−5 ph cm−2 s−1

rad−1 (Leising & Share, 1994). OSSE aboard the COMPTON Observatory gave a 60Fe flux
of (6.3 ± 4.5) × 10−5 ph cm−2 s−1 rad−1 (Harris et al., 1994; 1997). And COMPTEL aboard
the COMPTON Observatory also reported a 60Fe flux limit of 1.2× 10−4 ph cm−2 s−1 rad−1

(2σ, Diehl et al. 1997). The Gamma-Ray Imaging Spectrometer (GRIS) reported an upper limit
for the 60Fe flux of 6.8× 10−5 ph cm−2 s−1 rad−1 (2σ, Naya et al. 1998). Recently, RHESSI
reported observations of the gamma-ray lines from 60Fe with a signal of 2.6 σ significance,
and an average flux of (3.6 ± 1.4)× 10−5ph cm−2 s−1 (Smith, 2004b) from the inner Galaxy.

The analysis of the first year of data from the SPI data resulted in a similarly
marginally-significant detection of these γ-ray lines from 60Fe (∼ 3σ, Harris et al. 2005), with
an average line flux of (3.7 ± 1.1)× 10−5ph cm−2 s−1 from the inner Galaxy. With more than
3-year SPI data, we detected the diffuse 60Fe emission in the Galaxy with a significance level
of ∼ 5σ by superposing two gamma-ray lines at 1173 keV and 1332 keV (Fig. 19, Wang et al.,
2007). Line energies of the 60Fe lines in the laboratory are 1173.23 and 1332.49 keV. For this
superposition, we therefore define the zero of the relative energy axis at 1173 and 1333 keV, to
derive the summed spectrum of all 60Fe signals. The line flux estimated from the combined
spectrum is (4.4 ± 0.9)× 10−5ph cm−2 s−1 rad−1.

We also done searching for the possible 60Fe signal in nearby star-formation regions, like
the Cygnus and Vela regions. Since the majority of Cygnus region star-clusters are young
(∼ 3 Myr), from population synthesis studies of the massive stars in the Cygnus region it
has been suggested that the 60Fe production is low, consistent with the small number of
recent supernova events inferred for this region (F(1173 keV) ∼ 2 × 10−6ph cm−2 s−1, see
Knödlseder et al., 2002). The Vela region including a core-collapse supernova remnant Vela
SNR at d ∼ 250 pc (Cha et al., 1999) should be a good candidate for gamma-ray line emission
from 60Fe. With the SPI data, no significant 60Fe signal was detected in theses regions with an
upper limit of ∼ 1.1 × 10−5ph cm−2 s−1 (2σ) (Wang et al. 2007; Martin et al., 2009a).

6. The ratio of 60Fe/26Al

26Al and 60Fe would share at least some of the same production sites, i.e. massive stars and
supernovae (Timmes et al. 1995; Limongi & Chieffi 2006). In addition both are long-lived
radioactive isotopes, so we have good reasons to believe their gamma-ray distributions are
similar as well. Therefore we adopt the sky distribution of 26Al gamma-rays as our best model
for celestial 60Fe gamma-ray distribution. And we use an 26Al distribution obtained in direct
observations, from the 9-year COMPTEL data (Plüschke et al., 2001).

Different theoretical models have predicted the ratio of 60Fe/26Al (Limongi & Chieffi, 2006;
Prantzos, 2004; Timmes et al., 1995). Gamma-ray observations could detect these two isotopes
and report the flux ratio of 60Fe/26Al which can be directly compared with theories. Therefore,
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Fig. 19. The combined spectrum of the 60Fe signal in the inner Galaxy by SPI, superimposing
two gamma-ray lines (from Wang et al., 2007). In the laboratory, the line energies are 1173.23
and 1332.49 keV; here superimposed bins are zero at 1173 and 1332 keV. We find a detection
significance of 4.9σ. The solid line represents a fitted Gaussian profile of fixed instrumental
width (2.76 keV), and a flat continuum. The average line flux is estimated as
(4.4 ± 0.9)× 10−5ph cm−2 s−1 rad−1.

Table 1. Different measurements of 60Fe flux from the inner Galaxy and 60Fe/26Al flux ratio

Experiments 60Fe flux (10−5 ph cm−2 s−1 rad−1) F(60Fe)/F(26Al) references
HEAO-3 5.3 ± 4.3 0.09 ± 0.08 Mahoney et al. 1982
SMM 2.9 ± 2.5 0.1 ± 0.08 Leising & Share 1994
OSSE 6.3 ± 4.5 0.21 ± 0.15 Harris et al. 1997
COMPTEL < 12(2σ) 0.17 ± 0.135 Diehl et al. 1997
GRIS < 6.8(2σ) < 0.14(2σ) Naya et al. 1998
RHESSI 6.3 ± 5.0 0.16 ± 0.13 Smith 2004a
RHESSI 3.6 ± 1.4 0.10 ± 0.04 Smith 2004b
SPI 3.7 ± 1.1 0.11 ± 0.07 Harris et al. 2005
SPI 4.4 ± 0.9 0.148 ± 0.06 Wang et al. 2007

the measurement of the gamma-ray flux ratio 60Fe/26Al is important for discussions of the
astrophysical origins of the two radioactive isotopes, and the nuclear physics involved in
models for their production (addressing the uncertain nuclear reaction cross sections and
half-lives).

Many experiments and efforts were made (see Table 1) to measure the 60Fe/26Al flux ratio that
was predicted by theory – we now provide the most significant detection to date. In Figure
20, we show the previous constraints on the flux ratio of 60Fe/ 26Al together with the present
SPI result, and compare the observational results with different theoretical predictions. The
earliest observational limit was given from HEAO-3, F(60Fe)/F(26Al) = 0.09± 0.08, an upper
limit being 0.27 (Mahoney et al., 1982) (in Fig. 20, we chose to give limits at 2σ for all reported
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values below a significance of 3σ). Another limit was obtained with the SMM Gamma-Ray
Spectrometer, a flux ratio of 0.1 ± 0.08, the upper limit being ∼ 0.27 (Leising & Share, 1994).
OSSE aboard the COMPTON Observatory gave a flux ratio of 0.21 ± 0.15, and the upper limit
is ∼ 0.51 (Harris et al., 1994; 1997). COMPTEL aboard the COMPTON Observatory also found
60Fe gamma-rays, and reported a flux ratio value of 60Fe/ 26Al of 0.17± 0.135, which translates
into an upper limit ∼ 0.44 (Diehl et al., 1997). The Gamma-Ray Imaging Spectrometer (GRIS)
reported an upper limit for the ratio of < 0.14 (2σ, Naya et al. 1998). RHESSI has reported
the first detection of 60Fe gamma-ray lines, and gave a flux ratio 0.16 ± 0.13 for two-year data
(Smith, 2004a). The first year data of SPI gave a flux ratio 0.11 ± 0.07 (Harris et al., 2005), and
the present analysis of the 3-year SPI data finds a flux ratio 0.148 ± 0.06 (Wang et al. 2007).

Theoretical predictions of the ratio of 60Fe/ 26Al have undergone some changes since
Timmes et al. (1995) published the first detailed theoretical prediction. In their paper, they
combine a model for 26Al and 60Fe nucleosynthesis in supernova explosions with a model
of chemical evolution, to predict that the steady production rates are (2.0 ± 1.0)M� Myr−1

for 26Al, and (0.75 ± 0.4)M� Myr−1 for 60Fe, which corresponds to a gamma-ray flux
ratio F(60Fe)/F(26Al) = 0.16 ± 0.12. This prediction would be consistent with our
present measurements. Since 2002, theoreticians have improved various aspects of the
stellar-evolution models, including improved stellar wind models and the corresponding
mass loss effects on stellar structure and evolution, of mixing effects from rotation, and
also updated nuclear cross sections in the nucleosynthesis parts of the models. As a result,
predicted flux ratios 60Fe/ 26Al rather fell into the range 0.8 ± 0.4 (see Prantzos 2004, based
on, e.g. Rauscher et al. 2002, Limongi & Chieffi 2003) – such high values would be inconsistent
with several observational limits and our SPI result. Recently, new 26Al and 60Fe yield models
are presented (Limongi & Chieffi, 2006; Woosley & Heger, 2007), for stars of solar metallicity
ranging in mass from (11 − 120)M�. Limongi & Chieffi (2006) then combined their models
of full stellar evolution up to and including the supernova with an adopted mass function
to obtain a new prediction with latest nuclear reaction rate inputs. Their calculations yield a
lower prediction for the 60Fe/ 26Al flux ratio of 0.185 ± 0.0625, which is again consistent with
the observational constraints (see Fig. 20).

In summary, uncertainties still exist, both in models and measurements of 60Fe. On the
theory side, stellar evolution in late stages is complex, nuclear reactions include neutron
capture on unstable Fe isotopes, and explosive nucleosynthesis adds yet another complex
ingredient. On the experimental side, the half-lives of 26Al and 60Fe , cosmic ray induced
60Co radioactivity in the instrument and spacecraft and the limitations of spatial resolutions
and sensitivity are issues reflected in the substantial uncertainties in experimental values.
With more INTEGRAL/SPI data to come, and also with the development of next-generation
gamma-ray spectrometers/telescopes, gamma-ray observations hopefully can help with an
independent view on the astrophysical model components.

7. Summary and prospective

26Al and 60Fe have similar astrophysical origins in the Galaxy. Their nucleosynthesis and
ejection into the interstellar medium are dominated by massive stars, their evolution, winds,
and their subsequent core-collapse supernova explosions. With their much longer half-life
(more than 1 million years), 26Al and 60Fe may propagate over significant distances of � few
hundred pc, and accumulates in the interstellar medium from many stars and supernovae
until injection and β-decay are in balance in the ISM. 26Al emission shows the diffuse
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Fig. 20. Flux ratio of the gamma-ray lines from the two long-lived radioactive isotopes
60Fe/26Al from several observations, including our SPI result (also see Table 1; from Wang et
al., 2007), with upper limits shown at 2σ for all reported values, and comparison with the
recent theoretical estimates (the upper hatched region from Prantzos 2004; the horizontal line
taken from Timmes et al. 1995; the lower hatched region, see Limongi & Chieffi 2006). The
present SPI results find the line flux ratio to be (14.8 ± 6.0)%. Note that the primary
instrument results on 60Fe is compromised in the figure by different and uncertain 26Al
fluxes used for the 60Fe/26Al ratio.

Galaxy-wide feature which has been confirmed by the COMPTEL imaging observations, and
Galactic 60Fe emission may follow the similar diffuse distribution.

Diffuse γ-ray emissions from two long-lived radioactive isotopes 26Al and 60Fe in the Galaxy
are significantly detected by the INTEGRAL/SPI. With high spectral resolution in MeV energy
band, SPI has made the great progress on detecting diffuse 26Al and 60Fe emission and
studying their line shapes. Details of line shapes help us to understand the dynamics of the
ejected isotopes in the interstellar medium (e.g., nearby star formation regions) and in large
scales of the Galaxy.

The new results on diffuse emissions of Galactic 26Al and 60Fe from more than five years
of INTEGRAL/SPI observations and their astrophysical implications are briefly summarized
here as follows:

(1) The study of the 26Al line and its details in the large-scale of the Galaxy is one of the main
goals of the SPI spectrometer on INTEGRAL. Using SPI data, we detect 26Al γ-ray emission
signal in the Galaxy with a significance level of ∼ 30σ. The 26Al flux integrated over the inner
Galaxy of (2.9± 0.2)× 10−4 ph cm−2 s−1 rad−1. Taking the distance of the Sun to the Galactic
center as R0 = 8.5 kpc, we convert the measured 26Al flux to a Galactic 26Al mass of (2.6 ± 0.6)
M� . With detecting diffuse 26Al emission in the Galaxy, we can also independently derive
the core-collapse supernova rate of 1.9 ± 0.9 per century.

(2) The 26Al line centroid energy appears blue-shifted relative to the laboratory value of
1808.65 ± 0.07 keV if integrated over the inner Galaxy (∼ 1809.0 ± 0.1 keV). With refined
spatial resolution this turns out to be mostly due to asymmetric bulk motion which we find
along the plane of the Galaxy, and attribute to asymmetries in inner spiral arms and to the
Galaxy’s bar.
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values below a significance of 3σ). Another limit was obtained with the SMM Gamma-Ray
Spectrometer, a flux ratio of 0.1 ± 0.08, the upper limit being ∼ 0.27 (Leising & Share, 1994).
OSSE aboard the COMPTON Observatory gave a flux ratio of 0.21 ± 0.15, and the upper limit
is ∼ 0.51 (Harris et al., 1994; 1997). COMPTEL aboard the COMPTON Observatory also found
60Fe gamma-rays, and reported a flux ratio value of 60Fe/ 26Al of 0.17± 0.135, which translates
into an upper limit ∼ 0.44 (Diehl et al., 1997). The Gamma-Ray Imaging Spectrometer (GRIS)
reported an upper limit for the ratio of < 0.14 (2σ, Naya et al. 1998). RHESSI has reported
the first detection of 60Fe gamma-ray lines, and gave a flux ratio 0.16 ± 0.13 for two-year data
(Smith, 2004a). The first year data of SPI gave a flux ratio 0.11 ± 0.07 (Harris et al., 2005), and
the present analysis of the 3-year SPI data finds a flux ratio 0.148 ± 0.06 (Wang et al. 2007).

Theoretical predictions of the ratio of 60Fe/ 26Al have undergone some changes since
Timmes et al. (1995) published the first detailed theoretical prediction. In their paper, they
combine a model for 26Al and 60Fe nucleosynthesis in supernova explosions with a model
of chemical evolution, to predict that the steady production rates are (2.0 ± 1.0)M� Myr−1

for 26Al, and (0.75 ± 0.4)M� Myr−1 for 60Fe, which corresponds to a gamma-ray flux
ratio F(60Fe)/F(26Al) = 0.16 ± 0.12. This prediction would be consistent with our
present measurements. Since 2002, theoreticians have improved various aspects of the
stellar-evolution models, including improved stellar wind models and the corresponding
mass loss effects on stellar structure and evolution, of mixing effects from rotation, and
also updated nuclear cross sections in the nucleosynthesis parts of the models. As a result,
predicted flux ratios 60Fe/ 26Al rather fell into the range 0.8 ± 0.4 (see Prantzos 2004, based
on, e.g. Rauscher et al. 2002, Limongi & Chieffi 2003) – such high values would be inconsistent
with several observational limits and our SPI result. Recently, new 26Al and 60Fe yield models
are presented (Limongi & Chieffi, 2006; Woosley & Heger, 2007), for stars of solar metallicity
ranging in mass from (11 − 120)M�. Limongi & Chieffi (2006) then combined their models
of full stellar evolution up to and including the supernova with an adopted mass function
to obtain a new prediction with latest nuclear reaction rate inputs. Their calculations yield a
lower prediction for the 60Fe/ 26Al flux ratio of 0.185 ± 0.0625, which is again consistent with
the observational constraints (see Fig. 20).

In summary, uncertainties still exist, both in models and measurements of 60Fe. On the
theory side, stellar evolution in late stages is complex, nuclear reactions include neutron
capture on unstable Fe isotopes, and explosive nucleosynthesis adds yet another complex
ingredient. On the experimental side, the half-lives of 26Al and 60Fe , cosmic ray induced
60Co radioactivity in the instrument and spacecraft and the limitations of spatial resolutions
and sensitivity are issues reflected in the substantial uncertainties in experimental values.
With more INTEGRAL/SPI data to come, and also with the development of next-generation
gamma-ray spectrometers/telescopes, gamma-ray observations hopefully can help with an
independent view on the astrophysical model components.

7. Summary and prospective

26Al and 60Fe have similar astrophysical origins in the Galaxy. Their nucleosynthesis and
ejection into the interstellar medium are dominated by massive stars, their evolution, winds,
and their subsequent core-collapse supernova explosions. With their much longer half-life
(more than 1 million years), 26Al and 60Fe may propagate over significant distances of � few
hundred pc, and accumulates in the interstellar medium from many stars and supernovae
until injection and β-decay are in balance in the ISM. 26Al emission shows the diffuse
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Fig. 20. Flux ratio of the gamma-ray lines from the two long-lived radioactive isotopes
60Fe/26Al from several observations, including our SPI result (also see Table 1; from Wang et
al., 2007), with upper limits shown at 2σ for all reported values, and comparison with the
recent theoretical estimates (the upper hatched region from Prantzos 2004; the horizontal line
taken from Timmes et al. 1995; the lower hatched region, see Limongi & Chieffi 2006). The
present SPI results find the line flux ratio to be (14.8 ± 6.0)%. Note that the primary
instrument results on 60Fe is compromised in the figure by different and uncertain 26Al
fluxes used for the 60Fe/26Al ratio.

Galaxy-wide feature which has been confirmed by the COMPTEL imaging observations, and
Galactic 60Fe emission may follow the similar diffuse distribution.

Diffuse γ-ray emissions from two long-lived radioactive isotopes 26Al and 60Fe in the Galaxy
are significantly detected by the INTEGRAL/SPI. With high spectral resolution in MeV energy
band, SPI has made the great progress on detecting diffuse 26Al and 60Fe emission and
studying their line shapes. Details of line shapes help us to understand the dynamics of the
ejected isotopes in the interstellar medium (e.g., nearby star formation regions) and in large
scales of the Galaxy.

The new results on diffuse emissions of Galactic 26Al and 60Fe from more than five years
of INTEGRAL/SPI observations and their astrophysical implications are briefly summarized
here as follows:

(1) The study of the 26Al line and its details in the large-scale of the Galaxy is one of the main
goals of the SPI spectrometer on INTEGRAL. Using SPI data, we detect 26Al γ-ray emission
signal in the Galaxy with a significance level of ∼ 30σ. The 26Al flux integrated over the inner
Galaxy of (2.9± 0.2)× 10−4 ph cm−2 s−1 rad−1. Taking the distance of the Sun to the Galactic
center as R0 = 8.5 kpc, we convert the measured 26Al flux to a Galactic 26Al mass of (2.6 ± 0.6)
M� . With detecting diffuse 26Al emission in the Galaxy, we can also independently derive
the core-collapse supernova rate of 1.9 ± 0.9 per century.

(2) The 26Al line centroid energy appears blue-shifted relative to the laboratory value of
1808.65 ± 0.07 keV if integrated over the inner Galaxy (∼ 1809.0 ± 0.1 keV). With refined
spatial resolution this turns out to be mostly due to asymmetric bulk motion which we find
along the plane of the Galaxy, and attribute to asymmetries in inner spiral arms and to the
Galaxy’s bar.
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(3) The measured line width of 26Al from the large-scale integrated inner Galaxy with an upper
limit of 1.3 keV (2σ) is consistent with expectations from both Galactic rotation and modest
interstellar-medium turbulence around the sources of 26Al (turbulent velocities constrained
below 160 km s−1 even when disregarding the effects of galactic rotation).

(4) The brightness asymmetry of the 26Al line emission for the 1st and 4th quadrants is
discovered with a flux ratio of F4th/F1st ∼ 1.3. The 26Al emission asymmetry between fourth
and first quadrant of the Galaxy seems to be lower than the intensity contrast of 1.8+0.5

−0.3
reported for positron annihilation emission from the disk of the Galaxy (Weidenspointner
et al. 2008). 26Al by itself releases a positron in 82% of its decays; it is uncertain, however, how
this translates into annihilation photons, from the variety of slowing down and annihilation
processes which determine the fate of positrons in interstellar space. Both spatial and
temporal variations and non-linearities scaling with gas density may occur.

(5) The study of 26Al emission in spatially-restricted regions along the plane of the Galaxy
found the 26Al line centroid energy shifts along the Galactic plane: redshifts in the position
longitudes and blueshifts in the negative ones. The centroid line shift curve is consistent
with the Galactic rotation curve. What’s more, comparing the results for 26Al ejecta velocity
along the Galactic longitudes with other observations like HI, CO detections and theory still
suggests that the hot gas (26Al ) undergoes additional acceleration in the direction of Galactic
rotation (Fig. 11 bottom panel). Further analysis suggested that 26Al velocity curves are
incompatible with the circular orbits (Kretschmer, 2011). This implies that the Galactic bar
would have a major influence on the kinematics of 26Al ejecta in the inner Galaxy. Anther
possibility would be that 26Al ejecta from the young star populations in molecular clouds
would be emitted in the direction of Galactic rotation, possibly as a result of interaction with
nearby clouds, thereby reaching the high radial velocities observed by SPI (Kretschmer, 2011).

(6) The 26Al line towards the direction of 20◦ < l < 40◦ shows a hint for additional line
broadening. This line broadening may be attributed to the Aquila region which shows
increased interstellar turbulence from stellar-wind and supernova activity at the characteristic
age of stellar groups of that region, which may have created a supershell of substantial size
(320 × 550 pc, see Maciejewski et al. 1996).

(7) The scale height of Galactic-plane 26Al emission is 130+120
−70 pc (1σ), determined towards

the inner Galaxy (|l| < 60◦). The scale height of Galactic 26Al distributions is larger than the
distributions of molecular clouds which is generally around 50 pc. However, this scale height
is still significantly smaller than the “thick disk” part of the Galaxy. It is consistent with 26Al
being ejected from star-forming regions, and partly extending more towards the Galactic halo
where gas pressure is lower than within the plane of the Galaxy (“champagne flows”).

(8) 26Al emission brightness decreases significantly along the Galactic latitudes. But an
additional 26Al emission is discovered toward the intermediate latitude region of 5◦ < b <
30◦ , l < 0◦ . This component shows a hint for the 26Al emission originated in nearby
star-formation region Sco-Cen.

(9) 26Al line shapes from nearby star-formation regions (e.g., Cygnus and Sco-Cen) are
obtained. The 26Al line flux from the Cygnus region is ∼ 6 × 10−5 ph cm−2 s−1, consistent
with the previous COMPTEL result. No significant line broadening and shifts are detected.
The Sco-Cen region is the nearest star-formation region. INTEGRAL/SPI first discovered the
significant 26Al line emission from this region and derived the 26Al line shape. The 26Al flux
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from the Sco-Cen region is found to be 6 × 10−5 ph cm−2 s−1. In addition a blueshift of ∼ 0.8
keV for 26Al line centroid energy was discovered. The blueshift suggested that the observed
26Al ejecta in Sco-Cen have a bulk velocity of ∼ 140 km s−1 toward us. The origin of the 26Al
ejecta bulk motions is still unknown, which would require more observational constraint.

(10) INTEGRAL/SPI first confirmed the existence of Galactic 60Fe by detecting the γ-ray
emission lines at 1173 and 1332 keV from the sky. 60Fe signal was detected with a significance
level of ∼ 5σ by combining the two γ-ray emission lines. The average line flux is derived to
be 4.4 × 10−5 ph cm−2 s−1.

(11) The flux ratio of 60Fe /26Al is derived to be ∼ 15%. This ratio provides a good constraint on
the present nuclear reaction rate and massive star evolution models. There exist uncertainties
in both observations and theories. On the theory side, stellar evolution in late stages is
complex, nuclear reactions include neutron capture on unstable Fe isotopes, and explosive
nucleosynthesis adds yet another complex ingredient. On the experimental side, half-lives
of isotopes, cosmic ray induced 60Co radioactivity in the instrument and spacecraft and
the limitations of spatial resolutions and sensitivity are issues reflected in the substantial
uncertainties in experimental values.

INTEGRAL still continues to accumulate the observational data for several years, with more
exposure on the Galactic plane, covering more sky regions, specially in the intermediate
latitudes. The deeper observations along the Galactic plane will increase the significance of
the present results on 26Al and 60Fe . The further studies with high-resolution 26Al line shapes
will help to better understand the properties of ISM near groups of massive stars, and the bulk
motion of gas in the inner Galaxy from Galactic rotation and other peculiar kinematics. The
possible detection of 60Fe signal variations along the Galactic plane can be carried out with
nearly ten years of INTEGRAL/SPI data. Nearby 26Al sources may be also discriminated
with better exposure towards candidate sky regions, improving our determination of the 26Al
mass in the Galaxy and towards regions where the stellar census is known to a better degree.
Studies of 26Al from nearby star-formation regions (e.g., Cygnus, Vela, Sco-Cen, Orion) are
a promising diagnostic for the massive star origin of Galactic 26Al and kinematics of 26Al
ejecta in ISM. Presently 26Al line shapes are derived only in two nearby regions Cygnus and
Sco-Cen. The 26Al emission signal from Vela and Orion regions and their line shapes would
be studied with INTEGRAL/SPI. These studies will provide the important constraints on the
nucleosynthesis of supernovae and massive stars.

SPI aboard INTEGRAL has a high spectral resolution but still a very limited sensitivity
over 0.1 – 8 MeV, e.g., 26Al emission can be only detected in the inner Galaxy and nearby
star-formation regions, but no signal is detected from individual sources, like supernova
remnants. The MeV gamma-ray astronomy retards for a long time for the lack of a sensitive
instrument from 0.1 – 10 MeV compared to the present keV and GeV band instruments
(Chandra, XMM-Newton, Fermi/LAT). Therefore, the development of the next-generation
MeV gamma-ray telescope is very necessary and urgent in multi-wavelength instrument
sensitivity for full understanding of the high energy astrophysics, specially in the new
observational window for the nuclear radioactivity gamma-ray line emissions, e.g., 26Al , 60Fe ,
44Ti, 56Co and 511 keV annihilation line (also see Fig. 21). The potential γ-ray line sources: the
511 keV line from Galactic novae and nearby supernova remnants; 60Fe from the Vela SNR;
56Co from SN Ia at a distance up to 80 Mpc; 44Ti from more young SNRs, e.g. Tycho, Kepler,
SN 1987A; 26Al from individual sources, like the Vela SNR, the closest Wolf-Rayet star WR
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(3) The measured line width of 26Al from the large-scale integrated inner Galaxy with an upper
limit of 1.3 keV (2σ) is consistent with expectations from both Galactic rotation and modest
interstellar-medium turbulence around the sources of 26Al (turbulent velocities constrained
below 160 km s−1 even when disregarding the effects of galactic rotation).

(4) The brightness asymmetry of the 26Al line emission for the 1st and 4th quadrants is
discovered with a flux ratio of F4th/F1st ∼ 1.3. The 26Al emission asymmetry between fourth
and first quadrant of the Galaxy seems to be lower than the intensity contrast of 1.8+0.5

−0.3
reported for positron annihilation emission from the disk of the Galaxy (Weidenspointner
et al. 2008). 26Al by itself releases a positron in 82% of its decays; it is uncertain, however, how
this translates into annihilation photons, from the variety of slowing down and annihilation
processes which determine the fate of positrons in interstellar space. Both spatial and
temporal variations and non-linearities scaling with gas density may occur.

(5) The study of 26Al emission in spatially-restricted regions along the plane of the Galaxy
found the 26Al line centroid energy shifts along the Galactic plane: redshifts in the position
longitudes and blueshifts in the negative ones. The centroid line shift curve is consistent
with the Galactic rotation curve. What’s more, comparing the results for 26Al ejecta velocity
along the Galactic longitudes with other observations like HI, CO detections and theory still
suggests that the hot gas (26Al ) undergoes additional acceleration in the direction of Galactic
rotation (Fig. 11 bottom panel). Further analysis suggested that 26Al velocity curves are
incompatible with the circular orbits (Kretschmer, 2011). This implies that the Galactic bar
would have a major influence on the kinematics of 26Al ejecta in the inner Galaxy. Anther
possibility would be that 26Al ejecta from the young star populations in molecular clouds
would be emitted in the direction of Galactic rotation, possibly as a result of interaction with
nearby clouds, thereby reaching the high radial velocities observed by SPI (Kretschmer, 2011).

(6) The 26Al line towards the direction of 20◦ < l < 40◦ shows a hint for additional line
broadening. This line broadening may be attributed to the Aquila region which shows
increased interstellar turbulence from stellar-wind and supernova activity at the characteristic
age of stellar groups of that region, which may have created a supershell of substantial size
(320 × 550 pc, see Maciejewski et al. 1996).

(7) The scale height of Galactic-plane 26Al emission is 130+120
−70 pc (1σ), determined towards

the inner Galaxy (|l| < 60◦). The scale height of Galactic 26Al distributions is larger than the
distributions of molecular clouds which is generally around 50 pc. However, this scale height
is still significantly smaller than the “thick disk” part of the Galaxy. It is consistent with 26Al
being ejected from star-forming regions, and partly extending more towards the Galactic halo
where gas pressure is lower than within the plane of the Galaxy (“champagne flows”).

(8) 26Al emission brightness decreases significantly along the Galactic latitudes. But an
additional 26Al emission is discovered toward the intermediate latitude region of 5◦ < b <
30◦ , l < 0◦ . This component shows a hint for the 26Al emission originated in nearby
star-formation region Sco-Cen.

(9) 26Al line shapes from nearby star-formation regions (e.g., Cygnus and Sco-Cen) are
obtained. The 26Al line flux from the Cygnus region is ∼ 6 × 10−5 ph cm−2 s−1, consistent
with the previous COMPTEL result. No significant line broadening and shifts are detected.
The Sco-Cen region is the nearest star-formation region. INTEGRAL/SPI first discovered the
significant 26Al line emission from this region and derived the 26Al line shape. The 26Al flux
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from the Sco-Cen region is found to be 6 × 10−5 ph cm−2 s−1. In addition a blueshift of ∼ 0.8
keV for 26Al line centroid energy was discovered. The blueshift suggested that the observed
26Al ejecta in Sco-Cen have a bulk velocity of ∼ 140 km s−1 toward us. The origin of the 26Al
ejecta bulk motions is still unknown, which would require more observational constraint.

(10) INTEGRAL/SPI first confirmed the existence of Galactic 60Fe by detecting the γ-ray
emission lines at 1173 and 1332 keV from the sky. 60Fe signal was detected with a significance
level of ∼ 5σ by combining the two γ-ray emission lines. The average line flux is derived to
be 4.4 × 10−5 ph cm−2 s−1.

(11) The flux ratio of 60Fe /26Al is derived to be ∼ 15%. This ratio provides a good constraint on
the present nuclear reaction rate and massive star evolution models. There exist uncertainties
in both observations and theories. On the theory side, stellar evolution in late stages is
complex, nuclear reactions include neutron capture on unstable Fe isotopes, and explosive
nucleosynthesis adds yet another complex ingredient. On the experimental side, half-lives
of isotopes, cosmic ray induced 60Co radioactivity in the instrument and spacecraft and
the limitations of spatial resolutions and sensitivity are issues reflected in the substantial
uncertainties in experimental values.

INTEGRAL still continues to accumulate the observational data for several years, with more
exposure on the Galactic plane, covering more sky regions, specially in the intermediate
latitudes. The deeper observations along the Galactic plane will increase the significance of
the present results on 26Al and 60Fe . The further studies with high-resolution 26Al line shapes
will help to better understand the properties of ISM near groups of massive stars, and the bulk
motion of gas in the inner Galaxy from Galactic rotation and other peculiar kinematics. The
possible detection of 60Fe signal variations along the Galactic plane can be carried out with
nearly ten years of INTEGRAL/SPI data. Nearby 26Al sources may be also discriminated
with better exposure towards candidate sky regions, improving our determination of the 26Al
mass in the Galaxy and towards regions where the stellar census is known to a better degree.
Studies of 26Al from nearby star-formation regions (e.g., Cygnus, Vela, Sco-Cen, Orion) are
a promising diagnostic for the massive star origin of Galactic 26Al and kinematics of 26Al
ejecta in ISM. Presently 26Al line shapes are derived only in two nearby regions Cygnus and
Sco-Cen. The 26Al emission signal from Vela and Orion regions and their line shapes would
be studied with INTEGRAL/SPI. These studies will provide the important constraints on the
nucleosynthesis of supernovae and massive stars.

SPI aboard INTEGRAL has a high spectral resolution but still a very limited sensitivity
over 0.1 – 8 MeV, e.g., 26Al emission can be only detected in the inner Galaxy and nearby
star-formation regions, but no signal is detected from individual sources, like supernova
remnants. The MeV gamma-ray astronomy retards for a long time for the lack of a sensitive
instrument from 0.1 – 10 MeV compared to the present keV and GeV band instruments
(Chandra, XMM-Newton, Fermi/LAT). Therefore, the development of the next-generation
MeV gamma-ray telescope is very necessary and urgent in multi-wavelength instrument
sensitivity for full understanding of the high energy astrophysics, specially in the new
observational window for the nuclear radioactivity gamma-ray line emissions, e.g., 26Al , 60Fe ,
44Ti, 56Co and 511 keV annihilation line (also see Fig. 21). The potential γ-ray line sources: the
511 keV line from Galactic novae and nearby supernova remnants; 60Fe from the Vela SNR;
56Co from SN Ia at a distance up to 80 Mpc; 44Ti from more young SNRs, e.g. Tycho, Kepler,
SN 1987A; 26Al from individual sources, like the Vela SNR, the closest Wolf-Rayet star WR
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Fig. 21. Future goals for γ-ray line astronomy (0.2 – 10 MeV): possible next-generation
instruments (e.g., Advanced-Compton Telescope, Gamma-Ray Imager) and potential
candidate γ-ray line sources for e−e+ annihilation line, 56Co, 44Ti, 60Fe and 26Al (from Boggs
et al. 2003). Sensitivities of SPI and COMPTEL are also shown here for comparison.

11 in the Vela star-formation region, even from Crab and Cas A; and the nuclear exciting
lines in ISM from C and O, are well below the sensitivity limits of present missions, but
could be detected by the future advanced γ-ray telescopes, i.e., visionary Advanced Compton
Telescope (ACT) and European Gamma-Ray Imager (GRI) mission. Detections of the 511 keV
line, 44Ti, 26Al and 60Fe from some individual SNRs will put the connection with yields of these
radioactivity isotopes from stellar nucleosynthesis on solid ground. Era for accurate γ-ray line
astronomy and nuclear astrophysics may come near with the launch of next-generation MeV
γ-ray missions.
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1. Introduction 

It is well known that in the calculation of thermonuclear reaction rates in dense and cool 
plasma, the screening effects must be taken into account. The internal structure and 
evolution of stars can be obtained with the calculations of equation of state of gas structure, 
opacity and thermonuclear reaction rates. For high density it is necessary to calculate the 
equation of state by inserting deviations from ideal gas under high density and temprature. 
For low mass high density stars the effect of degenerate non-ideal interactions must be taken 
into account in equation of state. The rate of fusion nuclear reactions in stellar matter is 
important for the evolution of the star. In dense ionized matter, the rate of nuclear reactions 
is enhanced by screening effects (Alastuey and Jancovici 1978). One measure of nonideality 
in plasmas is the so-called coupling parameter . In a plasma where particles have average 
distance r   from each other, we can define  as the ratio of average potential binding 
energy over mean kinetic energy kT, 
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where 1N  and 2N  are the number densities of 1 and 2. For a gas of mass density, , the 
number density, Ni , of the nucleide, i, is often expressed in terms of its mass fraction, Xi, by 
the relation 



34 Astrophysics

Smith, D. M. (2004b). ESA SP-552: 5th INTEGRAL Workshop on the INTEGRAL Universe,
Schoenfelder, V. and Lichti, G. and Winkler, C. ed., 45

Tachibana, S. and Huss, G. R. (2003). Astrophysical Journal Letters, Vol. 588, L41-L44
Tachibana, S. and Huss, G. R. and Kita, N. T. and Shimoda, G. and Morishita, Y. (2006).

Astrophysical Journal Letters, Vol. 639, L87-L90
Taylor, J. H. and Cordes, J. M. (1993). Astrophysical Journal, Vol. 411, 674-684
Thielemann, F.-K. and Nomoto, K. and Hashimoto, M.-A. (1996). Astrophysical Journal, Vol.

460, 408
Timmes, F. X. and Woosley, S. E. and Hartmann, D. H. and Hoffman, R. D. and Weaver, T. A.

and Matteucci, F. (1995). Astrophysical Journal, Vol. 449, 204
Ubertini, P. et al. (2003). Astronomy & Astrophysics, Vol. 411, L131-L139
van der Hucht, K. A. and Hidayat, B. and Admiranto, A. G. and Supelli, K. R. and Doom, C.

(1988). Astronomy & Astrophysics, Vol. 199, 217-234
van der Hucht, K. A. (2001). The VIIth catalogue of galactic Wolf-Rayet stars, New Astronomy

Review, Vol. 45, 135-232
Vedrenne, G. et al. (2003). Astronomy & Astrophysics, Vol. 411, L63-L70
von Ballmoos, P. and Diehl, R. and Schoenfelder, V. (1987). Astrophysical Journal, Vol. 318,

654-663
Wallerstein, G. et al. (1997). Synthesis of the elements in stars: forty years of progress, Reviews

of Modern Physics, Vol. 69, Issue 4, 995-1084
Wang, W. (2007). PhD Thesis, Technische Universität München
Wang, W. et al. (2007). SPI observations of the diffuse 60Fe emission in the Galaxy, Astronomy

& Astrophysics, Vol. 469, 1005-1012
Wang, W. (2008). Study of Long-lived Radioactive Sources in the Galaxy with

INTEGRAL/SPI, Publications of the Astronomical Society of the Pacific, Vol. 120,
118-119

Wang, W. et al. (2009). Spectral and intensity variations of Galactic 26Al emission, Astronomy
& Astrophysics, Vol. 496, 713-724

Ward, R. A. and Fowler, W. A. (1980). Astrophysical Journal, Vol. 238, 266-286
Weaver, T. A. and Woosley, S. E. (1993). Physics Reports, Vol. 227, 65-96
Weidenspointner, G. et al. (2008). Nature, Vol. 451, 159
Weiss, A. and Truran, J. W. (1990). Astronomy & Astrophysics, Vol. 238, 178-186
Wiescher, M. and Gorres, J. and Thielemann, F.-K. and Ritter, H. (1986). Astronomy &

Astrophysics, Vol. 160, 56-72
Winkler, C. et al. (2003). Astronomy & Astrophysics, Vol. 411, L1-L6
Woosley, S. E. and Weaver, T. A. (1980). Astrophysical Journal, Vol. 238, 1017-1025
Woosley, S. E. (1986). Saas-Fee Advanced Course 16: Nucleosynthesis and Chemical

Evolution, Audouze, J. and Chiosi, C. and Woosley, S. E., ed., 1
Woosley, S. E., Hartmann, D. H., Hoffman, R. D. and Haxton, W. C. (1990). Astrophysical

Journal, Vol. 356, 272-301
Woosley, S. E. and Weaver, T. A. (1995). Astrophysical Journal Supplements, Vol. 101, 181
Woosley, S. E. (1997). Astrophysical Journal, Vol. 476, 801
Woosley, S. E. & Heger, A. (2007). Nucleosynthesis and remnants in massive stars of solar

metallicity, Physics Reports, Volume 442, Issue 1-6, p. 269-283

122 Astrophysics

6 

Energy Generation Mechanisms  
in Stellar Interiors 

İbrahim Küçük 
Erciyes University, Science Faculty,  

Department of Astronomy and Space Sciences, Kayseri,  
Turkey 

1. Introduction 

It is well known that in the calculation of thermonuclear reaction rates in dense and cool 
plasma, the screening effects must be taken into account. The internal structure and 
evolution of stars can be obtained with the calculations of equation of state of gas structure, 
opacity and thermonuclear reaction rates. For high density it is necessary to calculate the 
equation of state by inserting deviations from ideal gas under high density and temprature. 
For low mass high density stars the effect of degenerate non-ideal interactions must be taken 
into account in equation of state. The rate of fusion nuclear reactions in stellar matter is 
important for the evolution of the star. In dense ionized matter, the rate of nuclear reactions 
is enhanced by screening effects (Alastuey and Jancovici 1978). One measure of nonideality 
in plasmas is the so-called coupling parameter . In a plasma where particles have average 
distance r   from each other, we can define  as the ratio of average potential binding 
energy over mean kinetic energy kT, 

 
2 /e r

kT
  

    
 

    (1) 

Plasmas with  >>1 are strongly coupled, and those with  <<1 are weakly coupled (Basu et 
al. 1999).  

2. Thermonuclear reaction rates 

The reaction rate, r12, between two nuclei,1 and 2, is given by, 

 
 
1 2 3

12
12

/
1

N N
r cm sn







    (2) 

where 1N  and 2N  are the number densities of 1 and 2. For a gas of mass density, , the 
number density, Ni , of the nucleide, i, is often expressed in terms of its mass fraction, Xi, by 
the relation 



 
Astrophysics 

 

124 

 i
i A

i

XN N
A

 3cm   (3) 

where NA is the Avogadro’s number and Ai is the atomic mass of i in atomic mass units. In a 
stellar environment, the reaction rate per particle pair is calculated as 
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where  is the energy-dependent reaction cross section.  

At low energies, nonresonant charged particle interactions are dominated by the coulomb-
barrier penetration factors. It is therefore convenient to factor out this energy dependence 
and express the cross section,  E ,by 

    1/2exp[ / ]G
S E

E E
E

       (5) 

where the kinetic energy, E, of the center-of-mass system, the cross section factor S(E), the 
Gamow energy, GE , is given by 

    2 2
0 12 / 2GE Z Z Mc

21/2
1 29.8948Z Z A keV      (6) 

(Lang 1999). Far from a nuclear resonance, the cross section factor, S(E), is a slowly varying 
function of E, and can be conveniently expressed as the first three terms of a  Maclaurin 
Series in the center-of-momentum energy E. Thus, 
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where the prime indicates differentiation with respect to E. The values of S and associated 
derivates are quoted at zero energy. Substitution of Equations 5 and 7 into Equation 4 yields, 
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(Fowler, Caughlan, and Zimmerman 1967) where, 
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Putting these equations into Equation 8 yields, 
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This is the obtained relation of cross section ( 6
6 /10T T ). The mean lifetime,  2 1 , of  

nucleus 1 for destruction by nucleus 2 is given by the relation, 
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where 2(1), is the decay rate of 1 for interaction with 2 (Fowler, Caughlan, and Zimmerman 
1967). Putting equations (12), (13) and (5) into equation (2) yields for unscreened reaction 
rate 
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and K is given as, 
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3. The electron screening effect and enhancement factors 
At the high temperatures in stellar interiors all the atoms are ionized and the gas density  is 
high. The average distance between nucleus and neighbouring electrons is small. Each 
nucleus is then completely screened by a spherically symmetric negative charge cloud. The 
radius of this charge cloud is of the same order as the interparticle distance or larger, 
depending on the ratio of coulomb repulsion between neighbouring charges to the mean 
thermal energy. Hence, when two nuclei approach each other in a collision each of them 
carries its screening affects the interaction energy between the nuclei. The nucleus is 
surrounded in its immediate vicinity by electrons only the nuclei staying outside a sphere 
containing nearly electrons which effectively screen the nucleus (Salpeter 1954; hereafter 
S54). As explained by S54, the rate of a fusion of two nuclei charges Z1 and Z2 is increased by 
factor  
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where  0 /U kT   is the natural strength screening parameter.  
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This is the so-called standard assumption or weak screening which was orginally presented 
by S54 (Dzitko et al. 1995). In Table 1 the results of screening strength parameter and 
enhancement factors calculated  by using Küçük, Kzloğlu and Civelek 1998 stellar 
evolutionary program are listed. The input physics is as follows: OPAL opacity has been 
used and the ratio of mixing length to the scale height is taken to be =1.50. The accepted 
chemical composition is X=0.699, and Z=0.019 (Küçük, Kzloğlu and Civelek 1998).  

 
 

    
Fig. 1. Variation of the screening factors (S54)  for  1 2,H p e D  reaction with the  screening 
strength parameter  (left). Variation of the screening factors (S54) for  3 3 4,2He He p He  
reaction with the screening strength parameter (right) 

 
 

Mass Tc 107 

(K) 

c 

 3/gr cm  1,1 3,3 3,4 f1,1 f3,3 f3,4 

0.7M
 10.26 76.99 0.083 0.265 0.265 1.087 1.304 1.304 

0.8M


 10.85 68.59 0.072 0.231 0.231 1.075 1.260 1.260 
0.9M


 12.17 78.03 0.065 0.208 0.208 1.067 1.231 1.231 

1.0M


 13.02 76.79 0.058 0.186 0.186 1.060 1.205 1.205 
 

Table 1. Calculated screening strength parameter and enhancement factors. 
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Table 2 gives enhancement factors calculated with the various prescriptions for the main 
reactions involved in hydrogen burning: Küçük and Çalşkan 2010 (hereafter KÇ2010), S54, 
Salpeter and Van Horn 1969 (hereafter SVH), Graboske et al. 1973 (hereafter GDGC), Mitler 
1977 hereafterML) and Tsytovich 2000 (hereafter TS). 
 

 f1,1 f3,3 f3,4 

KÇ2010 1.046 1.166 1.166 
S54 1.050 1.215 1.215 

SVH 1.045 1.186 1.186 
GDGC 1.050 1.115 1.115 

ML 1.045 1.176 1.176 
TS 0.950 0.830 0.827 

Table 2. Enhancement factors.( Tc~15.54x106 K,  c~160.8 gr/cm3, Xc=0.35 and Yc=0.62)  
(Dzitko, H., et al. 1995). 

 5
3,3 2.671 10r   , 3,3 5.503E  .  

Thermonuclear reaction rates in stars, are calculated by multiplying the screened reaction 
rate enhancement factor, ,i jf  ( i,j=1,2,3,…), with unscreened reaction.  

 ,screened i j unscreenedr f r   (20) 

Then energy generation rate in stars given by, 

 nuc screenedQ r    (21) 

In this study, various data (Weiss et al., 2001, Morel et.al. 1999, Bahcall 1989) are used for the 
calculation of thermonuclear reaction rates. The results for some reaction rates  are as 
follows: 

For  1 2,H p e D  reaction, 
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for  2 3,D p He  reaction, 
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where  0 /U kT   is the natural strength screening parameter.  
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Fig. 1. Variation of the screening factors (S54)  for  1 2,H p e D  reaction with the  screening 
strength parameter  (left). Variation of the screening factors (S54) for  3 3 4,2He He p He  
reaction with the screening strength parameter (right) 
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 13.02 76.79 0.058 0.186 0.186 1.060 1.205 1.205 
 

Table 1. Calculated screening strength parameter and enhancement factors. 
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Table 2 gives enhancement factors calculated with the various prescriptions for the main 
reactions involved in hydrogen burning: Küçük and Çalşkan 2010 (hereafter KÇ2010), S54, 
Salpeter and Van Horn 1969 (hereafter SVH), Graboske et al. 1973 (hereafter GDGC), Mitler 
1977 hereafterML) and Tsytovich 2000 (hereafter TS). 
 

 f1,1 f3,3 f3,4 
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TS 0.950 0.830 0.827 

Table 2. Enhancement factors.( Tc~15.54x106 K,  c~160.8 gr/cm3, Xc=0.35 and Yc=0.62)  
(Dzitko, H., et al. 1995). 
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3,3 2.671 10r   , 3,3 5.503E  .  

Thermonuclear reaction rates in stars, are calculated by multiplying the screened reaction 
rate enhancement factor, ,i jf  ( i,j=1,2,3,…), with unscreened reaction.  

 ,screened i j unscreenedr f r   (20) 

Then energy generation rate in stars given by, 

 nuc screenedQ r    (21) 

In this study, various data (Weiss et al., 2001, Morel et.al. 1999, Bahcall 1989) are used for the 
calculation of thermonuclear reaction rates. The results for some reaction rates  are as 
follows: 

For  1 2,H p e D  reaction, 

 11 2 2/3
1,1 1 1,1 1,1 61/3

6

33.811.15 10 expr X f g T
T

  
    

 
  

 1/3 2/3 4
1,1 6 6 61 0.0123 0.00114 9.8 10g T T T        (22)         

1,1 1.442Q MeV , 

for  2 3,D p He  reaction, 

 28 2/3
2,1 1 2 2,1 2,1 61/3

6

37.215.305 10 expr X X f g T
T

  
    

 
   

 1/3 2/3
2,1 6 6 61 0.0112 0.299 0.00234g T T T       
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 2 ,1 5.494Q MeV   (23) 

for  2 3,D d n He  reaction,  

 33 2 2/3
2,2 2 2,2 2,2 61/3

6

42.583.154 10 expr X f g T
T

  
    

 
  

 2 ,2 1g    

 2 ,2 3.269Q MeV    (24) 

for  3 3 4,2He He p He  reaction, 

 35 2 2/3
3,3 3 3,3 3,3 61/3

6

122.761.859 10 expr X f g T
T

  
    

 
  

3 1/3
3,3 61 3.39 10g T    

 3,3 12.860Q MeV    (25) 

for  3 7,He Be   reaction 

31 2/3
3,4 3 4 3,4 3,4 61/3

6

128.262.795 10 expr X X f g T
T

  
    

 
 

3 1/3 3 2/3 5
3,4 6 6 61 3.25 10 3.547 10 8.07 10g T T T          

 3,4 1.588Q MeV   (26) 

for  7 8,Be p B  reaction 

 30 2/3
7 ,1 7 1 7 ,1 7 ,1 61/3

6

102.622.32 10 expr X X f g T
T

  
    

 
  

 3 1/3
7,1 61 4.06 10g T     

 7 ,1 0.137Q MeV   (27) 

for  12 13,C p N  reaction 

33 2/3
1,12 1 12 1,12 1,12 61/3

6

136.91.089 10 expr X X f g T
T
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3 1/3 3 2/3 4
1,12 6 6 61 3.04 10 6.41 10 1.36 10g T T T          

 1,12 1.944Q MeV   (28) 

for  14 15,N p O  reaction 

 32 2/3
1,14 1 14 1,14 1,14 61/3

6

152.282.088 10 expr X X f g T
T

  
    

 
  

3 1/3 3 2/3 4
1,14 6 6 61 2.74 10 8.08 10 1.547 10g T T T          

 1,14 7.297Q MeV   (29) 

for  16 17,O p F  reaction 

33 2/3
1,16 1 16 1,16 1,16 61/3

6

166.925.54 10 expr X X f g T
T

  
    

 
 

3 1/3 2 2/3 4
1,16 6 6 61 2.491 10 1.18 10 2.07 10g T T T          

 1,16 0.60Q MeV   (30) 

The star’s thermonuclear reaction rate and energy generation can be obtained from these 
relations. For example;  1 2,H p e D  and  3 3 4,2He He p He  reactions occured at the center, 
when 0.7M


 model reaches its ZAMS. The reaction rates and energy generations are found to 

be 5
1,1r 2.154 10  , 1,1 2.305E   and 5

3,3 2.013 10r   , 3,3 4.147E   , respectively. Similiarly, 
for 0.8M


 the results are  5

1,1r 3.262 10  , 1,1 3.490E   and  r3,3 = 2.671 × 105, E3,3 = 5.503.  

4. Conclusion  

During the lifetime of a star its composition, the relative abundances of different elements 
and isotopes, change basically because of nuclear reactions in the deep interior. In the 
evolution of 0.7, 0.8, 0.9 and 1M


 stars, the hydrogen burning begins and gets equlibrium 

with increasing central pressure and temperature. Equlibrium time increases when going 
lower masses. These are ~2 1010 and ~5 109 years for 0.7M


, and 1M


, respectively. It is 

well known that in the calculation of nuclear reaction rates in dense, relatively cool stellar 
plasma, the screening of the coulomb interaction between the reacting nuclei by the 
surrounding ions and electrons must be taken into account. When screening factors 
calculated with different methods are considered one can see the differences. When the 
energies released due to nuclear reaction rates are calculated for 1H - 1H and 3He - 3He 
reactions and for each mass, respectively, it is seen that, the released energy increases with 
increasing mass. As a conclusion reaction rates and electron screening factors which are 
added to the evolutionary programs in details, causes some shifts.  
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1. Introduction

In the study of stellar structure the Lane-Emden equation (1; 2)

d2y
dx2 +

2
x

dy
dx

+ yr = 0, (1)

where r is a constant, models the thermal behaviour of a spherical cloud of gas acting under
the mutual attraction of its molecules and subject to the classical laws of thermodynamics.
This equation was proposed by Lane (1) (see also (3)) and studied in detail by Emden (2).
Fowler (4; 5) considered a generalization of Eq. (1), called Emden-Fowler equation (6), where
the last term is replaced by xν−1yr.

The Lane-Emden equation (1) also models the equilibria of nonrotating fluids in which
internal pressure balances self-gravity. When spherically symmetric solutions of Eq. (1)
appeared in (7), they got the attention of astrophysicists. In the latter half of the twentieth
century, some interesting applications of the isothermal solution (singular isothermal sphere)
and its nonsingular modifications were used in the structures of collisionless systems such as
globular clusters and early-type galaxies (8; 9).

The work of Emden (2) also got the attention of physicists outside the field of astrophysics
who investigated the generalized polytropic forms of the Lane-Emden equation (1) for specific
polytropic indices r. Some singular solutions for r = 3 were produced by Fowler (4; 5) and
the Emden-Fowler equation in the literature was established, while the works of Thomas
(10) and Fermi (11) resulted in the Thomas-Fermi equation, used in atomic theory. Both of
these equations, even today, are being investigated by physicists and mathematicians. Other
applications of Eq. (1) can be found in the works of Meerson et al (12), Gnutzmann and
Ritschel (13), and Bahcall (14; 15).

Many methods, including numerical and perturbation, have been used to solve Eq. (1). The
reader is referred to the works of Horedt (16; 17), Bender (18) and Lema (19; 20), Roxbough
and Stocken (21), Adomian et al (22), Shawagfeh (23), Burt (24), Wazwaz (25) and Liao (26)
for a sample. Exact solutions of Eq. (1) for r = 0, 1 and 5 have been obtained (see for
example Chandrasekhar (7), Davis (27), Datta (28) and Wrubel (29)). Usually, for r = 5, only
a one-parameter family of solutions is presented. A more general form of (1), in which the
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2 Will-be-set-by-IN-TECH

coefficient of y� is considered an arbitrary function of x, was investigated for first integrals by
Leach (30).

Many problems in mathematical physics and astrophysics can be formulated by the
generalized Lane-Emden equation

d2y
dx2 +

n
x

dy
dx

+ f (y) = 0, (2)

where n is a real constant and f (y) is an arbitrary function of y. For n = 2 the approximate
analytical solutions to the Eq. (2) were studied by Wazwaz (25) and Dehghan and Shakeri
(31).

Another form of f (y) is given by

f (y) = (y2 − C)3/2. (3)

Inserting (3) into Eq. (1) gives us the "white-dwarf" equation introduced by Chandrasekhar
(7) in his study of the gravitational potential of degenerate white-dwarf stars. In fact, when
C = 0 this equation reduces to Lane-Emden equation with index r = 3.

Another nonlinear form of f (y) is the exponential function

f (y) = ey. (4)

Substituting (4) into Eq. (1) results in a model that describes isothermal gas spheres where the
temperature remains constant.

Equation (1) with
f (y) = e−y

gives a model that appears in the theory of thermionic currents when one seeks to determine
the density and electric force of an electron gas in the neighbourhood of a hot body in thermal
equilibrium was thoroughly investigated by Richardson (32).

Furthermore, the Eq. (1) appears in eight additional cases for the function f (y). The interested
reader is referred to Davis (27) for more detail.

The equation
d2y
dx2 +

2
x

dy
dx

+ eβy = 0, (5)

where β is a constant, has also been studied by Emden (2). In a recent work (33) an
approximate implicit solution has been obtained for Eq. (5) with β = 1.

Furthermore, more general Emden-type equations were considered in the works (34–38). See
also the review paper by Wong (39), which contains more than 140 references on the topic.

The so-called generalized Lane-Emden equation of the first kind

x
d2y
dx2 + α

dy
dx

+ βxνyn = 0, (6)

and generalized Lane-Emden equation of the second kind

x
d2y
dx2 + α

dy
dx

+ βxνeny = 0, (7)
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where α, β, ν and n are constants, have been recently studied in (40; 41). In Goenner (41),
the author uncovered symmetries of Eq. (6) to explain integrability of (6) for certain values
of the parameters considered in Goenner and Havas (40). Recently, the integrability of
the generalized Lane-Emden equations of the first and second kinds has been discussed in
Muatjetjeja and Khalique (42).

In this chapter, firstly, a generalized Lane-Emden-Fowler type equation

x
d2y
dx2 + n

dy
dx

+ xν f (y) = 0, (8)

where n and ν are real constants and f (y) is an arbitrary function of y will be studied. We
perform the Lie and Noether symmetry analysis of this problem. It should be noted that Eq.
(8) for the power function F(y) = yr is related to the Emden-Fowler equation y�� + p(X)yr = 0
by means of the transformation on the independent variable X = x1−n, n �= 1 and X = ln x,
n = 1.

Secondly, we consider a generalized coupled Lane-Emden system, which occurs in the
modelling of several physical phenomena such as pattern formation, population evolution
and chemical reactions. We perform Noether symmetry classification of this system and
compute the Noether operators corresponding to the standard Lagrangian. In addition
the first integrals for the Lane-Emden system will be constructed with respect to Noether
operators.

2. Lie point symmetry classification of (8)

We start by determining the equivalence transformations of Eq. (8). We recall (43) that an
equivalence transformation

x̄ = x̄(x, y), ȳ = ȳ(x, y)

is a nondegenerate change of variables such that the family of Eqs. (8) remains invariant, i.e.,
Eq. (8) becomes

x̄
d2ȳ
dx̄2 + n

dȳ
dx̄

+ x̄ν f̄ (ȳ) = 0

with f̄ depending on ȳ. Equivalence transformations are essential for simplifying the
determining equation and for obtaining disjoint classes.

For Eq. (8) the equivalence transformations are

x̄ = ea2 x,

ȳ = ea3 y + a1,

f̄ = ea3−(1+ν)a2 f , (9)

where a1, a2 and a3 are constants. For details of computations see (44).

If X, given by

X = ξ(x, y)
∂

∂x
+ η(x, y)

∂

∂y
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perform the Lie and Noether symmetry analysis of this problem. It should be noted that Eq.
(8) for the power function F(y) = yr is related to the Emden-Fowler equation y�� + p(X)yr = 0
by means of the transformation on the independent variable X = x1−n, n �= 1 and X = ln x,
n = 1.

Secondly, we consider a generalized coupled Lane-Emden system, which occurs in the
modelling of several physical phenomena such as pattern formation, population evolution
and chemical reactions. We perform Noether symmetry classification of this system and
compute the Noether operators corresponding to the standard Lagrangian. In addition
the first integrals for the Lane-Emden system will be constructed with respect to Noether
operators.

2. Lie point symmetry classification of (8)

We start by determining the equivalence transformations of Eq. (8). We recall (43) that an
equivalence transformation

x̄ = x̄(x, y), ȳ = ȳ(x, y)

is a nondegenerate change of variables such that the family of Eqs. (8) remains invariant, i.e.,
Eq. (8) becomes

x̄
d2ȳ
dx̄2 + n

dȳ
dx̄

+ x̄ν f̄ (ȳ) = 0

with f̄ depending on ȳ. Equivalence transformations are essential for simplifying the
determining equation and for obtaining disjoint classes.

For Eq. (8) the equivalence transformations are

x̄ = ea2 x,

ȳ = ea3 y + a1,

f̄ = ea3−(1+ν)a2 f , (9)

where a1, a2 and a3 are constants. For details of computations see (44).

If X, given by

X = ξ(x, y)
∂

∂x
+ η(x, y)

∂

∂y
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is an admitted generator of a symmetry group of Eq. (8), then

X[2]
(

x
d2y
dx2 + n

dy
dx

+ xν f (y)
)∣∣∣∣

(8)
= 0, (10)

where X[2] is the second prolongation of X, gives the determining equations for the symmetry.
This gives rise to

ξ = b(x),
η = c(x)y + d(x),

xν−1(cy + d) f �(y) +
[

xν−1(2b� − c) + (ν − 1)xν−2b
]

f (y)

+

(
n
x

c� + c��
)

y +

(
n
x

d� + d��
)
= 0. (11)

If f is an arbitrary function, the above system yields ξ = 0, η = 0, meaning that the principal
Lie algebra of Eq. (8) is trivial.

The function f depends upon y only. Thus Eq. (11) only holds if its coefficients identically
vanish or they are proportional to a function α = α(x), i.e.,

c = rα, d = qα, 2b� − c + (ν − 1)x−1b = pα,

c��x−ν+1 + nx−νc� = hα, d��x−ν+1 + nx−νd� = gα, (12)

where r, q, p, h and g are constants. Thus Eq. (11) becomes

(ru + q)F�(u) + pF(u) + hu + g = 0, (13)

which is our classifying relation. This relation is invariant under the equivalence
transformations (9) if

r̄ = r, q̄ = (ra1 + q)e−a3 , p̄ = p,

h̄ = he(ν+1)a2 , ḡ = e−a3+(ν+1)a2 (ha1 + g). (14)

The relations in (14) are used to find the non-equivalent forms of f and this leads to the
following eight cases.

Case 1. n �= (1 − ν)/2, f (y) arbitrary but not of the form contained in Cases 3, 4, 5 and 6.

No Lie point symmetry exits in this case.

Case 2. n = (1 − ν)/2, f (y) arbitrary but not of the form contained in Cases 4, 5 and 6.

We obtain one Lie point symmetry

X = x(1−ν)/2 ∂

∂x
(15)

for the corresponding Eq. (8).
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Case 3. f (y) is linear in y.

This case is well known and the corresponding Eq. (8) has sl(3, �) symmetry algebra. (See, for
example, (45)).

Case 4. f (y) = K − δy2/2, where δ = ±1 and K is a constant.

Here we have six subcases:

4.1. n = 2ν + 3, K = 0. The corresponding Eq. (8) admits a single Lie point symmetry

X1 = x
∂

∂x
− (ν + 1)y

∂

∂y
. (16)

Note that this is subsumed in Case 5.1 below.

4.2. n = 12ν + 13, K = 0. Here the corresponding Eq. (8) admits the same symmetry as in
Case 4.1.

4.3. n = (ν + 4)/3, K = 0. In this subcase the corresponding Eq. (8) admits a two-dimensional
symmetry Lie algebra which is spanned by the operators (16) and

X2 = x(2−ν)/3 ∂

∂x
− ν + 1

3
x−(ν+1)/3y

∂

∂y
.

Note that this is contained in Case 5.2 below.

4.4. n = 7ν + 8, K = 0. The corresponding Eq. (8) admits the symmetry operator (16) and in
addition, the symmetry operator

X2 = xν+2 ∂

∂x
−

[
3(ν + 1)xν+1y +

24(ν + 1)3

δ

]
∂

∂y
.

4.5. n = (7ν + 13)/6, K = 0. In this subcase the corresponding Eq. (8) admits two Lie point
symmetries, namely, the symmetry given by (16) and the symmetry

X2 = x(5−ν)/6 ∂

∂x
−

[
2
3
(ν + 1)x−(ν+1)/6y − (ν + 1)3

9δ
x−7(ν+1)/6

]
∂

∂y
.

4.6. n = (1 − ν)/2, K = 0. The corresponding Eq. (8) admits two Lie point symmetries and
they are (15) and (16).

Case 5. f (y) = −δ1/σ − yδ2/(σ + 1) + Ky−σ, where δ1, δ2 = 0,±1, σ �= −1, 0 and K is a
constant.

Three subcases arise:

5.1. n =
σ − 2ν − 1

σ + 1
, σ �= 3, δ1, δ2 = 0. In this subcase we have one Lie point symmetry

generator

X1 = x
∂

∂x
+

ν + 1
σ + 1

y
∂

∂y
(17)

admitted by the corresponding Eq. (8).

135The Lane-Emden-Fowler Equation and Its Generalizations – Lie Symmetry Analysis



4 Will-be-set-by-IN-TECH

is an admitted generator of a symmetry group of Eq. (8), then

X[2]
(

x
d2y
dx2 + n

dy
dx

+ xν f (y)
)∣∣∣∣

(8)
= 0, (10)

where X[2] is the second prolongation of X, gives the determining equations for the symmetry.
This gives rise to

ξ = b(x),
η = c(x)y + d(x),

xν−1(cy + d) f �(y) +
[

xν−1(2b� − c) + (ν − 1)xν−2b
]

f (y)

+

(
n
x

c� + c��
)

y +

(
n
x

d� + d��
)
= 0. (11)

If f is an arbitrary function, the above system yields ξ = 0, η = 0, meaning that the principal
Lie algebra of Eq. (8) is trivial.

The function f depends upon y only. Thus Eq. (11) only holds if its coefficients identically
vanish or they are proportional to a function α = α(x), i.e.,

c = rα, d = qα, 2b� − c + (ν − 1)x−1b = pα,

c��x−ν+1 + nx−νc� = hα, d��x−ν+1 + nx−νd� = gα, (12)

where r, q, p, h and g are constants. Thus Eq. (11) becomes

(ru + q)F�(u) + pF(u) + hu + g = 0, (13)

which is our classifying relation. This relation is invariant under the equivalence
transformations (9) if

r̄ = r, q̄ = (ra1 + q)e−a3 , p̄ = p,
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5.2. n =
σ − ν − 2

σ − 1
, σ �= 3, δ1, δ2 = 0. Here the corresponding Eq. (8) admits a

two-dimensional symmetry Lie algebra spanned by the operators (17) and

X2 = x
σ+ν
σ−1

∂

∂x
+

ν + 1
σ − 1

x
ν+1
σ−1 y

∂

∂y
. (18)

5.3. n =
1 − ν

2
, (This subcase corresponds to σ = 3), δ1, δ2 = 0. The corresponding Eq. (8)

in this case admits three Lie point symmetry generators and these are given by (17), (18) with
σ = 3 and (15).

Case 6. f (y) = Ke−δ1y + δ2y + δ3, where δ1 = ±1, δ2, δ3 = 0,±1 and K is a constant.

We have three subcases.

6.1. For all values of n �= 1, (1 − ν)/2, δ2, δ3 = 0 one Lie point symmetry generator

X1 = x
∂

∂x
+

ν + 1
δ1

∂

∂y
(19)

is admitted by the corresponding Eq. (8).

6.2. n = 1, δ2, δ3 = 0. In this subcase the corresponding Eq. (8) admits the Lie point symmetry
(19) and in addition the Lie point symmetry

X2 = x ln x
∂

∂x
+

1
δ1
[2 + (ν + 1) ln x]

∂

∂y
.

6.3. n = (1 − ν)/2, δ2, δ3 = 0. The corresponding Eq. (8) admits two Lie point symmetries.
These symmetries are given by (15) and (19).

Case 7. f (y) = −δ1 ln y − δ2y + K, where δ1, δ2 = 0,±1 and K is a constant.

This reduces to Case 2.

Case 8. f (y) = −δ1y ln y + Ky + δ2, where δ1, δ2 = 0,±1 and K is a constant.

This also reduces to Case 2.

2.1 Integration of (8) for different f s

The main purpose for calculating symmetries is to use them to solve or reduce the order
of differential equations. Here we use the symmetries calculated above to integrate Eq.
(8) for three functions f . Other cases can be dealt in a similar manner. We recall that
for any two-dimensional Lie algebra with symmetries G1 and G2 satisfying the Lie bracket
relationship [G1, G2] = λG1, for some constant λ, the usual reduction of order is through the
normal subgroup G1 (46). We first consider Case 4.4. The corresponding Eq. (8) admits the
two symmetries

X1 = x
∂

∂x
− (ν + 1)y

∂

∂y
, X2 = xν+2 ∂

∂x
−

[
3(ν + 1)xν+1y +

24(ν + 1)3

δ

]
∂

∂y
.
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Since [X1, X2] = (ν+ 1)X2, we may use X2 to reduce the corresponding Eq. (8) to quadratures.
The invariants of X2 are found from

dx
xν+2 =

dy
−[3(ν + 1)xν+1y + 24(ν + 1)3/δ]

=
dy�

−[3(ν + 1)2xνy + (4ν + 5)xν+1y�]

and are

t = x3ν+3y +
12
δ
(ν + 1)2x2ν+2, s = x4ν+5y� + 3(ν + 1)x4ν+4y +

24
δ
(ν + 1)3x3ν+3.

This leads to the first-order equation

ds
dt

=
δt2

2s

which can be immediately integrated to give

s2 =
δ

3
t3 + C1,

where C1 is an arbitrary constant of integration. Reverting to the x and y variables we obtain
a first-order differential equation whose solution can be written as

y = x−3(ν+1)t − 12
δ
(ν + 1)2x−(ν+1),

where t is given by
∫ dt

±
√

C1 + δt3/3
= − 1

ν + 1
x−(ν+1) + C2,

in which C1 and C2 are integration constants. Hence we have quadrature of Eq. (8) for given
f .

We now consider Case 5.2. The two symmetries admitted by the corresponding Eq. (8) are

X1 = x
∂

∂x
+

ν + 1
σ + 1

y
∂

∂y
, X2 = x

σ+ν
σ−1

∂

∂x
+

ν + 1
σ − 1

x
ν+1
σ−1 y

∂

∂y

with [X1, X2] =
(ν + 1)
σ − 1

X2. Following the above procedure we find that the solution of the

corresponding Eq. (8) is

y = tx(ν+1)/(σ−1),

where t is defined by
∫ dt

±√
C1 + 2Kt1−σ/(1 − σ)

=
1 − σ

1 + ν
x(1+ν)/(1−σ) + C2,

in which C1 and C2 are arbitrary constants of integration.
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Finally for Case 6.2 the corresponding Eq. (8) admits the two symmetries

X1 = x
∂

∂x
+

ν + 1
δ1

∂

∂y
, X2 = x ln x

∂

∂x
+

1
δ1
[2 + (ν + 1) ln x]

∂

∂y

with [X1, X2] = X1. In this case the solution of the corresponding Eq. (8) is

y =
1
δ1

ln
(

xν+1

t

)
,

where t is given by
∫ dt

±√
2δ1Kt3 + t2[(ν + 1)2 − 2δ1C1]

= ln x + C2,

in which C1 and C2 are arbitrary integration constants.

3. Noether classification and integration of (8) for different f s

In this section we perform a Nother point symmetry classification of Eq. (8) with respect to the
standard Lagrangian. We then obtain first integrals of the various cases, which admit Noether
point symmetries and reduce the corresponding equations to quadratures.

It can easily be verified that the standard Lagrangian of Eq. (8) is

L =
1
2

xny�2 − xn+ν−1
∫

f (y)dy. (20)

The determining equation (see (47)) for the Noether point symmetries corresponding to L in
(20) is

X[1](L) + LD(ξ) = D(B), (21)

where X given by

X = ξ(x, y)
∂

∂x
+ η(x, y)

∂

∂y
(22)

is the generator of Noether symmetry and B(x, y) is the gauge term and D is the total
differentiation operator defined by (48)

D =
∂

∂x
+ y� ∂

∂y
+ y�� ∂

∂y� + · · · . (23)

The solution of Eq. (21) results in
ξ = a(x),

η =
1
2
[a� − nx−1a]y + b(x), (24)

B =
1
4

xn
[

a�� − n
(

a
x

)�]
y2 + b�xny + c(x), (25)
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[−(n + ν − 1)xn+ν−2a − a�xn+ν−1]
∫

f (y)dy + [−1
2

xn+ν−1a�y

+
1
2

nxn+ν−2ay − xn+ν−1b] f (y) =
1
4

a���xny2 +
1
2

nxn−2a�y2

−1
2

nxn−3ay2 − 1
4

n2xn−1
(

a
x

)�
y2 + b��xny + b�nxn−1y + c�(x). (26)

The analysis of Eq. (26) leads to the following eight cases:

Case 1. n �= 1 − ν

2
, f (y) arbitrary but not of the form contained in cases 3, 4, 5 and 6.

We find that ξ = 0, η = 0, B = constant and we conclude that there is no Noether point
symmetry.

Noether point symmetries exist in the following cases.

Case 2. n =
1 − ν

2
, f (y) arbitrary.

We obtain ξ = x
1−ν

2 , η = 0 and B = constant. Therefore we have a single Noether symmetry
generator X = x

1−ν
2 ∂/∂x. For this case the integration is trivial even without a Noether

symmetry. The Noetherian first integral (47) is

I =
1
2

x1−ν y�2 +
∫

f (y)dy

from which, setting I = C, one gets quadrature.

Case 3. f (y) is linear in y.

We have five Noether point symmetries associated with the standard Lagrangian for
the corresponding differential equation (8) and sl(3,�) symmetry algebra. This case is
well-known, see, e.g., (45).

Case 4. f = αy2 + βy + γ, α �= 0

There are four subcases. They are as follows:

4.1. If n = 2ν + 3, β = 0 and γ = 0, we obtain ξ = x, η = −(ν + 1)y and B = constant. This
is contained in Case 5.1 below.

4.2. If n = 2ν + 3, ν �= −1, β2 = 4α γ, we get ξ = x, η = −(ν + 1)(y + β/2α) and B =
βγ

6α
x3ν+3. We have

X = x
∂

∂x
− (ν + 1)(y + β/2α)

∂

∂y
.

In this case the Noetherian first integral (47) is

I = −1
2

x2ν+4y�2 − 1
3

αx3ν+3y3 − 1
2

βx3ν+3y2 − γx3ν+3y − (ν + 1)x2ν+3yy�

−(ν + 1)
β

2α
x2ν+3y� − βγ

6α
x3ν+3.
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Finally for Case 6.2 the corresponding Eq. (8) admits the two symmetries

X1 = x
∂

∂x
+

ν + 1
δ1

∂

∂y
, X2 = x ln x

∂

∂x
+

1
δ1
[2 + (ν + 1) ln x]

∂

∂y

with [X1, X2] = X1. In this case the solution of the corresponding Eq. (8) is

y =
1
δ1

ln
(

xν+1

t

)
,

where t is given by
∫ dt

±√
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= ln x + C2,
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L =
1
2
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∫
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The determining equation (see (47)) for the Noether point symmetries corresponding to L in
(20) is

X[1](L) + LD(ξ) = D(B), (21)

where X given by

X = ξ(x, y)
∂

∂x
+ η(x, y)

∂

∂y
(22)

is the generator of Noether symmetry and B(x, y) is the gauge term and D is the total
differentiation operator defined by (48)

D =
∂

∂x
+ y� ∂

∂y
+ y�� ∂

∂y� + · · · . (23)

The solution of Eq. (21) results in
ξ = a(x),

η =
1
2
[a� − nx−1a]y + b(x), (24)

B =
1
4
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[

a�� − n
(

a
x

)�]
y2 + b�xny + c(x), (25)
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[−(n + ν − 1)xn+ν−2a − a�xn+ν−1]
∫

f (y)dy + [−1
2

xn+ν−1a�y

+
1
2

nxn+ν−2ay − xn+ν−1b] f (y) =
1
4

a���xny2 +
1
2

nxn−2a�y2

−1
2

nxn−3ay2 − 1
4
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(

a
x

)�
y2 + b��xny + b�nxn−1y + c�(x). (26)
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2
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Case 2. n =
1 − ν

2
, f (y) arbitrary.
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1−ν
2 ∂/∂x. For this case the integration is trivial even without a Noether
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1
2
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∫
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Case 3. f (y) is linear in y.

We have five Noether point symmetries associated with the standard Lagrangian for
the corresponding differential equation (8) and sl(3,�) symmetry algebra. This case is
well-known, see, e.g., (45).

Case 4. f = αy2 + βy + γ, α �= 0

There are four subcases. They are as follows:

4.1. If n = 2ν + 3, β = 0 and γ = 0, we obtain ξ = x, η = −(ν + 1)y and B = constant. This
is contained in Case 5.1 below.

4.2. If n = 2ν + 3, ν �= −1, β2 = 4α γ, we get ξ = x, η = −(ν + 1)(y + β/2α) and B =
βγ

6α
x3ν+3. We have

X = x
∂

∂x
− (ν + 1)(y + β/2α)

∂

∂y
.

In this case the Noetherian first integral (47) is

I = −1
2

x2ν+4y�2 − 1
3

αx3ν+3y3 − 1
2

βx3ν+3y2 − γx3ν+3y − (ν + 1)x2ν+3yy�

−(ν + 1)
β

2α
x2ν+3y� − βγ

6α
x3ν+3.
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Thus the reduced equation is

1
2

x2ν+4y�2 + 1
3

αx3ν+3y3 +
1
2

βx3ν+3y2 + γx3ν+3y + (ν + 1)x2ν+3yy�

+(ν + 1)
β

2α
x2ν+3y� + βγ

6α
x3ν+3 = C, (27)

where C is an arbitrary constant. We now solve Eq. (27). For this purpose we use an invariant
of X (see (49)) as the new dependent variable. This invariant is obtained by solving the
Lagrange’s system associated with X, viz.,

dx
x

=
dy

−(ν + 1)(y + β/2α)
,

and is
u = xν+1y +

β

2α
xν+1.

In terms of u Eq. (27) becomes

C =
1
2
(ν + 1)2u2 − 1

2
x2u�2 − 1

3
αu3,

which is a first-order variables separable ordinary differential equation. Separating the
variables we obtain

du
±√

(ν + 1)2u2 − (2/3)αu3 − 2C
=

dx
x

.

Hence we have quadrature or double reduction of our Eq. (8) for the given f .

4.3. If n = (ν + 4)/3, n �= (1 − ν)/2,−1, β = 0 and γ = 0, we find ξ = x(2−ν)/3, η =

− ν + 1
3

x−(ν+1)/3y and B =
(ν + 1)2

18
y2 + k, k a constant. This is subsumed in Case 5.2 below.

4.4. If n = (1 − ν)/2, n �= (ν + 4)/3, β and γ are arbitrary, we obtain ξ = x
1−ν

2 , η = 0. This
reduces to Case 2.

Case 5. f = αyr, α �= 0, r �= 0, 1.
Here we have two subcases.

5.1. If n =
r + 2ν + 1

r − 1
, we obtain ξ = x, η =

ν + 1
1 − r

y and B = constant. The solution of Eq. (8)

for the above n and f is given by
y = ux

ν+1
1−r , (28)

where u satisfies
∫ du

±√
(ν + 1)2(1 − r)−2u2 − 2α(1 + r)−1u1+r − 2C1

= ln xC2, (29)

in which, C1 and C2 are arbitrary constants of integration.

We note that when r = 5 and ν = 1, we get n = 2. This gives us the Lane-Emden equation y��+
(2/x)y� + y5 = 0. Its general solution is given by Eq. (29) and we recover the solution given
in (50). Only a one-parameter family of solutions is known in the other literature, namely,
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y = [3a/(x2 + 3a2)]1/2, a = constant (see, e.g., (27) or (51)). Here we have determined a
two-parameter family of solutions. Another almost unknown exact solution of y�� + (2/x)y� +
y5 = 0, which is worth mentioning here, is given by

xy2 =

[
1 + 3 cot2

(
1
2

ln
x
c

)]−1

, (30)

where c is an arbitrary constant.

5.2. If n =
r + ν + 2

r + 1
, with r �= −1, we have ξ = x

r−ν
r+1 , η = −

(
ν + 1
r + 1

)
x−

ν+1
r+1 y and B =

(ν + 1)2

2(r + 1)2 y2 + k, where k is a constant.

In this case the solution of the corresponding Eq. (8) is

y = ux−
ν+1
r+1 , (31)

where u is given by
∫ du

±√
C1 − 2α(r + 1)−1ur+1

=

(
r + 1
ν + 1

)
x

ν+1
r+1 + C2, (32)

in which, C1 and C2 are arbitrary constants.

5.3. If n =
1 − ν

2
, we obtain ξ = x

1−ν
2 , η = 0 and B = constant. This reduces to Case 2.

Case 6. f = α exp(βy) + γy + δ, α �= 0, β �= 0.
Here again we have two subcases.

6.1. If n =
1 − ν

2
, we obtain ξ = x

1−ν
2 , η = 0 and B = k, k a constant. This reduces to Case 2.

6.2. If n = 1, ν �= −1, γ = 0 and δ = 0, we deduce that ξ = x, η = −(ν + 1)/β and B = k, k a
constant.

The solution of the corresponding Eq. (8) for this case is

y =
ν + 1

β
ln

(
u
x

)
, (33)

where u is defined by
∫ du

±u
√

1 − 2αβ(ν + 1)−2uν+1 + 2C1β2(ν + 1)−2
= ln xC2, (34)

in which, C1 and C2 are integration constants.

Case 7. f = α ln y + γy + δ, α �= 0.

If n =
1 − ν

2
, we obtain ξ = x

1−ν
2 , η = 0 and B = k, k a constant. This reduces to Case 2.

Case 8. f = αy ln y + γy + δ, α �= 0.

If n =
1 − ν

2
, we obtain ξ = x

1−ν
2 , η = 0 and B = k, k a constant. This reduces to Case 2.
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4. Systems of Lane-Emden-Fowler equations

The modelling of several physical phenomena such as pattern formation, population
evolution, chemical reactions, and so on (see, for example (52)), gives rise to the systems of
Lane-Emden equations, and have attracted much attention in recent years. Several authors
have proved existence and uniqueness results for the Lane-Emden systems (53; 54) and other
related systems (see, for example (55–57) and references therein). Here we consider the
following generalized coupled Lane-Emden system (58)

d2u
dt2 +

n
t

du
dt

+ f (v) = 0, (35)

d2v
dt2 +

n
t

dv
dt

+ g(u) = 0, (36)

where n is real constant and f (v) and g(u) are arbitrary functions of v and u, respectively.
Note that system (35)-(36) is a natural extension of the well-known Lane-Emden equation. We
will classify the Noether operators and construct first integrals for this coupled Lane-Emden
system.

It can readily be verified that the natural Lagrangian of system (35)-(36) is

L = tnu̇v̇ − tn
∫

f (v)dv − tn
∫

g(u)du. (37)

The determining equation (see (58)) for the Noether point symmetries corresponding to L in
(37) is

X[1](L) + LD(τ) = D(B), (38)

where X is given by

X = τ(t, u, v)
∂

∂t
+ ξ(t, u, v)

∂

∂u
+ η(t, u, v)

∂

∂v
, (39)

with first extension (59)

X[1] = X + (ξ̇ − u̇τ̇)
∂

∂u̇
+ (η̇ − v̇τ̇)

∂

∂v̇
, (40)

where τ̇, ξ̇ and η̇ denote total time derivatives of τ, ξ and η respectively. Proceeding as in
Section 3, (see details of computations in (58)) we obtain the following seven cases:

Case 1. n �= 0, f (u) and g(v) arbitrary but not of the form contained in cases 3, 4, 5 and 6.

We find that τ = 0, ξ = 0, η = 0, B = constant and we conclude that there is no Noether point
symmetry.

Noether point symmetries exist in the following cases.

Case 2. n = 0, f (u) and g(v) arbitrary.

We obtain τ = 1, ξ = 0, η = 0 and B = constant. Therefore we have a single Noether
symmetry generator

X1 =
∂

∂t
(41)
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with the Noetherian integral given by

I = u̇v̇ +
∫

f (u)du +
∫

g(v)dv.

Case 3. f (v) and g(u) constants. We have eight Noether point symmetries associated with the
standard Lagrangian for the corresponding system (35)-(36) and this case is well-known.

Case 4. f = αv + β, g = γu + λ, where α, β, γ and λ are constants, with α �= 0 and γ �= 0.

There are three subcases, namely

4.1. For all values of n �= 0, 2, we obtain τ = 0, ξ = a(t), η = l(t) and B = tnl̇u + tn ȧv −
λ
∫

tna dt − β
∫

tnldt + C1, C1 a constant. Therefore we obtain Noether point symmetry

X1 = a(t)
∂

∂u
+ l(t)

∂

∂v
, (42)

where a(t) and l(t) satisfy the second-order coupled Lane-Emden system

l̈ +
n
t

l̇ + γa = 0, ä +
n
t

ȧ + αl = 0. (43)

The first integral in this case is given by

I1 = tnl̇u + tn ȧv − λ
∫

tna dt − β
∫

tnldt − atnv̇ − ltnu̇.

4.2. n = 2. In this subcase the Noether symmetries are X1 given by the operator (42) and

X2 =
∂

∂t
− ut−1 ∂

∂u
− vt−1 ∂

∂v
. (44)

The value of B for the operator X2 is given by B = uv.

The associated first integral for X2 is given by

I2 = uv +
α

2
t2v2 +

γ

2
t2u2 + utv̇ + vtu̇ + t2u̇v̇.

In this subcase, we note that the first integral corresponding to X1 is subsumed in Case 4.1
above with β, λ = 0.

4.3. n = 0. Here the Noether operators are X1 given by the operator (42) and

X2 =
∂

∂t
, with B = C2, C2 a constant. (45)

This reduces to Case 2.

We note also that the first integral associated with X1 is contained in Case 4.1 above where
a(t) and l(t) satisfy the coupled system

l̈ + γa = 0, ä + αl = 0. (46)
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λ
∫

tna dt − β
∫

tnldt + C1, C1 a constant. Therefore we obtain Noether point symmetry

X1 = a(t)
∂

∂u
+ l(t)

∂

∂v
, (42)

where a(t) and l(t) satisfy the second-order coupled Lane-Emden system

l̈ +
n
t

l̇ + γa = 0, ä +
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Case 5. f = αvr, g = βum, m �= −1 and r �= −1 where α, β are constants, with α �= 0 and
β �= 0.

There are three subcases,viz.,

5.1. If n =
2m + 2r + mr + 3

rm − 1
, rm �= 1, m �= −1, m �= 1 and r �= −1, we obtain τ = t, ξ =

− (1 + n)
m + 1

u, η = − (1 + n)
r + 1

v and B = constant.

Thus we obtain a single Noether point symmetry

X = t
∂

∂t
− (1 + n)

m + 1
u

∂

∂u
− (1 + n)

r + 1
v

∂

∂v
(47)

with the associated first integral

I = βtn+1 um+1

m + 1
+ αtn+1 vr+1

r + 1
+

(n + 1)
m + 1

tnuv̇ +
(n + 1)

r + 1
tnvu̇ + tn+1u̇v̇.

We now consider the case when m = −1 and r = −1, in Case 5. Here we have two subcases

Case 5.2. n = 0, (m = −1, r = −1).

This case provides us with two Noether symmetries namely,

X1 = u
∂

∂u
− v

∂

∂v
and X2 =

∂

∂t
with B = 0 for both cases. (48)

We obtain the Noetherian first integrals corresponding to X1 and X2 as

I1 = u̇v − uv̇, I2 = u̇v̇ + ln u + ln v,

respectively.

Case 5.3. n = −1 (m = −1, r = −1).

Here we obtain two Noether symmetry operators, viz.,

X1 = u
∂

∂u
− v

∂

∂v
with B = 0 and X2 = t

∂

∂t
+ 2u

∂

∂u
with B = −2 ln t (49)

and first integrals associated with X1 and X2 are given by

I1 = u̇vt−1 − uv̇t−1, I2 = −2 ln t + ln u + ln v − 2uv̇t−1 + u̇v̇,

respectively.

Case 6. f = α exp(βv) + λ, g = δ exp(γu) + σ, α, β, λ, γ, δ, and σ are constants, with α �=
0, β �= 0, δ �= 0, γ �= 0.

There are two subcases. They are
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6.1. If n = 1, λ = 0 and σ = 0, we obtain τ = t, ξ = − 2
γ

, η = − 2
β

and B = C3, C3 a constant.

Therefore we have a single Noether point symmetry

X1 = t
∂

∂t
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γ

∂

∂u
− 2

β

∂

∂v
(50)

and this results in the first integral

I = t2u̇v̇ +
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β
exp(βv) +

δt2

γ
exp(γu) +

2
γ

tv̇ +
2
β

tu̇.

6.2. If n = 0, λ = 0 and σ = 0, we deduce that τ = 1, ξ = 0, η = 0 and B = C4, C4 a constant.
The Noether operator is given by

X1 =
∂

∂t
. (51)

This reduces to Case 2.

Case 7. f = α ln v + β, g = γ ln u + λ, where α, β, γ and λ are constants with α �= 0, γ �= 0.
If n = 0, we obtain τ = 1, ξ = 0, η = 0 and B = C5, C5 a constant. This reduces to Case 2.

5. Concluding remarks

In this Chapter we gave a brief history of the Lane-Emden-Fowler equation and its
applications in various fields. Several methods have been employed by scientists to solve the
Lane-Emden-Fowler equation. Various generalizations of the Lane-Emden-Fowler equations
were given which can be found in the literature. Also we gave the extension of the
Lane-Emden equation to the System of Lane-Emden equations. We presented the complete Lie
symmetry group classification of a generalized Lane-Emden-Fowler equation and performed
the Lie and Noether symmetry analysis of this problem. It should be noted that Lie symmetry
method is the most powerful tool to solve nonlinear differential equations. Finally, we
classified a generalized coupled Lane-Emden system with respect to the standard first-order
Lagrangian according to its Noether point symmetries and obtained first integrals for the
corresponding Noether operators.
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1. Introduction

The nature of dark matter (DM) is one of the greatest today challenges in cosmology and
particle physics: on one side it would have a significant impact on the large scale structure
in the Universe and, on the other hand, it should lead to the empirical evidence of new
unknown particles. The difficulties arise from the fact that DM could be composed by multiple
components behaving in different ways depending on the scale. Besides, DM dynamics
should be connected to that of dark energy (DE), the other unknown, unclustered form of
energy that recent observations pointed out in the last decade. This further ingredient should
constitute almost 75 % of cosmic matter-energy budget, turning out that the so-called "dark
side" problem is dramatic and urgent to be solved.

The DM problem was finally set in the 1970s after several evidences accumulated in the past
decades. In 1933 Fritz Zwicky measured the velocity dispersion of galaxies in the Coma cluster
and found out that it was about a factor ten larger than expected from the estimated total mass
of the cluster (Zwicky, 1933). It is interesting that Zwicky defined such a shortcoming as the
missing matter problem. These preliminary observations have been confirmed in the 1970s,
when data collected on the galactic rotational curves of spiral galaxies, proved the presence of
large amounts of mass on scales much larger than the optical size of galactic disks.

Later on, the evidence of DM at various cosmological and astrophysical scales has been
established by a wide number of observations, especially the very precise measurements of
the cosmic microwave background radiation in the Wilkinson Microwave Anisotropy Probe
(WMAP) experiment (Dunkley et al., 2009). Data from weak (Refregier, 2003) and strong
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matter and accounts for about a quarter of the Universe. More precisely, current data
constrain the energy densities of the Universe in a baryonic component, mostly known
(ΩB � 0.0456 ± 0.0016), a DM (CDM) component (ΩCDM � 0.227 ± 0.014) still unknown, and
a DE component (ΩΛ � 0.728± 0.015 with a great uncertainty on the generating mechanisms).
The luminous matter in the Universe is less than 1% of the total composition of the Universe.
The current most precise estimation of the density of non-baryonic DM ΩDM is obtained
combining the measurements of the CMB anisotropy and of the spatial distribution of the
galaxies and has found to be ΩDMh2 = 0.110 ± 0.006. The "local" DM present in the Galactic
disk has an average density of (Kamionkowski & Kinkhabwala, 1998): ρlocal

DM � 0.3 GeV
cm3 .

An alternative, intriguing approach is to consider DM, as well as DE, as the manifestation
of the break-down of General Relativity (GR) on large scales. A large literature is
devoted to the possible modifications of the laws of gravitation, as Extended Theories
of Gravity (ETGs), in particular f (R)-theories, by introducing into the Lagrangian ,
physically motivated higher-order curvature invariants and non-minimally coupled scalar
fields (Capozziello & De Laurentis, 2011). The interest on such an approach, in early epoch
cosmology, is due to the fact that it can “naturally” reproduce inflationary behaviours able to
overcome the shortcomings of Standard Cosmological Model and, in late epoch cosmology,
it seems capable of matching with several observations overcoming DM and DE problems
related to the issue of detection.

In this review paper, we illustrate the experimental status of art to detect DM particles with
direct and indirect methods, trying to interpretate and discuss the results obtained so far
(Secs. 2,3,4). A possible alternative approach to the DM problem is presented in terms of
gravitational effects at astrophysical and cosmological scales (Sec.5). Specifically, corrected
gravitational potentials offer the possibility to fit galaxy rotation curves and galaxy clusters
haloes without DM. The same approach allows to fit the apparent accelerated Hubble fluid
without invoking DE. Conclusions are drawn in Sec. 6.

2. A survey of dark matter candidates

Candidates for non-baryonic DM must satisfy several conditions: i) they should be neutral,
(otherwise they would interact electromagnetically); ii) they should not have color charge
(otherwise they could form anomalous nuclear states); iii) they should be stable on
cosmological time scales (otherwise they would have decayed by now); iv) they should
interact very weakly with ordinary matter (otherwise they would not be dark), and, finally, v)
they should have a suitable relic density. If we consider the Standard Model (SM) of Particles,
neutrinos seem to be the prominent DM candidate as they interact only weakly and have an
extremely low mass (the exact value of neutrinos’ mass has yet to be measured, but it is clear,
from neutrino oscillation measurements, that their mass is non-zero). There are many sources
of neutrinos in the Universe, nevertheless they can account only a small fraction of DM. First of
all, they are "hot" since they move at relativistic velocities. Thus they should have had a strong
effect on the instabilities that generated the primordial cosmological objects during the earliest
Universe, in the sense that galaxy clusters would have formed before galaxies and stars.
This is in contrast with most theories and measurements, which are, instead, supported by a
model based on cold DM, consisting of particles which move at non-relativistic energies. Thus
small-scale perturbations are not suppressed, allowing an early start of structure formation.
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Secondly, we know that neutrino mass is rather small. The most recent upper bound on
electron neutrino mass is mνe < 2 eV (95% c.l.) while the experimental limits on the muon
and tau neutrino are even weaker. So neutrinos cannot explain the gravitational effects DM is
responsible for. However, extremely, high energetic neutrinos are of interest for DM search as
they are among the secondary particles created in the annihilation of other DM candidates.

The most popular hypothesis is that non-baryonic DM consists of some neutral massive
weakly interacting particles (WIMPs), which were created in the hot early Universe,
decoupled early from ordinary matter in order to seed structure formation, and survived until
today. They are supposed (from theoretical considerations and from the fact that they have
not been detected yet) to be heavy respect to SM particles, with mass roughly between 10 GeV
and few TeV. They interact via weak force and gravity only and are stable with a lifetime at
least equal to the age of the Universe. Their relic density can be correctly calculated assuming
that WIMPs were in thermal equilibrium with the SM particles in the early Universe. At
the early stages, Universe was dense and hot. As the temperature T of the Universe cools,
the density of more massive DM particles, with mass greater than T, become Boltzmann
exponentially suppressed. When the expansion rate of the Universe, H, exceeds the particle
annihilation/creation rate, the WIMPs drop out of thermal equilibrium, and the number
density becomes "frozen". Presently the relic density of these particles is approximately given
by

ΩDMh2

0.110
≈ 3 × 10−26cm3/sec

�σAv�ann
, (1)

where σA is the total annihilation cross section, v is the relative velocity of WIMPs and the
term in brackets is an average over the thermal distribution of WIMPs velocities. From a
cosmological point of view, it is worth noticing that the proper value of ΩDMh2 density comes
out from an annihilation cross section on the electroweak scale. This coincidence, obtained
numerically, represents the main reason for believing that WIMPs give the largest contribution
to the matter density in the Universe.

The freeze out happens at temperature TF � mDM/20 almost independently of the properties
of the WIMPs. This means they are already non-relativistic at the decoupling.

If we search beyond SM, well-motivated scenarios suggest good candidates. As neutralinos
and Kaluza-Klein particles on which we are going to focus our discussion.

2.1 WIMPs in supersymmetric extensions of the standard model

This class contains a large amount of DM candidates, which are not predicted in the realm
of the SM. In supersymmetric (SUSY) theories, each SM particle has a new yet-undiscovered
partner whose spin differs by 1/2 with respect to the supersymmetric partner. In comparison
to the mass eigenvalues in the SM, SUSY particles occur in linear combinations. The lightest
possible combination (LSP) is the neutralino χ formed by the Bino B̃, Wino W̃ and two
Higgsino H̃ states, with a mass range mχ ∼ 10 GeV-TeV. The main ingredient necessary to
provide a natural WIMP candidate in the SUSY models is the R-parity conservation defining
the R-parity as:

R = (−1)3(B−L)+2S ,
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where B is the baryon number, L the lepton number and S the spin of the particle. R = +1 for
ordinary particles and R = −1 for SUSY particles. This means that SUSY particles can only
be created or annihilated in pairs. By imposing the R-parity conservation, a selection rule on
the SUSY particle decays prevents the LSP to decay to an ordinary particle guaranteeing the
stability in terms of cosmological abundances. However, this straightforward mechanism has
to be experimentally probed. Several indications at Large Hadron Collider (LHC), CERN,
seem to exclude minimal SUSY models, so the search of these candidates is, up to now,
completely open.

2.2 Extra dimensions and Kaluza-Klein dark matter

An alternative possibility for new weak-scale physics is to search for universal extra
dimensions (UED). The motivation to consider UED models is that they provide an interesting
and qualitatively different alternative to supersymmetry. The idea of the existence of extra
spatial dimensions was introduced, for the first time, by Kaluza and Klein in the 1920’s. Such
theories attempt to unify the two fundamental forces of gravitation and electromagnetism
at the weak scales. Some models assume that all fields of SM propagate in “universal”
extradimension. As a consequence, observers in the four-dimensional world see a tower of
Kaluza Klein (KK) states for each SM particle (Kolb & Turner, 1990). The SM particles make
up the first level of this tower and are referred to as the zero-th KK mode.

Momentum conservation in the extra dimension leads, in the four dimensional world, to a
conservation of KK number (NKK), where the KK number of a particle is given by its mode
number. All SM particles have NKK = 0 while the next most massive set of states have
NKK = 1. Such KK excitations appear as particles with masses near the TeV scale. Due
to conservation of momentum in the higher dimensions, a symmetry called KK parity can
arise which can, in some cases, make the lightest KK particle (LKP) stable, in a way which
is analogous to R-parity of SUSY models, making it possible for the LKP to be a viable DM
candidate. Since DM particles are expected to be neutral, non-baryonic and without color,
the first mode KK partners of the neutral gauge bosons or neutrinos are likely choices for the
lightest Kaluza-Klein particle (LKP). The identity of the LKP depends on the mass spectrum
of the first KK level. The LKP is, most naturally, the first KK excitation of the B1, the level 1
partner of the hypercharge gauge boson. It has been found that the appropriate relic density is
predicted when the mass is moderately heavy, between 600 and 1200 GeV, somewhat heavier
than the range favoured by supersymmetry. This range of LKP mass depends on the details
of the co-annihilations of LKPs with heavier KK particles. Another difference between DM
particles in universal extra dimensions and supersymmetry is that, unlike of LSP neutralino,
the bosonic nature of the LKP means there is no chirality suppression of the annihilation
signal in fermions. The annihilation rate of the LKP is therefore roughly proportional to the
hypercharge of the final state, leading to a large rate in leptons, including neutrinos. The
annihilation and co-annihilation cross-sections are determined by SM couplings and the mass
spectrum of the first KK level. In contrast to supersymmetry, particles in UED have the same
spin of the SM partners. As a result, the couplings become large and non-perturbative at
energies far below the Planck scale. The detection of these kind of particles is also expected at
LHC.
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3. Methods of detection and experimental status

There are three main strategies to search for DM particles. Assuming that DM consists
of WIMPs i.e. particles which froze out from thermal equilibrium when they were no
more relativistic, one would expect that due to the gravitational interaction, they should
have clustered with ordinary matter to form an almost spherical halo around the galaxies.
Measurements of rotation curves of a large number of spiral galaxies have suggested the
existence of a dark halo more extended than the visible disk. Despite the measurement in case
of Milky Way is more difficult and suffers of larger uncertainties, the presence of a halo has
been confirmed (Merrifield, 1992). Thus, if DM exists, it should be present also in the Milky
Way and a consistent flux of WIMPs is expected to cross the Earth surface. The WIMPs of
the dark halo, although with a very low cross section, interact with ordinary matter inducing
atomic recoils. The measurement of these rare recoils through their energy deposit, carefully
discriminated from the background, is performed by direct techniques.

Another method for DM detection is carried out by indirect techniques, which aims to observe
the products of WIMPs annihilation process, as gamma rays, neutrinos, anti-matter cosmic
rays occurring mainly inside astrophysical objects.

A third possibility is at particle colliders: here DM may be produced through the SM SM
→ XX process where SM denotes a standard model particle and X represents the WIMP.
Such events are, in general, undetectable but are typically accompanied by related production
mechanisms, such as SM SM → XX + “SM” , where “SM” indicates one or more standard
model particles. These events are instead observable and should provide signatures of DM at
colliders as LHC.

3.1 WIMPs direct detection

When a WIMP of a certain mass mX scatters elastically a nucleus of mass mN , the nuclear recoil
occurs at an angle θ with respect to the WIMP initial velocity, with cos θ uniformly distributed
between -1 and 1 for the isotropic scattering that occurs with zero-momentum transfer. If the
WIMP initial energy in the lab frame is Ei = MXv2/2, the the nucleus recoils (in the lab frame)

with energy ER = Eir
(1 − cos θ)

2
where r ≡ 4μ2

MX MA
=

4MX MA

(MX + MA)2 . Note that r ≤ 1, with

r = 1 only if MX = MA. For this isotropic scattering, the recoil energy is therefore uniformly
distributed between 0 − Eir.

Since typically the mean WIMP velocity is v � 220km/s (Bernabei et al., 1998b), we can easily
estimate that the maximum energy transfer from a WIMP to an electron, initially at rest, is at
most in the eV range, while the energy transfer to an atomic nucleus would typically be in
the range of tens of keV. This requires to use low threshold detectors, which are sensitive to
individual energy deposits of this order of magnitude. In order to compute the WIMP-nucleon
interaction rate, one needs the cross-section and the local density of WIMP. Details of this
calculations can be found in e.g. (Lewin & Smith, 1996; ?). We report here only the final
expression

dN
dER

=
σ0ρlocal

DM
2μ2mX

F2(q)
∫ v2

v1

f (v)
v

dv
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where ρlocal
DM is the local WIMP density, μ is the reduced mass of the WIMP nucleus system and

f (v) accounts the velocity distribution of WIMPs in the galactic halo. The lower and upper
limit of the integral represent respectively the minimum WIMP velocity to produce a recoil
of energy Er, and the maximum WIMP velocity set by the escape velocity of the halo model.
F(q) is a dimensionless factor form and σ0 is the WIMP-nucleus interaction cross-section. This
cross section depends strongly on the form of the interactions of the DM particles. It may
happen that the WIMP-nucleus cross-section is not sensitive to the spin of the nucleus; in such
a case we refer to spin-independent interactions; otherwise, WIMPs couple dominantly to the
nucleus spin and this is the case of a spin-dependent interaction. The WIMP-nucleus cross
section, may be written in terms of a spin-independent (mostly scalar) and a spin-dependent
(mostly axial vector) component. For the former, the interaction will be coherent across the
nucleons in the nucleus, while the latter term will only be present for nucleons with nuclear
spin 29 or 82 or 83). In most cases, the coherent term is dominant since it is proportional
to A2 where A is the atomic number of nucleus, which favours heavy nuclei. Nevertheless,
for very heavy nuclei, as the recoil energy increases, account must also be taken of the nuclear
form factor, which may suppress the differential scattering rate significantly as shown in Fig.1.
The curves are obtained assuming the spin independent coupling dominant, a standard halo
model and choosing a WIMP mass of 100 GeV (Baudis, 2007).
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Fig. 1. Differential WIMP recoil spectrum for a WIMP mass of 100 GeV and a WIMP-nucleon
cross section σ = 10−43 cm2. The spectrum was calculated for Si (light solid), Ar (light
dot-dashed), Ge (dark solid), Xe (dark dashed) (Baudis, 2007).

The differential WIMP event rate versus the recoil energy expected for single isotope targets
of 131Xe (similar for 129I), 73Ge, 28Si and 40Ar is shown. It can be noticed that for a given
cross section for WIMP-nucleon interactions, the interaction rate decreases for smaller nuclei
because of a combination of smaller coherence enhancement (∼ A2) and the less effective
transfer of recoil energy to a target that is lighter than the WIMP. It is also evident that the
recoil spectrum for the heavier Xe nucleus is suppressed significantly by the loss of coherence
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Laboratory Depth (m.w.e.) Experiment
Soudan, US 2000 CDMS/SuperCDMS, CoGeNT
Yangyang, Korea 2000 KIMS
Kamioka, Japan 2700 XMASS,SuperKamiomkande
Bulby, UK 3200 ZEPLIN
LNGS, Italy 3500 DAMA, CRESST, WARP, XENON100
Modane, France 4800 EDELWEISS
SNOLab, Canada 6000 PICASSO, DEAP/CLEAN

Table 1. Underground laboratories housing DM experiments. The approximate effective
shielding depth is mesured in meters of water equivalent (mwe).

for higher q2 scattering events (form factor suppression). A low analysis threshold is therefore
important to maximise the effective search sensitivity of a given detector mass. The influence
of threshold energy is even greater for lower-mass WIMPs, where the recoil spectrum
slope becomes steeper because of the reduction in typical kinetic energy of the WIMPs.
The interaction rate can be calculated within the Minimal SUSY models, but the predicted
WIMP-nucleon interaction cross section spans many orders of magnitude. Typical values for
the spin-independent cross section are between 10−6 pb and 10−11 pb (de Austri et al., 2006).

In the recent years, an inelastic dark matter (iDM) model has been proposed as a modification
of the elastic WIMP model. iDM model assumes that WIMPs scatter off baryonic matter
by simultaneously transitioning to an excited state at an energy δ above the ground state
(χN → χ∗N), while elastic scattering is forbidden or highly suppressed. This fact introduces
a minimum velocity for WIMPs to scatter in a detector with a deposited energy Enr.

3.1.1 A review of experiments

The nature of WIMPs makes their detection a hard task. A typical WIMP mass ranges between
10 GeV and few TeV according to the model chosen and the signal, to be detected in terms of
deposit energy of the nuclear recoil, is of the order of tens keV. Within the MSSM models, the
cross section interaction rates induce at most 1 evt day−1kg−1 in the detector, so large target
masses and low background detectors are required. Typical background from environmental
radioactivity and cosmic radiation are much higher with respect to these low expected rates
and experimental purposes need underground laboratories to shield cosmic ray induced
backgrounds, and for the selection of extremely radio-pure materials.

Worldwide, a large number of underground laboratories exists, many of them house present
and/or future DM experiments (see Tab. 1).

Three different detection principles are at the basis of most particle detectors:

• ionizing effect of a particle interaction;
• scintillation light from electronic excitation;
• thermal signal from lattice vibrations.

A great number of experiments performing one or a combination of the mentioned techniques
have been realised throughout the years, mainly divided into two categories: single
and double modality. Concerning the former, such experiments must work in ultra-low
background conditions because they are not able to perform background rejection. Each event,
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which falls in the acceptance window of the detector is accepted as a DM candidate with its
own deposit energy measurement. For instance CREEST I and CoGeNT belongs to this class
of experiments. CRESST I was the first phase of the CRESST experiment and consisted of
a cryogenic bolometer based on saphire crystals as target material operating below 10 mK.
This technique provides a threshold energy on nuclear recoils of the order of 0.5-0.6 keV,
much lower than the minimum thresholds set by other experimental methods. Anyway the
reduced target mass (262 g) limit its sensitivity. The CoGeNT experiment uses a single, 440g,
high-purity germanium crystal cooled to liquid nitrogen temperatures in its measurements.
The detector has the advantage of a very low energy threshold (<0.5 keV) which allows it
to search for nuclear recoil events due to DM particles of relatively low mass (> GeV/c2).
In addition to a low-background configuration, the detector is able to distinguish and reject
background events from the surface by measuring the risetime of the detector’s signals. The
CoGeNT detector is sensitive only to the ionisation charge from nuclear recoils and sets limits
on the mass and interaction cross-section of DM particles by excluding any candidate mass
and cross-section pair that would result in a signal above the background of the detector.

The CoGeNT collaboration has recently announced their results on 15 months of data,
including the measurement of the spectrum of nuclear recoil candidate events, and the time
variation of those events (Aalseth et al., 2011a). These results appear consistent with the signal
anticipated from a relatively light DM particle scattering elastically with nuclei. The observed
spectrum and rate is consistent with originating from DM particles with a mass in the range of
4.5-12 GeV and an elastic scattering cross section with nucleons of approximately ∼ 10−40cm2

(Hooper & Kelso, 2011). In early 2010, the CoGeNT collaboration reported the observation
of ∼100 events above expected backgrounds over a period of 56 days, with ionisation
energies in the range of approximately 0.4 to 1.0 keV (Aalseth et al., 2011b). Concerning the
double modality, all the experiments able perform energy measurements and background
discrimination of the electron recoils, belong to this category. The most important results come
from CDMS and EDELWEISS. The Cryogenic DM Search (CDMS in the Soudan Underground
Laboratory) has developed a ionisation/phonon technique which allows a high efficient event
by event discrimination between electron and nuclear recoils, based on the simultaneous
record of inciting and phonon signal in the Ge and Si detectors packed in towers, operating
at 40 mK. The recoil energy threshold is 10 keV. Recently, results have been presented from
a re-analysis of the entire five-tower data set acquired with an exposure of 969 kg-days
(Ahmed et al., 2011) with a recoil energy extended to 150 keV and an increased sensitivity of
the experiment to the inelastic DM (iDM) model. Three DM candidates were found between
25 keV and 150 keV where the probability to observe three or more background events in this
energy range is 11%. The CDMS program goes on with a future installation of the SuperCDMS
setup at the new deep SNOLab laboratory, with 100 kg of detectors. EDELWEISS experiment
(in the Modane Underground Laboratory) is conceptually based on the same idea as CDMS,
with 300g germanium monocrystals as target. The typical recoil energy ranges from a few
keV to few tens of keV. This recoil is measured at the same time with a heat channel, and a
ionisation channel. The energy threshold reaches 10 keV. The EDELWEISS-II experiment has
carried out a direct WIMP search with an array of ten 400 g Inter-Digit detectors, achieving an
effective exposure of 322 kg days. The best sensitivity achieved in the elastic spin-independent
WIMP-nucleon cross-section is 5× 10?8pb for a WIMP mass of 80 GeV . The results are detailed
in (Armengaud, 2010).
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Exploiting the noble gas properties at low temperatures, both scintillation and ionisation
signal can be detected by noble liquid detectors. Argon and Xenon at below 88K and
165K respectively behave as dense liquids with good scintillation yield of about 40×103

photons/MeV and good electron mobility. The particle interaction in the liquids ionises the
medium and produces excited states of the gas atoms, which generate a luminescence signal.
There are two excited states both for Ar and Xe (a singlet and a triplet) which differ in lifetime,
quite enough to be measured by using a pulse shape discrimination analysis. The noble liquid
detectors operate in a dual phase mode: the noble element (in the form of liquid and gas
state) is saved in a vessel equipped with an array of photomultiplier. The interaction within
the liquid phase produces a first direct scintillation signal, called S1, while, the produced
ionisation electrons are drifted toward the liquid-gas interface, by means of a strong electric
field applied in the volume. A second light signal S2 is emitted due to the difference of
amplitude of the electric fields in both phases. By measuring the relative timings of the
different signals, the position of the primary interaction may be reconstructed. Furthermore,
since the ionisation yield is smaller for nuclear recoils, the S2/S1 ratio is used to distinguish
nuclear from electron recoils.

The XENON10 experiment uses this technology, with PMT arrays both in the gas and liquid
phase. The nuclear recoil energy threshold is 4.5 keV and the effective event rate in region
of interest (4.5-29.6 keV) after all fiducial cuts is around 2 × 10−3 /keV/kg/day (Angle et al.,
2008).

Xenon10 Collaboration has reported results of a search for light DM particle (� 10 GeV)
with a sensitivity threshold of 1.4 keV. Considering spin-independent dark matter- nucleon
scattering, a cross sections σn > 3.5 × 10−42cm2 is excluded, for a dark matter particle mass
mχ= 8 GeV (Angleet al., 2011).

XENON100 is one of the successor projects of XENON10. The experimental setup has
been enlarged and much care has been taken to reduce the background. The XENON100
experiment has recently completed a DM run with 100.9 live-days of data, taken from January
to June 2010. A total of three events have been found in the fiducial volume analyzed,
compatible with the background prediction of (1.8 ± 0.6) events (Aprile et al., 2011).

The WARP collaboration has built a dual-phase prototype liquid Argon with a fiducial mass
of 1.8 kg which achieved a good discrimination of the 39Ar background and reached a
background rate of 2 × 10−3 /keV/kg/day after discrimination in the 20-40 keVee 1 range.
The WARP collaboration has also produced a large (order of 100 kg) detector at Gran Sasso
with a massive active liquid argon shield, but unforeseen technical difficulties seem to
prohibit a timely start of the experiment. In the dual phase detectors the major part of the
discrimination power comes from the pulse shape. On this basis, a single phase liquid Argon
project has been proposed and two detectors, DEAP 3600 and MiniClean with fiducial masses
of 1000 kg and 100 kg respectively are under construction at SNOLAB. The pulse-shape
based discrimination is expected to provide a sufficient electron recoil background reduction
to completely suppress the intrinsic radioactivity, but it is also being considered to fill the
detector with argon extracted from underground sources which are depleted in 39Ar by a
factor of 20 or more.

1 keV electron-equivalent.
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In the last years a new experiment, called DarkSide (A. Wright, n.d.) has been proposed
by a Chinese, Italian, Russian and US Collaboration. It consists of a large depleted argon
TPCs for direct DM searches at LNGS. The innovations proposed make DarkSide a detector
of unprecedent background-free performance. The mechanical design is in progress. The
installation will start in summer 2012. The detector will reach, in 3 years background
free operation, a cross-section sensitivity of 1.5 × 10−45 cm2 for WIMP-nucleon scattering,
competitive with the projected sensitivity of other present experiments.

Other projects are based on superheated liquids, used in particle detectors early on in the
form of bubble chambers. The PICASSO project is based on this technology, but instead
of a monolithic bubble chamber, the detectors consist of tiny droplets immersed in a gel
matrix. In appropriate temperature and pressure conditions, the interacting particle creates
a bubble in the target volume. The operation conditions can be tuned in a way that the
detector is sensitive only for nuclear recoils while is essentially blind to gamma rays and
cosmic muon induced events with small energy deposit. The advantage of this technology
are the relatively low costs and simple detector production, while a clear disadvantage is that
there is no energy information available. PICASSO has operated several of these detectors
with a total volume of 4.5 l, containing of order of 70 g of the main WIMP target fluorine
each. With this target the experiment is mainly sensitive to spin-dependent WIMP-nucleon
interactions. PICASSO reported results on the limits obtained on the spin-dependent cross
section for WIMP scattering on 19F, setting a limit for WIMP interactions on protons of 0.16
pb (90% CL).

The largest operating experiment for DM direct search is DAMA (Bernabei et al., 2004) which
is based on about 10 kg of scintillating radiopure NaI(Tl) crystals readout by photomultiplier’s
in a well shielded and controlled environment. Although the scintillation light is detected, a
signal shape discrimination can be performed at a reasonable level so the energy evaluation
can be coupled to a discrimination method. The large mass and low background allow
to investigate the presence of DM exploiting the model independent annual modulation
signature.

Since NaI does not provide a strong event-by-event discrimination of electron recoil
background, DAMA follows a unique strategy to still get a handle on the background: the
Sun orbits our galaxy with a velocity of ∼ 220 km/s, while the earth rotates around the sun
with ∼ 30 km/s. Assuming the DM halo around our galaxy has no net angular momentum,
the relative velocity of WIMPs respect to the detector changes over the course of the year. For
a given energy threshold this would lead to an annual modulation of the interaction rate with
a known phase. DM particles from the Galactic halo are hence expected to show an annual
modulation of the event rate induced by the Earth’s motion around the Sun (Drukier et al.,
1986). DAMA reported an effect of annual modulation of the count rate at low energies,
which attributes to a WIMP signal at 6.3σ. This annual fluctuation in the background rates
occurs near threshold, in the 2-6 keV region where the pulse shape discrimination start to fail.
The variation is well fitted by the cosine function expected for the WIMP signal with a period
T = 0.999 ± 0.002 year, i.e. very close to one year, with a phase t0 = 146 ± 7 days, which is
very close to the signal modulation expected for WIMPs (152.5 days or 2nd of June), and with
an amplitude of 0.0131 ev/kg/keV/day. The observed modulation amplitude is (0.0200 ±
0.0032) cev/kg/keV/day with a phase of t0 = (140±22) days and a period of (1.00±0.01) year.
In the meanwhile, the DAMA collaboration has upgraded the detector to 250 kg NaI(Tl) called

160 Astrophysics The Missing Matter Problem: From the Dark Matter Search to Alternative Hypotheses 11

DAMA/LIBRA which started the operations in 2003. The combination of all DAMA/NaI and
DAMA/LIBRA data shows a statistically compelling (8σ) modulation signal at low energies
(2-4 keV), compatible with a WIMP interpretation. The DAMA group has not found any
modulation effect in the region of energies above 90 keV. If the effect is caused by variation of
the Compton background in the 2 ÷ 6 keV energy bin it must reveal itself also for the gammas
with energies >90 keV. However, other experiments have excluded the region of the allowed
parameters MW and σp derived by DAMA from the modulation effect.

Fig. 2. Experimental results and SUSY predictions for WIMP nucleon cross sections versus
WIMP mass 1-ZEPLIN-II, 2-DAMA/LIBRA, 3-EDELWEISS, 4-ZEPLIN-III 1st phase,
5-CDMS, 6-CDMS, 7-Xenon10, 8-ZEPLIN-III 2D phase, 9-XMASS , 10-Xenon100 , 11-LUX,
12-Xenon1t , LZS , MAXG2LXe, 13-LZD, MAXG3LXe and 14-SUSY predictions.

The experiments on WIMP search over the last years have put the limits on the
spin-independent cross-section already below 10−7 pb. The ultimate goal of DM search
experiments is to reach sensitivities down to 10−12 pb. This will allow to probe the whole
MW and σp parameter space of SUSY predictions. This goal can be achieved only with the use
of next-generation detectors of the ton scale and ultimately of the multi-ton scale.

3.2 Indirect detection

After freeze out, DM pair annihilation becomes largely suppressed. However, even if
its impact on the DM relic density is negligible, DM annihilation continues and may be
observable. Thus, DM particle are expected to either annihilate or decay into SM particles
like γ-rays, neutrinos and matter-antimatter particles in the final state and the detection of
annihilation products is usually referred to as indirect DM detection.

Indirect searches look for the excesses of annihilation products in the diffuse background or
from point sources. In particular, concerning charged products, the search is devoted to the
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DAMA/LIBRA which started the operations in 2003. The combination of all DAMA/NaI and
DAMA/LIBRA data shows a statistically compelling (8σ) modulation signal at low energies
(2-4 keV), compatible with a WIMP interpretation. The DAMA group has not found any
modulation effect in the region of energies above 90 keV. If the effect is caused by variation of
the Compton background in the 2 ÷ 6 keV energy bin it must reveal itself also for the gammas
with energies >90 keV. However, other experiments have excluded the region of the allowed
parameters MW and σp derived by DAMA from the modulation effect.

Fig. 2. Experimental results and SUSY predictions for WIMP nucleon cross sections versus
WIMP mass 1-ZEPLIN-II, 2-DAMA/LIBRA, 3-EDELWEISS, 4-ZEPLIN-III 1st phase,
5-CDMS, 6-CDMS, 7-Xenon10, 8-ZEPLIN-III 2D phase, 9-XMASS , 10-Xenon100 , 11-LUX,
12-Xenon1t , LZS , MAXG2LXe, 13-LZD, MAXG3LXe and 14-SUSY predictions.

The experiments on WIMP search over the last years have put the limits on the
spin-independent cross-section already below 10−7 pb. The ultimate goal of DM search
experiments is to reach sensitivities down to 10−12 pb. This will allow to probe the whole
MW and σp parameter space of SUSY predictions. This goal can be achieved only with the use
of next-generation detectors of the ton scale and ultimately of the multi-ton scale.

3.2 Indirect detection

After freeze out, DM pair annihilation becomes largely suppressed. However, even if
its impact on the DM relic density is negligible, DM annihilation continues and may be
observable. Thus, DM particle are expected to either annihilate or decay into SM particles
like γ-rays, neutrinos and matter-antimatter particles in the final state and the detection of
annihilation products is usually referred to as indirect DM detection.

Indirect searches look for the excesses of annihilation products in the diffuse background or
from point sources. In particular, concerning charged products, the search is devoted to the
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antimatter component due to the large amount of primary matter component in the cosmic
rays.

There are several methods for DM indirect detection. Their relative sensitivities are highly
dependent on what WIMP candidate is being considered, and the systematic uncertainties
and difficulties in determining backgrounds also vary greatly from one method to another.

High WIMP density regions, e.g. the centers of galaxies, but also the core of astrophysical
objects such as Sun and Earth, are expected to accumulated large amount of WIMPs. When
WIMPs pass through the Sun or the Earth or the galactic center, they may scatter and be
slowed below escape velocity. In this way, they may become gravitationally bound in these
gravitational wells. Over the age of the solar system, their densities and annihilation rates are
greatly enhanced.

Although γ-rays, positrons and anti-protons produced in these annihilations do not escape
the Sun or the Earth, neutrinos would be able in this because of their high penetration ability.

These neutrinos can travel to the surface of the Earth, where they may convert to charged
leptons through νq → lq� and the charged leptons may be detected. The resulting neutrino
flux could be detectable as a localised emission with earth-based neutrino telescopes by
exploiting the Cherenkov light produced by the charged lepton.

Searches for neutrinos are unique among indirect searches since they are, under certain
assumptions, probes of scattering cross sections, not annihilation cross sections, and so are
competitive with the direct detection searches.

In the Sun both spin-independent as well as spin-dependent scattering can lead to the capture
of DM. Among nuclei with a net spin, hydrogen is the only one present in the Sun in significant
proportions. Other trace elements in the Sun generally have no net spin, and even when they
do, there is no A2 enhancement in the cross section coherent term because of their low density
fraction. Therefore, the only relevant quantity for spin-dependent capture is the WIMP-proton
cross section. Spin-independent capture, on the other hand, receives contributions from
several elements. In fact, the cross section for spin-independent WIMP-nucleus scattering
is strongly enhanced by large A. Therefore, even though the heavier elements in the Sun are
rarer, this enhancement makes their contribution to the capture rate significant. In particular,
oxygen plays the most important role in spin-independent capture of WIMPs in the Sun.

Neutrino telescopes could probe direct search observation. In fact, the signals observed
at the direct detection experiments DAMA, CoGeNT and CRESST could be explained by
light WIMPs with sizeable spin-independent cross sections with nucleons. The capture and
subsequent annihilation of such particles in the Sun would induce neutrino signals in the GeV
range which may be observed at Super-Kamiokande(Superkamiokande website, n.d.).

Actually, detection of these neutrinos in the range 10GeV < Eν < 1TeV by large neutrino
detectors such as SuperKamiokande , AMANDA (AMANDA website, n.d.) and IceCube
(IceCube website, n.d.) so far provides only upper limits on the high energy neutrino flux
from the center of the Sun or the Earth (see (Kundu & Bhattacharjee, 2011)).

Future neutrino searches at Super-Kamiokande may have lower thresholds and so provide
leading bounds on low mass WIMPs. In this way, Super-Kamiokande may test the DAMA
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and CoGeNT signal regions at high σSI and mX ∼ 1 - 10 GeV (Feng et al., 2009; Hooper et al.,
2009; Kumar et al., 2009).

Moreover installing DeepCore, also IceCube significantly lowers its energy threshold and
enhances the ability of detecting neutrinos from light WIMP annihilation.

Unlike other indirect DM searches this method does not depend strongly on our galaxy’s DM
halo profile or on the distribution of DM substructure.

The event rate depends on the DM density in the Sun, which in turn is dictated by the cross
section of WIMPs with nucleons. This is constrained by direct detection experiments. The
neutrino flux depends on the WIMP density, which is determined by the competing processes
of capture, that is from the scattering cross section, and annihilation. Moreover the differential
neutrino flux depends also on the way in which neutrinos are produced. Assuming that
WIMPs annihilate to bb̄ or W+W− which decay to neutrinos, as in many neutralino models,
the neutrino signal is completely determined by the scattering cross section. For the majority
of particle physics models considered (e.g., supersymmetry or KK models), the WIMP capture
and annihilation rates reach or nearly reach equilibrium in the Sun. This is often not the
case for the Earth. First, the Earth is less massive than the Sun and, therefore, provides
fewer targets for WIMP scattering and a less deep gravitational well for capture. Secondly,
in the Earth spin-independent interactions may occur. For these reasons, it is unlikely that the
Earth will provide any observable neutrino signals from WIMP annihilations in any planned
experiments.

If the annihilation occurs in free space, other types of radiation can be detected. The DM
particles annihilating within the halo, can arise production of SM particles associated with
the emission of γ ray with energies of the order of the DM particle mass. Thus, the γ-ray
emission associated with such annihilation provides a chance for DM particles detection. The
most striking gamma ray signal would be mono-energetic photons from χχ → γγ, but since
WIMPs cannot be charged, these processes are typically loop-induced or otherwise highly
suppressed. More commonly, gamma rays are produced when WIMPs annihilate to other
particles, which then radiate photons, leading to a smooth distribution of gamma ray energies.
If gammas arise together with other particles, we only would expect some enhancement of
the spectrum below the WIMP mass. The main difficulty in the extraction of information
about DM from the annihilation photons is the presence of large and uncertain gamma-ray
backgrounds. On the other hand, photons point back to their source, providing a powerful
diagnostic. Possible targets for gamma ray searches are the center of the Galaxy, where signal
rates are high but backgrounds are also high and potentially hard to estimate, and dwarf
galaxies, where signal rates are lower, but backgrounds are also expected to be low. Moreover,
for most particle DM candidates, γ-rays would be accompanied by neutrinos, thus neutrino
experiments could help to confirm whether the γ flux originates from DM annihilations or
from other astrophysical sources.

Another difficulty for DM search with γ arises from the fact that the DM gamma ray emission
is expected to be a function of the DM density profile, which is not experimentally known.
The most adopted density profile models are the Navarro-Frenk-White profile for which:

ρ(r) =
ρ0

r
Rs
(1 + r

Rs
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is strongly enhanced by large A. Therefore, even though the heavier elements in the Sun are
rarer, this enhancement makes their contribution to the capture rate significant. In particular,
oxygen plays the most important role in spin-independent capture of WIMPs in the Sun.

Neutrino telescopes could probe direct search observation. In fact, the signals observed
at the direct detection experiments DAMA, CoGeNT and CRESST could be explained by
light WIMPs with sizeable spin-independent cross sections with nucleons. The capture and
subsequent annihilation of such particles in the Sun would induce neutrino signals in the GeV
range which may be observed at Super-Kamiokande(Superkamiokande website, n.d.).

Actually, detection of these neutrinos in the range 10GeV < Eν < 1TeV by large neutrino
detectors such as SuperKamiokande , AMANDA (AMANDA website, n.d.) and IceCube
(IceCube website, n.d.) so far provides only upper limits on the high energy neutrino flux
from the center of the Sun or the Earth (see (Kundu & Bhattacharjee, 2011)).

Future neutrino searches at Super-Kamiokande may have lower thresholds and so provide
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162 Astrophysics The Missing Matter Problem: From the Dark Matter Search to Alternative Hypotheses 13

and CoGeNT signal regions at high σSI and mX ∼ 1 - 10 GeV (Feng et al., 2009; Hooper et al.,
2009; Kumar et al., 2009).

Moreover installing DeepCore, also IceCube significantly lowers its energy threshold and
enhances the ability of detecting neutrinos from light WIMP annihilation.

Unlike other indirect DM searches this method does not depend strongly on our galaxy’s DM
halo profile or on the distribution of DM substructure.

The event rate depends on the DM density in the Sun, which in turn is dictated by the cross
section of WIMPs with nucleons. This is constrained by direct detection experiments. The
neutrino flux depends on the WIMP density, which is determined by the competing processes
of capture, that is from the scattering cross section, and annihilation. Moreover the differential
neutrino flux depends also on the way in which neutrinos are produced. Assuming that
WIMPs annihilate to bb̄ or W+W− which decay to neutrinos, as in many neutralino models,
the neutrino signal is completely determined by the scattering cross section. For the majority
of particle physics models considered (e.g., supersymmetry or KK models), the WIMP capture
and annihilation rates reach or nearly reach equilibrium in the Sun. This is often not the
case for the Earth. First, the Earth is less massive than the Sun and, therefore, provides
fewer targets for WIMP scattering and a less deep gravitational well for capture. Secondly,
in the Earth spin-independent interactions may occur. For these reasons, it is unlikely that the
Earth will provide any observable neutrino signals from WIMP annihilations in any planned
experiments.

If the annihilation occurs in free space, other types of radiation can be detected. The DM
particles annihilating within the halo, can arise production of SM particles associated with
the emission of γ ray with energies of the order of the DM particle mass. Thus, the γ-ray
emission associated with such annihilation provides a chance for DM particles detection. The
most striking gamma ray signal would be mono-energetic photons from χχ → γγ, but since
WIMPs cannot be charged, these processes are typically loop-induced or otherwise highly
suppressed. More commonly, gamma rays are produced when WIMPs annihilate to other
particles, which then radiate photons, leading to a smooth distribution of gamma ray energies.
If gammas arise together with other particles, we only would expect some enhancement of
the spectrum below the WIMP mass. The main difficulty in the extraction of information
about DM from the annihilation photons is the presence of large and uncertain gamma-ray
backgrounds. On the other hand, photons point back to their source, providing a powerful
diagnostic. Possible targets for gamma ray searches are the center of the Galaxy, where signal
rates are high but backgrounds are also high and potentially hard to estimate, and dwarf
galaxies, where signal rates are lower, but backgrounds are also expected to be low. Moreover,
for most particle DM candidates, γ-rays would be accompanied by neutrinos, thus neutrino
experiments could help to confirm whether the γ flux originates from DM annihilations or
from other astrophysical sources.

Another difficulty for DM search with γ arises from the fact that the DM gamma ray emission
is expected to be a function of the DM density profile, which is not experimentally known.
The most adopted density profile models are the Navarro-Frenk-White profile for which:
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where ρ0 and Rs, are parameters which vary from halo to halo, and the Einasto profile for
which:

ρ(r) ∝ exp(−Arα) (3)

The parameter α controls the degree of curvature of the profile.

The expected energy integrated γ-ray flux from a region of volume V at a distance D with DM
density ρ is:

φγ = Nγ
�σv�
m2
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where Nγ is the number of γ-rays per collision, m is the DM particle mass and �σv� is the
velocity-weighted annihilation cross-section. The current cosmological DM density is set by
their annihilation rate in the early Universe. This provides a natural value for the annihilation
cross-section of �σv� ∼ 3 × 10−26cm3s−1.

Obviously, the higher ρ the better, so that the annihilation radiation is searched for in the most
dense regions of the Milky Way (MW).

The improvement of the Galactic diffuse model as well as the potential contribution from
other astrophysical sources could provide a better description of the data.

γ-ray observations, in particular, at very high energies where DM masses of a few 100 GeV
and above are probed, are a promising way to detect DM by space-based experiments, such
as Fermi and AMS, and by ground-based atmospheric Cherenkov telescopes.

H.E.S.S. is an array of four Imaging Atmospheric Cherenkov Telecopes (IACTs) that uses
the atmosphere as a calorimeter and images electromagnetic showers induced by TeV γ-rays
(Hofmannetal, 2004).

H.E.S.S. Collaboration performed searches for a very-high-energy (VHE; ≥ 100 GeV) γ-ray
signal from annihilation of DM particles, towards the Galactic center, the Sagittarius Dwarf
galaxy and hypothetical DM spikes that could have formed around Intermediate Mass Black
Holes (IMBHs).

The γ-ray energy spectrum in the range between 300 GeV and 30 TeV after the background
suppression shows no any convincing evidence for γ-ray emission from self-annihilating DM.
Limits on annihilating cross section for χ and B1 have been found constraining some models.

For instance, limits on �σv� are derived as a function of the DM particle mass assuming
Navarro-Frenk-White and Einasto density profiles. In particular, for the DM particle mass
of ∼ 1 TeV, values for �σv� above 3 ×10−25cm3s−1 are excluded for the Einasto density profile
(Abramowski et al., 2011).

The Galactic center (GC) region is the main target for DM search, because of its proximity
and its expected large DM concentration. However, the search for DM induced γ rays in
the GC is affected by a strong astrophysical background. In fact, in the GC there is the
compact γ-ray source HESS J1745-290 (Abramowski et al., 2011), coincident with the position
of the supermassive black hole Sgr A* and a nearby pulsar wind nebula, which represents
other sources of VHE γ-rays in the observed region, thus complicating the detection of γ-ray
emission from DM annihilation.
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VERITAS is a ground based Cherenkov telescope for gamma ray astronomy and has among
other things searched for an enhancement of gamma rays from the center of neighboring
dwarf galaxies without a positive signal so far (Weinstein et al., 2008).

Data from the EGRET satellite in the energy range 20 MeV - 30 GeV, interpreted as evidence
for DM (de Boer, 2005), are not confirmed by recent data from Fermi satellite (Abdo et al.,
2010).

The new precise data from the FERMI satellite on the diffuse gamma ray data are
well-described at intermediate latitudes by standard CR physics assuming isotropic
propagation models , but towards the Galactic center a 20%-30% excess has been observed
in the 2-4 GeV range or even more significantly, within ≈ 1◦ from the Galactic Center (GC),
that could be interpreted as a signal of DM annihilation (DMA) for a very light neutralino of
about 8 GeV (de Boer, 2011).

Other products of DM annihilation are pairs of particles-antiparticles, like e+e−, pp̄ and dd̄
pairs.

Since anti-matter is a very rare product of conventional sources of cosmic radiation, is suitable
as possible indicator for DM annihilation.

Actually, unlike neutrinos and γ, positrons and anti-protons do not point back to their sources
making an unambiguous separation from backgrounds very difficult.

In contrast to direct detection, many anomalies have been reported in the indirect search with
anti-matter, and some of these have been interpreted as possible evidence for DM. The most
prominent recent example is the detection of positrons and electrons with energies between
10 GeV and 1 TeV by the PAMELA, ATIC, and Fermi LAT Collaborations (Adriani et al., 2009;
ATIC website, n.d.; FERMILAT website, n.d.).

PAMELA (Picozza et al., 2007), a satellite based instrument specifically designed to search for
anti-particles in cosmic radiation, has reported an enhancement of positrons around 100 GeV
over the standard expectation from diffuse galactic cosmic ray secondary models, in which
positrons result from inelastic collisions of primary protons on the intergalactic gas nuclei.

Since DM annihilation produces as many positrons as electrons, with particles of energies
close to the DM particle mass (in the range 10 GeV - 100 GeV for best motivated particle
models), the positron fraction is enhanced.

If such enhancement originates from DM annihilation, also a respective enhancement of
anti-protons would be expected, but is not observed. Special DM models could avoid hadron
production, but also astrophysical explanations exist as well, such as nearby pulsars.

Additionally, the ATIC balloon-borne experiment also reported an anomalous “bump” in the
total flux of e+e−, at energies of ∼ 600 GeV (Panov et al., 2011) which also has been interpreted
as possible evidence for DM annihilation. It would imply a large mass and a very large pair
annihilation cross section for DM.

Recently the experimental information available on the Cosmic Ray Electron (CRE) spectrum
has been dramatically expanded as the Fermi-LAT Collaboration has reported a high precision
measurement of the electron spectrum from 7 GeV to 1 TeV performed with its Large Area
Telescope (LAT) (Fermi LAT collaboration, 2010).
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The Fermi experiment, like also ATIC, is unable to distinguish positrons from electrons, and
so constrain the total e+ + e− flux.

The ATIC “bump" is not confirmed by the Fermi LAT data. The Fermi-LAT spectrum
shows no prominent spectral features and the spectral index of the cosmic ray background
is significantly harder than that inferred from several previous experiments: depending on
the diffusion model, best fit injection spectral indexes range between 2.3 and 2.4, as opposed
to previous models with 2.54. These data together with the PAMELA data on the rise above
10 GeV of the positron fraction are quite difficult to explain with just secondary production .
An additional primary positron source is required to match the high-energy positron fraction,
but other astrophysical explanations could be considered.

Additional data from, for example, Fermi and the Alpha Magnetic Spectrometer (AMS)
(Pohl et al., 2010), an anti-matter detector placed on the International Space Station, may be
able to distinguish the various proposed explanations for the positron excesses, as well as
be sensitive to canonical WIMP models, but it remains to be seen whether the astrophysical
backgrounds may be sufficiently well understood for these experiments to realize their DM
search potential.

Other promising indirect detection search strategies are based on anti-protons and
anti-deuterons from WIMP annihilation in the galactic halo. This searches are sensitive to
DM candidates that annihilate primarily to quarks, but, until now, no result is reported
(Adriani et al., 2009; D.Casadei, 2006).

3.3 Particle colliders

Contributions to solve the mystery of the DM will come also from colliders. Collider
experiments can access interactions not probed by direct detection searches. A suitable room
to search for DM is SUSY search and presently LHC data and analyzes are advancing very
quickly, and possible signal for direct detection of supersymmetry are strictly related to the
DM discussion.

The LHC is a p − p collider, designed to operate at a center of mass energy up to
√

s = 14 TeV
(LHC website, n.d.). Two main general purpose detectors are installed at the LHC: ATLAS and
CMS. They are designed to perform precision measurements of photons, electrons, muons and
hadrons. At this writing the LHC is colliding p-p at

√
s = 7 TeV and analyzes of about 1 fb−1

has already excluded squarks with mass up to 1 TeV about, in many models, superseding
results from Fermilab-Tevatron pp̄ collider with

√
s = 1.96 TeV (CDF (CDF website, n.d.) and

D0 (D0 website, n.d.) experiments). At hadron colliders heavy particles can be produced via
quark-antiquark collisions, as at Tevatron, or via gluon-gluon and quark-gluon collision as at
the LHC: the signals are an inclusive combination of all these processes. At Tevatron valence
quark annihilation into virtual weak bosons give up to chargino and neutralino production
with a large cross-section, unless squarks or gluino were lighter then 300 GeV, value ruled out
by LHC. At LHC production of gluinos and squarks by gluon-gluon and gluon-quark fusion
should be dominant. At hadron colliders, independently of whether it is a pp or pp̄ kind,
one can also have associated production of a chargino or neutralino together with a sqaurk
or gluino, but most models predict diverse cross-section for several processes: slepton pair
production was quite small at Tevatron, but might be observable eventually at the LHC.
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Produced sparticles decay in final states with two neutralino LSPs, which escape the detectors,
carrying away a part of the missing energy which is at least two times the mass of neutralinos.
At hadron colliders only the component of the missing energy that is manifest as momenta
transverse to the colliding beams is observable, so generally the observable signals for
supersymmetry are: N leptons and M jets with a missing transverse energy, where N or M
might be zero.

The main problem is that significant backgrounds to these signal come from Standard Model
particle, in particular processes involving production of W and Z which decays into neutrinos,
providing missing transverse energy.

If LHC discovers signatures which seems like R-parity conserving SUSY signatures, a SUSY
mass scale has to be derived from the deviation from SM. Early LHC data had excluded
a SUSY mass scale in the sub-TeV range (Martin, 2011). SUSY contribution to DM from
excess above the SM, observed in observables, should be characterized by the decay chains
isolated to disentangle this contribution. The amount of LSP relic density of the Universe
today is determined by the efficiency of LSP annihilation before freeze-out, that is by the cross
section for χχ → f f̄ /W+W−/ZZ (Di Ciaccio, 2011). ATLAS/CMS data can determine the
LSP relic density, once one have estimated the SUSY parameters which enter the dominating
annihilation process/processes. In mSUGRA model (A. H. Chamseddine et al., 1982) the LSP
is usually most bino and in this case the basic annihilation process χχ → f f̄ proceed via
exchange of a slepton or squark and has a too low cross-section. To determine the LSP
composition, the mass of additional neutralinos are important, being SUSY models dependent
from many parameters as mass of LSP, sleptons/quarks and ,whether they are superpartners
of left-handed or right-handed SM particles, the neutral Higgs masses. Up to now no
deviation from SM has been observed

4. Discussion of experimental results

As we have shortly reported, during the last years, several experiments have performed direct
and indirect search investigating the possibility of DM presence.

Concerning the direct DM detection, recently, the CRESST-II and CoGeNT collaborations have
reported the observation of low-energy events in excess over known backgrounds. This result
has encouraged the hypothesis that such signals in addition to the long standing DAMA
annual modulation signal might arise from the scattering of a light ( �10 GeV) DM particle.

The rate of DM elastic scattering events as a result of Earth’s motion around the Sun and
relative to the rest frame of the DM halo, is predicted to vary with an annual cycle. The
only experiment reporting the observations of an annual modulation is DAMA/LIBRA which
detected with high significance (∼ 8σ) with a phase and period consistent with elastically
scattering DM.

The spectrum of the signals reported by DAMA/LIBRA and CoGeNT seem to point toward a
similar range of DM parameter space. Moreover, the range of DM mass implied by CoGeNT
and DAMA/LIBRA is very similar to that required to explain the spectrum of gamma rays
observed by the Fermi Gamma Ray Space Telescope from the the inner 0.5◦ around the
Galactic Center (Hooper & Goodenough, 2011), and for the observed synchrotron emission
known as the WMAP Haze (Hooper & Linder et al., 2011). Anyway much care must be taken

167The Missing Matter Problem: From the Dark Matter Search to Alternative Hypotheses



16 Will-be-set-by-IN-TECH
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for this interpretation since CoGeNT experiment does not discriminate between electron and
nucleon recoils (Chang et al., 2010).

Against to the positive signals of DAMA and CoGeNT, several other experiments find no
evidence for DM. In particular, the CDMS, Xenon10 and Xenon100 collaborations disfavor the
parameter space indicated by DAMA and CoGeNT.

One remarkable difference between DAMA/CoGeNT and these experiments, is that the latter
reject electronic interactions attempting to collect only nuclear recoil events. In fact, it would
be possible that the anomalous signals arise from such electronic recoils, a possibility that
would explain away the existing tension. A model of this type was considered in prior
to the recent CoGeNT measurement and it remains to be seen whether this possibility is
theoretically feasible. Concerning the inelastic DM interpretation the spin independent fit
to the DAMA modulated rate allows two qualitatively different best-fit regions: one around
MDM ≈ 80GeV with σ ≈ 10−41cm2 due to scattering on iodine (A = 127, Z = 53) and one
around MDM ≈ 10GeV with σ ≈ 10−40cm2 due to scattering on sodium (A = 23, Z = 11).
The first region is firmly excluded by many other experiments, such XENON100 and CDMS.
The second region, while still disfavoured by other null searches, is not completely excluded
due to many experimental uncertainties and due to the general difficulty of direct detection
searches to deal with low recoil energy scatterings. A possibility to make the DAMA results
consistent with other experiments is to include an effect called "channelling" which will be
present only the NaI crystals with DAMA uses. Anyway though inclusion of this effect the
situation does not improve significantly. For a WIMP mass close to 10GeV with the help of NaI
channelling it is possible to explain the DAMA results in terms of spin independent inelastic
DM nucleon scattering. In that case some relevant parameters as DM mass and splitting
should be fine tuned, and also the WIMP velocity distribution in the Galaxy should be close
to the escape velocity. Inelastic spin-dependent interpretation would be a possibility which
do not receive significant constraints from other experiments. Anyway both interpretations
make difficult to reconciling DAMA and CoGeNT results (Chang et al., 2010).

A possibility to avoid the conflict between DAMA results and other experiments is proposed
in terms of different but not irrelevant DM candidates. Stable particles with charge -2, bound
with primordial helium would represent a kind of nuclear interacting form of DM. Such
particles cannot be detected using nuclear recoils by direct search experiments , but their low
energy binding with Na nuclei can the annual variations of energy release from their radiative
capture, in the energy range 2-4 KeV corresponding to the signal observed in DAMA and
DAMA/LIBRA (Khlopov, 2010a; Khlopov et al., 2010b;c).

Regarding indirect detection four experiments on DM search have generated great excitement
in the astroparticle community. Their results are briefly summarized below:

• the PAMELA experiment measured with high statistics the positron component in the
cosmic ray flux in the energy range between 10 and 100 GeV, observing a positrons excess
above 10 GeV claimed also by earlier experiments as HEAT and AMS whose experimental
data extend up to 40 GeV but with larger uncertainties. Anyway the rise up to 20 GeV
can be explained by solar modulation which depends on the charge sign of a particle
affecting positrons and electrons in a different way (Adriani et al., 2009). No excess in
the antiproton/proton fraction has been observed by PAMELA (Adriani et al., 2009). The
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positron excess cannot be explained by a purely secondary production (due to primary
protons and He nuclei interacting with the interstellar medium), which is characterized by
a not so hard spectrum suggesting the existence of other primary sources.

• The ATIC ballon born experiment has measured the total e+ + e− spectrum in the energy
range 3 GeV-2.5 TeV, finding an increase of the flux from 100 GeV up to 600 GeV where
they observed a peak followed by a sharp fall to about 800 GeV. The rest of the data agree
with the GALPROP theoretical predictions within the errors.

• The FERMI experiment is able to measure with high resolution and statistics γ-rays in the
energy range 20 MeV-300 GeV and primary cosmic ray e+ + e− spectrum between 20 GeV
and 1 TeV. Recent results on a data sample of 6 months confirmed the excess in the total
e+ + e− flux seen by ATIC, even though with a flatter trend.

• The large array telescope HESS measured γ-rays up to 5 TeV. HESS’s results do not confirm
ATIC peak as well as the sharp fall around 800 GeV, but a suitable HESS data normalization
leaves a room for an agreement with ATIC results within the uncertainties.

Several interpretations came out invoking different sources: from those purely astrophysical
like nearby pulsars or SNR to more exotic such as DM annihilation or decay in the halo of
our Galaxy, arising from annihilation or decay of DM particles. Presently we are not able
to say which interpretation assumes more validity. Nearby pulsars have been proposed
as accelerating mechanism of energetic particles to explain the observed positron excess.
Primary electrons should be accelerated in the pulsar magnetosphere, emitting gamma rays
by synchrotron radiation. In the high magnetic fields of the pulsar, such gammas induce
and electromagnetic cascade. The electron-positron pairs are then accelerated and confined
in the pulsar nebula before escaping into the interstellar medium, so enhancing the CR
electron and positron components. The energy spectrum of such particles is expected to be
harder than that of the positrons of secondary production , thus the positrons originated by
pulsars may dominate the high energy end of the CR positron spectrum. Two nearby pulsars
could enhance significantly the high energy electron and positron flux reaching the Earth:
Monogem at a distance of 290 pc and Geminga at a distance of 160 pc. This because electrons
and positrons, during their propagation loose energy mainly by inverse Compton scattering
and synchrotron radiation so only sources at distance less than 1 kpc can give a significant
contribute to the energy spectrum. The interpretation of the FERMI, PAMELA and HESS
excesses in terms of DM signature is quite suggestive but encounters some difficulties arising
from the PAMELA data which show an asymmetry between the hadronic (antiprotons) and
leptonic (positrons) component.

A first source of disappointment for the neutralino devotees is, in this case, due to the fact that,
assuming the usual local DM density ρ = 0.3GeV/cm3, the annihilation cross section needed
to explain the signal is about σv � 1 × 10−24cm3s−1, while the value σv � 3 × 10−26cm3s−1,
is needed in the early universe for a thermal WIMP in order to provide the correct relic
abundance.

In conclusion, it seems that we are on the track to find evidences for DM but no experimentum
crucis has given final probes. A main challenge comes from cosmology since it seems that
DM behaves in different ways depending on the astrophysical structures and cosmological
scales. For example, DM dynamics is very different in the various self-gravitating systems as
elliptical, spiral and dwarf galaxies. Besides, it seems that different DM components have to be
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considered to address local systems (galaxies) and large scale structures (clusters of galaxies
and super clusters of galaxies). An alternative view, could be that the problem of missing
matter does not require the introduction of new ingredient but a modification or an extension
of GR. The point is that gravity could not work in the same way at any scale. This issue will
be faced in the next section.

5. An alternative view

Both cosmic speed up (DE) and DM, instead of being related to the search of new ingredients,
could be the signal of a breakdown in our understanding of the laws of gravitation at large
(infra-red) scales. From this point of view, one should consider the possibility that the
Hilbert - Einstein Lagrangian, on which GR relies and linear in the Ricci scalar R, should be
generalized. Following this approach, the choice of the effective theory of gravity could be
derived by means of the data and the "economic" requirement that no exotic ingredients have
to be added. This is the underlying philosophy of what is referred to as Extended Theories
of Gravity consisting in enlarging the geometric sector of GR and assuming the possibility
that other curvature invariants could contribute to the dynamics (Capozziello & De Laurentis,
2011; Capozziello & Faraoni, 2010). From a theoretical standpoint, several issues from
fundamental physics (quantum field theory on curved spacetimes, M-theory etc.) suggest
that higher order terms must necessarily enter the gravity Lagrangian. On the other side,
Solar System experiments show the validity of Einstein’s theory at local scales so the problems
could come out at galactic scales and beyond. The simplest extension of Einstein theory is the
possibility to take into account actions of the form f (R) where f is a function of the Ricci
scalar R not necessarily linear in R as in the Hilbert case. This kind of theories have recently
received much attention in cosmology, since they are naturally able to give rise to accelerating
expansions (both in the late and the early Universe). However, it is possible to demonstrate
that f (R) theories can also play a major role at astrophysical scales (Capozziello & Faraoni,
2010). In fact, modifying the gravitational Lagrangian can affect the gravitational potential in
the low energy limit, provided that the modified potential reduces to the Newtonian one at
the Solar System scales. In fact, a corrected gravitational potential could offer the possibility
to fit galaxy rotation curves without the need of DM. In addition, one could work out a formal
analogy between the corrections to the Newtonian potential and the usually adopted DM
models. The choice of an analytic function in term of Ricci scalar is physically corroborated
by the Ostrogradski theorem, which states that this kind of Lagrangian is the only viable one
which can be considered among the several that can be constructed by means of curvature
tensor and possibly its covariant derivatives. The field equations of this approach can be
recast in the Einstein form, that is:

Gαβ = Rαβ − 1
2

gαβR = Tcurv
αβ + TM

αβ/ f �(R) (5)

where the prime denotes derivative with respect to R, TM
αβ is the standard matter stress - energy

tensor and

Tcurv
αβ =

1
f �(R)

{1
2

gαβ

[
f (R)− R f �(R)

]
+ f �(R);μν(gαμgβν − gαβgμν)

}
, (6)
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defines a curvature stress - energy tensor. The presence of the terms f �(R);μν renders the
equations of fourth order, while, for f (R) = R, Eqs.(5) reduce to the standard second - order
Einstein field equations. As it is clear from Eq.(5), the curvature stress - energy tensor formally
plays the role of a further source term in the field equations which effect is the same as that of
an effective fluid of purely geometrical origin. Depending on the scales, it is such a curvature
fluid which can play the role of DM and DE. From the cosmological viewpoint, in the standard
framework of a spatially flat homogeneous and isotropic Universe, the cosmological dynamics
is determined by its energy budget through the Friedmann equations. In particular, the
cosmic acceleration is achieved when the r.h.s. of the acceleration equation remains positive.
In physical units, we have ä/a = −(1/6)(ρtot + 3ptot) , where a is the cosmic scale factor,
H = ȧ/a the Hubble parameter, the dot denotes derivative with respect to cosmic time, and
the subscript tot denotes the sum of the curvature fluid and the matter contribution to the
energy density and pressure. From the above relation, the acceleration condition, for a dust
dominated model, leads to: ρcurv + ρM + 3pcurv < 0 → wcurv < − ρtot

3ρcurv
so that a key role is

played by the effective quantities :

ρcurv =
1

f �(R)

{
1
2
[

f (R)− R f �(R)
]− 3HṘ f ��(R)

}
, (7)

wcurv = −1 +
R̈ f ��(R) + Ṙ

[
Ṙ f ���(R)− H f ��(R)

]

[ f (R)− R f �(R)] /2 − 3HṘ f ��(R)
. (8)

As a direct simplest choice, one may assume a power - law form f (R) = f0Rn, with n a real
number, which represents a straightforward generalization of the Einstein General Relativity
in the limit n = 1. One can find power - law solutions for a(t) providing a satisfactory fit to
the SNeIa data and a good agreement with the estimated age of the Universe in the range
1.366 < n < 1.376 (Capozziello & Faraoni, 2010). It is worth noticing, that even an inverse
approach for the choice of f (R) is in order. Cosmological equations derived from (5) can be
reduced to a linear third order differential equation for the function f (R(z)), where z is the
redshift. The Hubble parameter H(z) inferred from the data and the relation between z and R
can be used to finally work out f (R). In addition, one may consider the expression for H(z)
in a given DE model as the input for the above reconstruction of f (R) and thus work out a
f (R) theory giving rise to the same dynamics as the input model. This suggests the intriguing
possibility to consider observationally viable DM models (such as ΛCDM and quintessence)
only as effective parameterizations of the curvature fluid (Capozziello et al., 2008).

The successful results obtained at cosmological scales motivates the investigation of f (R)
theories even at astrophysical scales. In the low energy limit, higher order gravity implies
a modified gravitational potential. Now, by considering the case of a pointlike mass m and
solving the vacuum field equations for a Schwarzschild - like metric, one gets from a theory
f (R) = f0Rn the modified gravitational potential:

Φ(r) = −Gm
r

[
1 +

(
r
rc

)β
]

(9)

where

β =
12n2 − 7n − 1 −√

36n4 + 12n3 − 83n2 + 50n + 1
6n2 + 4n − 2

(10)
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considered to address local systems (galaxies) and large scale structures (clusters of galaxies
and super clusters of galaxies). An alternative view, could be that the problem of missing
matter does not require the introduction of new ingredient but a modification or an extension
of GR. The point is that gravity could not work in the same way at any scale. This issue will
be faced in the next section.
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Gαβ = Rαβ − 1
2

gαβR = Tcurv
αβ + TM

αβ/ f �(R) (5)

where the prime denotes derivative with respect to R, TM
αβ is the standard matter stress - energy

tensor and

Tcurv
αβ =

1
f �(R)

{1
2

gαβ

[
f (R)− R f �(R)

]
+ f �(R);μν(gαμgβν − gαβgμν)

}
, (6)
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so that a key role is
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ρcurv =
1

f �(R)

{
1
2
[

f (R)− R f �(R)
]− 3HṘ f ��(R)

}
, (7)

wcurv = −1 +
R̈ f ��(R) + Ṙ

[
Ṙ f ���(R)− H f ��(R)

]

[ f (R)− R f �(R)] /2 − 3HṘ f ��(R)
. (8)
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approach for the choice of f (R) is in order. Cosmological equations derived from (5) can be
reduced to a linear third order differential equation for the function f (R(z)), where z is the
redshift. The Hubble parameter H(z) inferred from the data and the relation between z and R
can be used to finally work out f (R). In addition, one may consider the expression for H(z)
in a given DE model as the input for the above reconstruction of f (R) and thus work out a
f (R) theory giving rise to the same dynamics as the input model. This suggests the intriguing
possibility to consider observationally viable DM models (such as ΛCDM and quintessence)
only as effective parameterizations of the curvature fluid (Capozziello et al., 2008).

The successful results obtained at cosmological scales motivates the investigation of f (R)
theories even at astrophysical scales. In the low energy limit, higher order gravity implies
a modified gravitational potential. Now, by considering the case of a pointlike mass m and
solving the vacuum field equations for a Schwarzschild - like metric, one gets from a theory
f (R) = f0Rn the modified gravitational potential:
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Id β log rc fg Υ� χ2/do f σrms
UGC 1230 0.608 -0.24 0.26 7.78 3.24/8 0.54
UGC 1281 0.485 -2.46 0.57 0.88 3.98/21 0.41
UGC 3137 0.572 -1.97 0.77 5.54 49.4/26 1.31
UGC 3371 0.588 -1.74 0.49 2.44 0.97/15 0.23
UGC 4173 0.532 -0.17 0.49 5.01 0.07/10 0.07
UGC 4325 0.588 -3.04 0.75 0.37 0.20/13 0.11
NGC 2366 0.532 0.99 0.32 6.67 30.6/25 1.04

IC 2233 0.807 -1.68 0.62 1.38 16.29/22 0.81
NGC 3274 0.519 -2.65 0.72 1.12 19.62/20 0.92
NGC 4395 0.578 0.35 0.17 6.17 34.81/52 0.80
NGC 4455 0.775 -2.04 0.88 0.29 3.71/17 0.43
NGC 5023 0.714 -2.34 0.61 0.72 13.06/30 0.63
DDO 185 0.674 -2.37 0.90 0.21 6.04/5 0.87
DDO 189 0.526 -1.87 0.69 3.14 0.47/8 0.21

UGC 10310 0.608 -1.61 0.65 1.04 3.93/13 0.50

Table 2. Best fit values of the model parameters from maximizing the joint likelihood
function L(β, log rc, fg). We also report the value of Υ�, the χ2/do f for the best fit parameters
(with do f = N − 3 and N the number of datapoints) and the root mean square σrms of the fit
residuals. See also Fig.3 (Capozziello et al., 2007).

which corrects the ordinary Newtonian potential by a power - law term. In particular, this
correction sets in on scales larger than rc which value depends essentially on the mass of the
system. The corrected potential (9) reduces to the standard Φ ∝ 1/r for n = 1 as it can be seen
from the relation (10). The generalization of Eq.(9) to extended systems is straightforward. We
simply divide the system in infinitesimal mass elements and sum up the potentials generated
by each single element. In the continuum limit, we replace the sum with an integral over the
mass density of the system taking care of eventual symmetries of the mass distribution. Once
the gravitational potential has been computed, one may evaluate the rotation curve v2

c (r) and
compare it with the data. For the pointlike case we have :

v2
c (r) =

Gm
r

[
1 + (1 − β)

(
r
rc

)β
]

. (11)

Compared with the Newtonian result v2
c = Gm/r, the corrected rotation curve is modified by

the addition of the second term in the r.h.s. of Eq.(11). For 0 < β < 1, the corrected rotation
curve is higher than the Newtonian one. Since measurements of spiral galaxies rotation curves
signals a circular velocity higher than what is predicted on the basis of the observed luminous
mass and the Newtonian potential, the above result suggests the possibility that our modified
gravitational potential may fill the gap between theory and observations without the need of
additional DM. It is worth noting that the corrected rotation curve is asymptotically vanishing
as in the Newtonian case, while it is usually claimed that observed rotation curves are flat.
Actually, observations do not probe vc up to infinity, but only show that the rotation curve
is flat within the measurement uncertainties up to the last measured point. This fact by no
way excludes the possibility that vc goes to zero at infinity. In order to observationally check
the above result, we have considered a sample of LSB galaxies with well measured HI + Hα
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Fig. 3. Best fit theoretical rotation curve superimposed to the data for the LSB galaxy NGC
4455 (left) and NGC 5023 (right). To better show the effect of the correction to the Newtonian
gravitational potential, we report the total rotation curve vc(R) (solid line), the Newtonian
one (short dashed) and the corrected term (long dashed).

rotation curves extending far beyond the visible edge of the system. LSB galaxies are known
to be ideal candidates to test DM models since, because of their high gas content, the rotation
curves can be well measured and corrected for possible systematic errors by comparing 21 - cm
HI line emission with optical Hα and [NII] data. Moreover, they are supposed to be DM
dominated so that fitting their rotation curves without this elusive component is a strong
evidence in favour of any successful alternative theory of gravity. Our sample contains 15 LSB
galaxies with data on both the rotation curve, the surface mass density of the gas component
and R - band disk photometry extracted from a larger sample selected by (de Blok & Bosma,
2002). We assume the stars are distributed in an infinitely thin and circularly symmetric disk
with surface density Σ(R) = Υ� I0exp(−R/Rd) where the central surface luminosity I0 and the
disk scalelength Rd are obtained from fitting to the stellar photometry. The gas surface density
has been obtained by interpolating the data over the range probed by HI measurements and
extrapolated outside this range.

When fitting to the theoretical rotation curve, there are three quantities to be determined,
namely the stellar mass - to - light (M/L) ratio, Υ� and the theory parameters (β, rc). It is
worth stressing that, while fit results for different galaxies should give the same β, rc must
be set on a galaxy - by - galaxy basis. However, it is expected that galaxies having similar
properties in terms of mass distribution have similar values of rc so that the scatter in rc
must reflect somewhat that on the terminal circular velocities. In order to match the model
with the data, we perform a likelihood analyzis determining for each galaxy using as fitting
parameters β, log rc (with rc in kpc) and the gas mass fraction2 fg. Considering the results
summarized in Table 2, the experimental data are successfully fitted by the model. In
particular, for the best fit range of β (β = 0.58 ± 0.15), one can conclude that Rn gravity
with 1.34 < n < 2.41 (which well overlaps the above mentioned range of n interesting in
cosmology) can be a good candidate to solve the missing matter problem in LSB galaxies
without any DM (Capozziello et al., 2007). At this point, it is worth wondering whether
a link may be found between Rn gravity and the standard approach based on dark matter
haloes since both theories fit equally well the same data. As a matter of fact, it is possible to
define an effective DM halo by imposing that its rotation curve equals the correction term to the

2 This is related to the M/L ratio as Υ� = [(1 − fg)Mg]/( fgLd) with Mg = 1.4MHI the gas (HI + He)
mass, Md = Υ�Ld and Ld = 2π I0R2

d the disk total mass and luminosity.
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which corrects the ordinary Newtonian potential by a power - law term. In particular, this
correction sets in on scales larger than rc which value depends essentially on the mass of the
system. The corrected potential (9) reduces to the standard Φ ∝ 1/r for n = 1 as it can be seen
from the relation (10). The generalization of Eq.(9) to extended systems is straightforward. We
simply divide the system in infinitesimal mass elements and sum up the potentials generated
by each single element. In the continuum limit, we replace the sum with an integral over the
mass density of the system taking care of eventual symmetries of the mass distribution. Once
the gravitational potential has been computed, one may evaluate the rotation curve v2

c (r) and
compare it with the data. For the pointlike case we have :

v2
c (r) =
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Compared with the Newtonian result v2
c = Gm/r, the corrected rotation curve is modified by

the addition of the second term in the r.h.s. of Eq.(11). For 0 < β < 1, the corrected rotation
curve is higher than the Newtonian one. Since measurements of spiral galaxies rotation curves
signals a circular velocity higher than what is predicted on the basis of the observed luminous
mass and the Newtonian potential, the above result suggests the possibility that our modified
gravitational potential may fill the gap between theory and observations without the need of
additional DM. It is worth noting that the corrected rotation curve is asymptotically vanishing
as in the Newtonian case, while it is usually claimed that observed rotation curves are flat.
Actually, observations do not probe vc up to infinity, but only show that the rotation curve
is flat within the measurement uncertainties up to the last measured point. This fact by no
way excludes the possibility that vc goes to zero at infinity. In order to observationally check
the above result, we have considered a sample of LSB galaxies with well measured HI + Hα
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Fig. 3. Best fit theoretical rotation curve superimposed to the data for the LSB galaxy NGC
4455 (left) and NGC 5023 (right). To better show the effect of the correction to the Newtonian
gravitational potential, we report the total rotation curve vc(R) (solid line), the Newtonian
one (short dashed) and the corrected term (long dashed).

rotation curves extending far beyond the visible edge of the system. LSB galaxies are known
to be ideal candidates to test DM models since, because of their high gas content, the rotation
curves can be well measured and corrected for possible systematic errors by comparing 21 - cm
HI line emission with optical Hα and [NII] data. Moreover, they are supposed to be DM
dominated so that fitting their rotation curves without this elusive component is a strong
evidence in favour of any successful alternative theory of gravity. Our sample contains 15 LSB
galaxies with data on both the rotation curve, the surface mass density of the gas component
and R - band disk photometry extracted from a larger sample selected by (de Blok & Bosma,
2002). We assume the stars are distributed in an infinitely thin and circularly symmetric disk
with surface density Σ(R) = Υ� I0exp(−R/Rd) where the central surface luminosity I0 and the
disk scalelength Rd are obtained from fitting to the stellar photometry. The gas surface density
has been obtained by interpolating the data over the range probed by HI measurements and
extrapolated outside this range.

When fitting to the theoretical rotation curve, there are three quantities to be determined,
namely the stellar mass - to - light (M/L) ratio, Υ� and the theory parameters (β, rc). It is
worth stressing that, while fit results for different galaxies should give the same β, rc must
be set on a galaxy - by - galaxy basis. However, it is expected that galaxies having similar
properties in terms of mass distribution have similar values of rc so that the scatter in rc
must reflect somewhat that on the terminal circular velocities. In order to match the model
with the data, we perform a likelihood analyzis determining for each galaxy using as fitting
parameters β, log rc (with rc in kpc) and the gas mass fraction2 fg. Considering the results
summarized in Table 2, the experimental data are successfully fitted by the model. In
particular, for the best fit range of β (β = 0.58 ± 0.15), one can conclude that Rn gravity
with 1.34 < n < 2.41 (which well overlaps the above mentioned range of n interesting in
cosmology) can be a good candidate to solve the missing matter problem in LSB galaxies
without any DM (Capozziello et al., 2007). At this point, it is worth wondering whether
a link may be found between Rn gravity and the standard approach based on dark matter
haloes since both theories fit equally well the same data. As a matter of fact, it is possible to
define an effective DM halo by imposing that its rotation curve equals the correction term to the

2 This is related to the M/L ratio as Υ� = [(1 − fg)Mg]/( fgLd) with Mg = 1.4MHI the gas (HI + He)
mass, Md = Υ�Ld and Ld = 2π I0R2

d the disk total mass and luminosity.
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Newtonian curve induced by Rn gravity. Mathematically, one can split the total rotation curve
derived from Rn gravity as v2

c (r) = v2
c,N(r) + v2

c,corr(r) where the second term is the correction
one. Considering, for simplicity a spherical halo embedding an infinitely thin exponential
disk, we may also write the total rotation curve as v2

c (r) = v2
c,disk(r) + v2

c,DM(r) with v2
c,disk(r)

the Newtonian disk rotation curve and v2
c,DM(r) = GMDM(r)/r the DM one, MDM(r) being

its mass distribution. Equating the two expressions, we get :

MDM(η) = 2β−5η
−β
c π(1 − β)Σ0R2

dη
β+1

2 I0(η, β) . (12)

with η = r/Rd, Σ0 = Υ� I0 and :

I0(η, β) =
∫ ∞

0
F0(η, η�, β)k3−βη� β−1

2 e−η�
dη� (13)

with F0 only depending on the geometry of the system. Eq.(12) defines the mass profile of an
effective spherically symmetric DM halo whose ordinary rotation curve provides the part of
the corrected disk rotation curve due to the addition of the curvature corrective term to the
gravitational potential. It is evident that, from an observational viewpoint, there is no way
to discriminate between this dark halo model and Rn gravity. Having assumed spherical
symmetry for the mass distribution, it is immediate to compute the mass density for the
effective dark halo as ρDM(r) = (1/4πr2)dMDM/dr. The most interesting features of the
density profile are its asymptotic behaviours that may be quantified by the logarithmic slope
αDM = d ln ρDM/d ln r which can be computed only numerically as function of η for fixed
values of β (or n). The asymptotic values at the center and at infinity denoted as α0 and α∞
result particularly interesting. It turns out that α0 almost vanishes so that in the innermost
regions the density is approximately constant. Indeed, α0 = 0 is the value corresponding
to models having an inner core such as the cored isothermal sphere and the Burkert model
(Burkert, 1995). Moreover, it is well known that galactic rotation curves are typically best fitted
by cored dark halo models (Gentile & Salucci, 2004). On the other hand, the outer asymptotic
slope is between −3 and −2, that are values typical of most dark halo models in literature. In
particular, for β = 0.58 one finds (α0, α∞) = (−0.002,−2.41), which are quite similar to the
value for the Burkert model (0,−3), that has been empirically proposed to provide a good
fit to the LSB and dwarf galaxies rotation curves. The values of (α0, α∞) we find for our best
fit effective dark halo therefore suggest a possible theoretical motivation for the Burkert - like
models. Now, due to the construction, the properties of the effective DM halo are closely
related to the disk one. As such, we do expect some correlation between the dark halo and
the disk parameters. To this aim, exploiting the relation between the virial mass and the disk
parameters , one can obtain a relation for the Newtonian virial velocity Vvir = GMvir/Rvir :

Md =
(3/4πδthΩmρcrit)

1−β
4 R

1+β
2

d η
β
c

2β−6(1 − β)G
5−β

4

V
5−β

2
vir

I0(Vvir, β)
. (14)

We have numerically checked that Eq.(14) may be well approximated as Md ∝ Va
vir which

has the same formal structure as the baryonic Tully - Fisher (BTF) relation Mb ∝ Va
f lat with

Mb the total (gas + stars) baryonic mass and Vf lat the circular velocity on the flat part of the
observed rotation curve. In order to test whether the BTF can be explained thanks to the
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effective DM halo we are proposing, we should look for a relation between Vvir and Vf lat.
This is not analytically possible since the estimate of Vf lat depends on the peculiarities of the
observed rotation curve such as how far it extends and the uncertainties on the outermost
points. For given values of the disk parameters, we therefore simulate theoretical rotation
curves for some values of rc and measure Vf lat finally choosing the fiducial value for rc
that gives a value of Vf lat as similar as possible to the measured one. Inserting the relation
thus found between Vf lat and Vvir into Eq.(14) and averaging over different simulations, we
finally get : log Mb = (2.88 ± 0.04) log Vf lat + (4.14 ± 0.09) while observational data give :
log Mb = (2.98 ± 0.29) log Vf lat + (3.37 ± 0.13) . The slope of the predicted and observed
BTF are in good agreement thus leading further support to our approach. The zeropoint is
markedly different with the predicted one being significantly larger than the observed one,
but it is worth stressing, however, that both relations fit the data with similar scatter. A
discrepancy in the zeropoint may be due to our approximate treatment of the effective halo
which does not take into account the gas component. Neglecting this term, we should increase
the effective halo mass and hence Vvir which affects the relation with Vf lat leading to a higher
than observed zeropoint. Indeed, the larger is Mg/Md, the more the point deviate from our
predicted BTF thus confirming our hypothesis. Given this caveat, we may therefore conclude
with confidence that Rn gravity offers a theoretical foundation even for the empirically found
BTF relation.
These results are referred to a simple choice of f (R), while it is likely that a more complicated
Lagrangian is needed to reproduce the whole dark sector phenomenology at all scales.
Nevertheless, although not definitive, these achievements represent an intriguing matter for
future more exhaustive investigations. In particular, exploiting such models can reveal a
useful approach to motivate a more careful search for a single fundamental theory of gravity
able to explain the full cosmic dynamics with the only two ingredients we can directly
experience, namely the background gravity and the baryonic matter (S. Capozziello et al.,
2006).

6. Conclusions

DM and DE can be considered among the biggest puzzles of modern physics. While their
effects are evident from galactic to cosmological scales, their detection, at fundamental level, is
a cumbersome task that, up to now, has no definitive answer. From a macroscopic viewpoint,
DM is related to the clustering of astrophysical structures and DE is an unclustered form
of energy (e.g. the cosmological constant Λ) which should be the source of cosmic speed
up, detected by SNeIa and other cosmological indicators in the Hubble flow. Following the
standard approach in physics, such missing matter problem and cosmic acceleration should be
related to some fundamental ingredient (e.g. particles). Specifically, such particles should
be not electromagnetically interacting (and then they are "dark") and, a part a few percent of
further baryons, should be out of SM. In the case of DE, instead, they should be scalar fields
that do not give rise to clustered structures.

Essentially, the DM (and DE) problem consists of three issues: i) the existence, ii) the detection,
iii) the possible alternatives. In this review paper, we have tried to summarize the status of
art with no claim to completeness.
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its mass distribution. Equating the two expressions, we get :

MDM(η) = 2β−5η
−β
c π(1 − β)Σ0R2

dη
β+1

2 I0(η, β) . (12)

with η = r/Rd, Σ0 = Υ� I0 and :

I0(η, β) =
∫ ∞

0
F0(η, η�, β)k3−βη� β−1

2 e−η�
dη� (13)

with F0 only depending on the geometry of the system. Eq.(12) defines the mass profile of an
effective spherically symmetric DM halo whose ordinary rotation curve provides the part of
the corrected disk rotation curve due to the addition of the curvature corrective term to the
gravitational potential. It is evident that, from an observational viewpoint, there is no way
to discriminate between this dark halo model and Rn gravity. Having assumed spherical
symmetry for the mass distribution, it is immediate to compute the mass density for the
effective dark halo as ρDM(r) = (1/4πr2)dMDM/dr. The most interesting features of the
density profile are its asymptotic behaviours that may be quantified by the logarithmic slope
αDM = d ln ρDM/d ln r which can be computed only numerically as function of η for fixed
values of β (or n). The asymptotic values at the center and at infinity denoted as α0 and α∞
result particularly interesting. It turns out that α0 almost vanishes so that in the innermost
regions the density is approximately constant. Indeed, α0 = 0 is the value corresponding
to models having an inner core such as the cored isothermal sphere and the Burkert model
(Burkert, 1995). Moreover, it is well known that galactic rotation curves are typically best fitted
by cored dark halo models (Gentile & Salucci, 2004). On the other hand, the outer asymptotic
slope is between −3 and −2, that are values typical of most dark halo models in literature. In
particular, for β = 0.58 one finds (α0, α∞) = (−0.002,−2.41), which are quite similar to the
value for the Burkert model (0,−3), that has been empirically proposed to provide a good
fit to the LSB and dwarf galaxies rotation curves. The values of (α0, α∞) we find for our best
fit effective dark halo therefore suggest a possible theoretical motivation for the Burkert - like
models. Now, due to the construction, the properties of the effective DM halo are closely
related to the disk one. As such, we do expect some correlation between the dark halo and
the disk parameters. To this aim, exploiting the relation between the virial mass and the disk
parameters , one can obtain a relation for the Newtonian virial velocity Vvir = GMvir/Rvir :

Md =
(3/4πδthΩmρcrit)

1−β
4 R

1+β
2

d η
β
c

2β−6(1 − β)G
5−β

4

V
5−β

2
vir

I0(Vvir, β)
. (14)

We have numerically checked that Eq.(14) may be well approximated as Md ∝ Va
vir which

has the same formal structure as the baryonic Tully - Fisher (BTF) relation Mb ∝ Va
f lat with

Mb the total (gas + stars) baryonic mass and Vf lat the circular velocity on the flat part of the
observed rotation curve. In order to test whether the BTF can be explained thanks to the
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effective DM halo we are proposing, we should look for a relation between Vvir and Vf lat.
This is not analytically possible since the estimate of Vf lat depends on the peculiarities of the
observed rotation curve such as how far it extends and the uncertainties on the outermost
points. For given values of the disk parameters, we therefore simulate theoretical rotation
curves for some values of rc and measure Vf lat finally choosing the fiducial value for rc
that gives a value of Vf lat as similar as possible to the measured one. Inserting the relation
thus found between Vf lat and Vvir into Eq.(14) and averaging over different simulations, we
finally get : log Mb = (2.88 ± 0.04) log Vf lat + (4.14 ± 0.09) while observational data give :
log Mb = (2.98 ± 0.29) log Vf lat + (3.37 ± 0.13) . The slope of the predicted and observed
BTF are in good agreement thus leading further support to our approach. The zeropoint is
markedly different with the predicted one being significantly larger than the observed one,
but it is worth stressing, however, that both relations fit the data with similar scatter. A
discrepancy in the zeropoint may be due to our approximate treatment of the effective halo
which does not take into account the gas component. Neglecting this term, we should increase
the effective halo mass and hence Vvir which affects the relation with Vf lat leading to a higher
than observed zeropoint. Indeed, the larger is Mg/Md, the more the point deviate from our
predicted BTF thus confirming our hypothesis. Given this caveat, we may therefore conclude
with confidence that Rn gravity offers a theoretical foundation even for the empirically found
BTF relation.
These results are referred to a simple choice of f (R), while it is likely that a more complicated
Lagrangian is needed to reproduce the whole dark sector phenomenology at all scales.
Nevertheless, although not definitive, these achievements represent an intriguing matter for
future more exhaustive investigations. In particular, exploiting such models can reveal a
useful approach to motivate a more careful search for a single fundamental theory of gravity
able to explain the full cosmic dynamics with the only two ingredients we can directly
experience, namely the background gravity and the baryonic matter (S. Capozziello et al.,
2006).

6. Conclusions

DM and DE can be considered among the biggest puzzles of modern physics. While their
effects are evident from galactic to cosmological scales, their detection, at fundamental level, is
a cumbersome task that, up to now, has no definitive answer. From a macroscopic viewpoint,
DM is related to the clustering of astrophysical structures and DE is an unclustered form
of energy (e.g. the cosmological constant Λ) which should be the source of cosmic speed
up, detected by SNeIa and other cosmological indicators in the Hubble flow. Following the
standard approach in physics, such missing matter problem and cosmic acceleration should be
related to some fundamental ingredient (e.g. particles). Specifically, such particles should
be not electromagnetically interacting (and then they are "dark") and, a part a few percent of
further baryons, should be out of SM. In the case of DE, instead, they should be scalar fields
that do not give rise to clustered structures.

Essentially, the DM (and DE) problem consists of three issues: i) the existence, ii) the detection,
iii) the possible alternatives. In this review paper, we have tried to summarize the status of
art with no claim to completeness.
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After a discussion of the need of DM to address astrophysical and cosmological dynamics, we
have reviewed the possible candidates. as SUSY, WIMP and extra dimension particles. The
big issue is the detection of such particles that can be faced in three ways.

The direct detection (e.g. of WIMPs) consists, essentially, in identifying a certain mass mX
from scattering processes. Several underground experiments (e.g. DAMA) are running or
have to start with this purpose. The approach is that standard interacting particles have to be
shielded by some layer of rocks so then the weak interacting particles could be identified.

Indirect searches look for the excesses of annihilation products that should be DM remnants.
Such experiments, like PAMELA and FERMI, are based on spacecrafts and are devoted to
reconstruct the signature of DM.

Finally, DM evidences could come from particle colliders like LHC or Tevatron. In this case,
DM should result from high-energy colliding processes where particles out of SM should be
produced.

A radically alternative view is that DM (and DE) do not exist at all. Missing matter problem
and cosmic speed up could be addressed by revising and extending the gravitational sector.
Specifically, Einstein’s GR should be a theory working only at local scale that should be revised
at infrared (large scale structure and cosmology) and ultraviolet regimes (quantum gravity).

In conclusion, it seems that DM problem will be open until incontrovertible evidences
(signatures) will be available at fundamental level. Very likely, the today working space-
and ground-based experiments are going to reach the requested energy and precision levels
in order to confirm or rule out the DM issue.

7. Acknowledgement

The authors thank G Barbarino for discussions and comments on the topics of this review
paper.

8. References

C. E. Aalseth et al. [CoGeNT Collaboration], Phys. Rev. Lett. 107, 141301 (2011).
C. E. Aalseth et al. CoGeNT Collaboration, Phys. Rev. Lett. 106, 131301 (2011).
A. A. Abdo et al. (FermiLAT) ,J. Cosmo. Astropart. Phys. 04, 014 (2010).
A. Abramowski (Hamburg U.) et al. Phys.Rev.Lett. 106, 161301(2011).
O. Adriani et al., Phys.Rev.Lett. 102 (2009) 051101
O. Adriani et al., Nature 458 (2009) 607-609
Z. Ahmed et al., Phys. Rev. D 83, 112002 (2011).
B.C. Allanach, A. Dedes and H.K. Dreiner Phys. Rev. D 60 075014 (1999).
S. W. Allen, A. C. Fabian, R. W. Schmidt & H. Ebeling, Mon. Not.Roy. Astron. Soc. 342, 287

(2003).
J. Angle et al. (XENON10) Phys.Rev.Lett. 107, 051301 (2011).
Angle J. et al. (XENON10) Phys. Rev. Lett. 100, 021303 (2008).
E. Aprile et al., (XENON100 Coll.) arXiv:1104.3121v1 [astro-ph.CO] (2011).
C. Arina & N. Fornengo JHEP 11, 029 (2007).

176 Astrophysics The Missing Matter Problem: From the Dark Matter Search to Alternative Hypotheses 27

E. Armengaud (EDELWEISS) Proceeding conf. IDM2010 arXiv:1011.2319v1 [astro-ph.CO]
(2010)

L. Baudis SUSY07 proceedings (2007).
R. Bernabei et al. Int.J. Mod. Phys. D 13, 2127 (2004).
R. Bernabei, et al., Nucl. Phys. B 480, 23 (2000).
R. Bernabei, et al., Nucl. Phys. B (Proc. Suppl.) 70, 79 (1999).
R. Bernabei, et al., Phys. Lett. B 424, 195 (1998).
R. Bernabei, et al., University of Rome preprint ROM2F/98/34 (27 August 1998).
A. Burkert,Astroph. Journ., 447, L25, 1995
S. Capozziello & M. De Laurentis, Extended Theories of Gravity, to appear in Phys. Rep Phys.

Rep DOI: 10.1016 j.physrep.2011.09.003 , arXiv:1108.6266v2 [gr-qc] (2011).
S. Capozziello, V. Faraoni, Beyond Einstein Gravity: A Survey Of Gravitational Theories For

Cosmology And Astrophysics, Springer, New York, (2010).
S. Capozziello, V.F. Cardone & V. Salzano, Phys. Rev. D 78, 063504 (2008).
S. Capozziello, V.F. Cardone & A. Troisi Mon. Not. R. Astron. Soc. 375, 1423 (2007).
S. Capozziello, V.F. Cardone & A. Troisi JCAP 08, 001 (2006).
D.Casadei, arXiv:astro-ph/0609072v1
A. H. Chamseddine, R. Arnowitt and P. Nath, Phys. Rev. Lett. 49 (1982) 970.
S. Chang et al. J. Cosmol. Astropart. Phys. 1008, 018 (2010).
H.Y. Chiu, Phys. Rev. Lett. 17, 712 (1966).
D. Clowe et al., Astrophys. J. 648, L109 (2006)
R. R. de Austri et al. JHEP 05, 002 (2006).
W. de Boer et al., Astron.Astrophys. 444 (2005) 51
W. de Boer et al., Prog.Part.Nucl.Phys. 66 (2011) 197-201
W.J. G de Blok & A. Bosma, Astron. Astroph., 385, 816 (2002).
A. Di Ciaccio, Nucl. Instr. and Meth., A 630, 273-278, (2011).
A. K. Drukier, K. Freese, and D. N. Spergel, Phys. Rev. D 33, 3495 (1986).
J. Dunkley et al. [WMAP Collaboration], Astrophys. J. Suppl. 180, 306 (2009).
T. Falk, K. A. Olive & M. Srednicki, Phys. Lett. B 339, 248 (1994).
J. L. Feng et al. JCAP 0901, 032 (2009).
Fermi LAT collaboration, Phys.Rev.D 82, 092004 (2010).
B. D. Fields & S. Sarkar, Phys. Lett. B 667, 228 (2008).
A. L. Fitzpatrick, D. Hooper & K. M. Zurek, Phys. Rev. D 81, 115005 (2010).
G. Gentile & P. Salucci, Mon. Not. Roy. Astron. Soc., 351, 953, (2004).
H.E. Haber & G.L. Kane, Phys. Rep. 117, 75 (1985).
L.J. Hall & M. Suzuki Nucl. Phys. B 231, 419 (1984).
W.Hofmannetal.,in 28th ICRC Proceedings,1, 2811 (2004).
D. Hooper & C. Kelso, FERMILAB-PUB 11, 248 A (2011).
D. Hooper & T. Linden, Phys. Rev. D 83, 083517 (2011).
D. Hooper& L. Goodenough, Phys. Lett. B 697, 412 (2011).
D. Hooper et al. Phys. Rev. D 79, 015010 (2009).
http://amanda.uci.edu/
http://www-sk.icrr.u-tokyo.ac.jp/sk/pub/
http://icecube.wisc.edu/
http://atic.phys.lsu.edu/
http://www-glast.stanford.edu/

177The Missing Matter Problem: From the Dark Matter Search to Alternative Hypotheses



26 Will-be-set-by-IN-TECH

After a discussion of the need of DM to address astrophysical and cosmological dynamics, we
have reviewed the possible candidates. as SUSY, WIMP and extra dimension particles. The
big issue is the detection of such particles that can be faced in three ways.

The direct detection (e.g. of WIMPs) consists, essentially, in identifying a certain mass mX
from scattering processes. Several underground experiments (e.g. DAMA) are running or
have to start with this purpose. The approach is that standard interacting particles have to be
shielded by some layer of rocks so then the weak interacting particles could be identified.

Indirect searches look for the excesses of annihilation products that should be DM remnants.
Such experiments, like PAMELA and FERMI, are based on spacecrafts and are devoted to
reconstruct the signature of DM.

Finally, DM evidences could come from particle colliders like LHC or Tevatron. In this case,
DM should result from high-energy colliding processes where particles out of SM should be
produced.

A radically alternative view is that DM (and DE) do not exist at all. Missing matter problem
and cosmic speed up could be addressed by revising and extending the gravitational sector.
Specifically, Einstein’s GR should be a theory working only at local scale that should be revised
at infrared (large scale structure and cosmology) and ultraviolet regimes (quantum gravity).

In conclusion, it seems that DM problem will be open until incontrovertible evidences
(signatures) will be available at fundamental level. Very likely, the today working space-
and ground-based experiments are going to reach the requested energy and precision levels
in order to confirm or rule out the DM issue.

7. Acknowledgement

The authors thank G Barbarino for discussions and comments on the topics of this review
paper.

8. References

C. E. Aalseth et al. [CoGeNT Collaboration], Phys. Rev. Lett. 107, 141301 (2011).
C. E. Aalseth et al. CoGeNT Collaboration, Phys. Rev. Lett. 106, 131301 (2011).
A. A. Abdo et al. (FermiLAT) ,J. Cosmo. Astropart. Phys. 04, 014 (2010).
A. Abramowski (Hamburg U.) et al. Phys.Rev.Lett. 106, 161301(2011).
O. Adriani et al., Phys.Rev.Lett. 102 (2009) 051101
O. Adriani et al., Nature 458 (2009) 607-609
Z. Ahmed et al., Phys. Rev. D 83, 112002 (2011).
B.C. Allanach, A. Dedes and H.K. Dreiner Phys. Rev. D 60 075014 (1999).
S. W. Allen, A. C. Fabian, R. W. Schmidt & H. Ebeling, Mon. Not.Roy. Astron. Soc. 342, 287

(2003).
J. Angle et al. (XENON10) Phys.Rev.Lett. 107, 051301 (2011).
Angle J. et al. (XENON10) Phys. Rev. Lett. 100, 021303 (2008).
E. Aprile et al., (XENON100 Coll.) arXiv:1104.3121v1 [astro-ph.CO] (2011).
C. Arina & N. Fornengo JHEP 11, 029 (2007).

176 Astrophysics The Missing Matter Problem: From the Dark Matter Search to Alternative Hypotheses 27

E. Armengaud (EDELWEISS) Proceeding conf. IDM2010 arXiv:1011.2319v1 [astro-ph.CO]
(2010)

L. Baudis SUSY07 proceedings (2007).
R. Bernabei et al. Int.J. Mod. Phys. D 13, 2127 (2004).
R. Bernabei, et al., Nucl. Phys. B 480, 23 (2000).
R. Bernabei, et al., Nucl. Phys. B (Proc. Suppl.) 70, 79 (1999).
R. Bernabei, et al., Phys. Lett. B 424, 195 (1998).
R. Bernabei, et al., University of Rome preprint ROM2F/98/34 (27 August 1998).
A. Burkert,Astroph. Journ., 447, L25, 1995
S. Capozziello & M. De Laurentis, Extended Theories of Gravity, to appear in Phys. Rep Phys.

Rep DOI: 10.1016 j.physrep.2011.09.003 , arXiv:1108.6266v2 [gr-qc] (2011).
S. Capozziello, V. Faraoni, Beyond Einstein Gravity: A Survey Of Gravitational Theories For

Cosmology And Astrophysics, Springer, New York, (2010).
S. Capozziello, V.F. Cardone & V. Salzano, Phys. Rev. D 78, 063504 (2008).
S. Capozziello, V.F. Cardone & A. Troisi Mon. Not. R. Astron. Soc. 375, 1423 (2007).
S. Capozziello, V.F. Cardone & A. Troisi JCAP 08, 001 (2006).
D.Casadei, arXiv:astro-ph/0609072v1
A. H. Chamseddine, R. Arnowitt and P. Nath, Phys. Rev. Lett. 49 (1982) 970.
S. Chang et al. J. Cosmol. Astropart. Phys. 1008, 018 (2010).
H.Y. Chiu, Phys. Rev. Lett. 17, 712 (1966).
D. Clowe et al., Astrophys. J. 648, L109 (2006)
R. R. de Austri et al. JHEP 05, 002 (2006).
W. de Boer et al., Astron.Astrophys. 444 (2005) 51
W. de Boer et al., Prog.Part.Nucl.Phys. 66 (2011) 197-201
W.J. G de Blok & A. Bosma, Astron. Astroph., 385, 816 (2002).
A. Di Ciaccio, Nucl. Instr. and Meth., A 630, 273-278, (2011).
A. K. Drukier, K. Freese, and D. N. Spergel, Phys. Rev. D 33, 3495 (1986).
J. Dunkley et al. [WMAP Collaboration], Astrophys. J. Suppl. 180, 306 (2009).
T. Falk, K. A. Olive & M. Srednicki, Phys. Lett. B 339, 248 (1994).
J. L. Feng et al. JCAP 0901, 032 (2009).
Fermi LAT collaboration, Phys.Rev.D 82, 092004 (2010).
B. D. Fields & S. Sarkar, Phys. Lett. B 667, 228 (2008).
A. L. Fitzpatrick, D. Hooper & K. M. Zurek, Phys. Rev. D 81, 115005 (2010).
G. Gentile & P. Salucci, Mon. Not. Roy. Astron. Soc., 351, 953, (2004).
H.E. Haber & G.L. Kane, Phys. Rep. 117, 75 (1985).
L.J. Hall & M. Suzuki Nucl. Phys. B 231, 419 (1984).
W.Hofmannetal.,in 28th ICRC Proceedings,1, 2811 (2004).
D. Hooper & C. Kelso, FERMILAB-PUB 11, 248 A (2011).
D. Hooper & T. Linden, Phys. Rev. D 83, 083517 (2011).
D. Hooper& L. Goodenough, Phys. Lett. B 697, 412 (2011).
D. Hooper et al. Phys. Rev. D 79, 015010 (2009).
http://amanda.uci.edu/
http://www-sk.icrr.u-tokyo.ac.jp/sk/pub/
http://icecube.wisc.edu/
http://atic.phys.lsu.edu/
http://www-glast.stanford.edu/

177The Missing Matter Problem: From the Dark Matter Search to Alternative Hypotheses



28 Will-be-set-by-IN-TECH

lhc.web.cern.ch
www-cdf.fnal.gov
www-d0.fnal.gov/
G. Jungman, M. Kamionkowski & K. Griest, Phys. Reports 267, 195 (1996).
M. Kamionkowski & A. Kinkhabwala, Phys. Rev. D57, 3256 (1998).
M.Yu.Khlopov, AIP Conf.Proc. 1241, 388 (2010).
M.Yu.Khlopov, A.G. Mayorov & E.Yu. Soldatov, Prespacetime Journal 1,1403 (2010).
M.Yu.Khlopov, A.G. Mayorov & E.Yu. Soldatov, Int.J.Mod.Phys.V. D 19, 1385, (2010).
E.W. Kolb & M.E. Turner, The Early Universe, Addison-Wesley (1990).
E. Komatsu et al., Astrophys.J.Suppl. 192, 18 (2011)
J. Kumar, J. G. Learned, and S. Smith, Phys. Rev. D 80, 113002 (2009).
Susmita Kundu, Pijushpani Bhattacharjee , arXiv:1106.5711v1 [astro-ph.GA] (2011).
J.D. Lewin & P.F. Smith it Astrop. Phys. 6 87 (1996).
A. D. Lewis, D. A. Buote, & J. T. Stocke, Astrophys. J. 586 135 (2003). arXiv:astro-ph/0209205.
M. Merrifield, Astron. J. 103, 1552 (1992).
Stephen P. Martin http://arxiv.org/abs/hep-ph/9709356v6
A.D. Panov et al., Astrophys.Space Sci.Trans. 7, 119 (2011).
S. Perlmutter et al., Astrophys. J. 517, 565 (1999).
P. Picozza et al., Astropart.Phys. 27 (2007) 296-315
M. Pohl et al., PoS ICHEP2010:443,2010.
A. Refregier, Ann. Rev. Astron. Astrophys. 41, 645, (2003).
A. G. Riess et al., Astron. J. 116,1009 (1998).
R. J. Scherrer & M. S. Turner, Phys. Rev. D 33,1585 (1986) .
G. Steigman, Ann. Rev. Nucl. Part. Sci. 29, 313 (1979).
J. A. Tyson, G. P. Kochanski, and I. P. Dell’Antonio Astrophys. J. 498, L107, (1998).
Y. B. Zeldovich Adv. Astron. Astrophys. 3 (1965) 241.
F. Zwicky Helv. Phys. Acta 6, 110 (1933). .
S. Weinberg Phys. Rev. D 26, 287 (1982).
A. Weinstein et al. VERITAS Collaboration , Acta Phys.Polon.Supp .1, 595, (2008).
Alex Wright, for the DarkSide Collaboration, arXiv:1109.2979v1 [physics.ins-det].

178 Astrophysics

1. Introduction

In this chapter, we will be concerned with hadronic interactions in the nuclear medium,
particularly under conditions of extreme densities such as those encountered in some compact
astrophysical objects. This issue goes to the very core of nuclear physics. In fact, our present
knowledge of the nuclear force in free space is, in itself, the result of decades of struggle
(Machleidt, 1989) which will not be reviewed in this chapter. The nature of the nuclear force
in the medium is of course an even more complex problem, as it involves aspects of the force
that cannot be constrained through free-space nucleon-nucleon (NN) scattering. Predictions
of properties of nuclei are the ultimate test for many-body theories.

Nuclear matter is a convenient theoretical laboratory for many-body theories. By "nuclear
matter" we mean an infinite system of nucleons acted on by their mutual strong forces and no
electromagnetic interactions. Nuclear matter is characterized by its energy per particle as a
function of density and other thermodynamic quantities, as appropriate (e.g. temperature).
Such relation is known as the nuclear matter equation of state (EoS). The translational
invariance of the system facilitates theoretical calculations. At the same time, adopting what
is known as the "local density approximation", one can use the EoS to obtain information on
finite systems. This procedure is applied, for instance, in Thomas-Fermi calculations within
the liquid drop model, where an appropriate energy functional is written in terms of the EoS
(Furnstahl, 2002; Oyamatsu et al., 1998; Sammarruca & Liu, 2009).

Isospin-asymmetric nuclear matter (IANM) simulates the interior of a nucleus with unequal
densities of protons and neutrons. The equation of state of (cold) IANM is then a function of
density as well as the relative concentrations of protons and neutrons.

The recent and fast-growing interest in IANM stems from its close connection to the physics
of neutron-rich nuclei, or, more generally, isospin-asymmetric nuclei, including the very
"exotic" ones known as "halo" nuclei. At this time, the boundaries of the nuclear chart are
uncertain, with several thousands nuclei believed to exist but not yet observed in terrestrial
laboratories. The Facility for Rare Isotope Beams (FRIB) has recently been approved for design
and construction at Michigan State University. The facility will deliver intense beams of
rare isotopes, the study of which can provide crucial information on short-lived elements
normally not found on earth. Thus, this new experimental program will have widespread
impact, ranging from the origin of elements to the evolution of the cosmos. It is estimated
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that cannot be constrained through free-space nucleon-nucleon (NN) scattering. Predictions
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matter" we mean an infinite system of nucleons acted on by their mutual strong forces and no
electromagnetic interactions. Nuclear matter is characterized by its energy per particle as a
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Such relation is known as the nuclear matter equation of state (EoS). The translational
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is known as the "local density approximation", one can use the EoS to obtain information on
finite systems. This procedure is applied, for instance, in Thomas-Fermi calculations within
the liquid drop model, where an appropriate energy functional is written in terms of the EoS
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densities of protons and neutrons. The equation of state of (cold) IANM is then a function of
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"exotic" ones known as "halo" nuclei. At this time, the boundaries of the nuclear chart are
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that the design and construction of FRIB will take ten years. In the meantime, systematic
investigations to determine the properties of asymmetric nuclear matter are proliferating at
existing facilities.

The equation of state of IANM is also the crucial input for the structure equations of compact
stars, and thus establishes the connection between nuclear physics and compact astrophysical
systems. It is the focal point of this chapter to present and discuss our approach to the
devolopment of the EoS of nuclear and neutron-rich matter, with particular emphasis on the
latter and its relation to the properties of neutron stars.

The chapter will articulate through the following sections: In Section 2, we present a
brief review of facts and phenomenology about IANM. We then proceed to describe our
microscopic approach to calculate the energy per particle in IANM (Section 3) and show the
corresponding predictions. Section 4 will be dedicated to a review of neutron star structure
and available empirical constraints. Microscopic predictions of neutron star properties will be
presented and discussed there. Section 5 contains a brief discussion on the topic of polarized
IANM. The chapter will end with our conclusions and an outlook into the future (Section 6).

2. Facts about isospin-asymmetric nuclear matter

Asymmetric nuclear matter can be characterized by the neutron density, ρn, and the proton
density, ρp, defined as the number of neutrons or protons per unit of volume. In infinite
matter, they are obtained by summing the neutron or proton states per volume (up to their
respective Fermi momenta, kn

F or kp
F) and applying the appropriate degeneracy factor. The

result is

ρi =
(ki

F)
3

3π2 , (1)

with i = n or p.

It may be more convenient to refer to the total density ρ = ρn + ρp and the asymmetry (or
neutron excess) parameter α =

ρn−ρp
ρ . Clearly, α=0 corresponds to symmetric matter and α=1

to neutron matter. In terms of α and the average Fermi momentum, kF, related to the total
density in the usual way,

ρ =
2k3

F
3π2 , (2)

the neutron and proton Fermi momenta can be expressed as

kn
F = kF(1 + α)1/3 (3)

and
kp

F = kF(1 − α)1/3, (4)

respectively.

Expanding the energy per particle in IANM with respect to the asymmetry parameter yields

e(ρ, α) = e0(ρ) +
1
2

( ∂2e(ρ, α)

∂α2

)
α=0

α2 +O(α4) , (5)
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where the first term is the energy per particle in symmetric matter and the coefficient of the
quadratic term is identified with the symmetry energy, esym. In the Bethe-Weizsäcker formula
for the nuclear binding energy, it represents the amount of binding a nucleus has to lose when
the numbers of protons and neutrons are unequal. A typical value for esym at nuclear matter
density (ρ0) is 30 MeV, with theoretical predictions spreading approximately between 26 and
35 MeV.

To a very good degree of approximation, the energy per particle in IANM can be written as

e(ρ, α) ≈ e0(ρ) + esym(ρ)α
2. (6)

The effect of a term of fourth order in the asymmetry parameter (O(α4)) on the bulk properties
of neutron stars is very small, although it may impact the proton fraction at high density.

Equation (6) displays a convenient separation between the symmetric and aymmetric parts of
the EoS, which facilitates the identification of observables that may be sensitive, for instance,
mainly to the symmetry energy. At this time, groups from GSI (Sfienti et al., 2009; Trautmann
et al., 2009), MSU (Tsang et al., 2009), Italy (Greco, 2010), France (Borderie & Rivet, 2008),
China (Feng, 2010; Yong, 2010), Japan (Isobe, 2011), Texas A&M (Kohley et al., 2011), and
more are investigating the density dependence of the symmetry energy through heavy-ion
collisions. Typically, constraints are extracted from heavy-ion collision simulations based on
transport models. Isospin diffusion and the ratio of neutron and proton spectra are among the
observables used in these analyses.

These investigations appear to agree reasonably well on the following parametrization of the
symmetry energy:

esym(ρ) = 12.5 MeV
( ρ

ρ0

)2/3
+ 17.5 MeV

( ρ

ρ0

)γi
, (7)

where ρ0 is the saturation density. The first term is the kinetic contribution and γi (the
exponent appearing in the potential energy part) is found to be between 0.4 and 1.0. Recent
measurements of elliptic flows in 197Au + 197Au reactions at GSI at 400-800 MeV per nucleon
favor a potential energy term with γi equal to 0.9 ± 0.4. Giant dipole resonance excitation in
fusion reactions (Simenel et al., 2007) is also sensitive to the symmetry energy, since the latter
is responsible for isospin equilibration in isospin-asymmetric collisions.

Isospin-sensitive observables can also be identified among the properties of normal nuclei.
The neutron skin of neutron-rich nuclei is a powerful isovector observable, being sensitive to
the slope of the symmetry energy, which determines to which extent neutrons will tend to
spread outwards to form the skin.

Parity-violating electron scattering experiments are now a realistic option to determine
neutron distributions with unprecedented accuracy. The neutron radius of 208Pb is expected
to be measured with a precision of 3% thanks to the electroweak program at the Jefferson
Laboratory, the PREX experiment in particular, just recently completed at Jefferson Lab. This
level of accuracy could not be achieved with hadronic scattering. Parity-violating electron
scattering at low momentum transfer is especially suitable to probe neutron densities, as the
Z0 boson couples primarily to neutrons. With the success of this program, reliable empirical
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presented and discussed there. Section 5 contains a brief discussion on the topic of polarized
IANM. The chapter will end with our conclusions and an outlook into the future (Section 6).

2. Facts about isospin-asymmetric nuclear matter

Asymmetric nuclear matter can be characterized by the neutron density, ρn, and the proton
density, ρp, defined as the number of neutrons or protons per unit of volume. In infinite
matter, they are obtained by summing the neutron or proton states per volume (up to their
respective Fermi momenta, kn

F or kp
F) and applying the appropriate degeneracy factor. The

result is

ρi =
(ki

F)
3

3π2 , (1)

with i = n or p.

It may be more convenient to refer to the total density ρ = ρn + ρp and the asymmetry (or
neutron excess) parameter α =

ρn−ρp
ρ . Clearly, α=0 corresponds to symmetric matter and α=1
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where the first term is the energy per particle in symmetric matter and the coefficient of the
quadratic term is identified with the symmetry energy, esym. In the Bethe-Weizsäcker formula
for the nuclear binding energy, it represents the amount of binding a nucleus has to lose when
the numbers of protons and neutrons are unequal. A typical value for esym at nuclear matter
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2. (6)

The effect of a term of fourth order in the asymmetry parameter (O(α4)) on the bulk properties
of neutron stars is very small, although it may impact the proton fraction at high density.

Equation (6) displays a convenient separation between the symmetric and aymmetric parts of
the EoS, which facilitates the identification of observables that may be sensitive, for instance,
mainly to the symmetry energy. At this time, groups from GSI (Sfienti et al., 2009; Trautmann
et al., 2009), MSU (Tsang et al., 2009), Italy (Greco, 2010), France (Borderie & Rivet, 2008),
China (Feng, 2010; Yong, 2010), Japan (Isobe, 2011), Texas A&M (Kohley et al., 2011), and
more are investigating the density dependence of the symmetry energy through heavy-ion
collisions. Typically, constraints are extracted from heavy-ion collision simulations based on
transport models. Isospin diffusion and the ratio of neutron and proton spectra are among the
observables used in these analyses.

These investigations appear to agree reasonably well on the following parametrization of the
symmetry energy:
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, (7)

where ρ0 is the saturation density. The first term is the kinetic contribution and γi (the
exponent appearing in the potential energy part) is found to be between 0.4 and 1.0. Recent
measurements of elliptic flows in 197Au + 197Au reactions at GSI at 400-800 MeV per nucleon
favor a potential energy term with γi equal to 0.9 ± 0.4. Giant dipole resonance excitation in
fusion reactions (Simenel et al., 2007) is also sensitive to the symmetry energy, since the latter
is responsible for isospin equilibration in isospin-asymmetric collisions.

Isospin-sensitive observables can also be identified among the properties of normal nuclei.
The neutron skin of neutron-rich nuclei is a powerful isovector observable, being sensitive to
the slope of the symmetry energy, which determines to which extent neutrons will tend to
spread outwards to form the skin.

Parity-violating electron scattering experiments are now a realistic option to determine
neutron distributions with unprecedented accuracy. The neutron radius of 208Pb is expected
to be measured with a precision of 3% thanks to the electroweak program at the Jefferson
Laboratory, the PREX experiment in particular, just recently completed at Jefferson Lab. This
level of accuracy could not be achieved with hadronic scattering. Parity-violating electron
scattering at low momentum transfer is especially suitable to probe neutron densities, as the
Z0 boson couples primarily to neutrons. With the success of this program, reliable empirical
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information on neutron skins will be able to provide, in turn, much needed independent
constraint on the density dependence of the symmetry energy.

A measure of the density dependence of the symmetry energy is the symmetry pressure,
closely related to the parameter

L = 3ρ0

( ∂esym(ρ)

∂ρ

)
ρ0

≈ 3ρ0

( ∂en.m.(ρ)

∂ρ

)
ρ0

, (8)

where we have used Eq. (6) with α=1. Thus, L is sensitive to the gradient of the energy per
particle in neutron matter (en.m.). As to be expected on physical grounds, the neutron skin,
given by

S =
√
< r2

n >−
√
< r2

p > , (9)

is highly sensitive to the same pressure gradient.

Values of L are reported to range from -50 to 100 MeV as seen, for instance, through the
numerous parametrizations of Skyrme interactions, all chosen to fit the binding energies and
the charge radii of a large number of nuclei, see (Li & Chen, 2005) and references therein.
Heavy-ion data impose boundaries for L at 85 ± 25 MeV, with more stringent constraints
being presently extracted. At this time constraints appear to favor lower values of L. . In
fact, a range of L values given by 52.7 ± 22.5 MeV has emerged from recent analyses of global
optical potentials (Xu et al., 2010).

Typically, parametrizations like the one given in Eq. (7) are valid at or below the saturation
density, ρ0. Efforts to constrain the behavior of the symmetry energy at higher densities
are presently being pursued through observables such as π−/π+ ratio, K+/K0 ratio,
neutron/proton differential transverse flow, or nucleon elliptic flow (Ko et al., 2010).

Another important quantity which emerges from studies of IANM is the symmetry potential.
Its definition stems from the observation that the single-particle potentials experienced by
the proton and the neutron in IANM, Un/p, are different from each other and satisfy the
approximate relation

Un/p(k, ρ, α) ≈ Un/p(k, ρ, α = 0)± Usym(k, ρ) α , (10)

where the +(-) sign refers to neutrons (protons), and

Usym =
Un − Up

2α
. (11)

(Later in the chapter we will verify the approximate linear behavior with respect to α
displayed in Eq. (10).) Thus, one can expect isospin splitting of the single-particle potential
to be effective in separating the collision dynamics of neutrons and protons. Furthermore,
Usym, being proportional to the gradient between the single-neutron and the single-proton
potentials, should be comparable with the Lane potential (Lane, 1962), namely the isovector
part of the nuclear optical potential. Optical potential analyses can then help constrain this
quantity and, in turn, the symmetry energy.
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Because of the fundamental importance of the symmetry energy in many systems and
phenomena, it is of interest to identify the main contributions to its density dependence. In
a recent work (Sammarruca, 2011) we discussed the contribution of the isovector mesons (π,
ρ, and δ) to the symmetry energy and demonstrated the chief role of the pion. Note that
the isovector mesons carry the isospin dependence by contributing differently in different
partial waves, and that isospin dependence controls the physics of IANM. Hence, we stress
the relevance of a microscopic model that contains all important couplings of mesons with
nucleons.

3. Our microscopic approach to isospin-asymmetric nuclear matter

3.1 The two-body potential

Our approach is ab initio in that the starting point of the many-body calculation is a realistic
NN interaction which is then applied in the nuclear medium without any additional free
parameters. Thus the first question to be confronted concerns the choice of the "best"
NN interaction. After the development of Quantum Chromodynamics (QCD) and the
understanding of its symmetries, chiral effective theories (Weinberg, 1990) were developed
as a way to respect the symmetries of QCD while keeping the degrees of freedom (nucleons
and pions) typical of low-energy nuclear physics. However, chiral perturbation theory (ChPT)
has definite limitations as far as the range of allowed momenta is concerned. For the purpose
of applications in dense matter, where higher and higher momenta become involved with
increasing Fermi momentum, NN potentials based on ChPT are unsuitable.

Relativistic meson theory is an appropriate framework to deal with the high momenta
encountered in dense matter. In particular, the one-boson-exchange (OBE) model has proven
very successful in describing NN data in free space and has a good theoretical foundation.
Among the many available OBE potentials, some being part of the "high-precision generation"
(Machleidt, 2001; Stocks et al., 1994; Wiringa et al., 1995), we seek a momentum-space potential
developed within a relativistic scattering equation, such as the one obtained through the
Thompson (Thompson, 1970) three-dimensional reduction of the Bethe-Salpeter equation
(Salpeter & Bether, 1951). Furthermore, we require a potential that uses the pseudovector
coupling for the interaction of nucleons with pseudoscalar mesons. With these constraints in
mind, as well as the requirement of a good description of the NN data, Bonn B (Machleidt,
1989) is a reasonable choice. As is well known, the NN potential model dependence of
nuclear matter predictions is not negligible. The saturation points obtained with different
NN potentials move along the famous "Coester band" depending on the strength of the tensor
force, with the weakest tensor force yielding the largest attraction. This can be understood in
terms of medium effects (particularly Pauli blocking) reducing the (attractive) second-order
term in the expansion of the reaction matrix. A large second-order term will undergo a large
reduction in the medium. Therefore, noticing that the second-order term is dominated by the
tensor component of the force, nuclear potentials with a strong tensor component will yield
less attraction in the medium. For the same reason (that is, the role of the tensor force in
nuclear matter), the potential model dependence is strongly reduced in pure (or nearly pure)
neutron matter, due to the absence of isospin-zero partial waves.

Already when QCD (and its symmetries) were unknown, it was observed that the contribution
from the nucleon-antinucleon pair diagram, Fig. 1, becomes unreasonably large if the
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information on neutron skins will be able to provide, in turn, much needed independent
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where we have used Eq. (6) with α=1. Thus, L is sensitive to the gradient of the energy per
particle in neutron matter (en.m.). As to be expected on physical grounds, the neutron skin,
given by
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is highly sensitive to the same pressure gradient.

Values of L are reported to range from -50 to 100 MeV as seen, for instance, through the
numerous parametrizations of Skyrme interactions, all chosen to fit the binding energies and
the charge radii of a large number of nuclei, see (Li & Chen, 2005) and references therein.
Heavy-ion data impose boundaries for L at 85 ± 25 MeV, with more stringent constraints
being presently extracted. At this time constraints appear to favor lower values of L. . In
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are presently being pursued through observables such as π−/π+ ratio, K+/K0 ratio,
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Its definition stems from the observation that the single-particle potentials experienced by
the proton and the neutron in IANM, Un/p, are different from each other and satisfy the
approximate relation

Un/p(k, ρ, α) ≈ Un/p(k, ρ, α = 0)± Usym(k, ρ) α , (10)

where the +(-) sign refers to neutrons (protons), and
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(Later in the chapter we will verify the approximate linear behavior with respect to α
displayed in Eq. (10).) Thus, one can expect isospin splitting of the single-particle potential
to be effective in separating the collision dynamics of neutrons and protons. Furthermore,
Usym, being proportional to the gradient between the single-neutron and the single-proton
potentials, should be comparable with the Lane potential (Lane, 1962), namely the isovector
part of the nuclear optical potential. Optical potential analyses can then help constrain this
quantity and, in turn, the symmetry energy.
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coupling for the interaction of nucleons with pseudoscalar mesons. With these constraints in
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1989) is a reasonable choice. As is well known, the NN potential model dependence of
nuclear matter predictions is not negligible. The saturation points obtained with different
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force, with the weakest tensor force yielding the largest attraction. This can be understood in
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reduction in the medium. Therefore, noticing that the second-order term is dominated by the
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less attraction in the medium. For the same reason (that is, the role of the tensor force in
nuclear matter), the potential model dependence is strongly reduced in pure (or nearly pure)
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Fig. 1. Contribution to the NN interaction from virtual pair excitation. Upward- and
downward-pointing arrows represent nucleons and antinucleons, respectively. Dashed lines
denote mesons.

Fig. 2. Three-body force due to virtual pair excitation. Conventions as in the previous figure.

pseudoscalar (ps) coupling is used, leading to very large pion-nucleon scattering lengths
(Brown, 1979). We recall that the Lagrangian density for pseudoscalar coupling of the nucleon
field (ψ) with the pseudoscalar meson field (φ) is

Lps = −igpsψ̄γ5ψφ. (12)

On the other hand, the same contribution, shown in Fig. 1, is heavily reduced by the
pseudovector (pv) coupling (a mechanism which became known as "pair suppression"). The
reason for the suppression is the presence of the covariant derivative at the pseudovector
vertex,

Lpv =
fps

mps
ψ̄γ5γμψ∂μφ, (13)

which reduces the contribution of the vertex for low momenta and, thus, explains the small
value of the pion-nucleon scattering length at threshold (Brown, 1979). Considerations
based on chiral symmetry (Brown, 1979) can further motivate the choice of the pseudovector
coupling.

In closing this section, we wish to highlight the most important aspect of the ab initio approach:
Namely, the only free parameters of the model (the parameters of the NN potential) are
determined by fitting the free-space NN data and never readjusted in the medium. In other
words, the model parameters are tightly constrained and the calculation in the medium is
parameter free. The presence of free parameters in the medium would generate effects and
sensitivities which are hard to control and interfere with the predictive power of the theory.
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3.2 The Dirac-Brueckner-Hartree-Fock approach to symmetric and asymmetric nuclear
matter

3.2.1 Formalism

The main strength of the DBHF approach is its inherent ability to account for important
three-body forces through its density dependence. In Fig. 2 we show a three-body force
(TBF) originating from virtual excitation of a nucleon-antinucleon pair, known as "Z-diagram".
Notice that the observations from the previous section ensure that the corresponding diagram
at the two-body level, Fig. 1, is moderate in size when the pv coupling, Eq. 13, is used. The
main feature of the DBHF method turns out to be closely related to the TBF depicted in Fig. 2,
as we will argue next. In the DBHF approach, one describes the positive energy solutions of
the Dirac equation in the medium as

u∗(p, λ) =

(
E∗

p + m∗

2m∗

)1/2 ( 1
σ·�p

E∗
p+m∗

)
χλ, (14)

where the nucleon effective mass, m∗, is defined as m∗ = m + US, with US an attractive
scalar potential. (This will be derived below.) It can be shown that both the description of a
single-nucleon via Eq. (14) and the evaluation of the Z-diagram, Fig. 2, generate a repulsive
effect on the energy per particle in symmetric nuclear matter which depends on the density
approximately as

ΔE ∝
(

ρ

ρ0

)8/3
, (15)

and provides the saturating mechanism missing from conventional Brueckner calculations.
(Alternatively, explicit TBF are used along with the BHF method in order to achieve a similar
result.) Brown showed that the bulk of the desired effect can be obtained as a lowest order
(in p2/m) relativistic correction to the single-particle propagation (Brown et al., 1987). With
the in-medium spinor as in Eq. (14), the correction to the free-space spinor can be written
approximately as

u∗(p, λ)− u(p, λ) ≈
(

0
− σ·�p

2m2 US

)
χλ, (16)

where for simplicity the spinor normalization factor has been set equal to 1, in which case
it is clearly seen that the entire effect originates from the modification of the spinor’s lower
component. By expanding the single-particle energy to order U2

S, Brown showed that the

correction to the energy consistent with Eq. (16) can be written as p2

2m (US
m )2. He then proceeded

to estimate the correction to the energy per particle and found it to be approximately as given
in Eq. (15).

The approximate equivalence of the effective-mass description of Dirac states and the
contribution from the Z-diagram has a simple intuitive explanation in the observation that
Eq. (14), like any other solution of the Dirac equation, can be written as a superposition of
positive and negative energy solutions. On the other hand, the "nucleon" in the middle of
the Z-diagram, Fig. 2, is precisely a superposition of positive and negative energy states. In
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Fig. 1. Contribution to the NN interaction from virtual pair excitation. Upward- and
downward-pointing arrows represent nucleons and antinucleons, respectively. Dashed lines
denote mesons.

Fig. 2. Three-body force due to virtual pair excitation. Conventions as in the previous figure.

pseudoscalar (ps) coupling is used, leading to very large pion-nucleon scattering lengths
(Brown, 1979). We recall that the Lagrangian density for pseudoscalar coupling of the nucleon
field (ψ) with the pseudoscalar meson field (φ) is

Lps = −igpsψ̄γ5ψφ. (12)

On the other hand, the same contribution, shown in Fig. 1, is heavily reduced by the
pseudovector (pv) coupling (a mechanism which became known as "pair suppression"). The
reason for the suppression is the presence of the covariant derivative at the pseudovector
vertex,

Lpv =
fps

mps
ψ̄γ5γμψ∂μφ, (13)

which reduces the contribution of the vertex for low momenta and, thus, explains the small
value of the pion-nucleon scattering length at threshold (Brown, 1979). Considerations
based on chiral symmetry (Brown, 1979) can further motivate the choice of the pseudovector
coupling.

In closing this section, we wish to highlight the most important aspect of the ab initio approach:
Namely, the only free parameters of the model (the parameters of the NN potential) are
determined by fitting the free-space NN data and never readjusted in the medium. In other
words, the model parameters are tightly constrained and the calculation in the medium is
parameter free. The presence of free parameters in the medium would generate effects and
sensitivities which are hard to control and interfere with the predictive power of the theory.
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3.2 The Dirac-Brueckner-Hartree-Fock approach to symmetric and asymmetric nuclear
matter

3.2.1 Formalism

The main strength of the DBHF approach is its inherent ability to account for important
three-body forces through its density dependence. In Fig. 2 we show a three-body force
(TBF) originating from virtual excitation of a nucleon-antinucleon pair, known as "Z-diagram".
Notice that the observations from the previous section ensure that the corresponding diagram
at the two-body level, Fig. 1, is moderate in size when the pv coupling, Eq. 13, is used. The
main feature of the DBHF method turns out to be closely related to the TBF depicted in Fig. 2,
as we will argue next. In the DBHF approach, one describes the positive energy solutions of
the Dirac equation in the medium as

u∗(p, λ) =

(
E∗

p + m∗

2m∗

)1/2 ( 1
σ·�p

E∗
p+m∗

)
χλ, (14)

where the nucleon effective mass, m∗, is defined as m∗ = m + US, with US an attractive
scalar potential. (This will be derived below.) It can be shown that both the description of a
single-nucleon via Eq. (14) and the evaluation of the Z-diagram, Fig. 2, generate a repulsive
effect on the energy per particle in symmetric nuclear matter which depends on the density
approximately as

ΔE ∝
(

ρ

ρ0

)8/3
, (15)

and provides the saturating mechanism missing from conventional Brueckner calculations.
(Alternatively, explicit TBF are used along with the BHF method in order to achieve a similar
result.) Brown showed that the bulk of the desired effect can be obtained as a lowest order
(in p2/m) relativistic correction to the single-particle propagation (Brown et al., 1987). With
the in-medium spinor as in Eq. (14), the correction to the free-space spinor can be written
approximately as

u∗(p, λ)− u(p, λ) ≈
(

0
− σ·�p

2m2 US

)
χλ, (16)

where for simplicity the spinor normalization factor has been set equal to 1, in which case
it is clearly seen that the entire effect originates from the modification of the spinor’s lower
component. By expanding the single-particle energy to order U2

S, Brown showed that the

correction to the energy consistent with Eq. (16) can be written as p2

2m (US
m )2. He then proceeded

to estimate the correction to the energy per particle and found it to be approximately as given
in Eq. (15).

The approximate equivalence of the effective-mass description of Dirac states and the
contribution from the Z-diagram has a simple intuitive explanation in the observation that
Eq. (14), like any other solution of the Dirac equation, can be written as a superposition of
positive and negative energy solutions. On the other hand, the "nucleon" in the middle of
the Z-diagram, Fig. 2, is precisely a superposition of positive and negative energy states. In
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summary, the DBHF method effectively takes into account a particular class of TBF, which are
crucial for nuclear matter saturation.

Having first summarized the main DBHF philosophy, we now proceed to describe the DBHF
calculation of IANM (Alonso & Sammarruca, 2003; Sammarruca, 2010). In the end, this will
take us back to the crucial point of the DBHF approximation, Eq. (14).

We start from the Thompson (Thompson, 1970) relativistic three-dimensional reduction of
the Bethe-Salpeter equation (Salpeter & Bether, 1951). The Thompson equation is applied to
nuclear matter in strict analogy to free-space scattering and reads, in the nuclear matter rest
frame,

gij(�q�,�q, �P, (�∗ij)0) = v∗ij(�q
�,�q)

+
∫ d3K

(2π)3 v∗ij(�q
�, �K)

m∗
i m∗

j

E∗
i E∗

j

Qij(�K, �P)

(�∗ij)0 − �∗ij(�P, �K)
gij(�K,�q, �P, (�∗ij)0) , (17)

where gij is the in-medium reaction matrix (ij=nn, pp, or np), and the asterix signifies that
medium effects are applied to those quantities. Thus the NN potential, v∗ij, is constructed
in terms of effective Dirac states (in-medium spinors) as explained above. In Eq. (17), �q, �q�,
and �K are the initial, final, and intermediate relative momenta, and E∗

i =
√
(m∗

i )
2 + K2. The

momenta of the two interacting particles in the nuclear matter rest frame have been expressed
in terms of their relative momentum and the center-of-mass momentum, �P, through

�P =�k1 +�k2 (18)

and

�K =
�k1 −�k2

2
. (19)

The energy of the two-particle system is

�∗ij(�P, �K) = e∗i (�P, �K) + e∗j (�P, �K) (20)

and (�∗ij)0 is the starting energy. The single-particle energy e∗i includes kinetic energy and
potential energy contributions. The Pauli operator, Qij, prevents scattering to occupied nn, pp,
or np states. To eliminate the angular dependence from the kernel of Eq. (17), it is customary
to replace the exact Pauli operator with its angle-average. Detailed expressions for the Pauli
operator and the average center-of-mass momentum in the case of two different Fermi seas
can be found in (Alonso & Sammarruca, 2003).

With the definitions

Gij =
m∗

i

E∗
i (
�q�)

gij
m∗

j

E∗
j (�q)

(21)

and

V∗
ij =

m∗
i

E∗
i (
�q�)

v∗ij
m∗

j

E∗
j (�q)

, (22)
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one can rewrite Eq. (17) as

Gij(�q�,�q, �P, (�∗ij)0) = V∗
ij (�q

�,�q)

+
∫ d3K

(2π)3 V∗
ij (�q

�, �K)
Qij(�K, �P)

(�∗ij)0 − �∗ij(�P, �K)
Gij(�K,�q, �P, (�∗ij)0) , (23)

which is formally identical to its non-relativistic counterpart.

The goal is to determine self-consistently the nuclear matter single-particle potential which, in
IANM, is different for neutrons and protons. To facilitate the description of the procedure, we
will use a schematic notation for the neutron and proton potentials. We write, for neutrons,

Un = Unp + Unn , (24)

and for protons
Up = Upn + Upp , (25)

where each of the four pieces on the right-hand-side of Eqs. (24-25) signifies an integral
of the appropriate G-matrix elements (nn, pp, or np) obtained from Eq. (23). Clearly, the
two equations above are coupled through the np component and so they must be solved
simultaneously. Furthermore, the G-matrix equation and Eqs. (24-25) are coupled through
the single-particle energy (which includes the single-particle potential, itself defined in terms
of the G-matrix). So we have a coupled system to be solved self-consistently.

Before proceeding with the self-consistency, one needs an ansatz for the single-particle
potential. The latter is suggested by the most general structure of the nucleon self-energy
operator consistent with all symmetry requirements. That is:

Ui(�p) = US,i(p) + γ0U0
V,i(p)− �γ · �p UV,i(p) , (26)

where US,i and UV,i are an attractive scalar field and a repulsive vector field, respectively,
with U0

V,i the timelike component of the vector field. These fields are in general density and
momentum dependent. We take

Ui(�p) ≈ US,i(p) + γ0U0
V,i(p) , (27)

which amounts to assuming that the spacelike component of the vector field is much smaller
than both US,i and U0

V,i. Furthermore, neglecting the momentum dependence of the scalar and
vector fields and inserting Eq. (27) in the Dirac equation for neutrons or protons propagating
in nuclear matter,

(γμ pμ − mi − Ui(�p))ui(�p, λ) = 0 , (28)

naturally leads to rewriting the Dirac equation in the form

(γμ(pμ)∗ − m∗
i )ui(�p, λ) = 0 , (29)

with positive energy solutions as in Eq. (14), m∗
i = m + US,i, and

(p0)∗ = p0 − U0
V,i(p) . (30)
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summary, the DBHF method effectively takes into account a particular class of TBF, which are
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where gij is the in-medium reaction matrix (ij=nn, pp, or np), and the asterix signifies that
medium effects are applied to those quantities. Thus the NN potential, v∗ij, is constructed
in terms of effective Dirac states (in-medium spinors) as explained above. In Eq. (17), �q, �q�,
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The energy of the two-particle system is

�∗ij(�P, �K) = e∗i (�P, �K) + e∗j (�P, �K) (20)

and (�∗ij)0 is the starting energy. The single-particle energy e∗i includes kinetic energy and
potential energy contributions. The Pauli operator, Qij, prevents scattering to occupied nn, pp,
or np states. To eliminate the angular dependence from the kernel of Eq. (17), it is customary
to replace the exact Pauli operator with its angle-average. Detailed expressions for the Pauli
operator and the average center-of-mass momentum in the case of two different Fermi seas
can be found in (Alonso & Sammarruca, 2003).

With the definitions
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which is formally identical to its non-relativistic counterpart.

The goal is to determine self-consistently the nuclear matter single-particle potential which, in
IANM, is different for neutrons and protons. To facilitate the description of the procedure, we
will use a schematic notation for the neutron and proton potentials. We write, for neutrons,

Un = Unp + Unn , (24)

and for protons
Up = Upn + Upp , (25)

where each of the four pieces on the right-hand-side of Eqs. (24-25) signifies an integral
of the appropriate G-matrix elements (nn, pp, or np) obtained from Eq. (23). Clearly, the
two equations above are coupled through the np component and so they must be solved
simultaneously. Furthermore, the G-matrix equation and Eqs. (24-25) are coupled through
the single-particle energy (which includes the single-particle potential, itself defined in terms
of the G-matrix). So we have a coupled system to be solved self-consistently.

Before proceeding with the self-consistency, one needs an ansatz for the single-particle
potential. The latter is suggested by the most general structure of the nucleon self-energy
operator consistent with all symmetry requirements. That is:

Ui(�p) = US,i(p) + γ0U0
V,i(p)− �γ · �p UV,i(p) , (26)

where US,i and UV,i are an attractive scalar field and a repulsive vector field, respectively,
with U0

V,i the timelike component of the vector field. These fields are in general density and
momentum dependent. We take

Ui(�p) ≈ US,i(p) + γ0U0
V,i(p) , (27)

which amounts to assuming that the spacelike component of the vector field is much smaller
than both US,i and U0

V,i. Furthermore, neglecting the momentum dependence of the scalar and
vector fields and inserting Eq. (27) in the Dirac equation for neutrons or protons propagating
in nuclear matter,

(γμ pμ − mi − Ui(�p))ui(�p, λ) = 0 , (28)

naturally leads to rewriting the Dirac equation in the form

(γμ(pμ)∗ − m∗
i )ui(�p, λ) = 0 , (29)

with positive energy solutions as in Eq. (14), m∗
i = m + US,i, and

(p0)∗ = p0 − U0
V,i(p) . (30)

187
A Microscopic Equation of State 
for Neutron-Rich Matter and Its Effect on Neutron Star Properties



10 Will-be-set-by-IN-TECH

The subscript "i" signifies that these parameters are different for protons and neutrons.

As in the symmetric matter case (Brockmann & Machleidt, 1990), evaluating the expectation
value of Eq. (27) leads to a parametrization of the single particle potential for protons and
neutrons [Eqs.(24-25)] in terms of the constants US,i and U0

V,i which is given by

Ui(p) =
m∗

i
E∗

i
< �p|Ui(�p)|�p >=

m∗
i

E∗
i

US,i + U0
V,i . (31)

Also,
Ui(p) = ∑

j=n,p
∑

p�≤kj
F

Gij(�p,�p�) , (32)

which, along with Eq. (31), allows the self-consistent determination of the single-particle
potentials as explained below.

The kinetic contribution to the single-particle energy is

Ti(p) =
m∗

i
E∗

i
< �p|�γ · �p + m|�p >=

mim∗
i + �p2

E∗
i

, (33)

and the single-particle energy is

e∗i (p) = Ti(p) + Ui(p) = E∗
i + U0

V,i . (34)

The constants m∗
i and

U0,i = US,i + U0
V,i (35)

are convenient to work with as they facilitate the connection with the usual non-relativistic
framework (Haften & Tabakin, 1970).

Starting from some initial values of m∗
i and U0,i, the G-matrix equation is solved and a first

approximation for Ui(p) is obtained by integrating the G-matrix over the appropriate Fermi
sea, see Eq. (32). This solution is again parametrized in terms of a new set of constants,
determined by fitting the parametrized Ui, Eq. (31), to its values calculated at two momenta,
a procedure known as the "reference spectrum approximation". The iterative procedure is
repeated until satisfactory convergence is reached.

Finally, the energy per neutron or proton in nuclear matter is calculated from the average
values of the kinetic and potential energies as

ēi =
1
A

< Ti > +
1

2A
< Ui > −m . (36)

The EoS, or energy per nucleon as a function of density, is then written as

ē(ρn, ρp) =
ρnēn + ρpēp

ρ
, (37)

or

ē(kF, α) =
(1 + α)ēn + (1 − α)ēp

2
. (38)
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Clearly, symmetric nuclear matter is obtained as a by-product of the calculation described
above by setting α=0, whereas α=1 corresponds to pure neutron matter.

3.2.2 Microscopic predictions of the EoS and related quantities

In Fig. 3, we show EoS predictions for symmetric matter (solid red) and neutron matter
(dashed black) as obtained from the Idaho calculation described in the previous section. The
EoS from DBHF can be characterized as being moderately "soft" at low to medium density and
fairly "stiff" at high densities. The predicted saturation density and energy for the symmetric
matter EoS in Fig. 3 are equal to 0.185 fm−3 and -16.14 MeV, respectively, and the compression
modulus is 252 MeV.

The increased stiffness featured by the DBHF EoS at the higher densities originates from
the strongly density-dependent repulsion characteristic of the Dirac-Brueckner-Hartee-Fock
method. In (Klähn et al., 2006), it is pointed out that constraints from neutron star
phenomenology together with flow data from heavy-ion reactions suggest that such EoS
behavior may be desirable.

The pressure as a function of density, as discussed in the next section, plays the crucial role in
building the structure of a neutron star. In Fig. 4 we show the pressure in symmetric matter
as predicted by the Idaho calculation compared with constraints obtained from flow data
(Danielewicz et al., 2002). The predictions are seen to fall just on the high side of the constraints
and grow rather steep at high density.

We show in Fig. 5 the pressure in neutron matter (red curve) and β-equilibrated matter (green)
as predicted by DBHF calculations. The pressure contour is again from (Danielewicz et al.,
2002).

Next we move on to the symmetry energy as defined from Eq. (6). In Fig. 6, we display the
Idaho DBHF prediction for the symmetry energy by the solid red curve. The curve is seen
to grow at a lesser rate with increasing density, an indication that, at large density, repulsion
in the symmetric matter EoS increases more rapidly relative to the neutron matter EoS. This
can be understood in terms of increased repulsion in isospin zero partial waves (absent from
neutron matter) as a function of density. Our predicted value for the symmetry pressure L
[see Eq. (8)], is close to 70 MeV.

The various black dashed curves in Fig. 6 are obtained with the simple parametrization

esym = C(ρ/ρ0)
γ , (39)

with γ increasing from 0.7 to 1.0 in steps of 0.1, and C ≈ 32 MeV. Considering that all of the
dashed curves are commonly used parametrizations suggested by heavy-ion data (Li & Chen,
2005), Fig. 6 clearly reflects our limited knowledge of the symmetry energy, particularly, but
not exclusively, at the larger densities.

As already mentioned in Section 2, from the experimental side intense effort is going on
to obtain reliable empirical information on the less known aspects of the EoS. Heavy-ion
reactions are a popular way to seek constraints on the symmetry energy, through analyses
of observables that are sensitive to the pressure gradient between nuclear and neutron matter.
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as predicted by the Idaho calculation compared with constraints obtained from flow data
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Fig. 3. DBHF predictions for the EoS of symmetric matter (solid red) and neutron matter
(dashed black).

0

1

2

3

lo
g(

P/
M

eV
 fm

-3
)

0.2 0.4 0.6 0.8
ρ (fm-3)

Fig. 4. Pressure in symmetric matter from the Idaho DBHF calculation. The shaded area
corresponds to the region of pressure consistent with the flow data analysed in (Danielewicz
et al., 2002).

We close this Section with demonstrating the approximately linear dependence on the
asymmetry parameter of the single-nucleon potentials in IANM as anticipated in Eq. (10).
We recall that this isospin splitting is the crucial mechanism that separates proton and
neutron dynamics in IANM. In Fig. 7 we display predictions obtained with three different
NN potentials based on the one-boson-exchange model, Bonn A, B, and C (Machleidt, 1989).
These three models differ mainly in the strength of the tensor force, which is mostly carried
by partial waves with isospin equal to 0 (absent from pure neutron matter) and thus should
fade away in the single-neutron potential as the neutron fraction increases. In fact, the figure
demonstrates reduced differences among the values of Un predicted with the three potentials
at large α.
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Fig. 5. Pressure in neutron (red curve) and baryon-lepton (green curve) matter from the
Idaho DBHF calculation. The shaded area corresponds to the region of pressure consistent
with flow data and the inclusion of strong density dependence in the asymmetry term
(Danielewicz et al., 2002).
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Fig. 6. DBHF prediction for the symmetry energy (solid red) compared with various
phenomenological parametrizations (dashed black), as explained in the text.
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Fig. 4. Pressure in symmetric matter from the Idaho DBHF calculation. The shaded area
corresponds to the region of pressure consistent with the flow data analysed in (Danielewicz
et al., 2002).

We close this Section with demonstrating the approximately linear dependence on the
asymmetry parameter of the single-nucleon potentials in IANM as anticipated in Eq. (10).
We recall that this isospin splitting is the crucial mechanism that separates proton and
neutron dynamics in IANM. In Fig. 7 we display predictions obtained with three different
NN potentials based on the one-boson-exchange model, Bonn A, B, and C (Machleidt, 1989).
These three models differ mainly in the strength of the tensor force, which is mostly carried
by partial waves with isospin equal to 0 (absent from pure neutron matter) and thus should
fade away in the single-neutron potential as the neutron fraction increases. In fact, the figure
demonstrates reduced differences among the values of Un predicted with the three potentials
at large α.
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Fig. 6. DBHF prediction for the symmetry energy (solid red) compared with various
phenomenological parametrizations (dashed black), as explained in the text.
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Fig. 7. The neutron and proton single-particle potentials as a function of the asymmetry
parameter at fixed average density and momentum equal to the average Fermi momentum,
which is chosen to be 1.4 fm−1. The red, green, and blue lines represent the predictions from
the Bonn A, B, and C potentials, respectively.

4. Neutron stars

4.1 A brief review of basic structure equations and available constraints

Fusion reactions in stars give rise to elements, but at the same time exhaust the nuclear fuel.
After the fuel is exhausted, the star can die through four possible channels: it can become
a black hole, a white dwarf, a neutron star, or it can disassemble completely. The ultimate
outcome depends on the mass of the original star. If the mass is larger than about four solar
masses, the star may become a supernova which, in turn, may result either in a neutron star
or a black hole.

Neutron stars contain the most dense form of matter found in the universe and, therefore, are
unique laboratories to study the properties of highly compressed (cold) matter. They are held
together by gravity and neutron degeneracy pressure. (In contrast, white dwarfs are kept in
hydrostatic equilibrium by gravity and electron degeneracy pressure.)

Although neutron stars were predicted as early as in the 1930’s, hope for their observation
remained slim for a long time. In 1967, strange new objects, outside the solar system, were
observed at the University of Cambridge. They were named pulsars, as they emitted periodic
radio signals. To date, about 1700 pulsars have been detected, many in binary systems.

Typically, detection of thermal radiation from the surface of a star is the way to access
information about its properties. Furthermore, the possibility of exploring the structure of
neutron stars via gravitational waves makes these exotic objects even more interesting.

The densities found in neutron stars range from the density of iron to several times normal
nuclear density. Most of the mass consists of highly compressed matter at nuclear and
supernuclear densities. The surface region is composed of normal nuclei and non-relativistic
electrons, with typical mass densities in the range 104 g cm−3 ≤ ε ≤ 106 g cm−3. As density
increases, charge neutrality requires matter to become more neutron rich. In this density range
(about 106 g cm−3 < ε < 1011 g cm−3), neutron-rich nuclei appear, mostly light metals,
while electrons become relativistic. This is the outer crust. Above densities of approximately
1011 g cm−3, free neutrons begin to form a continuum of states. The inner crust is a compressed
solid with a fluid of neutrons which drip out and populate free states outside the nuclei, since
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those have become neutron-saturated. Densities in the inner crust range between 1011 g cm−3

and 1014 g cm−3. At densities equal to approximately 1/2 of saturation density, clusters begin
to merge into a continuum. In this phase, matter is a uniform fluid of neutrons, protons, and
leptons. Above a few times nuclear matter density, the actual composition of stellar matter is
not known. Strange baryons can appear when the nucleon chemical potential is of the order
of their rest mass. Meson production can also take place. At even higher densities, transitions
to other phases are speculated, such as a deconfined, rather than hadronic, phase. The critical
density for such transition cannot be predicted reliably because it lies in a range where QCD
is non perturbative (Sedrakian, 2007).

The possibility has been speculated that the most stable state at zero pressure may be u, d, s
quark matter instead of iron. This would imply that strange quark matter is the most stable
(in fact, the absolutely stable) state of strongly interacting matter, as originally proposed by
Bodmer (Bodmer, 1971), Witten (Witten, 1984), and Terazawa (Terazawa, 1989). In such case,
hyperonic and hybrid stars would have to be metastable with respect to stars composed
of stable three-flavor strange quark matter (Weber, 1999), which is lower in energy than
two-flavor quark matter due to the extra Fermi levels open to strange quarks. Whether or
not strange quark stars can give rise to pulsar glitches (which are observed sudden small
changes in the rotational frequency of a pulsar), may be a decisive test of the strange quark
matter hypothesis (Weber, 1999).

The maximum gravitational mass of the star and the corresponding radius are the typical
observables used to constraint the EoS. The gravitational mass is inferred mostly from
observations of X-ray binaries or binary pulsars. Determination of the mass provide a unique
test of both theories of nuclear matter and general relativity. The pulsar in the Hulse-Taylor
binary system has a mass of 1.4408± 0.0003 M�, to date the best mass determination.

At this time, one of the heaviest neutron stars (with accurately known mass) has a mass of
1.671 ± 0.008 M� (Champion et al., 2008). The observation of an even heavier star has been
confirmed recently, namely J1614-2230, with a mass of 1.97±0.04 M� (Demorest et al., 2010).
This value is the highest measured with this certainty and represents a challenge for the softest
EoS. We also recall that an initial observation of a neutron star in a binary system with a white
dwarf had suggested a neutron star mass (PSR J0751+1807) of 2.1±0.2M� (Nice et al., 2005).
Such observation, which would imply a considerable constraint on the high-density behavior
of the EoS, was not confirmed.

The minumum mass of a neutron star is also a parameter of interest. For a cold, stable system,
the minimum mass is estimated to be 0.09 M� (Lattimer & Prakash, 2007). The smallest
reliably estimated neutron star mass is the companion of the binary pulsar J1756-2251, which
has a mass of 1.18± 0.02 M� (Faulkner et al., 2004).

Measurements of the radius are considerably less precise than mass measurements (Lattimer
& Prakash, 2007). No direct measurements of the radius exist. Instead, the observed X-ray
flux, together with theoretical assumptions (Weber, 1999), can provide information on the
radiation or photospheric radius, R∞, which is related to the actual stellar radius by R∞ =
R(1 − 2GM/Rc2)−1/2. Estimates are usually based on thermal emission of cooling stars,
including redshifts, and the properties of sources with bursts or thermonuclear explosions
at the surface. A major problem associated with the determination of radii is that the distance
from the source is not well known, hence the need for additional assumptions. Much more
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Fig. 7. The neutron and proton single-particle potentials as a function of the asymmetry
parameter at fixed average density and momentum equal to the average Fermi momentum,
which is chosen to be 1.4 fm−1. The red, green, and blue lines represent the predictions from
the Bonn A, B, and C potentials, respectively.
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After the fuel is exhausted, the star can die through four possible channels: it can become
a black hole, a white dwarf, a neutron star, or it can disassemble completely. The ultimate
outcome depends on the mass of the original star. If the mass is larger than about four solar
masses, the star may become a supernova which, in turn, may result either in a neutron star
or a black hole.

Neutron stars contain the most dense form of matter found in the universe and, therefore, are
unique laboratories to study the properties of highly compressed (cold) matter. They are held
together by gravity and neutron degeneracy pressure. (In contrast, white dwarfs are kept in
hydrostatic equilibrium by gravity and electron degeneracy pressure.)

Although neutron stars were predicted as early as in the 1930’s, hope for their observation
remained slim for a long time. In 1967, strange new objects, outside the solar system, were
observed at the University of Cambridge. They were named pulsars, as they emitted periodic
radio signals. To date, about 1700 pulsars have been detected, many in binary systems.

Typically, detection of thermal radiation from the surface of a star is the way to access
information about its properties. Furthermore, the possibility of exploring the structure of
neutron stars via gravitational waves makes these exotic objects even more interesting.

The densities found in neutron stars range from the density of iron to several times normal
nuclear density. Most of the mass consists of highly compressed matter at nuclear and
supernuclear densities. The surface region is composed of normal nuclei and non-relativistic
electrons, with typical mass densities in the range 104 g cm−3 ≤ ε ≤ 106 g cm−3. As density
increases, charge neutrality requires matter to become more neutron rich. In this density range
(about 106 g cm−3 < ε < 1011 g cm−3), neutron-rich nuclei appear, mostly light metals,
while electrons become relativistic. This is the outer crust. Above densities of approximately
1011 g cm−3, free neutrons begin to form a continuum of states. The inner crust is a compressed
solid with a fluid of neutrons which drip out and populate free states outside the nuclei, since
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hyperonic and hybrid stars would have to be metastable with respect to stars composed
of stable three-flavor strange quark matter (Weber, 1999), which is lower in energy than
two-flavor quark matter due to the extra Fermi levels open to strange quarks. Whether or
not strange quark stars can give rise to pulsar glitches (which are observed sudden small
changes in the rotational frequency of a pulsar), may be a decisive test of the strange quark
matter hypothesis (Weber, 1999).
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observables used to constraint the EoS. The gravitational mass is inferred mostly from
observations of X-ray binaries or binary pulsars. Determination of the mass provide a unique
test of both theories of nuclear matter and general relativity. The pulsar in the Hulse-Taylor
binary system has a mass of 1.4408± 0.0003 M�, to date the best mass determination.

At this time, one of the heaviest neutron stars (with accurately known mass) has a mass of
1.671 ± 0.008 M� (Champion et al., 2008). The observation of an even heavier star has been
confirmed recently, namely J1614-2230, with a mass of 1.97±0.04 M� (Demorest et al., 2010).
This value is the highest measured with this certainty and represents a challenge for the softest
EoS. We also recall that an initial observation of a neutron star in a binary system with a white
dwarf had suggested a neutron star mass (PSR J0751+1807) of 2.1±0.2M� (Nice et al., 2005).
Such observation, which would imply a considerable constraint on the high-density behavior
of the EoS, was not confirmed.

The minumum mass of a neutron star is also a parameter of interest. For a cold, stable system,
the minimum mass is estimated to be 0.09 M� (Lattimer & Prakash, 2007). The smallest
reliably estimated neutron star mass is the companion of the binary pulsar J1756-2251, which
has a mass of 1.18± 0.02 M� (Faulkner et al., 2004).

Measurements of the radius are considerably less precise than mass measurements (Lattimer
& Prakash, 2007). No direct measurements of the radius exist. Instead, the observed X-ray
flux, together with theoretical assumptions (Weber, 1999), can provide information on the
radiation or photospheric radius, R∞, which is related to the actual stellar radius by R∞ =
R(1 − 2GM/Rc2)−1/2. Estimates are usually based on thermal emission of cooling stars,
including redshifts, and the properties of sources with bursts or thermonuclear explosions
at the surface. A major problem associated with the determination of radii is that the distance
from the source is not well known, hence the need for additional assumptions. Much more
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stringent constraints could be imposed on the EoS if mass and radius were determined
independently from each other.

Another bulk property of neutron stars is the moment of inertia, I. For softer EoS, both mass
and radius are smaller and so is I. From observations of the Crab nebula luminosity, a lower
bound on the moment of inertia was inferred to be I ≥4-8 × 1044 g cm2, see (Weber, 1999)
and references therein. A measurement of the moment of inertia within 10%, together with
the information on the mass, would be able to discriminate among various EoS (Lattimer &
Prakash, 2007). To date, the best determination of the moment of inertia is the one for the Crab
pulsar (Beiger & Haensel, 2003) which would rule out only very soft EoS (Lattimer & Prakash,
2007).

A proton-neutron star is the result of a supernova explosion resulting from the gravitational
collapse of a massive star core. Nearly all of the remaining binding energy is carried away
by neutrinos during the first few tens of seconds of the evolution. Thus neutrino emission is
very efficient as a cooling mechanism, with the internal temperature dropping to about 1010 K
within a few days. Cooling through neutrino emission continues for a long time (in the order
of 1,000 years), until the temperature drops to about 108 K, at which point photon emission
becomes the dominant cooling mechanism. Neutrino luminosity and emission timescale are
controlled by several factors including the total mass of the (proton-neutron) star and the
opacity of neutrinos at high densities, which is sensitive to the EoS of dense hadronic matter.

Gravitational waves are a less conventional way to probe neutron star properties. Compact
stars in binary systems are epected to produce gravitational radiation. In turn, emission of
gravitational waves causes decay of the mutual orbits and eventually merger of the binary
system. Because of the merger timescale (250 million years for PSR B1913+16, for instance,
and 85 million years for PSR J0737-3039), it can be expected that many such decaying binary
systems exist in the galaxy and emit large amounts of gravitational radiation. The observation
of gravitational waves has the potential to set strong constraints on masses and radii, see see
(Lattimer & Prakash, 2007) and references therein.

A theoretical estimate of the maximum possible mass of a neutron star was performed by
Rhoades and Ruffini (Rhoades & Ruffini, 1974) on the following assumptions: 1) General
relativity is the correct theory of gravitation; 2) the EoS satisfy the Le Chatelier’s principle
(∂P/∂� ≥ 0) and the causality condition, ∂P/∂� ≤ c2; and 3) the EoS below some matching
density is known. On this basis, they determined that the maximum mass of a neutron
star cannot exceed 3.2 solar masses. Abandoning the causality condition, which would hold
exactly only if stellar matter is neither dispersive nor absorptive, this limit can be as high as 5
solar masses due to the increased stiffness of the EoS at supernuclear densities.

The maximum mass and the radius of a neutron star are sensitive to different aspects of the
EoS. The maximum mass is mostly determined by the stiffness of the EoS at densities greater
than a few times saturation density. The star radius is mainly sensitive to the slope of the
symmetry energy. In particular, it is closely connected to the internal pressure (that is, the
energy gradient) of matter at densities between about 1.5ρ0 and 2-3ρ0 (Lattimer & Prakash,
2007). Non-nucleonic degrees of freedom, which typically make their appearance at those
densities, are known to have a considerable impact on the maximum mass of the star. The
latter is predicted by the equation of hydrostatic equilibrium for a perfect fluid.
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In general relativity, the invariant interval between two infinitesimally close space-time events
is given by

ds2 = gαβdxαdxβ , (40)

where gαβ is the space-time metric. For a spherically symmetric space-time, the most general
static line element consistent with all required symmetries has the form

ds2 = − f (r)dt2 + g(r)dr2 + h2(r)(sin2θ dφ2 + dθ2) . (41)

Choosing a radial coordinate r such that h2(r) = r2 yields the so-called "standard" form of the
metric.

The equation of hydrostatic equilibrium (the TOV equation) determines the form of the metric
functions along with the pressure and the total mass-energy density as a function of the radial
coordinate in the interior of the star. It reads

dP(r)
dr

= − G
c2

(P(r) + �(r))(M(r) + 4πr3P(r)/c2)

r(r − 2GM(r)/c2)
, (42)

with
dM(r)

dr
= 4πr2�(r) , (43)

where � is the total mass-energy density. The star gravitational mass is

M(R) =
∫ R

0
4πr2�(r)dr , (44)

where R is the value of r where the pressure vanishes. It’s worth recalling that no mass limit
exists in Newtonian gravitation.

The pressure is related to the energy per particle through

P(ρ) = ρ2 ∂e(ρ)
∂ρ

. (45)

The structure equations of rotationally deformed compact stars are much more complex
than those of spherically symmetric stars (Weber, 1999) presented here. The most rapidly
rotating pulsar, PSR J1748-2446 (Hessels et al., 2006), is believed to rotate at a rate of 716 Hz,
although an X-ray burst oscillation at a frequency of 1122 Hz was reported (Kaaret et al., 2006),
which may be due to the spin rate of a neutron star. Naturally, the maximum mass and the
(equatorial) radius become larger with increasing rotational frequency.

4.2 Composition of β-stable matter

Assuming that only neutrons, protons, and leptons are present, the proton fraction in stellar
matter under conditions of β-equilibrium is calculated by imposing energy conservation
and charge neutrality. The resulting algebraic equations can be found in standard literature
(Glendenning, 1997). The contribution to the energy density from the electrons is written as

ee =
h̄c

4π2 (3π2ρe)
4/3 , (46)
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than those of spherically symmetric stars (Weber, 1999) presented here. The most rapidly
rotating pulsar, PSR J1748-2446 (Hessels et al., 2006), is believed to rotate at a rate of 716 Hz,
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whereas for muons we write

eμ = ρμmμc2 + (h̄c)2 (3π2ρμ)5/3

10π2mμc2 . (47)

These contributions are added to the baryonic part to give the total energy density. The
derivative of the total energy per particle with respect to the fraction of a particular species is
the chemical potential of that species. The conditions

μp + μe = μn ; μμ = μe ; ρp = ρμ + ρe , (48)

allow to solve for the densities (or fractions) of protons, electrons, and muons. Near the
saturation density, when the muon fraction is close to zero, one can estimate the equilibrium
proton fraction, xp, to be (Lattimer & Prakash, 2007)

xp ≈
(4esym(ρ0)

h̄c

)3
/(3π2ρ0). (49)

The fractions of protons, electrons, and muons as predicted with the DBHF equation of state
are shown in Fig. 8. The critical density for the proton fraction to exceed approximately 1/9
and, thus, allow cooling through the direct Urca processes,

n → p + e + ν̄e and p + e → n + νe , (50)

is about 0.36 − 0.39 fm−3. Notice that, due to the relation between symmetry energy and
proton fraction, large values of the symmetry energy would make the star cool rapidly. In
fact, already in earlier studies (Boguta, 1981) tha rapid cooling of neutron stars and the
corresponding high neutrino luminosity was understood in terms of neutron β decay and
large proton fractions.

At densities close to normal nuclear density, protons and neutrons are the only baryonic
degrees of freedom. As density increases, other baryons begin to appear, such as strange
baryons or isospin 3/2 nucleon resonances. Hyperonic states can be classified according to
the irreducible representation of the SU(3) group. The octet of baryons that can appear in
neutron matter includes nucleons, Λ, Σ0,±, and Ξ0,−.

Neglecting the nucleon-hyperon interaction, the threshold for stable hyperons to exist in
matter is determined by comparing the hyperon mass with the neutron Fermi energy, which
is the largest available energy scale in neutron-rich matter. We consider cold neutron stars,
after neutrinos have escaped. Strange baryons appear at about 2-3 times normal density
(Baldo et al., 1998), an estimate which is essentially model independent, through the processes
n + n → p + Σ− and n + n → n + Λ. The equilibrium conditions for these reactions are

2μn = μp + μΣ− ; μn = μΛ . (51)

Also, we have
μe = μμ ; μn = μp + μe , (52)
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the equations above being special cases of

μ = bμn − qμe , (53)

where b and q are the baryon number and the charge (in units of the electron charge) of the
particular species with chemical potential μ. Together with the charge neutrality condition
and baryon number conservation,

ρp = ρe + ρμ + ρΣ− ; ρ = ρn + ρp + ρΣ− + ρΛ , (54)

the above system allows to determine the various particle fractions.

Naturally, the composition of matter at supra-nuclear densities determines the behavior of
stellar matter. It is also speculated that a transition to a quark phase may take place at very
high densities, the occurrence of which depends sensitively on the properties of the EoS in
the hadronic (confined) phase. The presence of hyperons in the interior of neutron stars is
reported to soften the equation of state, with the consequence that the predicted neutron star
maximum masses become considerably smaller (Schulze et al., 2006). Strange baryons are not
included in the predictions shown below.
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Fig. 8. Proton (solid black), electron (dashed red), and muon (dotted blue) fractions in
β-stable matter as a function of total baryon density as predicted by the DBHF model.

4.3 Microscopic predictions of neutron star properties

We are now ready to move to applications of our EoS to compact stars.

As explained in Section 3, the DBHF model does not include three-body forces explicitely,
but effectively incorporates the class of TBF originating from the presence of nucleons and
antinucleons (the "Z-diagrams" in Fig. 2), see discussion in Section 3.1. In order to broaden
our scopes, we will compare our predictions with those of other microscopic models. As the
other element of our comparison, we will take the EoS from the microscopic approach of (Li
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whereas for muons we write

eμ = ρμmμc2 + (h̄c)2 (3π2ρμ)5/3

10π2mμc2 . (47)

These contributions are added to the baryonic part to give the total energy density. The
derivative of the total energy per particle with respect to the fraction of a particular species is
the chemical potential of that species. The conditions

μp + μe = μn ; μμ = μe ; ρp = ρμ + ρe , (48)

allow to solve for the densities (or fractions) of protons, electrons, and muons. Near the
saturation density, when the muon fraction is close to zero, one can estimate the equilibrium
proton fraction, xp, to be (Lattimer & Prakash, 2007)

xp ≈
(4esym(ρ0)

h̄c

)3
/(3π2ρ0). (49)

The fractions of protons, electrons, and muons as predicted with the DBHF equation of state
are shown in Fig. 8. The critical density for the proton fraction to exceed approximately 1/9
and, thus, allow cooling through the direct Urca processes,

n → p + e + ν̄e and p + e → n + νe , (50)
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At densities close to normal nuclear density, protons and neutrons are the only baryonic
degrees of freedom. As density increases, other baryons begin to appear, such as strange
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matter is determined by comparing the hyperon mass with the neutron Fermi energy, which
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2μn = μp + μΣ− ; μn = μΛ . (51)

Also, we have
μe = μμ ; μn = μp + μe , (52)
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Fig. 9. The baryon density and the mass-energy density profile for a neutron star with the
maximum mass allowed by each EoS model.

et al., 2008). There (and in previous work by the same authors), the Brueckner-Hartree-Fock
(BHF) formalism is employed along with microscopic three-body forces. In particular, in (Li
& Schulze, 2008) the meson-exchange TBF are constructed applying the same parameters as
used in the corresponding nucleon-nucleon potentials, which are: Argonne V18 (Wiringa et
al., 1995) (V18), Bonn B (Machleidt, 1989) (BOB), Nijmegen 93 (Stocks et al., 1994) (N93). The
popular (but phenomenological) Urbana TBF (Pieper et al., 2001) (UIX) is also utilized in (Li &

198 Astrophysics A Microscopic Equation of State for Neutron-Rich Matter and its Effect on Neutron Star Properties 21

(c
m

-3
)

r (km)

(g
/c

m
3 )

r (km)
Fig. 10. The baryon density and the mass-energy density profile for a neutron star with a
mass of 1.4 solar masses.

Schulze, 2008). Convenient parametrizations in terms of simple analytic functions are given
in all cases and we will use those to generate the various EoS. We will refer to this approach,
generally, as "BHF + TBF".

At subnuclear densities all the EoS considered here are joined with the crustal equations of
state from Harrison and Wheeler (Harrison et al., 1965) and Negele and Vautherin (Negele &
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Fig. 11. Pressure profile for the maximum-mass star allowed by each EoS model.
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Fig. 12. Pressure profile predicted by the various models for a 1.4 solar mass star.

Vautherin, 1973). The composition of the crust is crystalline, with light (Harrison et al., 1965)
or heavy (Negele & Vautherin, 1973) metals and electron gas.

We begin with showing the baryon number density and the mass-energy density profile of the
star, see Fig. 9. For each EoS model, the maximum mass configuration is considered. Thus the
models differ in their central density, which, in turn, impact the radius. The relations shown
in Fig. 9 are insightful, as they reveal the detailed structure of the star at each radial position.
Furthermore, the compactness of the star, whose density profile is reminescent of the one in a
nucleus, a system 55 orders of magnitude lighter, is apparent. In Fig. 10, the same quantities
are shown for a star with a mass of 1.4 solar masses, the most probable mass of a neutron star.

The models labeled as UIX and BOB have the smallest and largest radius, respectively, as
can be seen from the figure. We also see that the star’s outer regions, that is, for energy
densities less than about 1014 g cm−3, are influenced quite strongly by differences in the
various EoS models. Note that the UIX model, with the smallest radius, can tolerate larger
central densities.
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Fig. 13. Energy density vs. baryon number density for the various EoS being addressed in the
text. The maximum-mass model is considered in each case.

Of interest is also the pressure profile for the maximum-mass star in each model, which is
shown in Fig. 11 for the maximum mass and in Fig. 12 for a 1.4 solar mass star.

The �(r) and ρ(r) relations from Fig. 9 are combined to provide the �(ρ) relation within the
star as shown in Fig. 13 for the maximum mass. Again, we see that the stiffest (BOB) and
softest EoS (UIX) support the smallest and largest central densities, respectively. At the same
time, these two EoS predict the largest (BOB) and smallest (UIX) maximum mass, see below.

In Fig. 14, we show the mass-radius relation for a sequence of static neutron stars as predicted
by the various models. All models besides DBHF share the same many-body approach
(BHF+TBF) but differ in the two-body potential and TBF employed. The differences resulting
from the use of different NN potentials can be larger than those originating from emplying
different many-body approaches. This can be seen by comparing the DBHF and BOB curves,
both employing the Bonn B interaction (although in the latter case the non-relativistic, r-space
version of the potential is adopted). Overall, the maximum masses range from 1.8M� (UIX) to
2.5M� (BOB). Radii are less sensitive to the EoS and range between 10 and 12 km for all models
under consideration, DBHF or BHF+TBF. Concerning consistency with present constraints,
the observations reported in Section 4.1 would appear to invalidate only the model with
the smallest maximum mass, UIX. Notice, further, that phenomena such as condensation of
mesons may soften the EoS considerably at supernuclear density as condensation would bring
loss of pressure.

Also of interest is the star baryon number, A, which is obtained by integrating the baryon
density over the proper volume (Weber, 1999). Namely,

A = 4π
∫ R

0
dr r2 ρ(r)√

1 − 2GM(r)/(rc2)
. (55)

Defining the star’s baryon mass as
MA = mn A , (56)
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Vautherin, 1973). The composition of the crust is crystalline, with light (Harrison et al., 1965)
or heavy (Negele & Vautherin, 1973) metals and electron gas.

We begin with showing the baryon number density and the mass-energy density profile of the
star, see Fig. 9. For each EoS model, the maximum mass configuration is considered. Thus the
models differ in their central density, which, in turn, impact the radius. The relations shown
in Fig. 9 are insightful, as they reveal the detailed structure of the star at each radial position.
Furthermore, the compactness of the star, whose density profile is reminescent of the one in a
nucleus, a system 55 orders of magnitude lighter, is apparent. In Fig. 10, the same quantities
are shown for a star with a mass of 1.4 solar masses, the most probable mass of a neutron star.

The models labeled as UIX and BOB have the smallest and largest radius, respectively, as
can be seen from the figure. We also see that the star’s outer regions, that is, for energy
densities less than about 1014 g cm−3, are influenced quite strongly by differences in the
various EoS models. Note that the UIX model, with the smallest radius, can tolerate larger
central densities.
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Of interest is also the pressure profile for the maximum-mass star in each model, which is
shown in Fig. 11 for the maximum mass and in Fig. 12 for a 1.4 solar mass star.

The �(r) and ρ(r) relations from Fig. 9 are combined to provide the �(ρ) relation within the
star as shown in Fig. 13 for the maximum mass. Again, we see that the stiffest (BOB) and
softest EoS (UIX) support the smallest and largest central densities, respectively. At the same
time, these two EoS predict the largest (BOB) and smallest (UIX) maximum mass, see below.

In Fig. 14, we show the mass-radius relation for a sequence of static neutron stars as predicted
by the various models. All models besides DBHF share the same many-body approach
(BHF+TBF) but differ in the two-body potential and TBF employed. The differences resulting
from the use of different NN potentials can be larger than those originating from emplying
different many-body approaches. This can be seen by comparing the DBHF and BOB curves,
both employing the Bonn B interaction (although in the latter case the non-relativistic, r-space
version of the potential is adopted). Overall, the maximum masses range from 1.8M� (UIX) to
2.5M� (BOB). Radii are less sensitive to the EoS and range between 10 and 12 km for all models
under consideration, DBHF or BHF+TBF. Concerning consistency with present constraints,
the observations reported in Section 4.1 would appear to invalidate only the model with
the smallest maximum mass, UIX. Notice, further, that phenomena such as condensation of
mesons may soften the EoS considerably at supernuclear density as condensation would bring
loss of pressure.

Also of interest is the star baryon number, A, which is obtained by integrating the baryon
density over the proper volume (Weber, 1999). Namely,

A = 4π
∫ R

0
dr r2 ρ(r)√

1 − 2GM(r)/(rc2)
. (55)

Defining the star’s baryon mass as
MA = mn A , (56)
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where mn is the mass of the baryon, one can calculates the star’s binding energy, defined as

EB = M − MA . (57)

The baryon number and the star binding energy as a function of the central density (in units
of nuclear matter density) are shown in Fig. 15 and Fig. 16 for the various models. We see
that the baryon number for stable stars is approximately equal to 1056 − 1057. A much higher
value would make the star unstable with respect to gravitational collapse. The binding energy
displayed in Fig. 16 is defined in units of the solar mass. Typically, the binding energy changes
the sign for masses less than 0.1 solar masses. The binding energy is a potentially observable
quantity, since neutrinos from a supernova carry information about the gravitational binding
energy of the neutron star that has resulted from the explosion.

Next, we calculate the gravitational redshift predicted by each model. The redshift is defined
as

z =
νE
ν∞

− 1 , (58)

where νE and ν∞ are the photon frequencies at the emitter and at the infinitely far receiver.
The photon frequency at the emitter is the inverse of the proper time between two wave crests
in the frame of the emitter,

1
dτE

= (−gμνdxμdxν)−1/2
E , (59)

with a similar expression for the frequency at the receiver. Then

ν∞

νE
=

((−g00)
1/2dx0)E

((−g00)1/2dx0)∞
. (60)

Assuming a static gravitational field, in which case the time dx0 between two crests is the
same at the star’s surface and at the receiver, and writing g00 as the metric tensor component
at the surface of a nonrotating star yield the simple equation

z =
(

1 − 2MG
Rc2

)−1/2 − 1 . (61)

Notice that simultaneous measurements of R∞ and z determines both R and M, since

R = R∞(1 + z)−1 , (62)

and

M =
c2

2G
R∞(1 + z)−1[1 − (1 + z)−2] . (63)

In Fig. 17 we show the gravitational redshift as a function the mass for each model. Naturally
the rotation of the star modifies the metric, and in that case different considerations need to
be applied which result in a frequency dependence of the redshift. We will not consider the
general case here.

We conclude this section with showing a few predictions for the case of rapidly rotating stars.
The model dependence of the mass-radius relation is shown in Fig. 18. The 716 Hz frequency
corresponds to the most rapidly rotating pulsar, PSR J1748-2446, (Hessels et al., 2006) although
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Fig. 14. Static neutron star mass-radius relation for the models considered in the text.

recently an X-ray burst oscillation at a frequency of 1122 Hz has been reported (Kaaret et al.,
2006) which may be due to the spin rate of a neutron star. As expected, the maximum mass
and the (equatorial) radius become larger with increasing rotational frequency.

In Fig. 19, we show the moment of inertia at different rotational speeds (again, for all models).
These values are not in contradiction with observations of the Crab nebula luminosity, from
which a lower bound on the moment of inertia was inferred to be I ≥4-8 × 1044 g cm2, see
(Weber, 1999) and references therein.

Clearly, at the densities probed by neutron stars the model dependence is large, but presently
available constraints are still insufficient to discriminate among these EoS. The model
dependence we observe comes from two sources, the two-body potential and the many-body
approach, specifically the presence of explicit TBF or Dirac effects. The dependence on the
two-body potential is very large. Typically, the main source of model dependence among NN
potentials is found in the strength of the tensor force. Of course, differences at the two-body
level impact the TBF as well, whether they are microscopic or phenomenological.

5. Polarized isospin-asymmetric matter

Before concluding this chapter, we like to touch upon the issue of polarization in IANM.

When both isospin and spin asymmetries are present, constraints are much more difficult to
obtain and predictions regarding magnetic properties of nuclear matter are sometimes found
to be in qualitative disagreement with one another. This is especially the case with regard to
the possibility of spontaneous phase transitions into spin ordered states, ferromagnetic (FM,
with neutron and proton spins alligned), or antiferromagnetic state (AFM, with opposite spins
for neutrons and protons). Notice that the presence of polarization would impact neutrino
cross section and luminosity, resulting into a very different scenario for neutron star cooling,
which is why we find it appropriate to briefly discuss this issue here.

Recently, we have extended the framework described in Section 3 (Sammarruca, 2011) to
include both spin and isospin asymmetries of nuclear matter and calculated the energy per
particle under extreme conditions of polarization. The existence (or not) of a possible phase

203
A Microscopic Equation of State 
for Neutron-Rich Matter and Its Effect on Neutron Star Properties



24 Will-be-set-by-IN-TECH

where mn is the mass of the baryon, one can calculates the star’s binding energy, defined as

EB = M − MA . (57)

The baryon number and the star binding energy as a function of the central density (in units
of nuclear matter density) are shown in Fig. 15 and Fig. 16 for the various models. We see
that the baryon number for stable stars is approximately equal to 1056 − 1057. A much higher
value would make the star unstable with respect to gravitational collapse. The binding energy
displayed in Fig. 16 is defined in units of the solar mass. Typically, the binding energy changes
the sign for masses less than 0.1 solar masses. The binding energy is a potentially observable
quantity, since neutrinos from a supernova carry information about the gravitational binding
energy of the neutron star that has resulted from the explosion.

Next, we calculate the gravitational redshift predicted by each model. The redshift is defined
as

z =
νE
ν∞

− 1 , (58)

where νE and ν∞ are the photon frequencies at the emitter and at the infinitely far receiver.
The photon frequency at the emitter is the inverse of the proper time between two wave crests
in the frame of the emitter,

1
dτE

= (−gμνdxμdxν)−1/2
E , (59)

with a similar expression for the frequency at the receiver. Then

ν∞

νE
=

((−g00)
1/2dx0)E

((−g00)1/2dx0)∞
. (60)

Assuming a static gravitational field, in which case the time dx0 between two crests is the
same at the star’s surface and at the receiver, and writing g00 as the metric tensor component
at the surface of a nonrotating star yield the simple equation

z =
(

1 − 2MG
Rc2

)−1/2 − 1 . (61)

Notice that simultaneous measurements of R∞ and z determines both R and M, since

R = R∞(1 + z)−1 , (62)

and

M =
c2

2G
R∞(1 + z)−1[1 − (1 + z)−2] . (63)

In Fig. 17 we show the gravitational redshift as a function the mass for each model. Naturally
the rotation of the star modifies the metric, and in that case different considerations need to
be applied which result in a frequency dependence of the redshift. We will not consider the
general case here.

We conclude this section with showing a few predictions for the case of rapidly rotating stars.
The model dependence of the mass-radius relation is shown in Fig. 18. The 716 Hz frequency
corresponds to the most rapidly rotating pulsar, PSR J1748-2446, (Hessels et al., 2006) although

202 Astrophysics A Microscopic Equation of State for Neutron-Rich Matter and its Effect on Neutron Star Properties 25

0 

0.5 

1 

1.5 

2 

2.5 

3 

8 13 18 

M
as

s(
M

su
n)

 

r (km) 

DBHF 

BOB 

N93 

UIX 

V18 

Fig. 14. Static neutron star mass-radius relation for the models considered in the text.

recently an X-ray burst oscillation at a frequency of 1122 Hz has been reported (Kaaret et al.,
2006) which may be due to the spin rate of a neutron star. As expected, the maximum mass
and the (equatorial) radius become larger with increasing rotational frequency.
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These values are not in contradiction with observations of the Crab nebula luminosity, from
which a lower bound on the moment of inertia was inferred to be I ≥4-8 × 1044 g cm2, see
(Weber, 1999) and references therein.
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available constraints are still insufficient to discriminate among these EoS. The model
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approach, specifically the presence of explicit TBF or Dirac effects. The dependence on the
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potentials is found in the strength of the tensor force. Of course, differences at the two-body
level impact the TBF as well, whether they are microscopic or phenomenological.

5. Polarized isospin-asymmetric matter

Before concluding this chapter, we like to touch upon the issue of polarization in IANM.

When both isospin and spin asymmetries are present, constraints are much more difficult to
obtain and predictions regarding magnetic properties of nuclear matter are sometimes found
to be in qualitative disagreement with one another. This is especially the case with regard to
the possibility of spontaneous phase transitions into spin ordered states, ferromagnetic (FM,
with neutron and proton spins alligned), or antiferromagnetic state (AFM, with opposite spins
for neutrons and protons). Notice that the presence of polarization would impact neutrino
cross section and luminosity, resulting into a very different scenario for neutron star cooling,
which is why we find it appropriate to briefly discuss this issue here.
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Fig. 15. Baryon number as a function of the central density (in units of e0 = 2.5 1014 g cm−3)
for the models considered in the text.
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Fig. 16. Binding energy (in units of the solar mass) as a function of the central density for the
EoS models considered in the text.

transition can be argued by comparing the energies of the fully polarized and the unpolarized
phases.

In a spin-polarized and isospin asymmetric system with fixed total density, ρ, the partial
densities of each species are

ρn = ρnu + ρnd , ρp = ρpu + ρpd , ρ = ρn + ρp , (64)

where u and d refer to up and down spin-polarizations, respectively, of protons (p) or neutrons
(n). The isospin and spin asymmetries, α, βn, and βp, are defined in a natural way:

α =
ρn − ρp

ρ
, βn =

ρnu − ρnd
ρn

, βp =
ρpu − ρpd

ρp
. (65)
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Fig. 17. Gravitational redshift for all models. For each model, the corresponding sequence of
static stars is considered.

The single-particle potential of a nucleon in a particular τσ state, Uτσ, is now the solution of a
set of four coupled equations, which are the appropriate extension of Eqs. (24-25). They read

Unu = Unu,nu + Unu,nd + Unu,pu + Unu,pd (66)

Und = Und,nu + Und,nd + Und,pu + Und,pd (67)

Upu = Upu,nu + Upu,nd + Upu,pu + Upu,pd (68)

Upd = Upd,nu + Upd,nd + Upd,pu + Upd,pd , (69)

to be solved self-consistently along with the two-nucleon G-matrix. In the above equations,
each Uτσ,τ�σ� term contains the appropriate (spin and isospin dependent) part of the
interaction, Gτσ,�τ�σ� . More specifically,

Uτσ(�k) = ∑
σ�=u,d

∑
τ�=n,p

∑
q≤kτ�σ�

F

< τσ, τ�σ� |G(�k,�q)|τσ, τ�σ� >, (70)

where the third summation indicates integration over the Fermi seas of protons and neutrons
with spin-up and spin-down. Notice that this equation is the extension of Eq. (32) in the
presence of spin polarization.

In the left panel of Fig. 20, we show, in comparison with unpolarized symmetric matter (solid
line): the EoS for the case of fully polarized neutrons and completely unpolarized protons
(dashed line); the EoS for the case of protons and neutrons totally polarized in the same
direction, that is, matter in the ferromagnetic (FM) state ( dashed-dotted line); the EoS for
the case of protons and neutrons totally polarized in opposite directions, namely matter in the
antiferromagnetic (AFM) state ( dotted line). A similar comparison is shown in the right panel
of Fig. 20, but for isospin asymmetric matter. (Notice that all predictions are invariant under
a global spin flip.)

We conclude that, for both symmetric and asymmetric matter, the energies of the FM and
AFM states are higher than those of the corresponding unpolarized cases, with the AFM state
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Fig. 16. Binding energy (in units of the solar mass) as a function of the central density for the
EoS models considered in the text.

transition can be argued by comparing the energies of the fully polarized and the unpolarized
phases.

In a spin-polarized and isospin asymmetric system with fixed total density, ρ, the partial
densities of each species are

ρn = ρnu + ρnd , ρp = ρpu + ρpd , ρ = ρn + ρp , (64)

where u and d refer to up and down spin-polarizations, respectively, of protons (p) or neutrons
(n). The isospin and spin asymmetries, α, βn, and βp, are defined in a natural way:

α =
ρn − ρp

ρ
, βn =

ρnu − ρnd
ρn

, βp =
ρpu − ρpd

ρp
. (65)
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The single-particle potential of a nucleon in a particular τσ state, Uτσ, is now the solution of a
set of four coupled equations, which are the appropriate extension of Eqs. (24-25). They read

Unu = Unu,nu + Unu,nd + Unu,pu + Unu,pd (66)

Und = Und,nu + Und,nd + Und,pu + Und,pd (67)

Upu = Upu,nu + Upu,nd + Upu,pu + Upu,pd (68)

Upd = Upd,nu + Upd,nd + Upd,pu + Upd,pd , (69)

to be solved self-consistently along with the two-nucleon G-matrix. In the above equations,
each Uτσ,τ�σ� term contains the appropriate (spin and isospin dependent) part of the
interaction, Gτσ,�τ�σ� . More specifically,

Uτσ(�k) = ∑
σ�=u,d

∑
τ�=n,p

∑
q≤kτ�σ�

F

< τσ, τ�σ� |G(�k,�q)|τσ, τ�σ� >, (70)

where the third summation indicates integration over the Fermi seas of protons and neutrons
with spin-up and spin-down. Notice that this equation is the extension of Eq. (32) in the
presence of spin polarization.

In the left panel of Fig. 20, we show, in comparison with unpolarized symmetric matter (solid
line): the EoS for the case of fully polarized neutrons and completely unpolarized protons
(dashed line); the EoS for the case of protons and neutrons totally polarized in the same
direction, that is, matter in the ferromagnetic (FM) state ( dashed-dotted line); the EoS for
the case of protons and neutrons totally polarized in opposite directions, namely matter in the
antiferromagnetic (AFM) state ( dotted line). A similar comparison is shown in the right panel
of Fig. 20, but for isospin asymmetric matter. (Notice that all predictions are invariant under
a global spin flip.)

We conclude that, for both symmetric and asymmetric matter, the energies of the FM and
AFM states are higher than those of the corresponding unpolarized cases, with the AFM state
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Fig. 18. Mass-radius relation for the models considered in the text and for different rotational
frequencies.
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Fig. 19. Moment of inertia for the models considered in the text and for different rotational
frequencies.
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Fig. 19. Moment of inertia for the models considered in the text and for different rotational
frequencies.
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Fig. 20. The energy per particle as a function of density and variuos degrees of proton and
neutron polarizations in symmetric matter (left) and asymmetric matter (right). In both
frames, the (blue) dashed line corresponds to totally polarized neutrons and unpolarized
protons (βn=1, βp=0); the (green) dash-dotted line is the prediction for the FM state (βn=1,
βp=1); the (red) dotted line shows the energy of the AFM state (βn=1, βp=-1). The (black)
solid line shows the predictions for unpolarized matter.

being the most energetic. Thus, a phase transition to a spin-ordered state is not anticipated
in our model. This conclusion seems to be shared by predictions of microscopic models, such
as those based on conventional Brueckner-Hartree-Fock theory (Vidaña & Bombaci, 2002).
On the other hand, calculations based on various parametrizations of Skyrme forces result
in different conclusions. For instance, with the SLy4 and SLy5 forces and the Fermi liquid
formalism a phase transition to the AFM state is predicted in asymmetric matter at a critical
density equal to about 2-3 times normal density (Isayev & Yang, 2004).

In closing this brief section, it is interesting to remark that models based on realistic
nucleon-nucleon potentials, whether relativistic or non-relativistic, are at least in qualitative
agreement with one another in predicting more energy for totally polarized states (FM or
AFM) up to densities well above normal density.

6. Summary and conclusions

In this chapter, we have been concerned with the nuclear equation of state of isospin
asymmetric nuclear matter, the main input for calculations of the properties of compact stars
as well as a variety of other systems, such as the neutron skin of neutron-rich nuclei.

After describing our microscopic approach to the development of the equation of state for
nuclear matter and neutron-rich matter, we presented a brief review of the structure equations
leading to the prediction of neutron star properties. Microscopic predictions from different
models employing three-body forces along with the non-relativistic Brueckner-Hartree-Fock
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method have also been shown for comparison. Large model dependence is seen among
predictions, especially those involving the highest densities.

Rich and diverse effort is presently going on to improve the available constraints on the EoS
or find new ones. These constraints are usually extracted through the analysis of selected
heavy-ion collision observables. At the same time, partnership between nuclear physics and
astrophysics is becoming increasingly important towards advancing our understanding of
exotic matter. The recently approved Facility for Rare Isotope Beams (FRIB), thanks to new
powerful technical capabilities, will forge tighter links between the two disciplines, as it will
allow access to rare isotopes which play a critical role in astrophysical processes but have not
yet been observed in terrestrial laboratories.
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protons (βn=1, βp=0); the (green) dash-dotted line is the prediction for the FM state (βn=1,
βp=1); the (red) dotted line shows the energy of the AFM state (βn=1, βp=-1). The (black)
solid line shows the predictions for unpolarized matter.
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in our model. This conclusion seems to be shared by predictions of microscopic models, such
as those based on conventional Brueckner-Hartree-Fock theory (Vidaña & Bombaci, 2002).
On the other hand, calculations based on various parametrizations of Skyrme forces result
in different conclusions. For instance, with the SLy4 and SLy5 forces and the Fermi liquid
formalism a phase transition to the AFM state is predicted in asymmetric matter at a critical
density equal to about 2-3 times normal density (Isayev & Yang, 2004).

In closing this brief section, it is interesting to remark that models based on realistic
nucleon-nucleon potentials, whether relativistic or non-relativistic, are at least in qualitative
agreement with one another in predicting more energy for totally polarized states (FM or
AFM) up to densities well above normal density.
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asymmetric nuclear matter, the main input for calculations of the properties of compact stars
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1. Introduction 
The completely automated measuring facility PAVICOM has been created at the Lebedev 
Physical Institute and is successfully used for processing the data of track detectors (nuclear 
emulsions, X-ray films, olivine crystals from meteorites, mylar, CR-309) (Aleksandrov et al., 
2005a, 2005b, 2006, 2007a, 2007b, 2007c, 2010; Alexandrov et al., 2008; Belovitsky et al., 2006; 
Vladymyrov et al., 2008).  

Track detectors have been widely used in particle physics experiments for many decades 
now. Such a long-standing life of the method is, certainly, due to the unique spatial 
resolution and the possibility of separating particle tracks.  

The first track detectors were extremely simple: they were common photographic plates 
used by photographers at that time (early 20th century), as well as electroscopes. The Wilson 
cloud chamber makes use of the condensation of liquid from supersaturated vapour (under 
suitable conditions, ionization performed by a charged particle in a substance may cause a 
phase transition in it). The device was invented in 1912 by Charles T.R. Wilson (Wilson, 
1897), who for many years had studied the physics of cloud formation in the atmosphere. 
The bubble chamber was invented and refined in early 1950s by D.A. Glaser (Glaser, 1952) 
(use is made of a superheated liquid, which boils near the nucleation centres – local energy-
release sites ≥ 0.1 keV in the trajectory of a particle in the superheated liquid). Cloud 
chambers and bubble chambers make it possible to directly observe tracks of particles. This 
means that the position of a particle can be determined accurate to the size of a drop or a 
bubble, i.e., approximately up to 1 mm. However, the drawbacks of these thermodynamic 
chambers are their low-rate response, low spatial resolution and, above all, impossibility of 
automating data collection/processing on a real-time basis. These drawbacks were 
eliminated in detectors of another (electronic) type – gas-discharge counters with gas 
amplification, proportional and drift chambers, scintillation and Cherenkov detectors, solid-
state detectors. 

The simplicity of track detectors secures them a significant advantage over many other 
detection systems. The advantage of track detectors as integral instruments accumulating 
information under conditions of small fluxes of particles has been used not only in aerostat 
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experiments but also in satellite experiments with cosmic rays (Chan & Price, 1975). Track 
detectors (nuclear emulsions including) played an outstanding role in the development of 
nuclear physics due to their visual character and the possibility to obtain a comprehensive 
spatial pattern of processes studied. Nuclear decays and reactions, as well as novel particles 
(positron, muon, charged pions, strange and charmed particles) have been discovered 
owing to these detectors. 

The track detection technique is also widely used in quite a number of applied works. Thus, 
data on the energy spectrum of reactor neutrons are obtained by means of neutron 
dosimeters containing dividing layers and track detectors (Burger et al., 1970). Using track 
detectors, information is obtained on the distribution of radiologically essential -emitting 
natural nuclei of inert gases 222Rn and 230Rn (from, respectively, decays of 238U and 232Th), 
which, diffusing from a solid (a rock or a structural material) get into the atmosphere and 
may create a hazardous level of radiation (Fremlin & Abu-Jarad, 1980). Radon irradiation 
time in uranium mines is controlled by strips of cellulose nitrate fixed on miners’ helmets 
(Frank & Benton, 1975). Registration of -particles from radon gas has been used in attempts 
to predict earthquakes because an increase of seismic hazard before earthquakes is often 
noted to be accompanied by the emergence of cracks and stresses; herewith, a large amount 
of radon is released from uranium and thorium occurring in the Earth’s crust (Savvides et 
al., 1985). The track detection method is also used in studies of the exchange processes in the 
troposphere, where radon is used as an indicator (Birot et al., 1970). Track detectors are used 
in beams of negative pions in radio therapy to study events with high linear losses of energy 
(Benton et al., 1970; Fowler & Perkins, 1961). Thus, the method of track detectors is 
constantly developing, its protocol is being refined, and at present there is hardly a field of 
science and technology where it is not used. These are high energy physics, cosmic ray 
physics, reactor physics, metallurgy, geology, archeology, medicine, biology, studies of 
meteorites and lunar samples (Benton et al., 1970; Birot et al., 1970; Burger et al., 1970; Chan 
& Price, 1975; Frank & Benton, 1975; Fowler & Perkins, 1961; Fowler et al., 1970; Fremlin & 
Abu-Jarad, 1980; O’Sullivan et al., 1980; Price et al., 1967, 1968; Savvides et al., 1985).  

However, none of the elementary particle detectors currently used can provide for the 
spatial resolution given by nuclear emulsion: at a grain size of 0.3–1 µm, the deviation of 
grains from the recovered trajectory of a particle does not on average exceed 0.8 µm, and 
under certain conditions can be reduced to 0.2 µm. The use of a double-sided emulsion 
makes it possible to determine the particle-movement direction accurate to less than one 
milliradian. Nuclear emulsion is used in quite a number of experiments by physicists in 
Europe, America and Asia. The largest of them can contain tons of nuclear emulsion, which 
corresponds to thousands of square metres of emulsion surface (Acquafredda et al., 2009; 
Eskut et al., 2008; Kodama et al., 2008).  

In this context, of paramount importance are methods, which should provide for a fast and 
high-quality retrieval of information from data obtained by means of track detectors. 
Browsing of large areas of detectors (as a rule, at high magnification) poses a rather complex 
technical problem. Manual examination of track detector data in optical microscopes by an 
operator required enormous input of labour and time. The measurement rate proved not 
high, which determined the low statistics of processed events. Besides, the probability of 
hard-to-find errors is sufficiently high in such measurements, so the obtained results poorly 
yielded to checks for possible failures occurring in the processing of material (e.g., losses of 
particle tracks by measurers and other errors).  
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In recent years, this drawback has been largely overcome owing to progress in production of 
precision instruments and the development of optical tables with high accuracy of 
computer-aided displacement, extensive use of modern CCD and CMOS video cameras for 
recording and digitizing optical images, and computing power of modern computers. 
Complete automation of microscopists’ labour became a reality owing to the use of these 
achievements in precision mechanics, potential of computer means and development of 
required software. In such automatic measurements, digitized images of tracks of charged 
particles and nuclei in track detectors obtained by means of video cameras are entered into 
computers, whose software makes possible the search for, and recognition and examination 
of tracks, and enables the reconstruction of their spatial position. Such an automated 
method of measurements excludes almost totally the use of microscopist’s wearisome visual 
work and accelerates processing by about three orders of magnitude as compared with the 
use of the so called semiautomatic devices. The new method makes it possible to process 
large arrays of experimental data and to significantly increase the statistics of events, which 
was earlier unrealistic in practice. The development of similar automated facilities is of 
current interest, as it enables transition to a higher level of experimentation making use of 
the track detector technique and significantly expands the sphere of problems, where it can 
be efficiently used.  

     
PAVICOM-1            PAVICOM-2 

 
PAVICOM-3 

Fig. 1. Appearance of the three microscopes of the PAVICOM facility. 

The development of automated facilities was pioneered by Japan, where such a facility has 
been created well back in mid 1980s. But the real impetus to the development of automated 
facilities throughout the world were CHORUS and DONUT experiments (Eskut et al., 2008; 
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Kodama et al., 2008), which made use of significant amounts of nuclear emulsion. At 
present, only the OPERA experiment employs hundreds of tons of nuclear emulsion, which 
corresponds to hundreds of thousands square metres of emulsion surface. About 40 
automated facilities in total are operated at present throughout the world, 20 of which are in 
Europe, where in the recent years the number of such facilities rapidly increases.  

2. Equipment of the PAVICOM facility 
In Russia, there is only one facility of such a level, which satisfies modern international 
standards. This is the high-tech completely automated measuring facility PAVICOM. It is 
intended for processing the data of emulsion and solid-state track detectors used in various 
physical studies and satisfies the most modern world standards (Feinberg et al., 2004). 
Initially, the facility was developed to process materials of LPI’s EMU-15 experiment 
(Astafyeva et al., 1997; Boos et al., 1996; Chernavskaya et al., 1996; Dobrotin et al., 1999; 
Dremin et al., 2001a), in which the emulsion chamber including a lead target 0.4 mm thick 
with the succeeding stack of 38 layers of nuclear emulsion was irradiated by a beam of lead 
nuclei with energy of 158 GeV/nucleon. However, the versatility and potentially high 
hardware potential of the PAVICOM facility provided for in the course of its development 
enabled its use for a significantly broader sphere of problems (Polukhina, 2006). Staff 
members of about 10 Russian and several foreign institutes together with LPI’s PAVICOM 
group are involved in processing and analysis of experimental data.  

PAVICOM consists of three independent completely automated installations, which differ, 
first and foremost, in the optical tables’ displacements and, respectively, admissible sizes of 
the processing detectors (Fig. 1).  

The main units of the PAVICOM-1 installation are the automatic precision table (MICOS, 
Germany); the optical system, which is set up in accordance with the problem solved; 
Pentium computer. The MICOS precision mechanical system consists of the massive metal 
platform and movable object table, whose displacement limits in the horizontal plane are 
400 mm × 800 mm. The CCD camera fixed over the table can be moved vertically within the 
limits of 0 to 200 mm. The coordinates in all three axes are measured accurate to 0.5 µm. The 
optical table and vertical ruler are displaced by means of the step motors driven by the 
controller operated by the computer or (manually) by the joystick. The optical system of the 
microscope was created at the LPI using the components from LOMO (Russia). The 
microscope’s optics project the image of an object on the CCD matrix of the VS-CTT system 
(Videoscan, Russia). The CCD pixel resolution is 1360 × 1024; colour depth, 10 bit. The 
installation is arranged in a clean room with glass walls.  

The automated microscope PAVICOM-2 was created on the basis of the microscope MPE-11 
(LOMO, Russia). The main units of PAVICOM-2 are the precision table (Carl Zeiss) with the 
control module; two digital CCD cameras; computer. The automatic displacement limits of 
the table along the X axis are 0–120 mm; along the Y axis, 0–100 mm; the vertical 
displacement limits are about 1 cm. The optical table is displaced along all the axes by step 
motors driven by a controller operated by computer. The coordinate measurement accuracy 
is 0.25 µm. The characteristics of the video equipment: (1) The pixel resolution of the first 
CCD camera is 768 × 576; colour depth, 8 bit. An image in the camera is produced by the 
objective lens of the microscope, with a magnification of up to 60×. An analog signal formed 
by the video camera is fed to the input of the analog-to-digital converter – the image capture 
and digitization board – which transfers the digitized signal to computer memory. (2) The 
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second video camera: CMOS MC1310 with 10-bit colour depth and pixel resolution of 1280 × 
1024; shooting speed, up to 500 frames per second.  

The third installation, PAVICOM-3, has the following main characteristrics: the motorized 
movable table (MICOS); the microcontroller to operate the step motors (National 
Instruments); the illumination system (Nikon); the computer-controlled power supply unit 
for the illumination system, the computer, a dual-processor workstation based on Intel 
Pentium 4 Xeon 3.6 GHz; the video camera, CMOS MC1310 with 1024 grey levels, shooting 
speed up to 500 frames per second. 

3. Principle of PAVICOM software construction 
The PAVICOM facility makes use of two types of commercial image-digitization plates: VS-
CTT and Matrox Odyssey XPro, using which an image is digitized and its primary processing 
is done. The entire subsequent image analysis is performed using specially developed 
software. The search for and digitization of the coordinates of charged particles’ tracks in the 
material of the detector, computer-aided track recognition and tracing, data systematization 
and primary processing are done here in the completely automated mode. Mathematical 
processing of digitized images is performed by computer at a rate of up to 500 fps using a 
library of image processing programs written in C++. An image in the CMOS video camera is 
formed by the objective lens of the microscope. An analog signal formed by the video camera 
is fed to the input of the Matrox Odyssey XPro image, digitization and processing board.  

The use of multiprocessor systems in automated scanning facilities enables a significant 
increase of their performance due to the simultaneous execution of various tasks. PAVICOM 
makes use of a dual-processor workstation based on Intel Xeon processors with 
Hyperthreading Technology support. The Matrox Odyssey image digitization and processing 
board is also a separate multiprocessor system. The complete use of PAVICOM’s computing 
potential is possible only at the realization of an efficient multithreaded model in the software. 
Another way to increase the computing power of the system for solving labour-intensive 
computing tasks is to combine two or more computers into a common network. The 
computing load in this case is distributed between all computers of the network.  

The modular approach to the construction of the software was used to implement all the 
requirements to its versatility and fast response. This approach makes it possible to 
incapsulate the implementation of the modules, i.e., none of the modules depends on the 
operation and design of the other modules. Correspondingly, a change in one module in no 
way affects the other modules. Thus, the required flexibility in the adjustment of the 
program is achieved, which enables it to perform scans on microscopes of various types. For 
this, it is only necessary to replace the software-dependent parts of the modules, the 
adaptors. The program can also be used for processing the data of various experiments. For 
this, the respective handler should only be implemented. Herewith, all the other modules of 
the program, not dependent on the hardware and the character of the experiment, would 
remain invariable at various variants of the adjustment.  

4. Methods for image recognition of elementary particle tracks for EMU-15 
experiment 
In LPI’s EMU-15 experiment performed at CERN, which made use of nuclear emulsion as a 
detector, the main aim was to search for possible signals of quark–gluon plasma formation 
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second video camera: CMOS MC1310 with 10-bit colour depth and pixel resolution of 1280 × 
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at ultrahigh temperatures and superdense states of matter. The experiment made use of 16 
emulsion chambers shaped as cylinders 260 mm in length and 95 mm in diameter. Each 
chamber contained a thin (400 µm) lead target and 38 layers of nuclear emulsion (each 50 
µm thick) poured on to a 25-µm thick mylar support. One layer of emulsion was positioned 
immediately before the target; the others were behind the target. The total thickness of each 
chamber was only 0.07 cascade lengths, which is extremely important at the registration of 
the central collisions of very high energy lead nuclei, in which thousands of secondary 
particles are generated. The chamber was placed into a transverse magnetic field of intensity 
2 T and positioned such that the planes of the target and nuclear emulsions be 
perpendicular to the beam. The total number of Pb nuclei in irradiation of each of the 16 
emulsion chambers was 104. About 10 central Pb–Pb interactions with multiplicity of 
secondary particles of more than 103 was found in each chamber (the criterion for selecting 
such events was the large multiplicity of secondary charged particles and the absence of 
fragments with charge Z  2). 

The image processing and microtrack search methods developed for this experiment 
enabled the first Russian automated search for tracks of secondary charged particles in 
central nucleus–nucleus interactions with multiplicity of >1500 in nuclear emulsion.  

The automated processing of tracks in nuclear emulsion required the development of software 
to control the displacement of the microscope table, video shooting of images, their analysis 
and reconstruction of the geometric pattern of the projection of secondary charged particles.  

The image processing task was divided into several stages:  

 Preliminary search for and elimination of extraneous spots (“black” pixels of the video 
camera) 

 Filtration of images 
 Binarization of images 
 Singling-out of connected regions (clusterization) 
 Selection of clusters by size. 

The result of image processing are sets of clusters assigned to one event.  

The task of reconstructing the geometry of the projection of particles born as the result of 
nucleus–nucleus interaction was also split into several subtasks:  

 Reconstruction of a microtrack (i.e., a segment of a microtrack in one of the emulsion 
layers) from a chain of clusters (tracking) 
 Calculation of the parameters of the microtrack by the given set of clusters (fitting) 
 Selection of clusters for the fitting without consideration of information on the 

interaction vertex (free tracking) 
 Search for the interaction vertex 
 Selection of clusters for the fitting with consideration of information on the 

interaction vertex (vertex tracking) 
 Extension  of the microtrack to the adjacent emulsion layer 

 Calculation of the track parameters by the given set of microtracks (linking) 
 Selection of microtracks for linking 

 Determination of the direction of movement of the initial nucleus (search for the axis of 
the event). 
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The result of the reconstruction of particles’ projection geometry after nucleus–nucleus 
interaction is a pseudorapid distribution of secondary particles, which is then analyzed in 
detail by various mathematical methods.  

Images of particle tracks at the video camera output look like groups of blobs against the 
grey background (Fig. 2). Each pixel carries some information on the extent of image 
blackening (called colour). For the initial images the colour of a pixel is within the range of 0 
to 255 (8 bit). For images converted by the filter the colour is described by a real number, 
and for binarized images by 0 or 1. At given depths of emulsion, 25 fields of vision were 
successively shot by the video camera by the spiral around the assumed centre of the event.  

 
Fig. 2. Top left: an emulsion plate of EMU-15 experiment. Top right: the central field of vision 
at an objective-lens magnification of 8× (820 × 820 µm2). Centre, the tracks had not yet drifted 
apart and concentrate very densely, which makes the central region darker. Two tracks of 
noninteracting lead nuclei are also well seen on the image. Bottom: the same field of vision at 
a magnification of 20× (right, 330 × 330 µm2) and 60× (left, 115 × 115 µm2).  

As nuclear emulsion was processed at a magnification, in practice it was impossible to 
completely rule out accidental specks (e.g., micron-size villuses on the video camera screen) 
in the field of vision, which led to the occurrence of dark spots on images (sets of “black” 
pixels) corresponding to background effects and undistinguishable from images of real 
blobs. They may hinder the correct reconstruction of microtracks or lead to the emergence of 
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 Selection of microtracks for linking 

 Determination of the direction of movement of the initial nucleus (search for the axis of 
the event). 

Methods for Image Recognition  
of Charged Particle Tracks in Track Detector Data Automated Processing 

 

219 

The result of the reconstruction of particles’ projection geometry after nucleus–nucleus 
interaction is a pseudorapid distribution of secondary particles, which is then analyzed in 
detail by various mathematical methods.  

Images of particle tracks at the video camera output look like groups of blobs against the 
grey background (Fig. 2). Each pixel carries some information on the extent of image 
blackening (called colour). For the initial images the colour of a pixel is within the range of 0 
to 255 (8 bit). For images converted by the filter the colour is described by a real number, 
and for binarized images by 0 or 1. At given depths of emulsion, 25 fields of vision were 
successively shot by the video camera by the spiral around the assumed centre of the event.  

 
Fig. 2. Top left: an emulsion plate of EMU-15 experiment. Top right: the central field of vision 
at an objective-lens magnification of 8× (820 × 820 µm2). Centre, the tracks had not yet drifted 
apart and concentrate very densely, which makes the central region darker. Two tracks of 
noninteracting lead nuclei are also well seen on the image. Bottom: the same field of vision at 
a magnification of 20× (right, 330 × 330 µm2) and 60× (left, 115 × 115 µm2).  

As nuclear emulsion was processed at a magnification, in practice it was impossible to 
completely rule out accidental specks (e.g., micron-size villuses on the video camera screen) 
in the field of vision, which led to the occurrence of dark spots on images (sets of “black” 
pixels) corresponding to background effects and undistinguishable from images of real 
blobs. They may hinder the correct reconstruction of microtracks or lead to the emergence of 
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false microtracks. (For instance, in Fig. 3 a Z-form speck is well seen at the right edge but 
two other specks are undistinguishable from the blobs.) 

Preliminary search for such spots (sets of “black” pixels) is based on the fact that on all 
images they are at the same place. If on any image a “black” pixel has the coordinates (i, j), 
then on all the other images a pixel with the coordinates (i, j) shall be “black”. Therefore, if 
the colours of pixels with the same coordinates are averaged by 25 images at the same 
depth, the defect regions should become more intensive: the colour of “black” pixels proves 
considerably more black than the colour of the other pixels (Fig. 3). Now the pixels assigned 
to defect regions can be removed by setting the same colour threshold for all fields of vision. 
Further on, the colours of the singled-out pixels are averaged by the neighbourhood of 20 × 
20 pixels in size, after which they become practically undistinguishable from the 
background and, thereby, eliminated from the further processing (Fig. 4). Here and further, 
the background is meant to be the image background – the pixels not belonging to the 
images of blobs and, therefore, carrying no useful information.  

 
 

   

   
 

Fig. 3. Top left: initial image. Black arrows show spots formed from sets of “black” pixels. 
Bottom left: coordinate colour histogram of the initial image. Top right: image obtained as the 
result of averaging 25 images. Bottom right: its coordinate colour histogram. It is seen that in 
the case of the averaging the colours of “black” pixels do not change, which enables their 
easy finding by setting the pixel-colour threshold.  
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Fig. 4. Image of a Z-form speck before (left) and after (right) the removal of “black” pixels.  

Filtration is the preliminary image-processing stage. Its aim is to single out spots which 
correspond to images of individual blobs. The expected intervals of sizes and extent of 
blackening of such spots are set beforehand.  

To reduce the nonuniformity of the image background and to increase the quality of 
filtration in the darker central region of an image, the image is preliminarily processed. First, 
it is processed by a low-frequency averaging filter (Pratt, 1982). The filter blurs the images of 
separate blobs, owing to which the summary image becomes similar to the background, 
which would have been obtained in the absence of all blobs (Fig. 5).  

   

   
Fig. 5. Top left: initial image. Bottom left: coordinate colour histogram of the initial image. Top 
right: image processed by the averaging filter. Bottom right: its coordinate colour histogram. 
The filter blurs the images of all blobs to leave only the distribution of the darkening close to 
the background.  
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After this the pixel-colour conversion is done according to the formula:  
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where ci,j is the pixel colour of the initial image and bi,j is the colour of the corresponding 
pixel of the averaged image. This procedure converts the pixel colours of the initial image 
into relative colours, thereby intensifying the images of the blobs in darker regions of the 
image (with lower bi,j). 

Subsequent filtration consists in the conversion of the image by the scanning high-frequency 
filter (Pratt, 1982), which reacts to the change of the extent of blackening on the edge of the 
spot. The size of the filter is chosen such that its response to spots similar to images of blobs 
forming the track of a particle were maximal. The result of this property of the filter is that 
the edges of blobs become more sharp, and blobs themselves more distinct, and their size 
and number do not change. Herewith, large spots formed by merged blobs (e.g., the large 
spot in the centre of Fig. 6) almost vanish after filtration, blending into the background of 
the image.  

 
 

   

   
Fig. 6. Top left: initial image. Bottom left: coordinate colour histogram of the initial image. Top 
right: image processed by a high-frequency filter. Bottom right: its coordinate colour 
histogram. It is seen that the filter intensifies only spots of certain size and shape.  
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Mathematically, filtration is a matrix operation over pixel colours:  

 , ,
T

i j i jg TrF C ,  

where gi,j is the new pixel colour (i,j), F is the filter matrix and Ci,j  is the matrix composed of 
the pixel colour (i,j) and the colours of the enclosing pixels such that the colour gi,j of the 
pixel (i,j) is the central element of the matrix Ci,j. 

After filtration, the coordinate colour histogram of an image represents a multitude of 
narrow high peaks in those places where on the image there were characteristic spots – 
images of blobs. Comparison of the right- and left-hand parts of Fig. 6 shows the extent of 
blob intensification in this operation.  

Then the procedures of binarization and clusterization were performed. Binarization is the 
process of singling-out the pixels, which correspond to the images of blobs (assigning colour 
1 to these pixels). For this, a threshold restriction is imposed on an image: the pixels whose 
colour exceeds the threshold are assigned the value of 1, the others are assigned colour 0. 
Clusterization is the singling-out of connected regions – integration into clusters, which 
correspond to spots of blackening (blobs) in nuclear emulsion, of pixels with colour 1 
singled out in the process of binarization. Knowing the coordinates (xi, yi) of each pixel in a 
cluster, we can find the centre of masses, the mean radius and the area of the cluster. 

 
Fig. 7. The result of clusterization of the central field of vision. The clusters found are 
highlighted.  
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Thus, physical objects (blobs) are put in correspondence with mathematical objects 
(clusters). The results of clusterization of the central field of vision are given in Fig. 7.  

Clusterization yields sets of points – centres of masses of clusters on the plane 
corresponding to a certain depth. By adding the results of the measurements along the Z 
axis (i.e., along the depth of the fields of vision), we obtain sets of clusters distributed in the 
volume studied. Further, it is necessary to reconstruct the microtrack of a particle from the 
sets of clusters. (The microtrack is part of the track of a particle, which part lies inside a 
particular layer of emulsion.) For this purpose, the microtrack is depicted by a straight line 
given by a point with the coordinates (x, y, z) and slopes (tx, ty) of the projections of this line 
on the plane XZ and YZ to the axis. The Z axis is perpendicular to the plane of emulsion and 
is codirected to the beam of particles. The coordinate origin along the Z axis is chosen on the 
front plane (relative to the beam) of the target. Reconstruction of the microtrack by the given 
set of clusters (drawing the straight line through the known set of coordinates of the centres 
of mass of the clusters – the fitting) was done by the method of least squares (Bock et al., 
2000). When selecting the clusters for microtrack recognition (the so called “tracking”), 
several requirements were to be satisfied: at each depth inside emulsion (i.e., on the plane of 
the clusters), no more than one cluster is assigned to a track; the distance between two 
successive clusters should not exceed a given value; the number of clusters in a microtrack 
should be no less than the preset value.  

Due to a large number of clusters, it does not appear to be possible to consider all 
combinations of their chains in full measure over reasonable time. Therefore, the search for 
tracks is done in several stages: free tracking, search of the interaction vertex and vertex 
tracking. 

The algorithm of the free tracking is illustrated in Fig. 8. An arbitrary cluster (x0i,y0i) on the 
emulsion plane z0 nearest to the target is considered. The perpendicular (tx0, ty0) is taken as 
the initial direction, and a cone with the vertex at (x0i,y0i,z0i) and preset angles (s0x,s0y) in the 
XZ and YZ planes between the generatrices and the axis (tx0, ty0) is constructed around it.  
Around the selected cluster a sphere is constructed, which a fortiori captures several depths,  
and clusters getting into this sphere are picked out. By these clusters, all possible 
combinations of microtracks in the cone are made up (set C). Successively adding clusters 
one by one from C, we construct a set of chains of clusters, which is sorted out by the 
criterion 2. 

This procedure is performed for each chain of clusters. Herewith, the direction of the 
microtrack, which corresponds to a chain, is taken to be the axis of the cone, and the vertex 
of the cone is constructed at the point of intersection of this microtrack with the plane 
corresponding to the Z coordinate of the last cluster in the chain.  

As the result, we obtain a set of microtracks (chains of clusters), which originate from one 
common cluster (x0i,y0i). Then we choose a track with the lowest 2 and with the number of 
clusters not smaller than that given for the chain corresponding to it. The constituent 
clusters of the microtrack are marked as used and are not involved in further tracking. The 
same procedure applies to all clusters on the next planes, so that the origin of the microtrack 
can be at any depth along Z. The tracking is stopped if all layers are passed or if no 
candidates are available in several layers.  
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Fig. 8. Left: an illustration of free tracking (see text).  Solid horizontal lines correspond to 
various depths of emulsion. The Z axis is directed downwards and is codirected with the 
beam of particles (arrow). The vertex of the cone is in the current cluster. The direction 
around which the cone is constructed is shown by a dashed line. Clusters, which got into the 
cone and the distance to which from the vertex does not exceed R (marked with black 
circles) will be used in building-up the track, the other clusters (white circles) are ignored. 
Right: the result of free tracking. It is seen that most particles escape from the common 
centre with z ~ 400 µm.  

As the result of this procedure, we have a set of microtracks as shown in Fig. 8.  

In the search for the interaction vertex, all found microtracks are initially the components of 
microtrack set A. To find the initial values of the vertex coordinates, for each pair of 
microtracks from set A we searched for pairs of points  of closest approach (set B). Then an 
average value  of the coordinates of all points from B is found.  

For each track from set A, a point of closest approach with  is found (set С), and the 
coordinate distributions of such points are constructed. From these distributions, the new 
values of   and their root-mean-square errors σ are determined. From set A, microtracks 
are excluded for which the points of closest approach with  lie at distances exceeding 3σ. 
The procedure is repeated until all microtracks from A are within 3σ, i.e., when none of the 
microtracks could not be excluded from A. An elliptic cylinder with the sizes of the axes of 
the ellipsis along X and Y, depending on the measuring errors, and the height Z equal to the 
thickness of the target, is considered to be the region of the vertex.  

The final stage of microtrack recognition – the vertex tracking – takes into consideration that 
the EMU-15 experiment investigates central collisions. In this case, the projection of all 
tracks of one event to the plane perpendicular to the beam has a pronounced centre with the 
coordinates (xc,yc).  
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Thus, physical objects (blobs) are put in correspondence with mathematical objects 
(clusters). The results of clusterization of the central field of vision are given in Fig. 7.  

Clusterization yields sets of points – centres of masses of clusters on the plane 
corresponding to a certain depth. By adding the results of the measurements along the Z 
axis (i.e., along the depth of the fields of vision), we obtain sets of clusters distributed in the 
volume studied. Further, it is necessary to reconstruct the microtrack of a particle from the 
sets of clusters. (The microtrack is part of the track of a particle, which part lies inside a 
particular layer of emulsion.) For this purpose, the microtrack is depicted by a straight line 
given by a point with the coordinates (x, y, z) and slopes (tx, ty) of the projections of this line 
on the plane XZ and YZ to the axis. The Z axis is perpendicular to the plane of emulsion and 
is codirected to the beam of particles. The coordinate origin along the Z axis is chosen on the 
front plane (relative to the beam) of the target. Reconstruction of the microtrack by the given 
set of clusters (drawing the straight line through the known set of coordinates of the centres 
of mass of the clusters – the fitting) was done by the method of least squares (Bock et al., 
2000). When selecting the clusters for microtrack recognition (the so called “tracking”), 
several requirements were to be satisfied: at each depth inside emulsion (i.e., on the plane of 
the clusters), no more than one cluster is assigned to a track; the distance between two 
successive clusters should not exceed a given value; the number of clusters in a microtrack 
should be no less than the preset value.  

Due to a large number of clusters, it does not appear to be possible to consider all 
combinations of their chains in full measure over reasonable time. Therefore, the search for 
tracks is done in several stages: free tracking, search of the interaction vertex and vertex 
tracking. 

The algorithm of the free tracking is illustrated in Fig. 8. An arbitrary cluster (x0i,y0i) on the 
emulsion plane z0 nearest to the target is considered. The perpendicular (tx0, ty0) is taken as 
the initial direction, and a cone with the vertex at (x0i,y0i,z0i) and preset angles (s0x,s0y) in the 
XZ and YZ planes between the generatrices and the axis (tx0, ty0) is constructed around it.  
Around the selected cluster a sphere is constructed, which a fortiori captures several depths,  
and clusters getting into this sphere are picked out. By these clusters, all possible 
combinations of microtracks in the cone are made up (set C). Successively adding clusters 
one by one from C, we construct a set of chains of clusters, which is sorted out by the 
criterion 2. 

This procedure is performed for each chain of clusters. Herewith, the direction of the 
microtrack, which corresponds to a chain, is taken to be the axis of the cone, and the vertex 
of the cone is constructed at the point of intersection of this microtrack with the plane 
corresponding to the Z coordinate of the last cluster in the chain.  

As the result, we obtain a set of microtracks (chains of clusters), which originate from one 
common cluster (x0i,y0i). Then we choose a track with the lowest 2 and with the number of 
clusters not smaller than that given for the chain corresponding to it. The constituent 
clusters of the microtrack are marked as used and are not involved in further tracking. The 
same procedure applies to all clusters on the next planes, so that the origin of the microtrack 
can be at any depth along Z. The tracking is stopped if all layers are passed or if no 
candidates are available in several layers.  
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Fig. 8. Left: an illustration of free tracking (see text).  Solid horizontal lines correspond to 
various depths of emulsion. The Z axis is directed downwards and is codirected with the 
beam of particles (arrow). The vertex of the cone is in the current cluster. The direction 
around which the cone is constructed is shown by a dashed line. Clusters, which got into the 
cone and the distance to which from the vertex does not exceed R (marked with black 
circles) will be used in building-up the track, the other clusters (white circles) are ignored. 
Right: the result of free tracking. It is seen that most particles escape from the common 
centre with z ~ 400 µm.  

As the result of this procedure, we have a set of microtracks as shown in Fig. 8.  

In the search for the interaction vertex, all found microtracks are initially the components of 
microtrack set A. To find the initial values of the vertex coordinates, for each pair of 
microtracks from set A we searched for pairs of points  of closest approach (set B). Then an 
average value  of the coordinates of all points from B is found.  

For each track from set A, a point of closest approach with  is found (set С), and the 
coordinate distributions of such points are constructed. From these distributions, the new 
values of   and their root-mean-square errors σ are determined. From set A, microtracks 
are excluded for which the points of closest approach with  lie at distances exceeding 3σ. 
The procedure is repeated until all microtracks from A are within 3σ, i.e., when none of the 
microtracks could not be excluded from A. An elliptic cylinder with the sizes of the axes of 
the ellipsis along X and Y, depending on the measuring errors, and the height Z equal to the 
thickness of the target, is considered to be the region of the vertex.  

The final stage of microtrack recognition – the vertex tracking – takes into consideration that 
the EMU-15 experiment investigates central collisions. In this case, the projection of all 
tracks of one event to the plane perpendicular to the beam has a pronounced centre with the 
coordinates (xc,yc).  
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Fig. 9. Left: an illustration of vertex tracking. Solid horizontal lines correspond to various 
depths of emulsion. The Z axis is directed downwards and is codirected with the beam 
(arrow). The vertex of the cone is in the current cluster. The direction around which the cone 
is constructed is shown by a dashed line. The clusters which got into the cone and the 
distance to which does not exceed R (shown by black circles) are used in building up the 
track. The other clusters (white circles) are ignored. Right: the result of vertex tracking.  

The algorithm sets up a cylinder whose axis is parallel to the Z axis and passes through 
point (xc,yc,0). From above and from below the cylinder is limited by the planes 
perpendicular to the Z axis (Z = zc1 and Z = zc2) (Fig. 9). Further, an arbitrary cluster (x0i,y0i) 
on the upper plane of emulsion, Z = z0, is selected. From the lower layers, clusters (set C) are 
picked out, for which the straight line connecting any cluster from C with the cluster (x0i,y0i) 
passes through the preset cylinder. By successively adding clusters one by one from C, a set 
of chains of clusters is constructed. The fitting of each chain is performed, and the obtained 
set of microtracks is sorted out with respect to 2. The described procedure is repeated for 
each chain of clusters. As the result, a set of microtracks (chains of clusters) is obtained, 
which originate from one common cluster (x0i,y0i). Then, microtracks with the lowest value 
of 2 and the limited number of clusters in the respective chain are successively selected. The 
clusters that form a microtrack are not involved in the further tracking. Then the procedure 
is repeated for the next layer.  

The efficiency of tracking was checked in two ways: manually and by modelling the events 
of passing a charged particle through emulsion. The efficiency of microtrack recognition 
was 90% (for the central field of vision with high particle density) and 99% (for the other 
regions).  
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Fig. 10. Extension of microtracks to an adjacent layer of emulsion. 

For microtrack linking, it is necessary to calculate the parameters of a track, which fits a 
given set of microtracks the best. This task is solved by the least squares method and is 
largely similar to the fitting task, see  (Aleksandrov, 2009).  

Finally, to determine the angular characteristics (pseudorapidity) of secondary particles 
formed in nuclear interaction, microtracks from adjacent emulsion layers are linked (Fig. 
10). At the initial stage of this procedure, each microtrack from emulsion layer A is linked 
with each microtrack from adjacent layer B. Of all the diversity of variants, a track with 
minimal 2, passing through the interaction vertex, is chosen. As the result, a set of tracks 
(the so called target diagram), which consist of two parts and have a lower angular 
uncertainty than each particular microtrack, is obtained (Fig. 11).  

For the search of the axis of an event, it should be taken into account that the direction of 
travel of the initial accelerated Pb nucleus can differ from the normal to the plane of the 
event owing to the divergence of the beam. At the same time, the axis of the event is given 
by the direction of travel of the initial nucleus. The algorithm of the search for the axis of an 
event is largely similar to the algorithm of the search for the interaction vertex. Based on the 
data on its coordinates xc, yc, the set of points of the maximal approach of tracks from set A 
with vertex c is constructed. From the initial set of tracks A, we exclude all tracks whose 
points of the maximal approach with vertex c are beyond 3с, where с is the standard error 
of determining the position of point c. The angles of the remaining tracks with the axis of the 
event are averaged, and the initial direction of the axis is found. Then histograms of the 
angular distribution of tracks  relative to this axis are plotted (Fig. 12), from which the new 
values of the direction of the axis are found. From A, we exclude tracks the angle between 
the direction of which and the direction of the axis exceeds 3t, where t is the angle 
determination error. Then again histograms of angular distributions are plotted, and the 
procedure is repeated until the angles between the directions of all  tracks prove to be inside 
3t, i.e., when none of the tracks could be excluded from A.  
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Fig. 9. Left: an illustration of vertex tracking. Solid horizontal lines correspond to various 
depths of emulsion. The Z axis is directed downwards and is codirected with the beam 
(arrow). The vertex of the cone is in the current cluster. The direction around which the cone 
is constructed is shown by a dashed line. The clusters which got into the cone and the 
distance to which does not exceed R (shown by black circles) are used in building up the 
track. The other clusters (white circles) are ignored. Right: the result of vertex tracking.  

The algorithm sets up a cylinder whose axis is parallel to the Z axis and passes through 
point (xc,yc,0). From above and from below the cylinder is limited by the planes 
perpendicular to the Z axis (Z = zc1 and Z = zc2) (Fig. 9). Further, an arbitrary cluster (x0i,y0i) 
on the upper plane of emulsion, Z = z0, is selected. From the lower layers, clusters (set C) are 
picked out, for which the straight line connecting any cluster from C with the cluster (x0i,y0i) 
passes through the preset cylinder. By successively adding clusters one by one from C, a set 
of chains of clusters is constructed. The fitting of each chain is performed, and the obtained 
set of microtracks is sorted out with respect to 2. The described procedure is repeated for 
each chain of clusters. As the result, a set of microtracks (chains of clusters) is obtained, 
which originate from one common cluster (x0i,y0i). Then, microtracks with the lowest value 
of 2 and the limited number of clusters in the respective chain are successively selected. The 
clusters that form a microtrack are not involved in the further tracking. Then the procedure 
is repeated for the next layer.  

The efficiency of tracking was checked in two ways: manually and by modelling the events 
of passing a charged particle through emulsion. The efficiency of microtrack recognition 
was 90% (for the central field of vision with high particle density) and 99% (for the other 
regions).  

Methods for Image Recognition  
of Charged Particle Tracks in Track Detector Data Automated Processing 

 

227 

 
Fig. 10. Extension of microtracks to an adjacent layer of emulsion. 

For microtrack linking, it is necessary to calculate the parameters of a track, which fits a 
given set of microtracks the best. This task is solved by the least squares method and is 
largely similar to the fitting task, see  (Aleksandrov, 2009).  

Finally, to determine the angular characteristics (pseudorapidity) of secondary particles 
formed in nuclear interaction, microtracks from adjacent emulsion layers are linked (Fig. 
10). At the initial stage of this procedure, each microtrack from emulsion layer A is linked 
with each microtrack from adjacent layer B. Of all the diversity of variants, a track with 
minimal 2, passing through the interaction vertex, is chosen. As the result, a set of tracks 
(the so called target diagram), which consist of two parts and have a lower angular 
uncertainty than each particular microtrack, is obtained (Fig. 11).  

For the search of the axis of an event, it should be taken into account that the direction of 
travel of the initial accelerated Pb nucleus can differ from the normal to the plane of the 
event owing to the divergence of the beam. At the same time, the axis of the event is given 
by the direction of travel of the initial nucleus. The algorithm of the search for the axis of an 
event is largely similar to the algorithm of the search for the interaction vertex. Based on the 
data on its coordinates xc, yc, the set of points of the maximal approach of tracks from set A 
with vertex c is constructed. From the initial set of tracks A, we exclude all tracks whose 
points of the maximal approach with vertex c are beyond 3с, where с is the standard error 
of determining the position of point c. The angles of the remaining tracks with the axis of the 
event are averaged, and the initial direction of the axis is found. Then histograms of the 
angular distribution of tracks  relative to this axis are plotted (Fig. 12), from which the new 
values of the direction of the axis are found. From A, we exclude tracks the angle between 
the direction of which and the direction of the axis exceeds 3t, where t is the angle 
determination error. Then again histograms of angular distributions are plotted, and the 
procedure is repeated until the angles between the directions of all  tracks prove to be inside 
3t, i.e., when none of the tracks could be excluded from A.  
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Fig. 11. The result of tracking and linking of two emulsion layers: a target diagram for 647 
particles (event 5c15e).  

 
Fig. 12. An example of angular distributions of tracks relative to the axis of an event (left, tx; 
right, ty).  

The procedure described was implemented as a library of programs (Aleksandrov, 2009). 
The first program, which includes algorithms of filtration, binarization, clustering, search for 
the interaction vertex, free and vertex tracking was implemented as the image handler for 
the automation program. This enabled the processing of images, search for clusters, 
interaction vertex and microtracks in real time mode over a time of less than 1 min. The 
algorithms of linking, search for the axis of an event and physical analysis were 
implemented in a separate program. Both programs were implemented using C++.  
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Thus, in accordance with the algorithm of the image processing program for EMU-15 
experiment, we successively carried out discrimination of “black” (background) pixels, 
filtration of images, binarization of images, isolation of connected regions (clusterization), 
filtration of clusters. All stages of the program were thoroughly checked, for which the real 
interaction was methodically filmed with a step of ¼ micron by depth. A practically total 
correspondence of the program-operation results to the characteristics of real emulsion 
confirms the correctness of the developed and executed algorithm of clusterization.  

The performance of the tracking software package was checked by visual measurements 
and on model interactions. The efficiency of charged-particle track reconstruction was 
greater than 90%. The experimental data obtained in this way make it possible to study the 
peculiarities of the angular distributions of particles, to search for multi-particle correlations, 
the emergence of which can be expected in hadronization of excited nuclear matter, and to 
analyse these distributions with the view of searching for signals specific for quark–gluon 
plasma. The processing results were demonstrated using event 5c15e as an example (Fig. 
13); a databank was created and a preliminary processing of 100 events was done.  

The successfully solved image recognition problem made it possible to find microtracks in 
nuclear emulsion with high efficiency. Herewith, original  image-processing algorithms 
were developed: filtration, binarization and clusterization (search for images of metal silver 
grains in nuclear emulsion). A detailed study of individual interactions can help find new 
rare phenomena, and conclusions obtained therewith will be statistically significant owing 
to a large number of particles born in an individual event: a large number of secondary 
particles are born in collisions of high-energy nuclei in EMU-15 experiment. Analysis of 
their distribution in phase space is the main aim of the study, as it enables conclusions on 
the dynamics of the process. This is not an easy task even if only particles’ escape angles 
(polar and azimuthal) are measured, because the number of secondary particles sometimes 
exceeds 1000. The task is reduced to the recognition of images generated on the plane of the 
target diagram by this number of points. Wavelet analysis made it possible to solve this 
problem. Daubechies wavelet was first used in the processing of EMU-15 data for two-
dimensional wavelet analysis of particle spectra. The result of this analysis was 
demonstrated by the example of studying the internal structure of the escape of secondary 
generated particles locally and on various scales. It was shown that on the distribution of 
secondary charged particles by pseudorapidity the correlated groups tended to be arranged 
as a ring around the centre of the diagram. This corresponds to groupings of particles at a 
constant polar angle, i.e., fixed pseudorapidity. The mechanism of the emergence of these 
structures in strong interactions can be explained by either an analog of Cherenkov 
radiation (gluons are discussed as an analog of photons), or else by the emergence of Mach 
waves (Dremin, 2006; Dremin et al., 2000, 2001b). Both discussed mechanisms have a similar 
nature – the emergence of radiation in the motion of a body in a medium at a velocity 
exceeding the phase velocity of the propagation of a disturbance in this medium.  

The most significant indication of the existence of ring structures is the occurrence of two 
peaks in the pseudorapidity distribution (Fig. 13). Herewith, ring structures are seen on the 
plane of the target diagram (Fig. 14).  

Thus, the processing of EMU-15 data taken as an example confirmed the nonsymmetric 
character of the distribution of secondary charged particles by the azimuthal angle in 
combination with pseudorapidity peaks in an individual event. This is indicative of the  



 
Astrophysics 

 

228 

 
Fig. 11. The result of tracking and linking of two emulsion layers: a target diagram for 647 
particles (event 5c15e).  

 
Fig. 12. An example of angular distributions of tracks relative to the axis of an event (left, tx; 
right, ty).  

The procedure described was implemented as a library of programs (Aleksandrov, 2009). 
The first program, which includes algorithms of filtration, binarization, clustering, search for 
the interaction vertex, free and vertex tracking was implemented as the image handler for 
the automation program. This enabled the processing of images, search for clusters, 
interaction vertex and microtracks in real time mode over a time of less than 1 min. The 
algorithms of linking, search for the axis of an event and physical analysis were 
implemented in a separate program. Both programs were implemented using C++.  
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Thus, in accordance with the algorithm of the image processing program for EMU-15 
experiment, we successively carried out discrimination of “black” (background) pixels, 
filtration of images, binarization of images, isolation of connected regions (clusterization), 
filtration of clusters. All stages of the program were thoroughly checked, for which the real 
interaction was methodically filmed with a step of ¼ micron by depth. A practically total 
correspondence of the program-operation results to the characteristics of real emulsion 
confirms the correctness of the developed and executed algorithm of clusterization.  

The performance of the tracking software package was checked by visual measurements 
and on model interactions. The efficiency of charged-particle track reconstruction was 
greater than 90%. The experimental data obtained in this way make it possible to study the 
peculiarities of the angular distributions of particles, to search for multi-particle correlations, 
the emergence of which can be expected in hadronization of excited nuclear matter, and to 
analyse these distributions with the view of searching for signals specific for quark–gluon 
plasma. The processing results were demonstrated using event 5c15e as an example (Fig. 
13); a databank was created and a preliminary processing of 100 events was done.  

The successfully solved image recognition problem made it possible to find microtracks in 
nuclear emulsion with high efficiency. Herewith, original  image-processing algorithms 
were developed: filtration, binarization and clusterization (search for images of metal silver 
grains in nuclear emulsion). A detailed study of individual interactions can help find new 
rare phenomena, and conclusions obtained therewith will be statistically significant owing 
to a large number of particles born in an individual event: a large number of secondary 
particles are born in collisions of high-energy nuclei in EMU-15 experiment. Analysis of 
their distribution in phase space is the main aim of the study, as it enables conclusions on 
the dynamics of the process. This is not an easy task even if only particles’ escape angles 
(polar and azimuthal) are measured, because the number of secondary particles sometimes 
exceeds 1000. The task is reduced to the recognition of images generated on the plane of the 
target diagram by this number of points. Wavelet analysis made it possible to solve this 
problem. Daubechies wavelet was first used in the processing of EMU-15 data for two-
dimensional wavelet analysis of particle spectra. The result of this analysis was 
demonstrated by the example of studying the internal structure of the escape of secondary 
generated particles locally and on various scales. It was shown that on the distribution of 
secondary charged particles by pseudorapidity the correlated groups tended to be arranged 
as a ring around the centre of the diagram. This corresponds to groupings of particles at a 
constant polar angle, i.e., fixed pseudorapidity. The mechanism of the emergence of these 
structures in strong interactions can be explained by either an analog of Cherenkov 
radiation (gluons are discussed as an analog of photons), or else by the emergence of Mach 
waves (Dremin, 2006; Dremin et al., 2000, 2001b). Both discussed mechanisms have a similar 
nature – the emergence of radiation in the motion of a body in a medium at a velocity 
exceeding the phase velocity of the propagation of a disturbance in this medium.  

The most significant indication of the existence of ring structures is the occurrence of two 
peaks in the pseudorapidity distribution (Fig. 13). Herewith, ring structures are seen on the 
plane of the target diagram (Fig. 14).  

Thus, the processing of EMU-15 data taken as an example confirmed the nonsymmetric 
character of the distribution of secondary charged particles by the azimuthal angle in 
combination with pseudorapidity peaks in an individual event. This is indicative of the  
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Fig. 13. Distribution of pseudorapidities of secondary charged particles in event 5c15e after 
automated processing.  

peculiar features of the escape, caused by multiparticle correlations, the emergence of 
which, in particular, was expected at a comparatively small number of emitted Cherenkov 
gluons in each ring.  

5. Study of the characteristics of galactic cosmic ray nuclei in automated 
recognition of tracks in olivine crystals from meteorites 
Processing of EMU-15 data is only one of the projects implemented at  PAVICOM. The 
multipurpose unique measuring facility PAVICOM is successfully used for high-technology 
processing of experimental data in nuclear physics, cosmic ray physics, high energy physics 
obtained in studies with emulsion and solid state detectors. The facility is used to solve 
problems associated with high-speed information support of the analysis of intravolume 
and surface defects of the crystal lattice and the rupture of materials on the nanostructural 
level. Its main distinction from other similar systems in the world and an advantage is 
versatility – the automated installations of the facility process data obtained using both 
nuclear emulsions  and plastic detectors, and also crystals of olivines from meteorites. The 
use of this automated facility makes it possible to process large arrays of experimental data 
and significantly increase the statistics of events, which had been practically unrealistic 
earlier. A broad range of topical problems of modern nuclear physics is being covered.  

In particular, in 2006 the project OLIMPIYA (Russian acronym for OLIviny iz Meteoritov: 
Poisk Tyazhelykh I Sverkhtyazhelykh YAder = Olivines from Meteorites: Search for Heavy 
and Superheavy Nuclei) was started to be implemented at PAVICOM. Its task are studies of 
heavy and superheavy nuclei in cosmic rays and search for trans-Fermi nuclei with charges 
Z  110 in crystals of olivines from pallasites. The issue of the existence of superheavy nuclei 
is of greatest significance for understanding the properties of nuclear matter. First and 
foremost, of interest is to verify the prediction (Strutinsky, 1967) of a significant increase in 
the stability of nuclei near the magic numbers Z = 114 and N = 184 (N, the number of 
neutrons), which could lead to the existence of “stability islands” of superheavy nuclei in 
this region. Confirmations of this prediction have been obtained in experiments under the 
direction of Yu.Ts. Oganesyan at a JINR accelerator, where recently the nuclei of elements  
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Fig. 14. Target diagrams of event 5c15e after, respectively, two and four iterations of inverse 
wavelet transformation.  

114 and 116 have been discovered (Oganesyan, 2001) and the discovery of element 117 has 
been declared. The lifetimes of some of these nuclei are several seconds and even minutes, 
which exceeds tens of thousand times the lifetimes of nuclei with smaller charge.  

According to the existing views, elements starting from carbon and heavier are formed in 
stellar interiors and at supernova explosions (Ginzburg, 1999). Heavy and superheavy 
elements being in Mendeleev’s Periodic Table after bismuth are formed as the result of r 
(rapid) processes, which occur at a high concentration of neutrons and can lead to the 
formation of superheavy nuclei with the number of neutrons up to N = 184. Besides these 
traditional mechanisms, the possibility of the formation of very heavy nuclei (with the mass 
number of up to 500) at a high density of neutrons (of the order of 1030 cm–3) and moderate 
temperature Т < 108 K is discussed (Zeldovich, 1960). This situation can be realized in 
unequilibrium shells of neutron stars, ejections from which will lead to the emergence of 
super heavy elements in interstellar medium, stars and planets (Bisnovatyi-Kogan & 
Chechetkin, 1979; Kramarovsky & Chechev, 1987).  

Measurements of the fluxes and spectra of heavy and superheavy nuclei in cosmic rays are 
an efficient way to study the composition of cosmic ray sources, processes occurring both in 
the sources themselves and in interstellar medium, in which cosmic rays propagate, and 
models of  cosmic ray retention in the galaxy. The currently available experimental data on 
the abundance of heavy nuclei (with Z > 50)  in the Universe, as well as on the spectra and 
fluxes of these nuclei in cosmic rays, are rather scarce, and for trans-Fermi nuclei no 
sufficiently reliable data are available at all. In the same way, there are no data on the 
possible existence of exotic superheavy nuclei, either.  

The use of the factor of long-time exposure of meteorites in space leads  to a great advantage 
of the method for the search of superheavy elements in crystals of olivine from meteorites as 
compared with methods based on the use of various satellite and aerostat detectors. The 
search for relict tracks left by particles of cosmic rays in meteorite minerals makes use of the 
ability of silicate crystals in meteorites (olivines, pyroxenes) to register and preserve for a 
long time (>108 years) tracks of nuclei with Z > 20. A typical age of meteorites and, 
therefore, their exposure time in the flux of cosmic rays is assessed to be 107–109 years. For 
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Fig. 13. Distribution of pseudorapidities of secondary charged particles in event 5c15e after 
automated processing.  
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Fig. 14. Target diagrams of event 5c15e after, respectively, two and four iterations of inverse 
wavelet transformation.  
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of the method for the search of superheavy elements in crystals of olivine from meteorites as 
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this reason, they may contain a large number of tracks of cosmic nuclei. As estimates show, 
102–103 tracks of nuclei with Z > 90 can be formed over 108 years in 1 cm3 of such crystals 
located at a depth of <5 cm from the preatmospheric meteorite surface, and up to 104 tracks 
in crystals from meteorite’s surface layers (depth, < 1 cm). By measuring the track 
parameters, it is possible not only to identify particles but also to determine their energy 
spectra. Pallasite meteorites consist of iron–nickel “matrix”, with inclusions of crystals of 
olivine – a yellow-colour semitransparent mineral up to 1–2 cm in size. As the previous 
works with olivines, the project OLIMPIYA is based on the used of the method of solid-state 
track detectors, in which particles are registered by the radiation damage they cause in the 
bulk of the detector material. A specific feature of the authors’ method of the treatment of 
olivines from meteorites is the necessity of grinding, i.e., the irreversible disintegration of 
part of the crystal. Within the framework of the project OLIMPIYA, based on the PAVICOM 
facility, the technique for the recognition of tracks of nuclei in olivines was developed, the 
technique of scanning the entire area of the crystal, as well as the database of images to 
preserve information on tracks in the crystal.  

Above we described in detail, using the processing of EMU-15 data as an example, the main 
stages of discrimination of tracks of particles as independent objects on individual images.  
The same methods were also used in studies of the characteristics of tracks of nuclei in 
olivines. First of all, coordinates of all pixels of each track should be obtained in particle 
track recognition. Then, based on this information, the characteristics of tracks are 
determined in accordance with the space of features chosen for this task. This procedure is 
performed in several stages.  

First, depending on the quality of an image, a preliminary processing is carried out. Its aim 
is to maximally differentiate by the gradation of blackening the pixels of noise and the pixels 
belonging to tracks of particles, and to increase the efficiency of the binarization procedure.   

The purpose of binarization is to separate analyzed objects from the background and noise. 
The discrimination of a subset on an image is equivalent to the setting of its “characteristic 
function”, i.e., the function equal to unity in points of the subset and to zero in the other 
points. The generally recognized method of discrimination of some subset on the initial 
image is reduced to finding its characteristic function by quantification of the initial image 
to two levels. This procedure consists in determining the threshold of blackenings. All pixels 
with the blackening above the threshold are considered to belong to tracks of particles and 
are marked by black colour on the image. The other pixels are assigned to the background 
and noise and are marked with white colour.  

The last stage of processing consists in discrimination of selected clusters (tracks) as 
independent objects (acquisition of the coordinates of pixels), determination of their 
characteristics and elimination of some of the remaining noise.  

The set of transformations required at the stage of preliminary processing depends on the 
aims of this task, the quality of respective images and feature space. The preliminary 
processing results are present in several classes (in terms of C++), the volume of information 
in which can be chosen depending on the task and feature space. For this purpose, in the 
software developed for the project OLIMPIYA the classes for the description of clusters are 
constructed by the hierarchical principle. The main class Cluster0 containing minimal 
information about a cluster includes the number of pixels (cluster area) and their 
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coordinates (X, Y, Z) with indication of the cluster boundary. The derivative classes 
Cluster1, Cluster2 etc. contain additional information. Selection of a class to be used in a 
particular task depends on the requirements of the subsequent processing. Information 
about all clusters is gathered up in class Clusters, which also contains the functions of 
images’ and particular clusters’ processing. Due to distinctions in tracks of particles, the 
feature space can strongly differ for different tasks. Correspondingly, track images are 
processed differently in different experiments (Starkov, 2010).  

The characteristics of clusters play an important role in the analysis of images. We adduce 
here techniques for determining the major of them.  

Cluster area is simply equal to the number of pixels of which it consists, and is determined at 
the stage of cluster discrimination. A set of special algorithms was developed in the software 
package to obtain the other characteristics.  

Each cluster is processed separately. First, the maximal and minimal coordinates x and y 
limiting the cluster are determined (see Fig. 15; it should be taken into account that in 
computer graphics it is accepted to direct the Y axis from top downwards). This cluster-
limiting rectangle is required to assess the extent of its oblongness. Further, the coordinates of 
the centre of masses of the cluster pixels are calculated; they are its most important 
characteristic, which determines the position in space.  

To find the direction of axis of a cluster, the coordinates of the midpoints of its lines are first 
determined. Further, using the least squares method, the obtained set of points is 
approximated by a segment of the straight line passing through the centre of masses (Fig. 
15). This straight line is considered to be the axis of the cluster. Sometimes this procedure 
has to be repeated for the midpoints of the columns. This is due to the fact that at the first 
stage we can obtain not a longitudinal axis but  a transverse axis. Then at the second stage 
the axis will for certain be longitudinal. An important characteristic of the axis is its slope. 
(For instance, in the problem of the scattering of neutron-excess nuclei (Starkov, 2010) it 
determines the direction of the search for the extension of the tracks of particles scattered at 
a large angle.) 

 
 
 
 

Fig. 15. Determination of the coordinates of a cluster. 
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There is a possibility to find the position of the axis and its directions by minimizing the 
momenta of inertia of the pixels relative to the straight line passing through the centre of 
masses of the cluster: 

 
The width of the cluster is determined as a doubled mean distance of the pixels of the boundary 
to its axis. The length is determined as the length of part of the axis lying inside the cluster.  

The above given definitions for the axis, width and length are sufficiently exact for clusters 
of convex or close to convex shape. If clusters are bent or have a more complex shape, these 
concepts cease to be exact and are not used. The shape of a cluster in this case is reflected 
more accurately, e.g., by the ratio of its area to a circle of a diameter equal to the length of 
the cluster.  

 
                                                                            a 

 
Fig. 16. Assessment of cluster parameters using logic operations. 
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Sometimes logic operations help to assess the characteristics of tracks (Russ, 2006). For 
instance, Fig. 16a shows how the alignment of two images – the initial cluster and a set of 
parallel lines – and the application of AND operation to them makes it possible to assess the 
width of the cluster and its profile. Another example (Fig. 16b) shows the application of 
AND operation to a cluster and a family of semistraight lines emanating from the centre of 
masses, for determining the profile of a convex cluster with a hole. PAVICOM’s software 
package is provided with a block enabling similar operations.  

 
 

 
                                      a                                                                   b 

Fig. 17. 

The shape of a cluster can also be assessed using Feret diameters – the distances between the 
outer tangents to the cluster drawn at a certain angle to the X axis. Figure 17a presents 
examples of Feret diameters F0, F45, F90 and F135. Another important concept is the convex 
perimeter, which is a perimeter of such a convex figure, which is circumscribed around the 
cluster and has the least perimeter of all similar figures (Fig. 17b).  

Tracks of nuclei in olivine have complex shapes. Etching of olivine in places of heavy nuclei 
passage forms  channels shaped as “syringes” (see Fig. 18a). It should be noted that details 
of the geometric shape of a track can be important for the determination of the charge of a 
particle. For this reason, information on the pixels of the cluster boundary should be 
preserved during the clusterization. The result of clusterization in the case of a syringe-
shaped cluster is given in Fig. 18b.  

Proceeding from the physico-chemical pattern of interaction, the scheme of the formation of 
such an etchable channel can be described as follows. There is a threshold value of energy 
losses, D, to which Emax corresponds. For olivine, D = 18 MeV/(mg·cm–2). If the energy of a 
particle is greater than Еmax, no visible channel emerges after etching.  

As it decreases, starting from Еmax, when losses become greater than D – 2 MeV/(mg·cm–2), 
the rate of etching begins to exceed the rate of etching of non-damaged sections and 
gradually rises until the value of losses D + 2 MeV /(mg·cm–2) (energy Е1) is reached. A 
narrow etched channel (Fig. 20) emerges at this segment of the track. In the further 
deceleration of the particle (Е < E1) the etching rate sharply increases and, respectively, the 
etchable region of this segment acquires a larger diameter. At the end of the track before the 
particle is stopped the energy losses again drop down below the threshold D, and the 
channel ends with a narrow spike (Fig. 20).   
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Fig. 18. An example of a track of a galactic cosmic-ray heavy nucleus in olivine (a); the result 
of its recognition by the program (b). The track shown in Fig. 18a has an extension to the 
higher adjacent  field of vision. In Fig. 18b, this extension is found by means of a special 
algorithm of searching for track extensions on adjacent fields of vision and is highlighted in 
red. It can be seen that the fields of vision are partially overlapped, which facilitates the  
alignment of adjacent fields of vision in the search for track extensions.  

Thus, the etchable channels for heavy nuclei are shaped as “syringes”. Figure 21 presents 
examples of images of real channels in olivine, which confirm the existence of the above 
described mechanism.  

 
Fig. 19. Ionization losses of 2656Fe, 3684Kr, 44101Ru, 54 131Xe, 70173Yb, 82207Pb, 92238U nuclei in 
olivine depending on the residual run.  
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Fig. 20. A scheme of the formation of an etched section of a track in olivine. Top, the value of 
ionization losses. Bottom, shapes of various sections of the track.  

       

     
Fig. 21. Photographs of the tracks of nuclei in olivine. 

As seen in Fig. 19, the length of the etchable channel can reach several millimetres or even 
more. At the same time, the size of most olivine crystals available for analysis is 2–3 mm. 
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Fig. 20. A scheme of the formation of an etched section of a track in olivine. Top, the value of 
ionization losses. Bottom, shapes of various sections of the track.  

       

     
Fig. 21. Photographs of the tracks of nuclei in olivine. 

As seen in Fig. 19, the length of the etchable channel can reach several millimetres or even 
more. At the same time, the size of most olivine crystals available for analysis is 2–3 mm. 
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This indicates that in the case of very heavy nuclei part of the etchable segment of a track 
proves to be outside the crystal.  
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Fig. 22. 

As it was already pointed out, the main aim of the project OLIMPIYA is to determine the 
charge composition of cosmic rays in the region of heavy and superheavy nuclei. The value 
of the charge is related to the characteristics of the etched track. The major of them is the 
etchable length Letch, however, as we already mentioned, for very heavy nuclei it exceeds the 
sizes of olivine specimens and could not be found by available means. As a way out of the 
situation, it was proposed to use an additional value – the etching velocity. This value 
changes during the etching and increases as we approach the stoppage point of the particle 
(Perron & Bourot-Denise, 1986; Perron & Maury, 1986). Figure 22 shows the dependence of 
the etching velocity on charge and residual run RR (Perron & Bourot-Denise, 1986), i.e., 
practically before the stoppage point. (The PAVICOM facility processed the data of the 
calibration of olivines by the U, Xe, Kr, Au nuclei.)  

In the general form, the dependence of the etching velocity V on charge Z and residual 
length L can be presented as a surface shown in Fig. 23, whose values for the missing 
charges are obtained by interpolation. 

The method of assessing the value of charge consists in the two-dimensional interpolation of 
the surface (Fig. 23) by the measured values of V and L for a track etched in olivine.  

Figure 24 shows the result of such a procedure for the heaviest nuclei. The family of the 
curves shown by coloured squares, represents the dependence of Z(V, L). Blue circles with 
errors are the results of our measurements. The size of errors along the vertical and 
horizontal axes reflects the accuracy of the measurements. It is seen that the accuracy of 
charge determination depends on the position of points on the plane (V, L) and is from ±1 
up to ±2. 
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Fig. 23. 

 
Fig. 24. 

To date, 133 crystals from the Marjalahti meteorite and 37 from the Eagle Station meteorite 
have been processed; 4900 and 1839 tracks, respectively, have been found and identified. Of 
them, about 40 tracks have been assigned to nuclei with Z  88. Among them, 5 events with 
Z  92 have been found. The ratio of the abundance of nuclei with Z  88 to that of nuclei 
with 74 ≤ Z ≤ 87 is  0.045 ± 0.015 (Marjalahti) and 0.025 ± 0.02 (Eagle Station). These values 
are slightly larger than in the UHCRE experiment (0.0147 ± 0.0032) (Donnelly et al., 1999), 
but are well consistent with the data of the TREK, HEAO and Ariel experiments (Binns et 
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Fig. 22. 

As it was already pointed out, the main aim of the project OLIMPIYA is to determine the 
charge composition of cosmic rays in the region of heavy and superheavy nuclei. The value 
of the charge is related to the characteristics of the etched track. The major of them is the 
etchable length Letch, however, as we already mentioned, for very heavy nuclei it exceeds the 
sizes of olivine specimens and could not be found by available means. As a way out of the 
situation, it was proposed to use an additional value – the etching velocity. This value 
changes during the etching and increases as we approach the stoppage point of the particle 
(Perron & Bourot-Denise, 1986; Perron & Maury, 1986). Figure 22 shows the dependence of 
the etching velocity on charge and residual run RR (Perron & Bourot-Denise, 1986), i.e., 
practically before the stoppage point. (The PAVICOM facility processed the data of the 
calibration of olivines by the U, Xe, Kr, Au nuclei.)  

In the general form, the dependence of the etching velocity V on charge Z and residual 
length L can be presented as a surface shown in Fig. 23, whose values for the missing 
charges are obtained by interpolation. 

The method of assessing the value of charge consists in the two-dimensional interpolation of 
the surface (Fig. 23) by the measured values of V and L for a track etched in olivine.  

Figure 24 shows the result of such a procedure for the heaviest nuclei. The family of the 
curves shown by coloured squares, represents the dependence of Z(V, L). Blue circles with 
errors are the results of our measurements. The size of errors along the vertical and 
horizontal axes reflects the accuracy of the measurements. It is seen that the accuracy of 
charge determination depends on the position of points on the plane (V, L) and is from ±1 
up to ±2. 
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Fig. 24. 

To date, 133 crystals from the Marjalahti meteorite and 37 from the Eagle Station meteorite 
have been processed; 4900 and 1839 tracks, respectively, have been found and identified. Of 
them, about 40 tracks have been assigned to nuclei with Z  88. Among them, 5 events with 
Z  92 have been found. The ratio of the abundance of nuclei with Z  88 to that of nuclei 
with 74 ≤ Z ≤ 87 is  0.045 ± 0.015 (Marjalahti) and 0.025 ± 0.02 (Eagle Station). These values 
are slightly larger than in the UHCRE experiment (0.0147 ± 0.0032) (Donnelly et al., 1999), 
but are well consistent with the data of the TREK, HEAO and Ariel experiments (Binns et 
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al., 1989; Fowler et al., 1987; Westphal et al., 1998). Figure 25 shows the charge distribution 
of tracks of nuclei we obtained in the course of the project OLIMPIYA, as compared with the 
abundance of galactic nuclei obtained in the HEAO and Ariel experiments (Binns et al., 
1989; Fowler et al., 1987; Westphal et al., 1998). 

Three superlong tracks (Ltr > 700 µm), whose etching speed was Vetch > 35 µm/h were found 
in the course of the project OLIMPIYA. If it is taken into account that the experimentally 
measured maximal etching rate of tracks in olivine for uranium nuclei before their stop is 
Vetch, U = 26 ± 1 µm/h, then it becomes clear that the charges of these nuclei significantly 
exceed Z = 92. As in this region of charges the function Z(RR, Vetch) is unknown, the function 
Z(RR ≈ 50, Vetch) at a residual range RR ≈ 50 nuclei, for which the experimental data of the 
calibration measurements are available, was extrapolated to assess the charge of the 
transuranium nuclei in the first approximation. In this case, the lower boundary of the 
charge was assessed to be Z = 105 (Aleksandrov et al., 2011). 

Thus, the data on the charge composition of approximately 600 nuclei with charge more 
than 55, whose distribution is in agreement with the data of other experiments, were 
obtained in the project OLIMPIYA. Besides, tracks of three superheavy nuclei of galactic 
cosmic rays were found and identified in the studied crystals of olivines from meteorites. In 
the first approximation, their charge is within the interval of 105 < Z <130. There is no doubt 
that the results obtained in the project OLIMPIYA confirm the hypothesis on the existence of 
“stability islands” for natural trans-Fermi nuclei.  

 
Fig. 25. Abundance of superheavy nuclei A(Z) (AFe = 106). Squares – HEAO (Binns et al., 
1989; Fowler et al., 1987; Westphal et al., 1998), circles – Ariel (Binns et al., 1989; Fowler et al., 
1987; Westphal et al., 1998), crosses – own results. 
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6. Conclusions 
Thus, the worked out image recognition methods were successfully used in processing the 
data of various track detectors. An important advantage of the developed software package 
for the PAVICOM facility is its universal character, which makes it possible to combine 
separate components into a user program without any significant modifications and 
corrections. At present, work is underway to elaborate the prospects of using PAVICOM 
and accumulated experience of automated recognition of images for studies of neutrinoless 
double beta decay, research into the inner structure of industrial objects by means of muon 
radiography, expansion of the PAVICOM potential for recognition of objects on images in 
various innovation works, e.g., in automation of blood parameters in medicine.  
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1. Introduction 
In plasma diagnostics, scattering of electromagnetic waves is widely used for identification 
of density and wave field perturbations. Very often difficulties with implementations of this 
type of diagnostics are connected with the fact that scattered signals have small amplitudes  
comparable with the noise level. Under such conditions it is very important to implement 
the algorithm which allows us to identify and separate the scattered wave spectrum from 
the noise pattern. In the present work we use a powerful mathematical approach, dynamic 
logic (DL) [1], to identify the spectra of electromagnetic (EM) waves scattered by a Langmuir 
soliton – a one-dimensional localized wave structure. Such wave structures are understood 
to be basic elements of strong plasma turbulence. 

We are interested in the implementation of the Dynamic Logic algorithm for diagnostics of 
electromagnetic waves scattered by Langmuir soliton in the presence of random noise with 
amplitudes comparable with the amplitudes of the scattered waves. Scattering of EM waves 
on Langmuir soliton was previously analyzed by many authors (see for example Sinitzin, 
1978, 1979; Mendoca, 1983). 

For our purposes we will use the results for electromagnetic wave (EM) scattering on 
Langmuir soliton obtained in Mendonca, 1983, where scattering on low frequency part of 
density perturbations (density well) as well as scattering on high frequency part of density 
perturbations was examined and corresponding expressions for the amplitudes of the 
scattered waves were obtained. 

2. EM scattering by Langmuir soliton 
Langmuir soliton is a solution to the well known Zakharov equations (Zakharov, 1972): 
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Here 0n  is the plasma density, n  the density of perturbation, e
s

Tc
M

  the ion-sound 

velocity ( eT  is electron temperature and M  is ion mass), E the complex amplitude of the 
Langmuir waves. 

Fundamental object of the theory of strong Langmuir turbulence, Langmuir soliton 
(Rudakov, 1972), can be obtained from the equations (1)-(2) when we are looking for  
traveling wave solutions in the form: 

 ( , ) ( ) exp[ ( )] .LS LS x LS LSt E x ut i k x t c c   E r e   (3) 

with imposed boundary conditions ( ) 0E x     and with LS pe    . In  (3) xe   is 
the unit vector along the x-axis. 

Below we will use a well known solution to (1)-(2) which is given by:  

 ( , ) sec ( )exp( ) . .LS LS x LS LS
x utt E h ik x i t c c

  


E r e                      (4) 

Where    is the soliton half-width, which can be expressed through the electrostatic energy 
density normalized to the plasma thermal energy density

2

0

| |
4

LS
LS

e

EW n T : 

 
3

De

LS

r
W

                 (5) 

Frequency LS  and wave number LSk  are defined as: 
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where vTe  and Der are electron thermal speed and Debye radius.   

Electric field of an EM wave interacting with a Langmuir soliton can be written in the 
following form: 

 0 0( )
0 0( , ) . .i t

pE e c c k rE r t e               (8) 

where pe  is the polarization unit vector, 0  and 0k are the frequency and the wave vector 
of the EM wave. These  are connected through the dispersion relation: 

 
2 2 2 2
0 0 pek c                                    (9) 

In the process of scattering the EM wave will interact with electron density perturbations 
associated with a Langmuir soliton. These density oscillations consist of high and low 
frequency parts: 
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The high frequency oscillations can be presented as: 
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For the low frequency part (density well) we can use: 
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It is well known that the ratio 1 2/n n  is of the order of unity and we need to take into 
account contributions to the scattered EM fields from both high and low frequency parts of 
density perturbations. As a result far away from the soliton it is possible to obtain the 
scattered wave field in the following asymptotic form (Mendonca, 1983): 

 0 1 0 2( ) 2 ( ) ( ) 2 ( ) ( )iqx iqx
f LS s LS sE x A E E e B W E e                 (13)   

In (13)   ( )A   and ( )B   are given by: 
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where  1 and 2 are defined as: 

 1 0 LS                       (16) 

2 0     

As it follows from (13)-(16) at large distances from the soliton it is possible to detect four 
scattered waves. Below for illustrative purposes we are presenting these four scattered 
waves which appear due to interaction of the incident EM wave, propagating at the 450 
angle in x-y plane with the moving along the x - axis soliton.  

The pattern of the total normalized electric field amplitudes of scattered EM waves given in 
(13) is presented in Fig. 2. 

The Fourier spectrum of scattered EM waves is presented in Figure 3. Below we will use this 
spectrum in implementation of the Dynamic Logic algorithm. 

We are interested in implementation of Dynamic Logic algorithm for diagnostics of 
electromagnetic waves scattered by Langmuir soliton in the presence of random noise with 
amplitudes comparable with the amplitudes of the scattered waves. Imposing the random 
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Fig. 1. Scattered EM waves produced due to interaction of the incident EM wave with 
Langmuir soliton. 

 

 
Fig. 2. The pattern of the total normalized electric field amplitudes of scattered EM waves.   

 

 
Fig. 3. The Fourier spectrum of scattered EM waves from (13). 
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noise pattern on top of the Fourier spectrum in Figure 3 with amplitudes comparable with 
that of the scattered EM waves we will obtain the following 2D pattern in the Fourier space: 

  
Fig. 4. Combined Fourier spectrum, consisting from the spectrum of scattered EM waves 
and random noise pattern with comparable amplitudes. 

As it clearly seen in Figure 4, scattered EM wave spectrum is hidden in the noise pattern. 
Our aim is to apply Dynamic Logic algorithm in order to extract information on scattered 
EM waves from the pattern in Figure 4.  

3. Implementation of the dynamic logic algorithm 

In order to demonstrate the basics of the DL algorithm we will present below one 
illustrative example. Suppose we have two classes 1  and 2 . We also have samples 

kX where samples with k=1 belong to class 1 and with k=2 to class 2 . Every sample k  
has two features 1 2( , )k k kx xX . In Figure 5  two groups of samples are presented. Red dots 
define samples from class k=1 and blue dots – from class k=2. 

 
Fig. 5. Two groups of samples. Samples defines as red dots belong to the class k=1 and 
samples defined as blue dots to class k=1. 

Typically, due to random variations there is good reason to expect the features in every class 
to be distributed normally (that is, according to the well-known Gaussian function, or “bell 
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curve"). A normal distribution  is completely specified by its set of parameters { , }  M , 
where M  is the mean vector and   is the covariance matrix (related to the width, or 
“spread", of the distribution). The equation for a normally-distributed probability density 
function (pdf)  for the class k=1 is: 

 1
1 1 1 1

1

1 1( , ) exp[ ( ) ( )]
2(2 ) | |

T
n n nd

p


     


X X M X M   (17) 

In (17) 1( , )np X   is the probability that sample n with the feature vector ,1 ,2( , )n n nX XX   
belongs to process 1  with 1 1 1( , )  M  . In (17) 1M is the mean vector for the class 1  
and components of the mean vector are defined as: 

 1, 1( | )k kM X p d




  X X   (18) 

Components of the covariance matrix 1  for the class 1  are defined as: 

 1, 1, 1, 1 1( )( ) ( | , )ij i i j jX M X M p d 




    X X   (19)  

When we have N training samples 1,nX which belong only to class 1  the procedure to find 
the parameters of the Gaussian distribution 1 1 1={ , } M is as follows [6]. We need to 
introduce the likelihood function 1( )L  : 
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can be maximized by setting to zero its partial derivatives with respect to the parameters 
1 1 1{ , }  M . Resulting maximum likelihood values for the mean and covariance in the 

class 1  are: 
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Components of the covariance matrix   for the class 1 are defined as: 
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Now we will return to the problem formulated at the beginning of this section. Suppose we 
have two processes (classes) running 1  and 2 . We also have identified N samples  

,1{ }nX which belong to class  1 and another N samples  ,2{ }nX  which belong to class 2 . 
Our aim is to design a classifier for sorting out the remaining unlabelled samples which 
belong either to the class k=1 or to the class k=2, assuming that we know the features  

1 2( , )n n nx xX  of  remaining samples, but do not know to which class do they belong. The 
procedure we should follow is as follows. First we gather a set of training samples N for 
each of the two classes k=1 and k=2. Next we assign feature values 1 2( , )n n nx xX  to each 
sample. Then for each class, separately, we estimate the mean and covariance using (22), to 
give us a set of parameters { , }k k k  M  with k = 1,2. Knowing these parameters we can 
compute the pdf  ( | )kp X  of the data according to equation (17).  Then we can compute, for 
each unlabelled sample, the probability  

 ( | ) ( )( | )
( )

n k

n

p P kP k n
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Equation (23) gives the probability ( | )P k n  that sample n belongs to class k. To classify the 
unlabelled sample n, we simply choose the class k’, for which probability is the highest.  

Equations (23) is just an expression of Baye’s rule. Note that in equation (23) it is assumed 
we know the a priori probabilities P(k) for each class. Obviously, for each sample the 
probabilities must add up to one, i.e. 
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After we described how to estimate the mean and covariance of a single normal (Gaussian) 
distribution from a collection of data samples, below we will describe how to estimate 
parameters when the pdf is a weighted mixture, or summation, of Gaussian functions.  
Gaussian mixtures can be used to model complicated data sets. In such a case, each source 
corresponds to a class k which is parameterized by its own mean and covariance which we 
need to estimate.  In addition to the mean and covariance, we also need to estimate the a 
priori probabilities for each class, i.e. what fraction of the samples belong to each class. The 
estimation of parameters for mixture models is complicated by the fact that the data samples 
are unlabelled, i.e. we don’t know which data samples correspond to which class. Because of 
this inconvenience, it will be impossible to compute direct analytical expressions for the 
maximum-likelihood parameter estimates. However, we will be able to derive a convergent, 
iterative process to estimate the parameters. To do so we will perform the following basic 
procedure. First, a generic model for the data is defined in which the parameters for each 
class k are assumed to be the only unknowns. Next, a metric is selected which will be used 
to evaluate the “goodness of fit” between the model and the data for certain set of parameter 
values. Finally, an algorithm is developed to maximize the “goodness of fit” with respect to 
the parameters. Below we will describe maximum likelihood (ML) parameter estimation, in 
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Now we will return to the problem formulated at the beginning of this section. Suppose we 
have two processes (classes) running 1  and 2 . We also have identified N samples  

,1{ }nX which belong to class  1 and another N samples  ,2{ }nX  which belong to class 2 . 
Our aim is to design a classifier for sorting out the remaining unlabelled samples which 
belong either to the class k=1 or to the class k=2, assuming that we know the features  
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sample. Then for each class, separately, we estimate the mean and covariance using (22), to 
give us a set of parameters { , }k k k  M  with k = 1,2. Knowing these parameters we can 
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Equation (23) gives the probability ( | )P k n  that sample n belongs to class k. To classify the 
unlabelled sample n, we simply choose the class k’, for which probability is the highest.  

Equations (23) is just an expression of Baye’s rule. Note that in equation (23) it is assumed 
we know the a priori probabilities P(k) for each class. Obviously, for each sample the 
probabilities must add up to one, i.e. 
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After we described how to estimate the mean and covariance of a single normal (Gaussian) 
distribution from a collection of data samples, below we will describe how to estimate 
parameters when the pdf is a weighted mixture, or summation, of Gaussian functions.  
Gaussian mixtures can be used to model complicated data sets. In such a case, each source 
corresponds to a class k which is parameterized by its own mean and covariance which we 
need to estimate.  In addition to the mean and covariance, we also need to estimate the a 
priori probabilities for each class, i.e. what fraction of the samples belong to each class. The 
estimation of parameters for mixture models is complicated by the fact that the data samples 
are unlabelled, i.e. we don’t know which data samples correspond to which class. Because of 
this inconvenience, it will be impossible to compute direct analytical expressions for the 
maximum-likelihood parameter estimates. However, we will be able to derive a convergent, 
iterative process to estimate the parameters. To do so we will perform the following basic 
procedure. First, a generic model for the data is defined in which the parameters for each 
class k are assumed to be the only unknowns. Next, a metric is selected which will be used 
to evaluate the “goodness of fit” between the model and the data for certain set of parameter 
values. Finally, an algorithm is developed to maximize the “goodness of fit” with respect to 
the parameters. Below we will describe maximum likelihood (ML) parameter estimation, in 
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which we seek to maximize the log-likelihood of the parameters with respect to a collection 
of data samples.  This approach is appropriate for standard data in which all samples are 
weighted equally in terms determining model parameters.  

Next, we introduce an alternative known as maximum entropy (ME) parameter estimation. 
Here the parameters are chosen to maximize the Einsteinian log-likelyhood. This metric is 
appropriate for processing digitized image data, in which samples are weighted according 
to their pixel values. 

4. Maximum likelihood (ML) estimation 
We now describe maximum-likelihood (ML) parameter estimation for a Gaussian Mixture 
[1, 6]. Mathematically, the mixture model for two classes k=1 and k=2  is represented by the 
equation: 
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where kr  is the mixture weight for class k and 1 1 2 2{ , , , }r r    is the total set of parameters 
for the mixture. Also ( , )k k k  M  is the subset of mean and covariance parameters for 
class k. Each class k has the normal (Gaussian) distribution: 
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Since kr   denotes the fraction of the total samples that belong to class k, it is, by definition, 
equivalent to the a priori probability P(k) for class k. It is a well-known fact that these 
probabilities should sum to one, i.e.: 
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Our goal is to compute the maximum likelihood (ML) parameter estimates  
1 1 2 2{ , , , }r r   

   
 given the additional constraint in equation (25). As in the previous 

Section,  this is accomplished by a process that incorporates the derivatives of the log-
likelihood with respect to each parameter: 
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The maximum-likelihood parameter estimates exactly satisfy the equations: 
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Equation (31) is actually a form of Baye's and can be interpreted as the association 
probability, i.e. the probability that sample n belongs to class k. Equations (28) and (29) are 
intuitively pleasing in the sense that they are identical to their counterparts Eqs. (21) and 
(22) for the normal distribution, except that here each sample is weighted by the association 
probability P(k/n). 

Although Eqs. (28)-(31) look simple enough, they are actually a set of coupled nonlinear 
equations, because the quantity P(k/n) on the right-hand sides is a function of all the 
parameters 

 , as can be seen from equations (31) and (25). If a person could solve these 
equations directly, they would yield the exact values for the maximum-likelihood 
parameters - unfortunately a direct solution is intractable. However, we can compute the 
parameters indirectly, by iterating back and forth between the parameter estimation 
equations (28)-(30) and the probability estimation equation (31). In other words, the 
parameter estimates  [ ( ) ( ) ( ), , I I I

k k krM ]  in iteration I are computed using the association 
probabilities ( 1)( / )IP k n  computed from the previous iteration (I -1). Next, the association 
probabilities ( )( / )IP k n  in iteration I are computed using the parameter estimates 
[ ( ) ( ) ( ), , I I I

k k krM  ] from iteration I. Mathematically, this procedure corresponds to an 
approximate set of equations, analogous to Eqs. (28)-(31), which are iteration procedure to 
compute parameter estimates:  
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which we seek to maximize the log-likelihood of the parameters with respect to a collection 
of data samples.  This approach is appropriate for standard data in which all samples are 
weighted equally in terms determining model parameters.  

Next, we introduce an alternative known as maximum entropy (ME) parameter estimation. 
Here the parameters are chosen to maximize the Einsteinian log-likelyhood. This metric is 
appropriate for processing digitized image data, in which samples are weighted according 
to their pixel values. 

4. Maximum likelihood (ML) estimation 
We now describe maximum-likelihood (ML) parameter estimation for a Gaussian Mixture 
[1, 6]. Mathematically, the mixture model for two classes k=1 and k=2  is represented by the 
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(22) for the normal distribution, except that here each sample is weighted by the association 
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and iteration procedure to compute probabilities : 
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To initialize the procedure, parameter values are assigned at random, or by other means. 
Then the above set of equations is repeated until convergence, typically on the order of 100 
iterations.  

Below in Figures 6 – 7 results of implementation of the DL algorithm for the problem of 
identification of samples which belong to two different classes 1 and 2   described above 
and illustrated in Figure 5, are presented.  

 
Fig. 6. With increasing iterations, the Dynamic Logic (DL) model adapts to segment data 
samples drawn from multiple random processes.  In this example, the data samples are 
drawn from two Gaussian random processes, and the DL model consists of two 
components.  The dots and circles represent the data samples, while the black ellipses 
represent the 2-sigma extent of the DL covariance, centered at the mean for each DL 
component.  (a) Initially, the mean parameters for the components are assigned random 
initial values, and the covariance parameters are initialized in order to roughly span the 
sample data.  (b)  After several iterations the DL components begin to partition the data in a 
fuzzy manner as their evolving mean and covariance parameters cause them to “shrink” to 
fit each sample cluster.  (c) Upon convergence, the DL model correctly segments the 
samples, and the mean and covariance parameters of the DL components provide good 
estimates for the mean and covariance of the underlying random processes. 

In practice, one can decide whether convergence has been obtained by plotting the log-
likelihood vs. iteration number and looking for a leveling of in the curve. The procedure is 
guaranteed to converge, in the sense that LL will never increase between successive 
iterations. However, convergence to an extraneous local minimum is sometimes possible. If 
this error occurs, and can be detected, the user must repeat the procedure after choosing a 
new set of initial conditions. The iterative procedure described above was pioneered by 
Perlovsky [1] and, independently, by others. In fact, the procedure has been shown to be an 
application of the well-known expectation-maximization (or EM) algorithm which is 
described, for example, in [20] and the references therein. 
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5. Maximum entropy (ME) estimation 
In ML estimation, discussed above, we utilized the log-likelihood  to determine the “goodness 
of fit" between the model and the data. This well-known metric is appropriate for standard 
data in which all samples are weighted equally in terms determining model parameters. 
However for some data sets, for example those involving digitized images, we require a 
different metric that will incorporate the natural weighting of samples corresponding to 
their pixel values [1,6]. For these problems we now introduce the metric known as the 
Einsteinian log-likelihood: 
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Here, the function  0( )np X  denotes the distribution of pixel values as a function of pixel 
position within the image. Note that nX  is no longer a vector of classification features, as 
has been the case up until now, but rather a vector giving the position 1 2[ , ]Tn n nx xX  of the 
nth  pixel in the image. 

The Einsteinian log-likelihood LLE, which was introduced by Perlovsky[1], has some 
interesting physical interpretations relating to photon ensembles, etc., as discussed in [1]. It 
is also related to some standard measures of similarity used in the information theory arena. 
In fact, maximizing LLE  with respect to the parameters is equivalent to minimizing the 
relative entropy, or Kullback-Leibler distance [5]. 
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In any case, it is easy to see that if 0( ) 1np X , then the Einsteinian log-likelihood LLE   in 
equation (36) reduces to the standard log-likelihood LL given by equation (27). 

The equation describing our mixture distribution is the same as equation (25): 

 
1

( | ) ( |, ) 
K

k k
k

p r p


  X X   (38)   

Where 

 11 1( , ) exp[ ( ) ( )]
2(2 ) | |

T
k k k kd

k

p


     


X X M X M   

Also, as before, ( , )k kr   , k = 1; 2; ::: ;K , is the total set of parameters for the mixture, 
while { , }k k k  M  is the subset of mean and covariance parameters for class k, and kr  is 
the mixture weight for class k. Substituting equation  (38)  into equation (37), we obtain the 
following expression for the Einsteinian log-likelihood: 
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and iteration procedure to compute probabilities : 
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For convenience we will assume that the data 0( )np X is normalized, i.e.: 
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so that the data and model have the same total energy, the kr  must sum to one, i.e.: 
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Our goal is to compute the maximum entropy (ME) parameters  


 which maximize LLE  
given by equation (39) subject to the constraint in equation (42). The mathematical 
derivation for the ME parameter estimates is almost identical to the mathematics governing 
the ML estimates. The result is that the ME parameters exactly satisfy the equations:  
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As described in Section IV, the parameter estimation equations, above, are actually a set of 
coupled nonlinear equations, due to the implicit dependence within the bracket notation on 
the unknown parameters. However, we can compute the ME parameter estimates using a 
convergent, iterative process, identical to the process described in Section IV for the ML 
parameter estimates. In this process we alternate, in each iteration, between updating the 
probabilities ( | )P k n  and the parameters { kM , k , kr }.  
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Applying maximum entropy estimation method to the problem of detection of scattered by 
a Langmuir soliton EM waves hidden in a noise pattern (see Fig. 5) we will obtain the 
following result, presented in Fig. 7. 

 
Fig. 7. (upper left) The combined measured spectra of several soliton waves are completely 
obscured by measurement noise.  (upper right)  The DL model is initialized with random 
model parameters.  (lower left)  After a few iterations the DL model begins to learn the 
structure of the data, and model components begin to adapt to fit the soliton spectra.  (lower 
right)  Upon convergence, the DL model is able to adaptively segment the data into 
background noise vs. multiple soliton spectra, despite the low signal-to-clutter ratio. 

6. References 
[1] Perlovsky, L.I. (2001). Neural Networks and Intellect: using model-based concepts. 

Oxford  University Press, New York, NY (3rd printing). [2]  Rudakov, L.I., DAN 
Sov. Acad. Sci,  vol. 207, p. 821-823, 1972. 
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model parameters.  (lower left)  After a few iterations the DL model begins to learn the 
structure of the data, and model components begin to adapt to fit the soliton spectra.  (lower 
right)  Upon convergence, the DL model is able to adaptively segment the data into 
background noise vs. multiple soliton spectra, despite the low signal-to-clutter ratio. 
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1. Introduction

Numerical simulations of astrophysical processes and subsequent predictions are an
important complement to observational astronomy. With increasing computational
performance available the demands on accuracy and functionality of the simulations grow
steadily, leading to increasing amounts of complex data sets requiring three-dimensional
visualization for proper analysis. Modern graphics hardware provides suitable rendering
technology, however, many visually impressive approaches used in computer games, for
instance, do not immediately transport over to application upon scientific data sets since
priorities are different. Specific software for scientific visualization of astrophysical data
does not necessarily need to provide photo-realistic rendering, but should rather be able to
comprehensively display all features of a data set. False-color imaging has long been an
established approach in observational astronomy. For three-dimensional time-dependent
data sets the optional parameter space is even larger. As similar requirements occur in
other scientific domains beyond astrophysics, data visualization benefits extraordinarily well
from interdisciplinary approaches, for instance describing curved space in general relativity
is similar to diffusion tensor fields occurring in magneto-resonance imaging in medical
visualization (Benger et al., 2006).

Visualization of numerical astrophysics faces certain challenges because of the different
data types involved together. For instance, a typical visualization data set may involve
both particle-based and volumetric data, thus requiring complex techniques to handle
transparency, see e.g. Kaehler et al. (2007).

Interdisciplinary approaches face various difficulties, starting with incompatibilities of the
data format and data model (Benger, 2009). Common use is to provide specific solutions to
specific problems. Unifying approaches to cover various needs under one denominator are
rare, but essential in the longer term (Dougherty et al., 2009). In this article we will review a
systematic approach for modeling and visualization of data sets across scientific disciplines,
demonstrating this approach upon a set of state-of-the art astrophysical simulations.
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2 Will-be-set-by-IN-TECH

2. Open issues in numerical astrophysics

The demand for sophisticated numerical simulations and hence for high performance
visualization is somewhat exceptional in the field of astrophysics. Other than related
disciplines, astrophysical research is very limited in the feasibility to conduct controlled
experiments with their objects of interest. Experimental data and deducted knowledge
is mainly gained from extensive observational studies. However they generally lack two
important pieces of information: Due to the vast time scales of astrophysical processes
(typically 106 − 109 years), imaging comes practically without any data on temporal evolution,
since even a decade of astronomical observation is nothing but a snatch on these scales.
Moreover, we always find entirely two dimensional spatial information in astrophysical
images, since - especially for extragalactic objects - the viewing angle between the observatory
and the astrophysical object is fixed. Hence, scientific insight to the evolution and
development of astrophysical targets comes from comprehensive statistical analysis of a large
number of single observations that are interlinked to a big picture.

From a purely theoretical point of view, the physics that governs astrophysical processes
and objects are very well known; a multitude of systems and configurations are described
with concepts from hydrodynamics coupled with gravitation, radiation and magnetism.
Mathematically, radiation hydrodynamics (RHD) and magnetohydrodynamics (MHD) are
systems of coupled nonlinear partial differential equations. The necessity for enormous
computational efforts lies in the nonlinearity of the equations on the one hand and the
diversity of time- and spatial scales that are involved and to be resolved on the other
hand. Supercomputing has thus become a major driver for research in astrophysics and
even has opened entirely new fields that defy astronomical observations at the present
state of technology. In the following two sections we want to present two case studies
of astrophysical numerical simulations where data examinations benefit immensely from
visualization techniques.

2.1 Galaxy clusters

Groups and clusters of galaxies have formed cosmologically recently in the hierarchical
structure formation process of the universe. They are the largest gravitationally bound
objects known and were mainly built during the last four billion (109) years by successive
merging of galaxies, a picture that is supported both by observations (White & Frenk, 1991)
as well as simulations (Bertschinger, 1998). The common understanding of cosmological
structure formation is based on the so called concordance model (Ostriker & Steinhardt, 1995),
which assumes hypothetical massive particles in the form of cold dark matter (CDM), a
collisionless species of material that exclusively interacts gravitationally. In this CDM model,
primordial fluctuations briefly after the big bang acted as gravitational potential seeds for
slightly inhomogeneous mass accumulations that were not felt by normal baryonic matter
until the universe had cooled down substantially. The length scales and amplitudes of
these anisotropies can be observed in the cosmic microwave background (de Oliveira-Costa
et al., 2004) and are used for the generation of initial conditions for CDM simulations on
cosmological scales.
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2.1.1 Simulation setup

For initial conditions we are using COSMICS (Bertschinger, 1995), a package that generates
appropriate Gaussian random initial conditions with the feasibility to enforce statistical
overdensities of dark and baryonic matter at designated places in the domain. This way,
groups and clusters of dark matter halos evolve naturally within a N-body simulation
of collisionless CDM. In our setup we model dark matter particles with the N-body
implementation of GADGET-2 (Springel, 2005). This sophisticated parallelized tree-code
is applied at resolutions of 1283 − 5123 particles in comoving volumes of 40Mpc/h which
produces up to > 2TB of binary data for > 130 million particles traced. We are primarily
interested in secondary processes (rather than structure formation itself) that affect the
baryonic matter fraction of such as the formation of actual galaxies within dark matter halos
and their interaction with the surrounding gas, the so called intra cluster medium (ICM). Our
premier research topic deals with the enrichment of this ICM with chemical elements that are
produced in stars and transported to the intra cluster gas via a number of distinct mechanisms.
One main challenge in such simulations is a proper modeling of the astrophysical processes
on the wide range of spatial and temporal scales that are at play. While we are interested in gas
dynamics up to several Mpc radius from the cluster center, those mechanisms that cause the
enrichment of the ICM with heavier elements occur on practically stellar dimensions (<pc),
such as stellar winds, the loss of gaseous envelopes at the AGB phase of stellar evolution and
supernovae explosions. Even with the most advanced technical facilities imaginable today we
would still be far away from being able to resolve such a wide range of scales consistently.

In order to overcome this dilemma, semi-analytical galaxy formation models (SAM) are
introduced. These SAMs deduce characteristic galactic quantities by a recipe based on the
merger history of the dark matter halos that were simulated beforehand. In other words, the
SAM assigns collective quantities such as total gas mass, angular momentum, starformation
rate in the galaxies etc. to the halos regarding their merger history by observationally
motivated, heuristic formulae and prescriptions. We use our own semi-analytical model (van
Kampen et al., 1999) while there is also a relevant publicly available open source project
called Galacticus (Benson, 2010). On top of all specified preliminary simulations there is a
hydrodynamical grid-code with PPM Riemann solver that treats the intra cluster medium
on the gravitational background of the dark matter simulation. The output from the SAM
provides for two main contributions to ICM enrichment with chemical elements, namely
ram-pressure stripping and galactic winds (see section 2.1.2), which are used as input for the
hydrodynamical simulation. The number of independent points in computation is 11/8 · 1283

up to 11/8 · 5123 due to the fact that we apply four nested grids each with doubling resolution.
The galaxy cluster is forming in the domain center of the hydrodynamical simulation which
captures a smaller volume than the CDM simulation in order to have adequate boundary
conditions for the gas flows (mainly inflow). All of the simulations are conducted on
a non-steady scale, the aforementioned comoving volume of the cosmic expansion. The
physical variables are scaled accordingly to this expansion, in cosmology sometimes also
called the Hubble flow.

2.1.2 Metal enrichment by ram-pressure stripping and galactic winds

The chemical evolution of the universe is quite well understood in principle. The theory
of primordial nucleosynthesis provides abundances that fill the early universe merely with
hydrogen and helium homogeneously. However we know that today’s universe is high in
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heavier elements, such as carbon, silicon, oxygen etc. Furthermore we know that these heavy
elements (in astrophysics also called metals) have to be synthesized in stars but the question
remains: How are they transported into the ICM of a galaxy group or a galaxy cluster where
we can observe them (Blanton et al., 2003; Lovisari et al., 2009)?

There are two main astrophysical mechanisms that enrich the intra cluster medium, namely
ram-pressure stripping and galactic winds while the latter is to be understood as collective
of numerous distinct astronomical processes. Ram-pressure is the force a galactic plane of
gas experiences while falling towards the center of a cluster due to the surrounding ICM
as described in section 2.2. Ram-pressure stripping occurs whenever a certain pressure
threshold is reached, and leads to the separation of the galaxy’s planar gas from the stellar
component of stars in the disk. Its contribution to metal enrichment in galaxy clusters is
mainly influenced by the density of the ICM which naturally shows a gradient towards the
cluster center. Also the in-falling velocities of the galaxies increase towards the main potential
well in the center. Hence, ram-pressure stripping is primarily governed by circumstances of
kinematics and the spatial distribution of the galaxies (Domainko et al., 2008). On the other
hand, galactic winds are dominantly affected by the factors of galactic evolution such as the
history of merger events and subsequent star-burst phases which lead to enormous galactic
winds due to temporarily concentrated collective supernovae explosions (Finoguenov et al.,
2000). Generally, galactic winds are driven by the star formation rate which is in principle
higher in early times of cluster formation since merging events occur much more frequently.
Such disturbances trigger density fluctuations in the gas which then leads to increased star
formation.

We are interested in the efficiency of different transport processes in enriching the ICM and
in the spatial distribution of metal abundances in the cluster at a certain epoch of evolution.
Due to the complexity of the involved physical processes and the richness of our data, we are
keen to visualize the manifold parameter space both preferably exhaustive and as clearly as
possible, which will be discussed exemplary in section 4.1.

2.2 Ram-pressure stripping of disk galaxies

As described in section 2.1, galaxy clusters consist of dark matter, galaxies and a hot, thin
gas, the ICM. These clusters of galaxies have been formed through the hierarchical structure
formation process from dark matter and primordial gas. Part of the primordial gas, the ICM,
can be observed by X-ray observations. This plasma, even though it is very hot (∼ 108K) and
thin (10−29 − 10−26 g cm−3), exerts a pressure on the inter-stellar medium (ISM). According
to (Gunn & Gott, 1972), the ISM is stripped if this ram pressure exceeds the gravitational
restoring force. Moreover, ram pressure compresses the gas in the spiral arms of the galaxy
and enhances the star formation within the galaxy. External pressure of the ICM also causes
the formation of dense gas knots where lots of new stars are formed (e.g. (Hester et al., 2010)).
Yet it is unclear and matter of research how efficient these processes are with uncertainties
being mainly mixing of different gas phases and instabilities.

2.2.1 Simulation setup

To simulate ram-pressure stripping of a galaxy, we use the N-body/hydrodynamic simulation
code GADGET-2 (Springel, 2005). The N-body part treats the collisionless dynamics of
dark-matter and stars. To this end, GADGET-2 uses a sophisticated tree code (as first
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introduced by Barnes & Hut, 1986) and treePM code respectively to calculate the gravitational
force. The gas of the galaxies and the ICM are treated hydrodynamically via smoothed
particle hydrodynamics (SPH, see Gingold & Monaghan, 1977; Lucy, 1977)). Furthermore, our
special version of GADGET-2 includes radiative cooling according to (Katz et al., 1996) and a
recipe for star formation, stellar feedback and galactic winds from (Springel & Hernquist,
2003) because we are mainly interested in the influence of ram-pressure stripping on the
star formation. As the resolution in our simulations is far too low to resolve gas clouds
forming single stars, the star formation in the ISM is described in a statistical manner. The
continuous distribution of the ISM is represented by SPH particles, holding spatially averaged
hydrodynamic quantities, the star formation is calculated for each such particle. The gas mass
is divided into two gas phases, hot ambient medium used for hydrodynamic computations
and cold gas clouds which form new stars on a characteristic time scale when a density
threshold is exceeded. During star formation, at the same time, a fraction of 10 % according
to a Salpeter IMF (Salpeter initial mass function, see Salpeter, 1955) is immediately released to
the hot ambient medium due to supernovae from massive stars exceeding 8 M�. The inclusion
of the cooling of hot ambient medium leads to the growth of the cold gas clouds making star
formation self regulating.

To simulate ram-pressure stripping of disk galaxies, we need a model galaxy as well as a
way to simulate the ICM, interacting with the model galaxy. Model galaxies include the
ISM, the stellar disk, a bulge and dark matter. For the stellar and gaseous component a
disk with exponentially decreasing density along the radius is used whereas for the bulge
and the dark-matter halo a NFW profile (Navarro et al., 1996) is applied. Consequently,
the distribution and velocity of the particles are set according to (Mo et al., 1998). To avoid
numerical artifacts and to get a realistic model, we evolve the galaxies in isolation for 1 billion
years. Thereafter, the star formation rate has settled and spiral arms are forming in the disk.

Finally, the model galaxies interact with the ICM. For that purpose, the setup described in
Kapferer et al. (2009) and Kronberger et al. (2008) is used. The idea is to simulate the effect
of a wind tunnel. The galaxy is moving instead of the wind in our setup, leading to the same
result. We fill a cube with gas particles to represent the ICM. To keep the gas density stable
over time, periodic boundary conditions are imposed. To avoid numerical artifacts due to the
SPH scheme, the same gas mass-resolution as for the ISM has to be used. Since only cubic
simulation domains are supported and a side-length of at least 800 kpc for the cube is needed,
a huge amount of particles would be necessary. To avoid lowering the resolution in the ISM,
just a cuboid of gas particles with the required resolution is built up where the model galaxy
flies through. The rest of the cube is filled with gas particles having a 100 times lower mass
resolution. Anyway, the same gas density is used. With this configuration, the density of the
wind-tunnel changes only by 4 % over a simulation time of 800 million years. We evaluate the
results, finally, by removing the ICM particles from the data to investigate the morphology of
the gas and stellar disk as well as the influence of ram-pressure stripping on the star formation
rate.

3. Visualization methodology

In many visualization systems solutions to a particular problem are based on specific data
structures. Such diverse approaches are sensitive to the growing demands of new datasets,
as such may likely require design changes leading to incompatibilities within the same
application as well as among older and younger data sets. Even worse, an extensive set of
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and the dark-matter halo a NFW profile (Navarro et al., 1996) is applied. Consequently,
the distribution and velocity of the particles are set according to (Mo et al., 1998). To avoid
numerical artifacts and to get a realistic model, we evolve the galaxies in isolation for 1 billion
years. Thereafter, the star formation rate has settled and spiral arms are forming in the disk.
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over time, periodic boundary conditions are imposed. To avoid numerical artifacts due to the
SPH scheme, the same gas mass-resolution as for the ISM has to be used. Since only cubic
simulation domains are supported and a side-length of at least 800 kpc for the cube is needed,
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3. Visualization methodology

In many visualization systems solutions to a particular problem are based on specific data
structures. Such diverse approaches are sensitive to the growing demands of new datasets,
as such may likely require design changes leading to incompatibilities within the same
application as well as among older and younger data sets. Even worse, an extensive set of
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specific solutions effects the learning curve of both the application developer and end-user of
the visualization system since each solution has to be learned anew on a case-by-case basis.
Our approach, based on the Vish Visualization Shell (Benger et al., 2007), contrasts such ad-hoc
approaches on the design level by routing all data structures and visualization methods based
on them through a common denominator, providing a systematic approach for modeling data
and visualizing them. While this concrete data structure is limited in applicability to a certain
type of data, this class of data types is broad enough to address most cases occurring in
scientific visualization. This data model will be reviewed in this section and discussed for
its applicability specifically to data sets from astrophysical simulations.

3.1 Using a common data model

Expressing all types of data occurring in astrophysical simulations within the same data
organization framework is the first step towards a systematic approach contrasting ad-hoc
visualization on case-by-case basis. No commonly agreed solution exist yet, but an approach
based on the mathematics of fiber bundles has been proposed early by (Butler & Pendley,
1989). Inspired by its successful implementation in the OpenDX data explorer (Treinish, 1997),
the data model has been advanced to cast data into a hierarchy of six levels (Benger, 2004).
This skeleton forms the basis for visualizing data in a very generic and reusable way (Benger,
2008).

3.1.1 Mathematical background

The central idea is to organize data by their mathematical commonalities, following the
theories of topology, differential geometry, and geometric algebra (Hestenes, 1999). The model
is based on the assumption that data for scientific visualization can be organized as a fiber
bundle, which considers a total space E as being constructed from a base space B and a
fiber space F such that locally E = B × F. The base space in this context is described by a
discretized manifold, which in topology is modeled via a CW − complex as a hierarchical set of
spaces, the so-called k-skeletons, each of them describing vertices, edges, faces, cells of some
spatial domain (see Benger et al., 2011, for a more detailed review). Differential geometry
introduces charts as mappings from manifolds to real numbers, allowing to represent physical
quantities given at each point of the underlying manifold numerically in one or more
coordinate systems. Having the choice of alternative numerical representations of the same
physical quantity is essential for computational accuracy since not all coordinate systems
are equivalently suited for a particular problem. However, the numerical representation
of some quantity is frequently confused with the object itself, though differential geometry
demonstrates that objects with same numerical representation (for instance, three numbers)
have different mathematical properties (e.g. covariant and contra-variant vectors). Not
many data models (and file formats) support expressing such distinctions as required by
accurate treatment of differential geometry. One step further is even the consideration of
Geometric Algebra (Hestenes, 1999), which intents to unify various branches of mathematics
itself through a common treatment. It is thus a natural complement to be considered in a data
model (Benger et al., 2010).

3.1.2 Conceptual data organization

In the model used for our work data are cast into a hierarchy of seven levels. These levels are:
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1. Slice - bundles all data by their parameter space such as physical time
2. Grid - bundles all data related to a geometric entity
3. Skeleton - bundles all data related to a topological property
4. Representation - bundles all data related to a specific coordinate system
5. Field - contains data representing a physical quantity
6. Fragment - contains a subset of a data field
7. Component - contains a component of a multi-valued field

From these seven levels only two are exposed to the end-user: the Grid and the Field;
the remaining levels serve to internally describe the mathematical properties of the data.
The two last levels, Fragment and Component, are optional, and used to express practical
extensions beneficial to domain decomposition in HPC computations and different memory
layouts (Benger, 2008). Actual data in the form of numerical arrays reside only in the last level
of this hierarchy. Each of these arrays is accessed via a path through this hierarchy, similar to a
file in a filesystem. This path defines the semantics of the given data values and the existence
of entries in the hierarchy defines the properties of the entire data set. For instance, diagram
(1) demonstrates how the coordinates of a particle data set data set describing dark matter at
a time 3.4Gy are modeled using a Cartesian chart (“/” denotes the “root” node which bundles
all data):

/ Slice−−→ 3.4Gy Grid−−→ Dark Matter Skeleton−−−−→ Vertices
Representation−−−−−−−−→ Cartesian Chart Field−−→ Positions

(1)
Similarly arbitrary fields such as velocity of the particles can be added to the data:

/ Slice−−→ 3.4Gy Grid−−→ Dark Matter Skeleton−−−−→ Vertices
Representation−−−−−−−−→ Cartesian Chart Field−−→ Velocity

(2)
The Skeleton level carries a set of topological invariants described by integer values:
dimensionality, index depth and refinement. Hereby index depth denotes the “dereference”
information of a Skeleton, similar to a pointer indirection in C, allowing to build
agglomerations of points: Vertices are assigned index depth zero, k-cells constructed from
vertices are index depth one, complexes of cells are index depth two and so forth. The
dimensionality is an intrinsic property of a topological space, which is uniquely defined by
its neighborhood information. This neighborhood information could be explicitly specified
by providing a map from each element to its neighbors (such as required for a particle set),
or implicitly in case of a structured data set given by an n-dimensional array. Such a gridded
data set (a regular grid) is described by two entries, one defining the coordinate information
(physical coordinates), the second one the actual data, for instance a density field:

/ −→ 3.4Gy −→ Dark Matter −→ Vertices:32 × 32 × 32 −→ Cartesian Chart −→ Positions (3)

/ −→ 3.4Gy −→ Dark Matter −→ Vertices:32 × 32 × 32 −→ Cartesian Chart −→ Density (4)

The positions may be given explicitly at each point (curvilinear grid), via a tensor product
of one-dimensional arrays (rectilinear grid) or by specifying just the bounding box of a
uniform grid. This infrastructure allows to naturally exploit commonalities among data sets
describing particle sets and uniform grids as the mere difference is the dimensionality of the
skeleton describing the vertices. A specific visualization algorithm may or may not consider
this property, but in any case will be based on the same data management functions. In a
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is based on the assumption that data for scientific visualization can be organized as a fiber
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fiber space F such that locally E = B × F. The base space in this context is described by a
discretized manifold, which in topology is modeled via a CW − complex as a hierarchical set of
spaces, the so-called k-skeletons, each of them describing vertices, edges, faces, cells of some
spatial domain (see Benger et al., 2011, for a more detailed review). Differential geometry
introduces charts as mappings from manifolds to real numbers, allowing to represent physical
quantities given at each point of the underlying manifold numerically in one or more
coordinate systems. Having the choice of alternative numerical representations of the same
physical quantity is essential for computational accuracy since not all coordinate systems
are equivalently suited for a particular problem. However, the numerical representation
of some quantity is frequently confused with the object itself, though differential geometry
demonstrates that objects with same numerical representation (for instance, three numbers)
have different mathematical properties (e.g. covariant and contra-variant vectors). Not
many data models (and file formats) support expressing such distinctions as required by
accurate treatment of differential geometry. One step further is even the consideration of
Geometric Algebra (Hestenes, 1999), which intents to unify various branches of mathematics
itself through a common treatment. It is thus a natural complement to be considered in a data
model (Benger et al., 2010).

3.1.2 Conceptual data organization

In the model used for our work data are cast into a hierarchy of seven levels. These levels are:
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5. Field - contains data representing a physical quantity
6. Fragment - contains a subset of a data field
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From these seven levels only two are exposed to the end-user: the Grid and the Field;
the remaining levels serve to internally describe the mathematical properties of the data.
The two last levels, Fragment and Component, are optional, and used to express practical
extensions beneficial to domain decomposition in HPC computations and different memory
layouts (Benger, 2008). Actual data in the form of numerical arrays reside only in the last level
of this hierarchy. Each of these arrays is accessed via a path through this hierarchy, similar to a
file in a filesystem. This path defines the semantics of the given data values and the existence
of entries in the hierarchy defines the properties of the entire data set. For instance, diagram
(1) demonstrates how the coordinates of a particle data set data set describing dark matter at
a time 3.4Gy are modeled using a Cartesian chart (“/” denotes the “root” node which bundles
all data):
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Similarly arbitrary fields such as velocity of the particles can be added to the data:
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(2)
The Skeleton level carries a set of topological invariants described by integer values:
dimensionality, index depth and refinement. Hereby index depth denotes the “dereference”
information of a Skeleton, similar to a pointer indirection in C, allowing to build
agglomerations of points: Vertices are assigned index depth zero, k-cells constructed from
vertices are index depth one, complexes of cells are index depth two and so forth. The
dimensionality is an intrinsic property of a topological space, which is uniquely defined by
its neighborhood information. This neighborhood information could be explicitly specified
by providing a map from each element to its neighbors (such as required for a particle set),
or implicitly in case of a structured data set given by an n-dimensional array. Such a gridded
data set (a regular grid) is described by two entries, one defining the coordinate information
(physical coordinates), the second one the actual data, for instance a density field:
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The positions may be given explicitly at each point (curvilinear grid), via a tensor product
of one-dimensional arrays (rectilinear grid) or by specifying just the bounding box of a
uniform grid. This infrastructure allows to naturally exploit commonalities among data sets
describing particle sets and uniform grids as the mere difference is the dimensionality of the
skeleton describing the vertices. A specific visualization algorithm may or may not consider
this property, but in any case will be based on the same data management functions. In a
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similar manner as distinguishing particle sets and uniform (or curvilinear, rectilinear) grids
within the same framework more complex and other data types can be built, for instance by
adding refinement levels as additional Skeletons (adaptive mesh refinement), or utilizing the
Fragment level to specify a distribution of a data set by many blocks (multiblock data) instead
of one contiguous data volume.

3.2 Visualization on the fiber bundle

3.3 Base space

The base space of a data set refers to the topological properties of how data are given in space,
in particular if (and what kind of) neighborhood information among data points is known.
For instance, for a particle set we might not know such neighborhood information and we
may thus consider it to be “zero-dimensional” even though these particles may be embedded
in some two- or three-dimensional space. This embedding would allow to construct
neighborhood information (e.g. via triangulation), but such is secondary information as it
does not come with the data set per se.

3.3.1 Zero-dimensional base space

Display of a point sets’ coordinates is the most common denominator across all data types and
can be done for any data set providing a global coordinate system (which is not necessarily
the case for general relativistic data where a curved spacetime does not necessarily exhibit a
global coordinate system, but must rather be described by coordinate patches - “fragments”
in the data model).

Splatting (Westover, 1990) is a technique for displaying smooth volumetric information on a
point set, appropriate both for particle sets as well as for unstructured and structured grids. In
its basic implementation it draws billboards with a point spread function at each coordinate
location, a technique which is well supported by graphics hardware. Using a Gaussian
intensity function is a frequent choice for the point spread function, but other functions
have their merits as well. We use the same spline kernel (Monaghan & Lattanzio, 1985) as
point spread function for the visualization as is used in the SPH simulations performed by
GADGET-2 (Springel, 2005), which has the advantage of vanishing at the boundaries of the
finite billboard geometry (in contrast to a Gaussian function which extends to infinity):

I(r) ∝

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

1 − 6r2 + 6r3 0 ≤ r ≤ 1
2

2(1 − r)3 1
2 < r < 1

0 r ≥ 1

(5)

Here, r is the normalized radius per billboard (point splat) ranging from zero to one and I(r)
the intensity at each pixel. The size of the splat may be constant or scaled with a numerical
value given at each point (for instance the mass of a galaxy’s stellar disc). This intensity
function forms the basics for displaying scalar-, vector- and tensor fields given at each point.
Point splatting is most effective when rendering the billboards transparently; this however
turns out to be quite challenging, as will be discussed in section 3.5.
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3.3.2 One-dimensional base space

In a one-dimensional base space each vertex has exactly two neighbors, described via a
Skeleton of dimension one and index depth one for the “edges” of this data set. A sequence of
edges is modeled by a Skeleton of index depth two, which defines a set of lines. It is described
in the data model by three nodes:

/ −→ 3.4Gy −→ Dark Matter −→ Vertices −→ Cartesian Chart −→ Positions (6)

/ −→ 3.4Gy −→ Dark Matter −→ Edges −→ Vertices −→ Positions (7)

/ −→ 3.4Gy −→ Dark Matter −→ LineSet −→ Edges −→ Positions (8)

Hereby the edge and lineset information is just a collection of arrays of indices. In the context
of astrophysical SPH simulations lines occur as trajectories of the involved particles, showing
their evolution over time. Given a line we may explore intrinsic scalar (fig. 1) or vectorial
(fig. 2) quantities such as the velocity, curvature (which is related to the acceleration) and
torsion (which is related to the change of the acceleration), see e.g. (Benger & Ritter, 2010) for
a discussion of line properties for visualization. Such may help verifying the dynamic model
of the simulation and provide further insight to the dynamics.

Difficulties arise if the number of particles varies over time, for instance when considering
mergers of galaxies. In such case a particle given at one time does not have a unique
predecessor which leads to trajectories becoming non-manifolds where derivative operations
are no longer defined. In the data model it is possible to model such topologies by providing
explicit “future” and “past” skeletons that map the index of one particle at a time to
the set of successors or predecessors. In order to provide this information, this topology
has to be defined already in the previous simulation step, namely the link between the
N-body simulation and the semi-analytical galaxy model as described in section 2.1.1. This
intermediate step is realized via so called halo finders (Knebe et al., 2011) which identify
gravitationally bound structures but often fail to represent a holistic merger tree with unique
mappings over several time steps.

3.3.3 Two-dimensional base space

Surfaces introduce a Skeleton of dimension two and index depth one to the data model.
Each element of this Skeleton describes a face element, which are triangles for a triangular
surface. Such a Skeleton may co-exist with a line set Skeleton, thereby allowing to describe
paths within a surface. Evolution surfaces tracing the dynamic behavior of some initial
surface may be of interest, as well as iso-surfaces of a scalar quantity in a volume. For mere
visual depiction of three-dimensional isolevels of a scalar field the explicit computation of
isosurfaces (for instance using the marching cubes (Lorensen & Cline, n.d.) algorithm) is not
required, modern graphics hardware allows to yield fast and even visually superior results via
volume rendering with transparency set to “peaks” in the alpha channel, as will be discussed
in the next section.

3.3.4 Three-dimensional base space

In the data model a three-dimensional base space is formally described by a one-dimensional
Skeleton for the edges, a two-dimensional Skeleton for the faces and a three-dimensional
Skeleton for the cells, extending the description of a two-dimensional base space by a
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point spread function for the visualization as is used in the SPH simulations performed by
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the intensity at each pixel. The size of the splat may be constant or scaled with a numerical
value given at each point (for instance the mass of a galaxy’s stellar disc). This intensity
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third dimension. In practice this full description is only required for irregular meshes,
e.g. tetrahedral, hexahedral or mixed grids. For regular grids, where each vertex has
eight neighbors these Skeletons can be omitted as specifying the number of vertices in each
dimension is sufficient, allowing for extensions such as Adaptive Mesh Refinement (AMR)
schemes (Berger & Oliger, 1984), multiblock and domain decomposition as well as curvilinear
and rectilinear coordinates. Each of these properties can be independently introduced in the
data layout, thus allowing all possible combinations (e.g. rectilinear multiblock, curvilinear
AMR, etc.).

3.4 Fiber Space

3.4.1 One-dimensional fiber space

Scalar fields are an example of a one-dimensional fiber space as they provide one quantity
per data point. Depending on the dimensionality of the base space, point splatting, colorized
lines or surface, or volume rendering are established techniques. Fig. 1 shows lines colorized
by intrinsic line quantities, norm of acceleration and torsion (change of acceleraton). For

(a) Curvature (b) Torsion

Fig. 1. Scalar properties of trajectories in the galaxy cluster.

three-dimensional base spaces one of the most popular hardware-accelerated technique used
to visualize one-dimensional Fiber Space (e.g. scalar field) is texture-based volume rendering.
First introduced by Cullip & Neumann (1994), the basic idea is to approximate the volume
rendering equation, eq. 13, by sampling the volume data using a stack of 2D textures, and to
exploit graphics hardware capabilities to extract sets of slices from the volume. The volume
rendering evaluation is then approximated by blending the textured slices in back-to-front
order into the frame buffer. The high parallelism exposed by the pixel-processing unit during
rasterization and the exploitation of bi- or trilinear interpolation capabilities of modern GPUs
are the rationale behind of the success of this method. The technique has been further
extended in several ways, e.g to support multiresolution representations of the volume data,
to increase depth perception using shading (Stöckl et al., 2010) or to use an advanced optical
model (see e.g. Kniss et al., 2002; Weiler et al., 2000).
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3.4.2 Two-dimensional fiber space

It is often desirable to visualize the correlation of scalar fields, such as mass versus potential or
other combinations. For particle sets (Benger, 2008) demonstrated the mapping of such scalar
quantities to colorization, size and coordinate displacement of a splat-based representation.
In situations where texture-based volume rendering can be used, the usual color-mapping
algorithm can be extended to use the transparency values from another scalar field, thereby
allowing to display two scalar fields at once in a volume (“dual volume rendering”, see section
4.2).

3.4.3 Three-dimensional fiber space

Vector fields constitute a three-dimensional fiber space. The intuitive way to visualize a
vector field via arrows fails for massive amounts of data, in particular when given within
a three-dimensional volume. The splatting technique for scalar fields can well be extended
to incorporate directional information by using anisotropic splats (Crawfis & Max, 1993).
In our work we extended this idea by adding a colorization mimicking doppler-shift such
that the velocity component in view direction is mapped to red or blue. This technique of
“‘Doppler Speckles” (Benger et al., 2009) is particularly effective for astrophysical data. It is of
general usability independent from the dimensionality of the base space (as any splat-based
technique) and allows to display e.g. the tangential vectors (fig. 2(a)) or the acceleration
(fig. 2(b)) of galaxy trajectories.

(a) Galaxy Trajectory Velocity (b) Galaxy Trajectory Acceleration

Fig. 2. Vectorial properties of galaxy cluster trajectories.

3.4.4 Higher-dimensional fiber space

Tensor fields extent the presented dimensionalities. Second order tensor fields are commonly
used in computational physics, for example, to describe tension in continuum mechanics,
viscosity in fluid dynamics, or space time curvature in numerical relativity. Direct and
integration methods exist for visualization. An overview of tensor visualization can be found
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eight neighbors these Skeletons can be omitted as specifying the number of vertices in each
dimension is sufficient, allowing for extensions such as Adaptive Mesh Refinement (AMR)
schemes (Berger & Oliger, 1984), multiblock and domain decomposition as well as curvilinear
and rectilinear coordinates. Each of these properties can be independently introduced in the
data layout, thus allowing all possible combinations (e.g. rectilinear multiblock, curvilinear
AMR, etc.).

3.4 Fiber Space

3.4.1 One-dimensional fiber space

Scalar fields are an example of a one-dimensional fiber space as they provide one quantity
per data point. Depending on the dimensionality of the base space, point splatting, colorized
lines or surface, or volume rendering are established techniques. Fig. 1 shows lines colorized
by intrinsic line quantities, norm of acceleration and torsion (change of acceleraton). For

(a) Curvature (b) Torsion

Fig. 1. Scalar properties of trajectories in the galaxy cluster.

three-dimensional base spaces one of the most popular hardware-accelerated technique used
to visualize one-dimensional Fiber Space (e.g. scalar field) is texture-based volume rendering.
First introduced by Cullip & Neumann (1994), the basic idea is to approximate the volume
rendering equation, eq. 13, by sampling the volume data using a stack of 2D textures, and to
exploit graphics hardware capabilities to extract sets of slices from the volume. The volume
rendering evaluation is then approximated by blending the textured slices in back-to-front
order into the frame buffer. The high parallelism exposed by the pixel-processing unit during
rasterization and the exploitation of bi- or trilinear interpolation capabilities of modern GPUs
are the rationale behind of the success of this method. The technique has been further
extended in several ways, e.g to support multiresolution representations of the volume data,
to increase depth perception using shading (Stöckl et al., 2010) or to use an advanced optical
model (see e.g. Kniss et al., 2002; Weiler et al., 2000).
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3.4.2 Two-dimensional fiber space

It is often desirable to visualize the correlation of scalar fields, such as mass versus potential or
other combinations. For particle sets (Benger, 2008) demonstrated the mapping of such scalar
quantities to colorization, size and coordinate displacement of a splat-based representation.
In situations where texture-based volume rendering can be used, the usual color-mapping
algorithm can be extended to use the transparency values from another scalar field, thereby
allowing to display two scalar fields at once in a volume (“dual volume rendering”, see section
4.2).

3.4.3 Three-dimensional fiber space

Vector fields constitute a three-dimensional fiber space. The intuitive way to visualize a
vector field via arrows fails for massive amounts of data, in particular when given within
a three-dimensional volume. The splatting technique for scalar fields can well be extended
to incorporate directional information by using anisotropic splats (Crawfis & Max, 1993).
In our work we extended this idea by adding a colorization mimicking doppler-shift such
that the velocity component in view direction is mapped to red or blue. This technique of
“‘Doppler Speckles” (Benger et al., 2009) is particularly effective for astrophysical data. It is of
general usability independent from the dimensionality of the base space (as any splat-based
technique) and allows to display e.g. the tangential vectors (fig. 2(a)) or the acceleration
(fig. 2(b)) of galaxy trajectories.

(a) Galaxy Trajectory Velocity (b) Galaxy Trajectory Acceleration

Fig. 2. Vectorial properties of galaxy cluster trajectories.

3.4.4 Higher-dimensional fiber space

Tensor fields extent the presented dimensionalities. Second order tensor fields are commonly
used in computational physics, for example, to describe tension in continuum mechanics,
viscosity in fluid dynamics, or space time curvature in numerical relativity. Direct and
integration methods exist for visualization. An overview of tensor visualization can be found
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in Benger & Hege (2006). An integration method by computing geodesics is, for example,
described in Ritter (2011). In figure 3 a direct splat based technique is applied, utilizing
orientation, scaling, color and texture (presented in Benger & Hege, 2003). Three shape factors
linearity, planarity and spherity, see Westin et al. (1997), are the basis for the appeareance of
a splat capturing the relationship of the eigenvalues. One dominanant eigenvector results in
high linearity, illustrated as green lines. Two dominant eigenvectors result in high planarity,
illustrated as red plane. Three dominant eigenvectors result in high sphericity, illustrated
through increased transparency, see fig. 3.

Fig. 3 shows tensor splats of the point distribution tensor illustrating geometrical properties
of a point cloud. The point distribution tensor at a point i with position Pi is given by

Tdist(i) =
N−1

∑
k=0

(Pk − Pi)⊗ (Pk − Pi)
t (9)

where N is the number of points to consider.

(a) Distribution Tensor Splats (b) Distribution Tensor Splats Detail

Fig. 3. Distribution tensor field of the RAM-pressure data set at T = 0 reveals geometric
regions of linear, planar and volumetric structure. The neighborhood was chosen four times
the SPH particle radius.

3.5 Fusing of methods via global transparency

Transparency has been enlisted as one of the five major challenges in interactive rendering
and, more in general, of Computer Graphics (Andersson, 2010). As well as transparency, other
physical phenomenons such as absorption, emission and scattering processes identify energy
transfers in the form of electromagnetic radiation. The equation of radiative transfer describes
these interactions mathematically (Chandrasekhar, 1960) and in its simplest one-dimensional
form it is known as

dI(s)
ds

= ε(s)− κ(s)I(s) (10)

270 Astrophysics
Visualization Methods for

Numerical Astrophysics 13

where ε(s) is the emissivity function (the source of light at each point along a sight path)
and κ(s) the extinction function (caused by light scattering or absorption). This differential
equation has the general solution

I(s) = I(s0)e
− ∫ s

s0
κ(s̃)ds̃

+

s∫

s0

S(s̃)e−
∫ s

s̃ κ(ŝ)dŝds̃ (11)

where S(s) := ε(s)/κ(s) is called the source function. For constant extinction κ(s) = const.
we can write the optical depth

∫ s1
s0

κ(s)ds = κ(s1 − s0) leading to a simpler solution:

I(s) = I(s0)e−κ(s−s0) +

s∫

s0

S(s̃)e−κ(s−s̃)ds̃ (12)

which for constant emissivity ε(s) = const. (thus S(s) = const.) reduces to the rendering
equation used in computer graphics (Kajiya, 1986)

I(s) = I(s0)e−κ(s−s0) + S
s∫

s0

e−κ(s−s̃)ds̃ = I(s0) e−κ(s−s0)︸ ︷︷ ︸
=:α

+S(1 − e−κ(s−s0)︸ ︷︷ ︸
α

)

= I(s0)α + S(1 − α) ,

(13)

also known as alpha-blending.

Alpha-blending has been introduced almost 30 years ago, and it is the de facto standard
technique for transparency. Solving the rendering equation via alpha blending requires to
handle object ordering, which means that if we want to correctly evaluate the rendering
equation, we should assure that objects contribute to the final pixel color with the correct
ordering. Order-independent transparency (OIT) denotes any technique that allows to render
transparent objects without having to sort them before they are being rendered, thus sorting
is performed by the technique itself (e.g. depth peeling (Everitt, 2001) and the A-Buffer
(Carpenter, 1984)). OIT techniques are computationally intensive and complex. They often
require extra efforts to be used with other techniques, e.g. antialiasing. For these reasons
developers would avoid to implement OIT and would prefer a simpler and faster algorithm
that does not require sorting. Of course, such techniques are non-physical, nevertheless
sometimes they may still be sufficient to provide some insight into the data while avoiding
the higher cost of a correct solution.

Bounded A-Buffer. The traditional image-based algorithm for fragment sorting is the
Z-buffer (Catmull, 1974). However, for each pixel, only the fragment with the lowest
(or greatest) depth is kept, and the others are discarded. The A-buffer (Carpenter, 1984)
extends the Z-buffer by storing a list of rasterized fragments for each pixel, sorted by depth.
Potentially, the A-buffer is a powerful tool to implement OIT techniques. Nevertheless, it
requires an unbounded memory per pixel. Recently, Callahan et al. (2005) introduced the
K-buffer, a per pixel fixed-size buffer of fragments that is maintained in GPU memory. There
exist many proposals for implementing the K-Buffer on the GPU, for example by using the
stencil routing algorithm (Myers & Bavoil, 2007) or by exploiting generic atomic operations
available in OpenGL 4.0 (Yang et al., 2010). It requires only one geometric pass, thus being
more efficient than techniques such as depth peeling (Everitt, 2001). Despite the technique can
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store only K fragments per pixel, a recent extension called Adaptive Transparency overcomes
this limitation by using an approximated and adaptively compressed visibility representation
(Salvi et al., 2011).

Moreover, even the data types involved in transparency drastically change the effectiveness
of the technique used (e.g. particle vs volumetric vs mesh). While each of the previously
mentioned methods is a more or less straightforward mapping of the given data to a rendering
method using shaders in OpenGL, fusing them into an integrated visualization encompassing
more than one such type is non-trivial if transparency is involved.

Combining volume and particle visualization. Astrophysical simulations are a classical
visualization scenario where often data of different types are involved. An example is
having both particle-based and volumetric data. The approaches used to visualize transparent
particle-based (e.g. splatting approaches, see Westover, 1990), and the ones used for volume,
(e.g. texture-based slicing, see Weiler et al., 2000) or GPU-assisted ray casting (Kaehler
et al., 2007; Kruger & Westermann, 2003) work well alone. Again, if we relax our needs
and we consider one of the two data sets in input as completely opaque, we can afford a
combined visualization by using a two pass approach: the first pass for opaque objects, and
the second for transparent ones, thus we combine results by exploting hardware depth-buffers
and blending operations. Nevertheless, problems arise when both data sets are transparent.
Kaehler et al. (2007) introduced an interesting approach for high-quality visualization of
volume rendering of grid data and unstructured point set. Their approach is based on
a GPU-accelerated raycasting algorithm, where point data is stored in a GPU-octree data
structure (e.g. a 3d texture) in order to efficiently access it during ray traversal.

4. Results

4.1 Galaxy clusters

One main demand for a comprehensive data analysis is the visualization of both grid data
(that comes from the hydrodynamical simulations) and the point data (coming from the
N-body simulation and the SAM) at the same time. As expounded in the previous section,
we are first and foremost interested in secondary effects of cosmic structure formation that
influence the inter cluster medium. The analysis of the hydro-simulation should reveal,
how material coming from galactic ram-pressure stripping and galactic winds behaves in this
extremely hot (107 − 109K) and thin (10−3 particles per cm3) ICM.

The density and temperature plots in figures 4 (a) and (b) reveal crosswise major in-falling
regions of hot gas that is further (shock-)heated and condensed in the central region of the
cluster. The dots represent the galactic halos of which structures partially coincide with peaks
in gas temperature and density, but clearly not always. This unique combined visualization
of these two types of data reveals that groups of galaxy halos can produce remarkable
substructures that also show in the gaseous component of the cluster. Furthermore there is
a considerable amount of galaxies that are not fast enough to shock-heat the ICM excessively
while descending towards the cluster center.

Especially fascinating in this context are the metallicity plots that disentangle chemical
enrichment caused by galactic winds (Fig. 4 (c)) and ram-pressure stripping (Fig. 4 (d)).
The trails of metals are much longer for the wind component and they begin much earlier in
time and in further outwards regions of the cluster. Ram-pressure only acts above a certain
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pressure threshold that can merely be achieved if both surrounding density of the ICM and the
relative velocities of gas and galaxies are sufficient. Ram-pressure stripping however can in
succession be especially effective and deprive the galaxy of a considerable fraction of its gas on
cosmologically short time scales. Since galactic winds are predominantly driven by collective
supernovae explosions as denoted in section 2.1.2, the metal yields are composed differently
for wind respectively ram-pressure enriched material. This should lead to an inhomogeneous
spatial distribution of chemical elements in a cluster which is however not yet observable with
todays instruments and remains to be investigated also observationally in future projects.

(a) Density (b) Temperature (c) Wind Metallicity (d) RAM Pressure

Fig. 4. Hydrodynamic quantities on the galaxy cluster.

4.2 Magnetic fields in clusters of galaxies

The technique outlined in section 3.4.2 is very well suited to investigate the correlations of
plasma properties in the intra-cluster medium (ICM) from simulations of clusters of galaxies.
The simulations cover the evolution of the intra-cluster medium (ICM) from an early redshift
z ∼ 100 to the present time (z = 0) and include cosmic expansion, dark matter, baryonic
matter, magnetic fields, (magneto-) hydrodynamics and radiative cooling.

The correlations between certain plasma properties can give important information on the
dynamics of the whole system that might not be detectable or quantifiable when looking at
those properties separately. A good example for this is the correlation between the magnetic
pressure pmag and the density ρ in the ICM which gives an insight into the importance of
turbulence and dynamo effects during the cluster creation. Fig. 5 shows a Dual Volume
Rendering of magnetic pressure and density of the ICM for a cluster with a total mass of
Mtot = 2.72 × 1014 M� at redshift z = 0. In Fig. 5(d) the dense isocontours of the magnetic
pressure together with the high density values (blue-green) but low density gradients clearly
indicate a region with high magnetic turbulence, which is otherwise only visible in a log
pmag-log ρ correlation diagram where features cannot be localized in the 3D domain. Likewise
in Fig. 5(e), the purple region marks increased magnetic pressure caused by the inflow of
matter into the center of the cluster. It is important to note that a high density does not
necessarily correspond to a high magnetic pressure, as the blue colored density isocontours in
Fig. 5(e) demonstrate.

We find that the Dual Volume Rending technique is especially well suited for investigating
correlations between plasma properties that are not obvious from the values alone, but also
take into account the gradients of aforementioned properties. This visualization method
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(a) Gas density (b) Gas density and magnetic
pressure overlaid

(c) Magnetic pressure

(d) Density per constant magnetic pressure (e) Magnetic pressure per constant density

Fig. 5. Results from a MHD simulation of a cluster of galaxies at redhift z = 0. A classical
volume rendering is shown in (a) to (c). The overlaid rendering (b) works very well to
visualize the distribution of gas and the large scale structure of the magnetic field strength.
In regions of rapid changing values or close to the highest concentrations of density and
magnetic field strength however the overlaid plots conceal each other’s features. This can be
omitted by using Dual Volume Rendering, where one quantity is color mapped onto the
isocontours of another quantity. In (d) the gas density (red - blue / low - high) is mapped
onto the isobars of the magnetic field pressure, while in (e) the magnetic field pressure (blue -
purple / low - high) is mapped onto the isocontours of the gas density.

allows to follow even steep gradients of both quantities that are being displayed together
(compare (a) – (c) in Fig. 5 to the dual volume renderings (d) and (e)).

4.3 Ram-pressure stripping of disk galaxies

The simulations reveal many interesting results on ram-pressure stripped galaxies. The
stripping of the gaseous disk is in well agreement with the Gunn & Gott criterion. The ram
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pressure is calculated as pram = ρICMv2
rel. So, even low gas densities can deplete the gas mass

in the disk if the relative velocity is higher. In the case of a high ram pressure, using a gas
density of 10−27g cm−3 and a relative velocity of vrel = 1000 km s−1, the gas disk is almost
completely stripped.

Moreover, the simulations show that ram pressure enhances the star formation rate. In the
previously described scenario, the star formation rate can be enhanced up to eight times
compared to galaxies evolved in isolation. The reason can be found in the compression of
the gas disk due to ram pressure and the formation of dense gas knots in the stripped gas
wake of the galaxy. Also in these gas clumps stars are formed as already has been seen by
(Kapferer et al., 2008). Hence, ram-pressure stripping can contribute to the intra-cluster stellar
population (see e.g. Mihos et al., 2005).

Visualizations are crucial to study morphology and dynamics of the stripped ISM in detail.
For this purpose, density plots and velocity fields of the different components of the model
galaxies are shown in the following sections.

4.3.1 Scalar visualization

In Fig. 8 the density of the newly formed stars (bluish) and the ISM (reddish-greenish) is
shown in a face-on (right) and edge-on view (left) for five different time steps. It can clearly
be seen in the face on view that the gas disk gets compressed by ram pressure, with just a
bunch of dense gas remaining in the disk. The stripping process first involves the outer parts
of the gas disk which leads to a diffuse gas in the tail remaining at the starting point of the
galaxy. From the inner parts of the spiral structured disk, a filamentary structure is formed
in the wake which finally leads to the formation of the dense gas clumps, depicted in detail
in Fig. 6 (b). These clumps are stable throughout a few hundred million years. In Fig. 6
(a) it is apparent, that the gas knots are affected by ram pressure as some gas gets stripped.
Nevertheless, due to self-gravity and the pressure of the ICM, only a very small amount of
gas is stripped and the gas loss is almost completely due to star formation. As can clearly be
seen in Fig. 7, the new stars are formed in the dense gas clumps and are falling towards the
disk as they do not feel the ram pressure anymore.

4.3.2 Vectorial visualization

A part from the morphology of the distribution of stars and gas, also the dynamic of these
components is highly interesting. In Fig. 9, the method of Doppler Speckles is used to show
the movement of the gas. From this plot, it is obvious that the angular momentum of the gas
disk is being conserved also in the stripped gas tail. A detailed view is shown in Fig. 10. A
differential movement of the gas can be seen. With respect to the galaxy itself, the gas knots in
the wake are slowed down due to ram pressure. On the other hand it is very interesting that
the gas knots themselves rotate as well as the filamentary dumbbell-like structure shows in
Fig. 10 (b). This can explain the formation of the gas clumps. To this end, a detailed view on
the dumbbell structure is shown in Fig. 11. The rotation of the filament leads to the formation
of a gas clump at both ends. Furthermore, the part in between is more affected by ram pressure
due to the lower density, hence it is pushed backwards with respect to the formed gas clumps.
Finally, the two clumps are dismembered.
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In regions of rapid changing values or close to the highest concentrations of density and
magnetic field strength however the overlaid plots conceal each other’s features. This can be
omitted by using Dual Volume Rendering, where one quantity is color mapped onto the
isocontours of another quantity. In (d) the gas density (red - blue / low - high) is mapped
onto the isobars of the magnetic field pressure, while in (e) the magnetic field pressure (blue -
purple / low - high) is mapped onto the isocontours of the gas density.

allows to follow even steep gradients of both quantities that are being displayed together
(compare (a) – (c) in Fig. 5 to the dual volume renderings (d) and (e)).

4.3 Ram-pressure stripping of disk galaxies

The simulations reveal many interesting results on ram-pressure stripped galaxies. The
stripping of the gaseous disk is in well agreement with the Gunn & Gott criterion. The ram
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pressure is calculated as pram = ρICMv2
rel. So, even low gas densities can deplete the gas mass

in the disk if the relative velocity is higher. In the case of a high ram pressure, using a gas
density of 10−27g cm−3 and a relative velocity of vrel = 1000 km s−1, the gas disk is almost
completely stripped.

Moreover, the simulations show that ram pressure enhances the star formation rate. In the
previously described scenario, the star formation rate can be enhanced up to eight times
compared to galaxies evolved in isolation. The reason can be found in the compression of
the gas disk due to ram pressure and the formation of dense gas knots in the stripped gas
wake of the galaxy. Also in these gas clumps stars are formed as already has been seen by
(Kapferer et al., 2008). Hence, ram-pressure stripping can contribute to the intra-cluster stellar
population (see e.g. Mihos et al., 2005).

Visualizations are crucial to study morphology and dynamics of the stripped ISM in detail.
For this purpose, density plots and velocity fields of the different components of the model
galaxies are shown in the following sections.

4.3.1 Scalar visualization

In Fig. 8 the density of the newly formed stars (bluish) and the ISM (reddish-greenish) is
shown in a face-on (right) and edge-on view (left) for five different time steps. It can clearly
be seen in the face on view that the gas disk gets compressed by ram pressure, with just a
bunch of dense gas remaining in the disk. The stripping process first involves the outer parts
of the gas disk which leads to a diffuse gas in the tail remaining at the starting point of the
galaxy. From the inner parts of the spiral structured disk, a filamentary structure is formed
in the wake which finally leads to the formation of the dense gas clumps, depicted in detail
in Fig. 6 (b). These clumps are stable throughout a few hundred million years. In Fig. 6
(a) it is apparent, that the gas knots are affected by ram pressure as some gas gets stripped.
Nevertheless, due to self-gravity and the pressure of the ICM, only a very small amount of
gas is stripped and the gas loss is almost completely due to star formation. As can clearly be
seen in Fig. 7, the new stars are formed in the dense gas clumps and are falling towards the
disk as they do not feel the ram pressure anymore.

4.3.2 Vectorial visualization

A part from the morphology of the distribution of stars and gas, also the dynamic of these
components is highly interesting. In Fig. 9, the method of Doppler Speckles is used to show
the movement of the gas. From this plot, it is obvious that the angular momentum of the gas
disk is being conserved also in the stripped gas tail. A detailed view is shown in Fig. 10. A
differential movement of the gas can be seen. With respect to the galaxy itself, the gas knots in
the wake are slowed down due to ram pressure. On the other hand it is very interesting that
the gas knots themselves rotate as well as the filamentary dumbbell-like structure shows in
Fig. 10 (b). This can explain the formation of the gas clumps. To this end, a detailed view on
the dumbbell structure is shown in Fig. 11. The rotation of the filament leads to the formation
of a gas clump at both ends. Furthermore, the part in between is more affected by ram pressure
due to the lower density, hence it is pushed backwards with respect to the formed gas clumps.
Finally, the two clumps are dismembered.
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(a) (b)

Fig. 6. Detail of high-density regions in the stripped gas tail.

(a) (b)

Fig. 7. Detail of star formation area and high-density regions

4.3.3 Tensorial visualization

Computing and visualizing the point distribution tensor allows to identify regions of
predominantly linear, planar and isotropic distributions immediately.

4.4 Cosmological evolution

In a cosmological evolution of a galaxy cluster we simulated the behavior of dark matter from
initial conditions up to presence. The simulation was performed using 2,097,152 particles.
Of particular interest in cosmological simulations is the formation of voids, filaments and
clusters of galaxies, as depicted in Fig. 14. While a slight elliptical shape of the central class
can be glimpsed from the intensity distribution (Fig. 14(f)) the tensor display clearly depicts
the anisotropy of the distribution (Fig. 14(g)).
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Fig. 8. Evolution of newly formed stars and gas for time steps T=10,100,150,200,300 and 400
Myr.
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Fig. 8. Evolution of newly formed stars and gas for time steps T=10,100,150,200,300 and 400
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Fig. 9. Velocity of the gas, edge-on and front view for time steps T=30,100,150,200,250 and
300 Myr. Rendered using the method of Doppler Speckles.
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Fig. 10. Detail of velocity in high-density regions

(a) T=240 Myr (b) T=270 Myr (c) T=290 Myr

Fig. 11. Detailed evolution of a particular high-density region, showing velocity, density and
newly formed stars.

(a) R = 0.4 (b) R = 0.8 (c) R = 1.2

Fig. 12. Closeup of the dumbbell structure at T = 25 Myr. The images illustrate the influence
of the radius of the chosen neighborhood on the resulting point distribution tensor. The
geometric properties are best illustrated in (b) where the linear ribbon connnects the two
high density regions. If the radius is increased the whole dumbbell is becoming linear.
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(a) Linearity (b) Planarity

(c) Sphericity (d) Point Distribution Tensor

Fig. 13. Geometric properties of the gas particle distribution at T = 10 Myr. The 1280 nearest
neighbors are selected for each particle. The distribution has a cone-like planar structure on
the right side and forms a linear ring on the left. The greyscale scalar fields and the direct
tensor splats illustrate these structures.
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(a) Galaxy Distribution (b) Tensorial Galaxy Distance Analysis

(c) Galaxie sub-cluster (d) Point distribution tensor of
a sub-cluster

(e) Inverse point distribution
tensor of a sub-cluster

(f) Locations in central cluster (g) Point distribution tensor of
central cluster

(h) Inverse point distribution
tensor of central cluster

Fig. 14. Tensorial point distribution distance (2000 points considered for neighborhood
computation) allows to recognize distribution features within a large volume of galaxies.
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5. Conclusion

In this article we have presented a systematic way to study data sets from numerical
astrophysics originating from simulations exploring open questions. We review a model
to organize data for scientific visualization supporting high reusability of visualization
algorithms by avoiding problem-specific data structures. This model is based on the
mathematics of fiber bundles and we discuss the mapping of astrophysical simulation data
sets into this framework. We investigate the available data fields in the fiber space, exploring
scalar-, vector- and tensor- fields that are given or extractable from the given data sets. We also
discussed how visualization techniques face the different challenges of these data sets, such as
visualizing transparency of combined data sets and exploiting the computational power and
new features available in current GPU hardware. Results include (magneto-) hydrodynamic
quantities of galaxy cluster, ram-pressure stripped galaxies with scalar, vectorial and tensorial
visualization, and cosmological evolution of galaxy cluster.
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286 Astrophysics

1. Introduction

There is a general recognition today that basic features of asteroseismology of non-convective
final stage (FS) stars, such as white dwarfs, neutron stars and strange quark star, can be
properly understood working from the model of vibrating solid star, rather than the liquid
star model lying at the base of asteroseismology of convective main-sequence (MS) stars. In
accord with this, most of current investigations of an FS-star vibrations rests on principles of
solid-mechanical theory of continuous media, contrary to the study of the MS-star vibrations
vibrations which are treated in terms of fluid-mechanical theory. This means that super
dense matter of FS-stars (whose gravitational pressure is counterbalanced by degeneracy
pressure of constituting Fermi-matter), possesses elasticity and viscosity generic to solid state
of condensed matter, whereas a fairly dilute matter of the MS-stars (whose internal pressure of
self-gravity is opposed by radiative pressure) possesses property of fluidity which is generic
to the liquid state of a highly conducting condensed matter. This feature of the MS-star matter
plays crucial role in generation of their magnetic fields in the dynamo processes involving
macroscopic flows which are supported by energy of nuclear reactions in the central, reactive
zone, of these stars. In the meantime, in the finale-stage (FS) stars, like white dwarfs and
neutron stars, there are no nuclear energy sources to support convection. The prevailing today
view, therefore, is that a highly stable to spontaneous decay dipolar magnetic fields of neutron
stars are fossil. The extremely large intensity of magnetic fields of degenerate solid stars is
attributed to amplification of fossil magnetic field in the magnetic-flux-conserving process of
core-collapse supernova.

Even still before discovery of neutron stars, it has been realized that, for absence of nuclear
sources of energy, the radiative activity of these of compact objects should be powered by
energy of either rotation or vibrations and that the key role in maintaining the neutron
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star radiation should play an ultra strong magnetic field. As is commonly know today, the
neutron star capability of accommodating such a field is central to understanding pulsating
character of magneto-dipole radiation of radio pulsars whose radiative power is provided, as
is commonly believed, by the energy of rigid-body rotation. The discovery of soft gamma-ray
repeaters and their identification with magnetars (1) – quaking neutron stars endowed with
ultra strong magnetic fields experiencing decay – has stimulated enhanced interest in the
study of models of quake-induced magneto-mechanical seismic vibrations of neutron star
and resultant electromagnetic radiation. Of particular interest in this study are torsional
magneto-mechanical vibrations about axis of magnetic dipole moment of the star driven
by forces of magnetic-field-dependent stresses in a perfectly conducting matter and in a
permanently magnetized non-conducting matter (2). Most, if not all, reported up to now
computations of frequency spectra of poloidal and toroidal Alfvén vibration modes in pulsars
and magnetars rest on tacitly adopted assumption about constant-in-time magnetic field in
which a perfectly conducting neutron star matter undergoes Lorentz-force-driven oscillations
(3–12) (see, also, references therein). A special place in the study of the above Alfvén modes of
pure shear magneto-mechanical seismic vibrations (a-modes) occupies a homogeneous model
of a solid star with the uniform density ρ and frozen-in poloidal static magnetic field of both
homogeneous and inhomogeneous internal and dipolar external configuration. The chapter
is organized as follows. In section 2 with a brief outline of the solid-star model undergoing
node-free torsional Alfvén vibrations in uniform internal (and dipolar external) magnetic field
of constant intensity. In section 3, a model is extended to the case of vibrations in magnetic
field experiencing decay. Here emphasis is placed on the loss of vibration energy caused
by depletion of internal magnetic field pressure and resulting vibration-energy powered
magneto-dipole radiation of vibrating neutron star. The decreasing of magnetic field pressure
in the star is presumed to be caused by coupling between vibrating star and outgoing material
which is expelled by quake, but mechanisms of star-envelope interaction resulting in the
decay of magnetic field, during the time of vibrational relaxation, are not considered. It is
shown that physically meaningful inferences regarding radiative activity of quaking neutron
star can be made even when detailed mechanisms of depletion of magnetic field pressure
in the process of vibrations triggered by quakes are not exactly known. This statement is
demonstrated by a set of representative examples of magnetic field decay. The basic results of
the model of vibration powered neutron star are summarized in section 4 with emphasis of its
relevance to astrophysics of magnetars.

2. Lorentz-force-driven torsion vibrations of neutron star

To gain better understanding of the basic physics behind the interconnection between seismic
and radiative activity of quaking neutron star, we start with a brief outline a fiducial model of
a solid star with frozen-in homogeneous internal magnetic field

B(r) = B b(r), B = constant, (1)

b(r) = [br = cos θ, bθ = − sin θ, bφ = 0]

and dipolar external magnetic field, as is shown in Fig.1. In the last equation, B is the
field intensity [in Gauss] and b(r) stands for the dimensionless vector-function of spatial
distribution of the field.
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Fig. 1. The lines of magnetic field in fiducial model of neutron star with dipolar external and
homogeneous internal magnetic field.

The above form of B(r) has been utilized in recent works(10–12) in which the discrete spectra
of frequencies of node-free torsional Alfvén oscillations has been computed in analytic form
on the basis of equations of linear magneto-solid mechanics

ρü =
1
c
[δj × B], ∇ · u = 0, (2)

δj =
c

4π
[∇× δB], δB = ∇× [u × B], ∇ · B = 0. (3)

Here u = u(r, t) is the field of material displacement, the fundamental dynamical
variable of solid-mechanical theory of elastically deformable (non-flowing) material continua.
These equations describe Lorentz-force-driven non-compressional vibrations of a perfectly
conducting elastic matter of a non- convective solid star with Ampére form of fluctuating
current density δj. Equation for δB describing coupling between fluctuating field of
material displacements u and background magnetic field B pervading stellar material
is the mathematical form of Alfvén theorem about frozen-in lines of magnetic field in
perfectly conducting matter. The adopted for Alfvén vibrations of non-convective solid
stars terminology [which is not new of course, see for instance(13), namely, equations of
magneto-solid mechanics and/or solid-magnetics is used as a solid-mechanical counterpart
of well-known terms like equations of magneto-fluid mechanics, magnetohydrodynamics
(MHD) and hydromagnetics ρδv̇ = (1/c)[δj × B], δj = (c/4π)[∇ × δB], δḂ = ∇ ×
[δv × B], describing flowing magento-active plasma in terms of the velocity of fluctuating
flow δv = u̇ and fluctuating magnetic field δB. The MHD approach is normally utilized
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in astrophysics of convective main-sequence (MS) liquid stars such, for instance, as rapidly
oscillating Ap (roAp) stars, chemically peculiar magnetic stars exhibiting high-frequency
oscillations that have been and still remain the subject of extensive investigation(14; 15).

Inserting (2) in (3) the former equation of solid-magnetics takes the form

ρ ü(r, t) =
1

4π
[∇× [∇× [u(r, t)× B(r)]]]× B(r). (4)

The analogy between perfectly conducting medium pervaded by magnetic field
(magneto-active plasma) and elastic solid, regarded as a material continuum, is strengthened
by the following tensor representation of the last equation ρ üi = ∇kδMik, where
δMik = (1/4π)[BiδBk + BkδBi − BjδBjδik] is the Maxwellian tensor of magnetic field
stresses with δBi = ∇k[uiBk − ukBi]. This form is identical in appearance to canonical
equation of solid-mechanics ρ üi = ∇kσik, where σik = 2μ uik + [κ − (2/3)μ] ujjδik is the
Hookean tensor of mechanical stresses and uik = (1/2)[∇i uk + ∇k ui] is the tensor of
shear deformations in an isotropic elastic continuous matter with shear modulus μ and
bulk modulus κ (having physical dimension of pressure). The most prominent manifest of
physical similarity between these two material continua is their capability of transmitting
non-compressional perturbation by transverse waves. Unlike incompressible liquid, an elastic
solid can respond to impulsive non-compressional load by transverse waves of shear material
displacements traveling with the speed ct =

√
μ/ρ. The unique feature of an incompressible

perfectly conducting and magnetized continuous matter (in liquid or solid aggregated state)
is the capability of transmitting perturbation by transverse magneto-mechanical, Alfvén,
wave in which mechanical displacements of material and fluctuations of magnetic field
undergo coupled oscillations traveling with the speed vA = B/

√
4πρ =

√
2PB/ρ (where

PB = B2/8π is magnetic field pressure) along magnetic axis. It is stated, therefore, that
magnetic field pervading perfectly conducting medium imparts to it a supplementary
portion of solid-mechanical elasticity (16; 17). This suggests that hydromagnetic Alfvén
vibrations of a spherical mass of a perfectly conducting matter with frozen-in magnetic field
can be specified in a manner of eigenstates of elastic vibrations of a solid sphere. As for
the general asteroseismology of compact objects is concerned, the above equations seems
to be appropriate not only for neutron stars but also white dwarfs(18) and quark stars. The
superdense material of these latter yet hypothetical compact stars is too expected to be in
solid state(19; 20).

Equation (4) serves as a basis of our further analysis. The studied in above works regime of
node-free torsion vibrations under the action of Lorentz restoring force is of some interest in
that the rate of differentially rotational material displacements

u̇(r, t) = [ω(r, t)× r], ω(r, t) = [∇χ(r)] α̇(t), (5)

∇2χ(r) = 0, χ(r) = f� P�(cos θ), f�(r) = A� r� (6)

has one and the same form as in torsion elastic mode of node-free vibrations under the
action of Hooke’s force of mechanical shear stresses. Hereafter P�(cos θ) stands for Legendre
polynomial of degree � specifying the overtone of toroidal a-mode. Fig.2 shows quadrupole
and octupole overtones of such vibrations. The time-dependent amplitude α(t) describes
temporal evolution of above vibrations; the governing equation for α(t) is obtained form
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Fig. 2. The fields of material displacements in a neutron star undergoing torsional
quadrupole (left) and octupole (right) node-free vibrations about magnetic axis.

equation (4). The prime purpose of above works was to get some insight into difference
between spectra of discrete frequencies of toroidal a-modes in neutron star models having
one and the same mass M and radius R, but different shapes of constant-in-time poloidal
magnetic fields. By use of the energy method, it was found that each specific form of spatial
configuration of static magnetic field about axis of which the neutron star matter undergoes
nodeless torsional oscillations is uniquely reflected in the discrete frequency spectra by form
of dependence of frequency upon overtone � of nodeless vibration. It worth noting that
first computation of discrete spectra of frequencies of toroidal Alfvén stellar vibrations in
the standing wave-regime, has been reported by Chandrasekhar(23). The extensive review
of other earlier computations of discrete frequency spectra of a-modes, ω� = ωA s� = Bκ� ,
is given in well-known review of Ledoux and Walraven(14). The assumption about constant
in time undisturbed magnetic field means that the internal magnetic field pressure, PB, the
velocity vA of Alfvén wave in the star bulk

PB =
B2

8π
, vA =

√
2PB

ρ
(7)
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Fig. 3. The basic frequency and period of global Alfvén oscillations, equations (8), as
functions of magnetic field intensity in the neutron star models with indicated mass and
radius.

and, hence, the frequency νA = ωA/2π (where ωA = vA/R) and the period PA = ν−1
A of

global Alfvén oscillations

νA =
B

2π

√
R

3M
, PA =

2π

B

√
3M
R

(8)

remain constant in the process of vibrations whose amplitude α(t) subjects to standard
equation of undamped harmonic oscillator(10; 11). The allow for viscosity of stellar material
leads to exponential damping of amplitude, but the frequency νA and, hence, the period PA
preserve one and the same values as in the case of non-viscous vibrations(12). In Fig.3 these
latter quantities are plotted as functions of intensity B of undisturbed poloidal magnetic field
in the neutron star models with indicated mass M and radius R. The practical usefulness of
chosen logarithmic scale in this figure is that it shows absolute vales of νA and PA for global
vibrations of typical in mass and radius neutron stars.

In what follows, we relax the assumption about constant-in-time magnetic field and examine
the impact of its decay on the vibration energy and period. A brief analysis of such a case
has been given in the context of magnetic white dwarfs(21). In this paper we present a highly
extensive consideration of this problem in the context of neutron stars with emphasis on its
relevance to the post-quake radiation of magnetars.
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3. Vibration powered neutron star

In the following we consider a model of a neutron star with time-dependent intensity of
homogeneous poloidal magnetic field which can be conveniently represented in the form

B(r, t) = B(t) b(r), [br = cos θ, bθ = − sin θ, bφ = 0]. (9)

On account of this the equation of solid-magnetics, (4), takes the form

ρ ü(r, t) =
B2(t)

4π
[∇× [∇× [u(r, t)× b(r, t)]]]× b(r). (10)

Inserting here the following separable form of fluctuating material displacements

u(r, t) = a(r) α(t) (11)

we obtain

{ρ a(r)} α̈(t) = 2PB(t) × {[∇× [∇× [a(r)× b(r)]]]× b(r)} α(t). (12)

Scalar product of (12) with the time-independent field of instantaneous displacements a(r)
followed by integration over the star volume leads to equation for amplitude α(t) having the
form of equation of oscillator with depending on time spring constant

Mα̈(t) +K(t)α(t) = 0, (13)

M = ρ m�, K(t) = 2PB(t) k�, (14)

m� =
∫

a(r) · a(r) dV , a = At∇× [r r� P�(cos θ)], (15)

k� =
∫

a(r) · [b(r)× [∇× [∇× [a(r)× b(r)]]]]dV . (16)

The solution of equation of non-isochronal (non-uniform in duration) and non-stationary
vibrations with time-dependent frequency [α̈(t) + ω2(t)α(t) = 0 where ω2(t) = K(t)/M]
is non-trivial and fairly formidable task(22). But solution of such an equation, however,
is not a prime purpose of this work. The main subject is the impact of depletion of
magnetic-field-pressure on the total energy of Alfvén vibrations EA = (1/2)[Mα̇2 + Kα2]
and the discrete spectrum of frequency of the toroidal a-mode

ω2
�(t) = ω2

A(t) s2
� , ω2

A(t) =
v2

A(t)
R2 , s2

� =
k�
m�

R2, (17)

ω2
�(t) = B2(t)κ2

� , κ2
� =

s2
�

4πρR2 , s2
� =

[
(�2 − 1)

2�+ 3
2�− 1

]
, � ≥ 2. (18)

It is to be stated clearly from the onset that it is not our goal here to speculate about possible
mechanisms of neutron star demagnetization and advocate conceivable laws of magnetic
field decay. The main purpose is to gain some insight into the effect of arbitrary law of
magnetic field decay in quaking neutron star on period of Lorentz-force-driven torsional
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remain constant in the process of vibrations whose amplitude α(t) subjects to standard
equation of undamped harmonic oscillator(10; 11). The allow for viscosity of stellar material
leads to exponential damping of amplitude, but the frequency νA and, hence, the period PA
preserve one and the same values as in the case of non-viscous vibrations(12). In Fig.3 these
latter quantities are plotted as functions of intensity B of undisturbed poloidal magnetic field
in the neutron star models with indicated mass M and radius R. The practical usefulness of
chosen logarithmic scale in this figure is that it shows absolute vales of νA and PA for global
vibrations of typical in mass and radius neutron stars.

In what follows, we relax the assumption about constant-in-time magnetic field and examine
the impact of its decay on the vibration energy and period. A brief analysis of such a case
has been given in the context of magnetic white dwarfs(21). In this paper we present a highly
extensive consideration of this problem in the context of neutron stars with emphasis on its
relevance to the post-quake radiation of magnetars.
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[∇× [∇× [u(r, t)× b(r, t)]]]× b(r). (10)

Inserting here the following separable form of fluctuating material displacements

u(r, t) = a(r) α(t) (11)

we obtain

{ρ a(r)} α̈(t) = 2PB(t) × {[∇× [∇× [a(r)× b(r)]]]× b(r)} α(t). (12)

Scalar product of (12) with the time-independent field of instantaneous displacements a(r)
followed by integration over the star volume leads to equation for amplitude α(t) having the
form of equation of oscillator with depending on time spring constant

Mα̈(t) +K(t)α(t) = 0, (13)

M = ρ m�, K(t) = 2PB(t) k�, (14)

m� =
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a(r) · a(r) dV , a = At∇× [r r� P�(cos θ)], (15)

k� =
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a(r) · [b(r)× [∇× [∇× [a(r)× b(r)]]]]dV . (16)

The solution of equation of non-isochronal (non-uniform in duration) and non-stationary
vibrations with time-dependent frequency [α̈(t) + ω2(t)α(t) = 0 where ω2(t) = K(t)/M]
is non-trivial and fairly formidable task(22). But solution of such an equation, however,
is not a prime purpose of this work. The main subject is the impact of depletion of
magnetic-field-pressure on the total energy of Alfvén vibrations EA = (1/2)[Mα̇2 + Kα2]
and the discrete spectrum of frequency of the toroidal a-mode
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It is to be stated clearly from the onset that it is not our goal here to speculate about possible
mechanisms of neutron star demagnetization and advocate conceivable laws of magnetic
field decay. The main purpose is to gain some insight into the effect of arbitrary law of
magnetic field decay in quaking neutron star on period of Lorentz-force-driven torsional
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seismic vibrations (whose quadrupole and octupole overtones are pictured in Fig.2) and
radiative activity of the star brought about by such vibrations. In the reminder of the paper we
focus on the case of torsional Alfvén vibrations in quadrupole (� = 2) overtone. In so doing
we omit index � putting ω(t) = ω�=2(t).

3.1 Magnetic-field-decay induced loss of vibration energy

The total energy stored in quake-induced Alfvén seismic vibrations of the star is given by

EA(t) =
Mα̇2(t)

2
+

K(B(t))α2(t)
2

, (19)

K(B(t)) = ω2(B(t))M. (20)

Perhaps most striking consequence of the magnetic-field-pressure depletion during the
post-quake vibrational relaxation of neutron star is that it leads to the loss of vibration energy
at a rate proportional to the rate of magnetic field decay

dEA(t)
dt

= α̇(t)[Mα̈(t) +K(B(t))α(t)] +
α2(t)

2
dK(B(t))

dt

=
Mα2(t)

2
dω2(B)

dB
dB(t)

dt
= Mκ2α2(t)B(t)

dB(t)
dt

. (21)

In the model under consideration, a fairly rapid decay of magnetic field during the time of
post-quake vibrational relaxation of the star is though of as caused, to a large extent, by
coupling of the vibrating star with material expelled by quake. In other words, escaping
material removing a part of magnetic flux density from the star is considered to be a
most plausible reason of depletion of internal magnetic field pressure in the star. It
seems quite likely that, contrary to viscous dissipation, the loss of vibration energy due to
decay of magnetic field must be accompanied by coherent (non-thermal) electromagnetic
radiation. Adhering to this supposition in the next section special consideration is
given to the conversion of the energy of Lorentz-force-driven seismic vibrations into the
energy of magneto-dipole emission whose flux oscillates with frequency of torsional Alfvén
magneto-mechanical vibrations of the final stage solid stars, like magnetic white dwarf and
neutron stars. Fig.4 replicates seismic torsional Alfvén vibrations of the star which are
accompanied by oscillations of lines of dipolar magnetic field defining the beam direction
of outburst X-ray emission.

3.2 Conversion of vibration energy into power of magneto-dipole radiation

The point of departure in the study of vibration-energy powered magneto-dipole emission of
the star (whose radiation power, P , is given by Larmor’s formula) is the equation

dEA(t)
dt

= −P(t), P(t) =
2

3c3 δμ̈2(t). (22)

Consider a model of quaking neutron star whose torsional magneto-mechanical oscillations
are accompanied by fluctuations of total magnetic moment preserving its initial (in seismically
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Fig. 4. Schematic view of quadrupole overtone of seismic torsional Alfvén vibrations of
neutron star with homogeneous internal and dipolar external field whose lines, defining
direction of outburst beam, oscillate with the frequency of this seismic a-mode.

quiescent state) direction: μ = μ n = constant. The total magnetic dipole moment should
execute oscillations with frequency ω(t) equal to that for magneto-mechanical vibrations of
stellar matter which are described by equation for α(t). This means that δμ(t) and α(t) must
obey equations of similar form, namely

δμ̈(t) + ω2(t)δμ(t) = 0, (23)

α̈(t) + ω2(t)α(t) = 0, ω2(t) = B2(t)κ2. (24)

It is easy to see that equations (23) and (24) can be reconciled if

δμ(t) = μ α(t). (25)

Then, from (23), it follows δμ̈ = −ω2μα. Given this and equating

dEA(t)
dt

= Mκ2α2(t)B(t)
dB(t)

dt
(26)

with

−P = − 2
3c3 μ2 κ4B4(t)α2(t) (27)
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we arrive at the equation of time evolution of magnetic field

dB(t)
dt

= −γ B3(t), γ =
2μ2κ2

3Mc3 = constant (28)

which yields the following law of its decay

B(t) =
B(0)√
1 + t/τ

, τ−1 = 2γB2(0). (29)

The lifetime of magnetic field τ is regarded as a parameter whose value is established
from below given relations between the period P and its time derivative Ṗ which are taken
from observations. Knowing from observations P(t) and Ṗ(t) and estimating τ one can get
information about the magnitude of total magnetic moment and the strength of undisturbed
magnetic field.

It is worth noting that in the model of vibration-energy powered magneto-dipole emission
under consideration, the equation of magnetic field evolution is obtained in similar fashion as
equation for the angular velocity Ω does in the standard model of rotation-energy powered
emission of neutron star. As is shown in the next section, the substantial physical difference
between models of rotation-energy and vibration-energy powered pulsating emission of
neutron stars is that in the model of quaking neutron star vibrating in toroidal a-mode, the
elongation of period of pulses is attributed to magnetic field decay, whereas in canonical
Pacini-Gold model of radio-pulsar the lengthening of period of pulses is ascribed to the slow
down of the neutron star rotation(39; 40; 49).

3.3 Lengthening of vibration period

The immediate consequence of above line of argument is the magnetic-field-decay induced
lengthening of vibration period

B(t) =
B(0)√
1 + t/τ

→ P(t) =
C

B(t)
, C =

2π

κ
, (30)

P(t) = P(0) [1 + (t/τ)]1/2, P(0) =
C

B(0)
, (31)

Ṗ(t) =
1

2τ

P(0)
[1 + (t/τ)]1/2 . (32)

It follows that lifetime τ is determined by

P(t)Ṗ(t) =
P2(0)

2τ
= constant. (33)

This inference of the model under consideration is demonstrated in Fig.5. The difference
between periods evaluated at successive moments of time t1 = 0 and t2 = t is given by

ΔP(t) = P(t)− P(0) (34)

= −P(0)
[

1 − B(0)
B(t)

]
> 0, B(t) < B(0).
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Fig. 5. Time evolution of Alfvén frequency of Lorentz-force-driven vibrations converting
vibration energy into power of magneto-dipole radiation.

The practical usefulness of these general relations is that they can be used as a guide in search
for fingerprints of Alfvén seismic vibrations in data on oscillating emission from quaking
neutron star.

3.4 Time evolution of vibration amplitude

The considered model permits exact analytic solution of equation for vibration amplitude α(t)
which is convenient to represent as

α̈(t) + ω2(t)α(t) = 0, (35)

ω2(t) =
ω2(0)

1 + t/τ
, ω(0) = ωAκ. (36)

The procedure is as follows. Let us introduce new variable s = 1 + t/τ. In terms of α(s),
equation (35) takes the form

sα��(s) + β2α(s) = 0, β2 = ω2(0)τ2 = const (37)

This equation permits exact analytic solution(24)1.5mm

α(s) = s1/2{C1 J1(2βs1/2) + C2Y1(2βs1/2)} (38)
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we arrive at the equation of time evolution of magnetic field

dB(t)
dt

= −γ B3(t), γ =
2μ2κ2

3Mc3 = constant (28)
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1 + t/τ
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B(t)
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κ
, (30)
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C

B(0)
, (31)

Ṗ(t) =
1

2τ

P(0)
[1 + (t/τ)]1/2 . (32)
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= −P(0)
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1 − B(0)
B(t)

]
> 0, B(t) < B(0).
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where J1(2βs1/2) and Y1(2βs1/2) are Bessel functions(25)

J1(z) =
1
π

∫ π

0
cos(z sin θ − θ)dθ, (39)

Y1(z) =
1
π

∫ π

0
sin(z sin θ − θ)dθ, z = 2βs1/2. (40)

The arbitrary constants C1 and C2 can be eliminated from two conditions

α(t = 0) = α0, α(t = τ) = 0. (41)

where zero-point amplitude

α2
0 =

2ĒA(0)
Mω2(0)

=
2ĒA(0)

K(0)
, ω2(0) =

K(0)
M

(42)

is related to the average energy ĒA(0) stored in torsional Alfvén vibrations at initial (before
magnetic field decay) moment of time t = 0. Before magnetic field decay, the star oscillates
in the harmonic in time regime, that is, with amplitude α = α0 cos(ω(0)t), so that < α2 >=
(1/2)α2

0 and < α̇2 >= (1/2)ω2(0)α2
0. The average energy of such oscillations is given by

equation ĒA(0) = (1/2)M < α̇2 > +(1/2)K(0) < α2 >= (1/2)Mω2(0)α2
0 = (1/2)K(0)α2

0
which relates the energy stored in vibrations with vibration amplitude α0. As a result, the
general solution of (35) can be represented in the form

α(t) = C [1 + (t/τ)]1/2

×{J1(2β [1 + (t/τ)]1/2)− η Y1(2β [1 + (t/τ)]1/2)}, (43)

η =
J1(z(τ))
Y1(z(τ))

, C = α0[J1(z(0))− η Y1(z(0)]−1. (44)

The vibration period lengthening in the process of vibrations is illustrated in Fig.6 and Fig.7,
where we plot α(t), equation (43), at different values of parameters β and η pointed out in
the figures. Fig.7 shows that η is the parameter regulating magnitude of vibration amplitude,
the larger η, the higher amplitude. However this parameter does not affect the rate of period
lengthening. As it is clearly seen from Fig.6 both the elongation rate of vibration period and
magnitude of vibration amplitude are highly sensitive to parameter β. All the above shows
that the magnetic-field-decay induced loss of vibration energy is substantially different from
the vibration energy dissipation caused by shear viscosity of matter resulting in heating of
stellar material(26; 27). As was noted, the characteristic feature of this latter mechanism of
vibration energy conversion into the heat (i.e., into the energy of non-coherent electromagnetic
emission responsible for the formation of photosphere of the star) is that the frequency and,
hence, period of vibrations are the same as in the case of viscous-free vibrations(12). However,
it is no longer so in the case under consideration. It follows from above that depletion of
magnetic field pressure resulting in the loss of total energy of Alfvén vibrations of the star
causes its vibration period to lengthen at a rate proportional to the rate of magnetic field
decay.
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Fig. 6. Vibration amplitude α(t) computed at fixed C and β and different values of η. This
shows that variation of this parameter is manifested in change of magnitude of |α|, but
period elongation is not changed.

Fig. 7. Vibration amplitude α(t) computed at fixed C and η and different values of β.
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M(M�) R(km) B(G) νA(Hz) τ(yr)
Pulsars 0.8 20 1012 3.25 × 10−3 4.53 × 1010

1.0 15 1013 2.52 × 10−2 2.98 × 107

Magnetars 1.1 13 1014 0.22 7.4 × 103

1.2 12 1015 2.06 1.31
1.3 11 1015 1.89 2.38
1.4 10 1016 17.4 4.44 × 10−4

Table 1. The Alfvén frequency of Lorentz-force-driven torsion vibrations, νA, and their
lifetime equal to decay time of magnetic field, τ, in neutron stars with magnetic fields typical
for pulsars and magnetars.

4. Oscillating luminosity of vibration powered neutron star

To get an idea of the magnitude of characteristic parameter of vibrations providing energy
supply of magneto-dipole radiation of a neutron star, in Table 1 we present results
of numerical computations of the fundamental frequency of neutron star oscillations in
quadrupole toroidal a-mode and time of decay of magnetic field τ as functions of increasing
magnetic field. As was emphasized, the most striking feature of considered model of vibration
powered radiation is the lengthening of periods of pulsating emission caused by decay of
internal magnetic field. This suggests that this model is relevant to electromagnetic activity
of magnetars - neutron stars endowed with magnetic field of extremely high intensity the
radiative activity of which is ultimately related to the magnetic field decay. Such a view is
substantiated by estimates of Alfvén frequency presented in the table. For magnetic fields
of typical rotation powered radio pulsars, B ∼ 1012 G, the computed frequency νA is much
smaller than the detected frequency of pulses whose origin is attributed to lighthouse effect.
In the meantime, for neutron stars with magnetic fields B ∼ 1014 G the estimates of νA are in
the realm of observed frequencies of high-energy pulsating emission of soft gamma repeaters
(SGRs), anomalous X-ray pulsars (AXPs) and sources exhibiting similar features. According
to common belief, these are magnetars - highly magnetized neutron stars whose radiative
activity is related with magnetic field decay. The amplitude of vibrations is estimated as (28)

α0 =

[
2ĒA(0)
Mω2(0)

]1/2

= 3.423 × 10−3 Ē1/2
A,40B−1

14 R−3/2
6 . (45)

where ĒA,40 = ĒA/(1040 erg) is the energy stored in the vibrations. R6 = R/(106 cm) and
B14 = B/(1014 G). The presented computations show that the decay time of magnetic field
(equal to duration time of vibration powered radiation in question) strongly depends on the
intensity of initial magnetic field of the star: the larger magnetic field B the shorter time of
radiation τ at the expense of energy of vibration in decay during this time magnetic field.
The effect of equation of state of neutron star matter (which is most strongly manifested in
different values mass and radius of the star) on frequency νA is demonstrated by numerical
vales of this quantity for magnetars with one and the same value of magnetic field B = 1015 G
but different values of mass and radius. The luminosity powered by neutron star vibrations
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Fig. 8. Time evolution of luminosity of magneto-dipole radiation powered by energy of
torsional Alfvén seismic vibrations of neutron star with mass M = 1.2M� and radius R = 15
km with intensities of magnetic field.

in quadrupole toroidal a-mode is given by

P =
μ2

c3 B4(t)α2(t), μ = (1/2)B(0)R3, B(t) = B(0)[1 + t/τ]−1/2, (46)

α(t) = C s1/2{J1(z(t))− η Y1(z(t))}, z = 2ω(0)τ (1 + t/τ) (47)

The presented in Fig.8 computations of power of magneto-dipole radiation of a neutron
stars (of one and the same mass and radius but different values of magnetic fields) exhibit
oscillating character of luminosity. The frequency of these oscillations equal to that of
torsional Alfvén seismic vibrations of neutron star. All above suggests that developed
theory of vibration-energy powered emission of neutron star is relevant to electromagnetic
activity of magnetars - neutron stars endowed with magnetic field of extremely high intensity
the radiative activity of which is ultimately related to the magnetic field decay. This
subclass of highly magnetized compact objects is commonly associated with soft gamma
repeaters and anomalous X-ray pulsars(29–32) – young isolated and seismically active neutron
stars(33; 34). The magnetar quakes are exhibited by short-duration thermonuclear gamma-ray
flash followed by rapidly oscillating X-ray flare of several-hundred-seconds duration. During
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this latter stage of quake-induced radiation of magnetar, a long-periodic (2-12 sec) modulation
of brightness was observed lasting for about 3-4 minutes. Such long period of pulsed emission
might be expected from old rotation-energy powered pulsars (due to slow down of rotation),
but not from magnetars which are young neutron stars, as follows from their association
with pretty young supernovae. Taking this into account (and also the fact that energy
release during X-ray flare is much larger than the energy of rigid-body rotation with so long
periods) it has been suggested(2) that detected long-periodic pulsating emission of magnetars
is powered by the energy of torsional magneto-elastic vibrations triggered by quake. In view
of key role of ultra-strong magnetic field it is quite likely that quasi-periodic oscillations
(QPOs) of outburst flux from SGR 1806-20 and SGR 1900+14 detected in(35–37) are produced
by torsional seismic vibrations predominately sustained by Lorentz force(10–12) which are
accompanied, as was argued above, by monotonic decay of background magnetic field. If
so, the predicted elongation of QPOs period of oscillating outburst emission from quaking
magnetars should be traced in existing and future observations.

4.1 Rotation powered neutron star

For a sake of comparison, in the considered model of vibration powered radiation, the
equation of magnetic field evolution is obtained in similar fashion as that for the angular
velocity Ω(t) does in the standard model of rotation powered neutron star which rests on
equations (38)

dER

dt
= − 2

3c3 δμ̈2(t), (48)

ER(t) =
1
2

I Ω2(t), I =
2
5

MR2 (49)

One of the basic postulates of the model of rotation-energy powered emission is that the time
evolution of total magnetic moment of the star is governed by the equation

δμ̈(t) = [Ω(t)× [Ω(t)× μ]], μ = constant. (50)

It follows

δμ̈2(t) = μ2
⊥Ω4(t), μ⊥ = μ sin θ (51)

where θ is angle of inclination of μ to Ω(t). The total magnetic moment of non-rotating
neutron star is parametrized by equation of uniformly magnetized (along the polar axis)
sphere (38)

μ = μn, μ =
1
2

BR3 = constant. (52)

This parametrization presumes that in the rotation powered neutron star, the frozen-in the
star magnetic field operates like a passive promoter of magneto- dipole radiation, that is,
intensity of the internal magnetic field remain constant in the process of radiation. As a result,
the equation of energy conversion from rotation to magnetic dipole radiation is reduced to
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equation of slow down of rotation

Ω̇(t) = −KΩ3(t), K =
2μ2

⊥
3Ic3 , (53)

Ω(t) =
Ω(0)√
1 + t/τ

, τ−1 = 2 K Ω2(0). (54)

where θ is angle of inclination of μ to Ω(t). From the last equation it follows

P(t) = P(0) [1 + (t/τ)]1/2, P(0) =
2π

Ω(0)
, (55)

Ṗ(t) =
1

2τ

P(0)
[1 + (t/τ)]1/2 (56)

and, hence, the lifetime τ is related with P(t) and Ṗ(t) as

P(t)Ṗ(t) =
P2(0)

2τ
= constant. (57)

Equating two independent estimates for τ given by equations (54) and (57) we arrive at widely
utilized analytic estimate of magnetic field on the neutron star pole:

B = [3Ic3/(2π2 R6)]1/2
√

P(t) Ṗ(t).

For a neutron star of mass M = M�, and radius R = 13 km, one has

B = 3.2 1019
√

P(t) Ṗ(t), G.

The outlined treatment of rotation-powered magneto-dipole radiation of a neutron star
emphasizes kinematic nature of variation of magnetic moment of pulsar whose magnetic
field is regarded as independent of time. Thus, the substantial physical difference between
vibration-powered and rotation-powered neutron star models is that in the former the
elongation of pulse period is attributed to magnetic field decay, whereas in the latter the period
lengthening is ascribed to slow down of rotation (39–41).

4.2 Comment on magnetic field decay in quaking neutron star

The considered law of magnetic field decay cannot be, of course, regarded as universal
because it reflects a quite concrete line of argument regarding the fluctuations of magnetic
moment of the star. The interrelation between quake-induced oscillations of total magnetic
moment of the star, δμ(t), and the amplitude, α(t), of its seismic magneto-mechanical
oscillations can be consistently interpreted with the aid of the function of dipole
demagnetization f(B(t)) which is defined by the following condition of self-consistency in
α of right and left hand sides of equation (22), namely

δμ̈(t) = f(B(t))α(t). (58)
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emphasizes kinematic nature of variation of magnetic moment of pulsar whose magnetic
field is regarded as independent of time. Thus, the substantial physical difference between
vibration-powered and rotation-powered neutron star models is that in the former the
elongation of pulse period is attributed to magnetic field decay, whereas in the latter the period
lengthening is ascribed to slow down of rotation (39–41).

4.2 Comment on magnetic field decay in quaking neutron star

The considered law of magnetic field decay cannot be, of course, regarded as universal
because it reflects a quite concrete line of argument regarding the fluctuations of magnetic
moment of the star. The interrelation between quake-induced oscillations of total magnetic
moment of the star, δμ(t), and the amplitude, α(t), of its seismic magneto-mechanical
oscillations can be consistently interpreted with the aid of the function of dipole
demagnetization f(B(t)) which is defined by the following condition of self-consistency in
α of right and left hand sides of equation (22), namely

δμ̈(t) = f(B(t))α(t). (58)
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The vector-function of dipole demagnetization f(B(t)) depending on decaying magnetic field
reflects temporal changes of electromagnetic properties of neutron star matter as well as
evolution of magnetic-field-promoted coupling between neutron star and its environment.
This means that specific form of this phenomenological function should be motivated by
heuristic arguments taking into account these factors. With this form of δμ̈(t), equation (22) is
transformed to magnetic field decay of the form

dB(t)
dt

= −η
f2(B(t))

B(t)
, η =

2
3Mκ2c3 = const. (59)

In the above considered case, this function is given by

f(B(t)) = β B(t) B(t), β = κ2μ = constant. (60)

The practical usefulness of the dipole demagnetization function, f(B(t)), consists in that it
provides economic way of studying a vast variety of heuristically motivated laws of magnetic
field decay, B = B(t), whose inferences can ultimately be tested by observations. In this
subsection, with no discussing any specific physical mechanism which could be responsible
for magnetic field decay, we consider a set of representative examples of demagnetization
function f(B(t)) some of which have been regarded before, though in a somewhat different
context [42-49]. Here we stress again that the model under consideration deals with magnetic
field decay in the course of vibrations triggered by starquake, not with long-term secular
decay which has been the subject of these latter investigations (see also references therein). 1.
As a first representative example, a model of quaking neutron star whose function of dipole

Fig. 9. Three representative examples with different laws of the magnetic field decay
resulting in the elongation of the vibration period for each case.
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demagnetization has the following form

f(B(t)) = βB(t) (61)

is been considered. In such demagnetization model, the temporal evolution of the magnetic
field and the lengthening of the vibration period obey the following laws

B(t) = B(0) e−t/τ, P(t) = P(0) et/τ, τ =
P(t)
Ṗ(t)

. (62)

where B(0) is the intensity of magnetic field before quake. 2. For a quaking neutron star
model whose function of demagnetization is given by

f(B(t)) = β
√

B(t) B(t) (63)

the resultant equation of magnetic field evolution and the vibration period elongation read

B(t) = B(0)
(

1 +
t
τ

)−1
,

P(t) = P(0)
(

1 +
t
τ

)
, τ =

P(0)
Ṗ(0)

. (64)

Similar analysis can be performed for the demagnetization function of the form

f(B(t)) = β
√

Bm−1(t) B(t), m = 3, 4, 5...

Namely,

dB(t)
dt

= −γ Bm(t), γ = ηβ2,

B(t) =
B(0)

[1 + t/τm]1/(m−1)
, τ−1

m = γ(m − 1)Bm−1(0).

3. Finally, let’s consider a model with quite sophisticated function of dipole demagnetization

f(B(t)) =

√
B(0)
τ + t

B(t)√
ηB(t)

. (65)

which lead to a fairly non-trivial logarithmic law of magnetic field decay and vibration period
lengthening

B(t) = B(0)
[

1 − ln
(

1 +
t
τ

)]
, (66)

P(t) = P(0)
[

1 − ln
(

1 +
t
τ

)]−1
, τ =

P(0)
Ṗ(0)

. (67)

305Asteroseismology of Vibration Powered Neutron Stars



18 Will-be-set-by-IN-TECH

The vector-function of dipole demagnetization f(B(t)) depending on decaying magnetic field
reflects temporal changes of electromagnetic properties of neutron star matter as well as
evolution of magnetic-field-promoted coupling between neutron star and its environment.
This means that specific form of this phenomenological function should be motivated by
heuristic arguments taking into account these factors. With this form of δμ̈(t), equation (22) is
transformed to magnetic field decay of the form

dB(t)
dt

= −η
f2(B(t))

B(t)
, η =

2
3Mκ2c3 = const. (59)

In the above considered case, this function is given by

f(B(t)) = β B(t) B(t), β = κ2μ = constant. (60)

The practical usefulness of the dipole demagnetization function, f(B(t)), consists in that it
provides economic way of studying a vast variety of heuristically motivated laws of magnetic
field decay, B = B(t), whose inferences can ultimately be tested by observations. In this
subsection, with no discussing any specific physical mechanism which could be responsible
for magnetic field decay, we consider a set of representative examples of demagnetization
function f(B(t)) some of which have been regarded before, though in a somewhat different
context [42-49]. Here we stress again that the model under consideration deals with magnetic
field decay in the course of vibrations triggered by starquake, not with long-term secular
decay which has been the subject of these latter investigations (see also references therein). 1.
As a first representative example, a model of quaking neutron star whose function of dipole

Fig. 9. Three representative examples with different laws of the magnetic field decay
resulting in the elongation of the vibration period for each case.

304 Astrophysics Asteroseismology of
Vibration Powered Neutron Stars 19

demagnetization has the following form

f(B(t)) = βB(t) (61)

is been considered. In such demagnetization model, the temporal evolution of the magnetic
field and the lengthening of the vibration period obey the following laws

B(t) = B(0) e−t/τ, P(t) = P(0) et/τ, τ =
P(t)
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Fig. 10. The rate of frequency ν̇(x) normalized to ν(0) as a function of x = t/τ for
logarithmic law of magnetic filed decay.

For each of above examples, the magnetic field and the resultant lengthening of vibration
period, computed as functions of fractional time t/τ, are shown in Fig. 9. This third example
is interesting in that computed in this model ratio ν̇(t)/ν(0), pictured in Fig.10, as a function
of t, is similar to that which exhibit data on post-glitch emission of PSR J1846-0258 [50].
These examples show that the period elongation is the common effect of magnetic field decay.
The interrelations between periods and its derivatives substantially depend on specific form
of the magnetic field decay law although physical processes responsible for magnetic field
decay remain uncertain. Practical significance of above heuristic line of argument is that it
leads to meaningful conclusion (regarding elongation of periods of oscillating magneto-dipole
emission) even when detailed mechanisms of magnetic field decay in the course of vibrations
are not exactly known.

5. Summary

It is generally realized today that the standard model of inclined rotator, lying at the base of
our understanding of radio pulsars, faces serious difficulties in explaining the long-periodic
(2 < P < 12 s) pulsed radiation of soft gamma repeaters (SGRs) and anamalous X-ray pulsars
(AXPs). Observations show that persistent X-ray luminosity of these sources (1034 < LX <
1036 erg s−1) is appreciably (10-100 times) larger than expected from neutron star deriving
radiation power from energy of rotation with frequency of detected pulses. It is believed that
this discrepancy can be resolved assuming that AXP/SGR-like sources are magnetars – young,
isolated and seismically active neutron stars whose energy supply of pulsating high-energy
radiation comes not from rotation (as is the case of radio pulsars) but from different process
involving decay of ultra strong magnetic field, 1014 < B < 1016 G. Adhering to this attitude
we have presented the model of quaking neutron star deriving radiation power from the
energy of torsional Lorentz-force-driven oscillations. It is appropriate to remind early works
of the infancy of neutron star era (51; 52) in which it has been pointed out for the first time that
vibrating neutron star should operate like Hertzian magnetic dipole deriving radiative power
of magneto-dipole emission from the energy of magneto-mechanical vibrations(53). What is
newly disclosed here is that the main prerequisite of the energy conversion from vibrations
into radiation is the decay of magnetic field in the star. Since the magnetic field decay is one
of the most conspicuous features distinguishing magnetars from rotation powered pulsars,
it seems meaningful to expect that at least some of AXP/SGR - like sources are magnetars

306 Astrophysics Asteroseismology of
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deriving power of pulsating magnetic dipole radiation from the energy of quake-induced
Alfvén torsion vibrations about axis of dipole magnetic field experiencing decay.
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1. Introduction 
For nearly 35 years the Voyager Spacecraft have been pursuing their epic journey to the 
boundaries of the heliosphere and interstellar (IS) space beyond. The remarkable 
observations of Jupiter, Saturn, Uranus and Neptune and their moons by Voyager are now 
long past. The observations of the giant bubble produced in the interstellar plasma by the 
outward flowing solar wind are still continuing however and are, in fact, building in 
excitement as the Voyagers cross or approach important boundaries between our local 
heliosphere and interstellar space. At the end of 2004, V1 crossed the heliospheric 
termination shock (HTS) at a distance of 94 AU from the Sun at a location of ~33 North. 
This shock is produced at a point where the outward moving solar plasma pressure is 
balanced by that of the interstellar medium including the magnetic (B) field. V2 crossed the 
HTS in August, 2007, at a distance of 84 AU at a location of ~25 South. This North-South 
asymmetry in the distance to the HTS (Stone, et al., 2008) has been determined to be due to 
the direction of the interstellar magnetic field. Its magnitude is estimated to be 4-5 G or 
even larger, in contrast to pre-Voyager estimates of only 2-3 G. The direction of this field is 
also determined for the 1st time and is such that it pushes in on the South hemisphere of the 
heliosphere; the B field making an angle ~40 with the local equator and creating a very 
distorted and asymmetric heliosphere in the North-South dimension (Opher, 2009).  

Beyond the HTS is a region called the heliosheath. This region is believed to extend to a 
distance ~1.5 times the distance to the HTS and may have further North-South asymmetries. 
It is a very turbulent region where considerable energetic ( 1 MeV) particle acceleration 
occurs. Near its outermost boundary the wavy heliospheric current sheet, which changes in 
polarity every 11 years, bends back across the polar regions creating a long heliospheric tail, 
much like that of the Earth’s magnetosphere. The outer boundary of the heliosheath is the 
heliopause (HP), a surface discontinuity between the solar wind plasma and the local 
interstellar plasma. 

In this paper we are interested in the  1 MeV charged particle environment of this overall 
region extending outward from the Sun to at least 120-150 AU. This study is based mainly 
on the results from the Cosmic Ray Science (CRS) experiment (Stone, et al., 1977). At 2012.0, 
Voyager 1, the outermost spacecraft is approaching 120 AU and V2 is at ~98 AU. A 
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1. Introduction 
For nearly 35 years the Voyager Spacecraft have been pursuing their epic journey to the 
boundaries of the heliosphere and interstellar (IS) space beyond. The remarkable 
observations of Jupiter, Saturn, Uranus and Neptune and their moons by Voyager are now 
long past. The observations of the giant bubble produced in the interstellar plasma by the 
outward flowing solar wind are still continuing however and are, in fact, building in 
excitement as the Voyagers cross or approach important boundaries between our local 
heliosphere and interstellar space. At the end of 2004, V1 crossed the heliospheric 
termination shock (HTS) at a distance of 94 AU from the Sun at a location of ~33 North. 
This shock is produced at a point where the outward moving solar plasma pressure is 
balanced by that of the interstellar medium including the magnetic (B) field. V2 crossed the 
HTS in August, 2007, at a distance of 84 AU at a location of ~25 South. This North-South 
asymmetry in the distance to the HTS (Stone, et al., 2008) has been determined to be due to 
the direction of the interstellar magnetic field. Its magnitude is estimated to be 4-5 G or 
even larger, in contrast to pre-Voyager estimates of only 2-3 G. The direction of this field is 
also determined for the 1st time and is such that it pushes in on the South hemisphere of the 
heliosphere; the B field making an angle ~40 with the local equator and creating a very 
distorted and asymmetric heliosphere in the North-South dimension (Opher, 2009).  

Beyond the HTS is a region called the heliosheath. This region is believed to extend to a 
distance ~1.5 times the distance to the HTS and may have further North-South asymmetries. 
It is a very turbulent region where considerable energetic ( 1 MeV) particle acceleration 
occurs. Near its outermost boundary the wavy heliospheric current sheet, which changes in 
polarity every 11 years, bends back across the polar regions creating a long heliospheric tail, 
much like that of the Earth’s magnetosphere. The outer boundary of the heliosheath is the 
heliopause (HP), a surface discontinuity between the solar wind plasma and the local 
interstellar plasma. 

In this paper we are interested in the  1 MeV charged particle environment of this overall 
region extending outward from the Sun to at least 120-150 AU. This study is based mainly 
on the results from the Cosmic Ray Science (CRS) experiment (Stone, et al., 1977). At 2012.0, 
Voyager 1, the outermost spacecraft is approaching 120 AU and V2 is at ~98 AU. A 
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schematic side-on view of the heliosphere is shown in Figure 1 to give an overall view of the 
heliospheric dimensions and the location of V1 and V2.  
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Fig. 1. Side on view of the solar wind dominated heliosphere showing the inner region, the 
HTS at about 90 AU, the heliosheath between 90-111 AU, and the outer transition region 
before the HP. 

This environment includes galactic cosmic rays (nuclei and electrons) above a few MeV that 
enter the heliosphere from the galaxy where they populate interstellar space. Their intensity 
beyond the heliosphere is uncertain and their total energy density may even exceed that of 
the typical interstellar B fields and plasma. This cosmic ray component, which is the 
dominant one in the interplanetary region of the heliosphere, has a positive radial intensity 
gradient, indicating much larger intensities in interstellar space than at the Earth (for 
electrons, perhaps ~100 times).  

There exist two other major components of energetic particles above ~1 MeV in the 
heliosphere region. These components are accelerated, either in the vicinity of the HTS 
(called Termination Shock Particles, TSP) or throughout the heliosheath and perhaps even 
near its outer transition region (called Anomalous Cosmic Rays, ACR). ACR’s are only 
occasionally observed near the Earth. The details of these components have only been 
revealed as the Voyager approached and then crossed the HTS and explored the heliosheath 
region beyond. 

The heliosheath is a giant region beyond the HTS of perhaps 20-40 AU in extent which is 
populated by protons, helium nuclei and oxygen nuclei with energies from ~1 MeV up to 
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~100 MeV (TSP and ACR). The power to accelerate these particles comes from the energy in 
the slowing down solar wind. This process may occur in several stages at various distances 
from the HTS to the outer boundary of the heliosheath. This region is bathed in massive 
intensities of these energetic particles, comparable to or larger than those found in the 
magnetospheres of the planets (e.g., the Earth, Jupiter, etc.) but in this case essentially 
surrounding the entire heliosphere outside of the HTS. This region, which will be described 
in detail in this paper, will certainly give pause to any space traveler whether they are 
leaving the solar system or coming to explore it, because of the severe radiation hazard over 
an extended period of time/distance that these energetic particles present. 

2. Galactic cosmic rays 
From its beginning over 70 years ago, one of the goals of the study of the very energetic 
galactic cosmic rays was to determine their intensity in the galaxy and also their origin. 
These goals have been hampered by the extensive modulation effects of the heliospheric 
plasma and magnetic fields. For the lowest energies these modulation effects are sufficient 
to reduce the intensities observed near the Earth by 10 to over 100 times from the interstellar 
intensities. Now at last the Voyagers spacecraft are pushing back this veil. In Figure 2 we 
show the total intensity of cosmic rays >70 MeV from the time of Voyager 1 launch in 1977 
to the present time in late 2011, a time period of ~34 years. During this time the overall 
intensity of these particles has increased by a factor ~2.5 from that observed in 1977 which 
was a time of minimum modulation (highest intensity). The solar 11 year activity cycle is 
clearly evident in the data with successive intensity maximum in 1977, 1987, 1998 and 2009, 
at times of solar activity minima. The study of this solar modulation cycle as a function of 
radius is one of the ongoing areas of research for the Voyager Science Teams. 
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Fig. 2. Total intensity of cosmic rays >70 MeV at V1 from launch in 1977 to the present time. 
Times of maximum intensity (minimum solar activity) in the 11 year solar cycle are 
indicated. The estimated IS intensity is shown as a shaded region beyond 130 AU. 
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Fig. 1. Side on view of the solar wind dominated heliosphere showing the inner region, the 
HTS at about 90 AU, the heliosheath between 90-111 AU, and the outer transition region 
before the HP. 
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beyond the heliosphere is uncertain and their total energy density may even exceed that of 
the typical interstellar B fields and plasma. This cosmic ray component, which is the 
dominant one in the interplanetary region of the heliosphere, has a positive radial intensity 
gradient, indicating much larger intensities in interstellar space than at the Earth (for 
electrons, perhaps ~100 times).  

There exist two other major components of energetic particles above ~1 MeV in the 
heliosphere region. These components are accelerated, either in the vicinity of the HTS 
(called Termination Shock Particles, TSP) or throughout the heliosheath and perhaps even 
near its outer transition region (called Anomalous Cosmic Rays, ACR). ACR’s are only 
occasionally observed near the Earth. The details of these components have only been 
revealed as the Voyager approached and then crossed the HTS and explored the heliosheath 
region beyond. 

The heliosheath is a giant region beyond the HTS of perhaps 20-40 AU in extent which is 
populated by protons, helium nuclei and oxygen nuclei with energies from ~1 MeV up to 
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~100 MeV (TSP and ACR). The power to accelerate these particles comes from the energy in 
the slowing down solar wind. This process may occur in several stages at various distances 
from the HTS to the outer boundary of the heliosheath. This region is bathed in massive 
intensities of these energetic particles, comparable to or larger than those found in the 
magnetospheres of the planets (e.g., the Earth, Jupiter, etc.) but in this case essentially 
surrounding the entire heliosphere outside of the HTS. This region, which will be described 
in detail in this paper, will certainly give pause to any space traveler whether they are 
leaving the solar system or coming to explore it, because of the severe radiation hazard over 
an extended period of time/distance that these energetic particles present. 

2. Galactic cosmic rays 
From its beginning over 70 years ago, one of the goals of the study of the very energetic 
galactic cosmic rays was to determine their intensity in the galaxy and also their origin. 
These goals have been hampered by the extensive modulation effects of the heliospheric 
plasma and magnetic fields. For the lowest energies these modulation effects are sufficient 
to reduce the intensities observed near the Earth by 10 to over 100 times from the interstellar 
intensities. Now at last the Voyagers spacecraft are pushing back this veil. In Figure 2 we 
show the total intensity of cosmic rays >70 MeV from the time of Voyager 1 launch in 1977 
to the present time in late 2011, a time period of ~34 years. During this time the overall 
intensity of these particles has increased by a factor ~2.5 from that observed in 1977 which 
was a time of minimum modulation (highest intensity). The solar 11 year activity cycle is 
clearly evident in the data with successive intensity maximum in 1977, 1987, 1998 and 2009, 
at times of solar activity minima. The study of this solar modulation cycle as a function of 
radius is one of the ongoing areas of research for the Voyager Science Teams. 
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Fig. 2. Total intensity of cosmic rays >70 MeV at V1 from launch in 1977 to the present time. 
Times of maximum intensity (minimum solar activity) in the 11 year solar cycle are 
indicated. The estimated IS intensity is shown as a shaded region beyond 130 AU. 
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In late 2011, this integral intensity reached levels near the lower limit of the expected IS 
intensities based on models for propagation of cosmic ray nuclei in the galaxy (e.g., Webber 
and Higbie, 2009). However, as much as 10% of this integral intensity could be due to ACR’s 
of energy >70 MeV and also to galactic cosmic ray electrons, not included in the models. 
With each passing AU this integral rate data becomes more and more constraining with 
regard to the IS energy density of these cosmic rays and their intensity and propagation in 
the galaxy. 

In Figure 3 we present data for cosmic ray electrons of 6-14 MeV. These particles show a 
completely different radius vs. intensity profile than the nuclei. Near the Earth and out to 
perhaps ~40 AU these electrons are dominated by Jovian electrons. In fact, most of the 
electrons in this energy range measured near the Earth are not galactic electrons at all but 
are Jovian electrons propagating within the inner heliosphere (Ferreira, et al., 2001). These 
electrons peak at the time of the Jupiter encounter in 1979, with radiation levels that are 
dangerous to both man and the instruments (several instruments were affected). Beyond 
~40 AU the electron intensities are dominated by galactic electrons, however. They show 
only weak modulation effects due to the solar 11 year cycle and at the time of the HTS 
crossing in late 2004 their intensity is within a factor ~2 of the intensity at the Earth after 
subtraction of the Jovian component at 1 AU.  
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Fig. 3. Intensity of 6-14 MeV electrons at V1 from launch to the present time. The intensity 
peak at Jupiter encounter occurs in 1979. The intensity of these galactic electrons begins to 
increase only after crossing the HTS, reaching levels ~100 times those observed at the Earth. 
The estimated IS intensity is shown as a shaded region beyond 130 AU. 

After crossing the HTS the 6-14 MeV electron intensity at V1 has risen continuously by a 
total factor ~60-80 by 2011.5, a period ~6.5 years. At 2009.7 and again at 2011.2 two sudden 
jumps in the electron intensity along with changes in their radial intensity gradient are 
observed. We believe that these times, which occur when V1 is at 111 AU and again at 116 
AU, mark the times when V1 has passed significant structures in the outer heliosphere 
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(Webber, et al, 2011). These features may represent the fold back of the heliospheric wavy 
current sheet. This wavy current sheet has been observed by the Voyagers in the heliosphere 
inside the HTS and this layered structure may be carrying solar plasma and magnetic fields 
back to form the tail of the heliosphere (Florinski, 2011). This region is estimated to be 8-10 
AU thick and its outer boundary may, in fact, be the heliopause, a 3-D surface separating the 
region of solar influence  from the local interstellar medium (Washimi, et al., 2011). So in this 
scenario, V1 may be relatively close to observing the interstellar spectrum of these low 
energy electrons. It is seen in Figure 3 that the 6-14 MeV electron intensity at 2011.5 has 
almost reached the lower limits of the estimated IS electron intensities. These estimates are 
based on a combination of propagation models and the intensity of low frequency radio 
emission from these electrons in the galaxy. The overall uncertainty in the estimated IS 
electron spectrum is a factor ~2 (Webber and Higbie, 2008). So again with each AU that V1 
travels outward, new limits are placed on the galactic propagation conditions at these low 
energies and also on the origin of these electrons and the distribution of their sources in the 
galaxy. 

The changes in the spectrum of cosmic ray electrons at V1 as a function of time/radius are 
remarkable. These spectra from ~6-120 MeV are shown in Figure 4 from the time of the HTS 
crossing in one year intervals to 2011.5. As might be expected from Figure 3, the HTS 
spectrum/intensity is very similar to that at the Earth. Almost all of the intensity change 
occurs in these low energy electrons after the HTS crossing. The intensities increase by nearly a 
factor ~100 at the lowest energies and the spectrum quickly develops into a shape ~E-1.7. This 
spectrum simply increases with increasing distance maintaining the same spectral exponent. 
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Fig. 4. Spectra of the galactic electron component from 10 MeV to 100 MeV. Voyager 1 
measurements are shown at the time of the HTS crossing and yearly up to 2011.5 (117 AU). 
Estimated limits on the possible IS electron intensity are also shown. Ulysses measurements 
near the Earth at a time of minimum solar modulation are also shown at higher energies. 
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In late 2011, this integral intensity reached levels near the lower limit of the expected IS 
intensities based on models for propagation of cosmic ray nuclei in the galaxy (e.g., Webber 
and Higbie, 2009). However, as much as 10% of this integral intensity could be due to ACR’s 
of energy >70 MeV and also to galactic cosmic ray electrons, not included in the models. 
With each passing AU this integral rate data becomes more and more constraining with 
regard to the IS energy density of these cosmic rays and their intensity and propagation in 
the galaxy. 
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perhaps ~40 AU these electrons are dominated by Jovian electrons. In fact, most of the 
electrons in this energy range measured near the Earth are not galactic electrons at all but 
are Jovian electrons propagating within the inner heliosphere (Ferreira, et al., 2001). These 
electrons peak at the time of the Jupiter encounter in 1979, with radiation levels that are 
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Fig. 3. Intensity of 6-14 MeV electrons at V1 from launch to the present time. The intensity 
peak at Jupiter encounter occurs in 1979. The intensity of these galactic electrons begins to 
increase only after crossing the HTS, reaching levels ~100 times those observed at the Earth. 
The estimated IS intensity is shown as a shaded region beyond 130 AU. 

After crossing the HTS the 6-14 MeV electron intensity at V1 has risen continuously by a 
total factor ~60-80 by 2011.5, a period ~6.5 years. At 2009.7 and again at 2011.2 two sudden 
jumps in the electron intensity along with changes in their radial intensity gradient are 
observed. We believe that these times, which occur when V1 is at 111 AU and again at 116 
AU, mark the times when V1 has passed significant structures in the outer heliosphere 
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(Webber, et al, 2011). These features may represent the fold back of the heliospheric wavy 
current sheet. This wavy current sheet has been observed by the Voyagers in the heliosphere 
inside the HTS and this layered structure may be carrying solar plasma and magnetic fields 
back to form the tail of the heliosphere (Florinski, 2011). This region is estimated to be 8-10 
AU thick and its outer boundary may, in fact, be the heliopause, a 3-D surface separating the 
region of solar influence  from the local interstellar medium (Washimi, et al., 2011). So in this 
scenario, V1 may be relatively close to observing the interstellar spectrum of these low 
energy electrons. It is seen in Figure 3 that the 6-14 MeV electron intensity at 2011.5 has 
almost reached the lower limits of the estimated IS electron intensities. These estimates are 
based on a combination of propagation models and the intensity of low frequency radio 
emission from these electrons in the galaxy. The overall uncertainty in the estimated IS 
electron spectrum is a factor ~2 (Webber and Higbie, 2008). So again with each AU that V1 
travels outward, new limits are placed on the galactic propagation conditions at these low 
energies and also on the origin of these electrons and the distribution of their sources in the 
galaxy. 

The changes in the spectrum of cosmic ray electrons at V1 as a function of time/radius are 
remarkable. These spectra from ~6-120 MeV are shown in Figure 4 from the time of the HTS 
crossing in one year intervals to 2011.5. As might be expected from Figure 3, the HTS 
spectrum/intensity is very similar to that at the Earth. Almost all of the intensity change 
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Fig. 4. Spectra of the galactic electron component from 10 MeV to 100 MeV. Voyager 1 
measurements are shown at the time of the HTS crossing and yearly up to 2011.5 (117 AU). 
Estimated limits on the possible IS electron intensity are also shown. Ulysses measurements 
near the Earth at a time of minimum solar modulation are also shown at higher energies. 



 
Astrophysics 

 

314 

Two predictions of possible IS electron spectra are shown in the Figure. One is by Langner, 
et al., 2001, the other by Webber and Higbie, 2008. Both are based on the observed galactic 
radio synchrotron spectrum which results from the electrons propagating in the galactic 
magnetic fields, plus propagation/diffusion models. The electron spectrum measured at V1 
at 117 AU is now only a factor ~2 below the lowest of these estimates. Measurements at 
energies above a few hundred MeV made at times of minimum modulation are shown from 
the Ulysses spacecraft. It is hoped that the new results from the PAMELA spacecraft which 
extend to lower energies, will help to constrain this higher energy part of the electron 
spectrum and overlap the Voyager measurements. 

Next we present data for the individual nuclei, H, He and heavier nuclei such as C. Here we 
show the spectra of these nuclei measured by the CRS instrument on V1. The spectra for H 
nuclei are shown in Figure 5, for He nuclei in Figure 6 and for C nuclei in Figure 7. The 
spectra are shown for 3 times, 2009.5, 2010.5 and 2011.5 as V1 moves ever closer to the outer 
boundary of the heliosphere, at the rate of 3.6 AU/year. So these spectra are essentially 
snapshots of the intensities and spectra as these intensities approach the IS values. The H 
and He intensities are corrected for a background from ACR H and He nuclei which 
becomes important below ~100 MeV. 

Also shown in all these figures are recently estimated IS intensities for these nuclei based on 
propagation models and estimated source spectra (Webber and Higbie, 2009). These 
estimates give the lowest intensities of the many historical estimates dating back over 30 
years or more. It is seen that the intensities of all components, H, He and C are getting larger 
at the rate of 5-15% per year corresponding to radial distances of 110.3, 114.0 and 117.5 AU, 
but are still below these latest IS estimates. 
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Fig. 5. Energy spectra of H nuclei measured at V1 at 2009.5, 2010.5 and 2011.5 (corrected for 
ACR background). Estimated IS spectrum for H is shown by a solid line. 
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Fig. 6. Energy spectra of He nuclei measured at V1 at 2009.5, 2010.5 and 2011.5 (corrected for 
ACR background). Estimated IS spectrum for He is shown by a solid line.  
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Fig. 7. Energy spectra of C nuclei measured at V1 at 2009.5, 2010.5 and 2011.5 (no correction 
for ACR needed). Estimated IS spectrum for C is shown by a solid line. 
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extend to lower energies, will help to constrain this higher energy part of the electron 
spectrum and overlap the Voyager measurements. 

Next we present data for the individual nuclei, H, He and heavier nuclei such as C. Here we 
show the spectra of these nuclei measured by the CRS instrument on V1. The spectra for H 
nuclei are shown in Figure 5, for He nuclei in Figure 6 and for C nuclei in Figure 7. The 
spectra are shown for 3 times, 2009.5, 2010.5 and 2011.5 as V1 moves ever closer to the outer 
boundary of the heliosphere, at the rate of 3.6 AU/year. So these spectra are essentially 
snapshots of the intensities and spectra as these intensities approach the IS values. The H 
and He intensities are corrected for a background from ACR H and He nuclei which 
becomes important below ~100 MeV. 

Also shown in all these figures are recently estimated IS intensities for these nuclei based on 
propagation models and estimated source spectra (Webber and Higbie, 2009). These 
estimates give the lowest intensities of the many historical estimates dating back over 30 
years or more. It is seen that the intensities of all components, H, He and C are getting larger 
at the rate of 5-15% per year corresponding to radial distances of 110.3, 114.0 and 117.5 AU, 
but are still below these latest IS estimates. 
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Fig. 5. Energy spectra of H nuclei measured at V1 at 2009.5, 2010.5 and 2011.5 (corrected for 
ACR background). Estimated IS spectrum for H is shown by a solid line. 
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Fig. 6. Energy spectra of He nuclei measured at V1 at 2009.5, 2010.5 and 2011.5 (corrected for 
ACR background). Estimated IS spectrum for He is shown by a solid line.  
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Fig. 7. Energy spectra of C nuclei measured at V1 at 2009.5, 2010.5 and 2011.5 (no correction 
for ACR needed). Estimated IS spectrum for C is shown by a solid line. 
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Using a simple “force field like” model which is commonly used to describe this solar 
modulation (e.g., Gleeson and Axford, 1968) and starting with the IS spectra given in 
Figures 5, 6 and 7, we find that a modulation parameter =53 MV fits the H data at 2009.5, a 
parameter = 39 MV fits the 2010.5 data and a parameter = 26 MV fits the 2011.5 data. The 
parameters that fit the He data are 47, 33 and 20 MV respectively. The spectra of all nuclei 
should be fit by the same value of the modulation parameter for each year. The slightly 
lower values of this modulation parameter for He relative to H could be explained by an 
increase in the IS He ~+3% relative to H.  

As a point of reference the value of the modulation parameter required to reproduce the 
spectra of H and He nuclei that are observed at the Earth at the times of minimum 
modulation is ~400 MV, the same for both H and He. So the “amount” of modulation 
necessary to reproduce the H and He spectra observed at 2011.5 (117.5 AU), (which is 
between 20 and 26 MV), is 5-7% of that required to reproduce the spectra at the Earth. This 
data suggests that, at about 5-7 AU beyond the V1 location of 117.5 AU at 2011.5, the 
estimated IS spectrum will be reproduced by Voyager measurements at the current rate of 
intensity increase, e.g., the solar modulation will go to zero. 

For C nuclei the spectrum can be measured from ~20-120 MeV/nuc using current analysis 
procedures. Fortunately this is the most interesting energy range, just below the peak in the 
differential spectrum. In the energy range below ~100 MeV/nuc the models used to describe 
the solar modulation predict a spectrum that is proportional to E, independent of the exact 
shape of the IS spectrum, as long as the modulation is “significant”. In Figure 7 we note that 
the C spectrum at all times is very closely ~E and the “apparent” modulation is small as 
well.  

Does this mean that the energy spectrum at V1 is close to the true IS spectrum at these 
energies or is the solar modulation larger at lower energies than that determined from the H 
and He data at higher energies so that, in fact, the modulation is producing the ~E 
spectrum?  At ~100 MeV/nuc where the LIS spectrum can be calculated with reasonable 
accuracy (10%) the apparent modulation for C (the value of ) is ~45 MV at 2010.5 and ~27 
MV at 2011.5, consistent with the modulation derived from the H and He spectra. So at ~100 
MeV/nuc there is consistency between the relative IS H, He and C intensities and also 
consistency between the apparent solar modulations for these three components. 

The ratio of IS He/C intensities at ~100 MeV/nuc is a critical parameter for any galactic 
propagation/source model for cosmic rays. This is so because the energy loss by ionization 
in the galaxy is large and becoming dominant at this energy and this E loss parameter is 
~Z2. The measured value for this ratio at V1 at 2011.5 is 46.53, a dramatic improvement 
over values for this ratio being used at the present time which have uncertainties of 50% 
(e.g., Putze, Maurin and Donato, 2011). Note that small levels of solar modulation will not 
change this ratio because of the similar spectra and the identical A/Z ratio = 2.0 of these 
nuclei. These are the most important factors in the modulation calculation at these energies. 

3. The anomalous components 
ACR Oxygen nuclei were first discovered in 1974 by instruments on the Pioneer spacecraft 
just after their launch (McDonald, et al., 1974). This result was confirmed by the CRS 
instruments on Voyager. These particles were recognized as anomalous because of an 
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unexpected upturn in the spectrum of low energy galactic O nuclei. In subsequent years it 
has been found that the ACR O component has a source spectrum between ~E-2 - E-3, with 
the spectral index increasing with increasing energy at energies from a few MeV up to as 
high as 50 MeV/nuc. The time history of these nuclei from 1977 to the present as measured 
by V1 is shown in Figure 8. It can be seen that these nuclei almost vanished in 1980-81 at a 
time of the 11 year maximum in solar modulation. But the intensity recovered to still higher 
intensities at the next modulation minimum in 1987.  

Theories for their origin have centered on the acceleration of IS neutral atoms, first ionized 
in the outer heliosphere and then accelerated (Fisk, Kozlovsky and Ramaty, 1974). But the 
apparent acceleration region has moved outward as the intensity has continued to increase 
with increasing radius. The intensity showed no sudden increase at the HTS, considered to 
be one of the possible acceleration locations. In fact, the intensity has continued to increase 
throughout the heliosheath, but now seems to have reached a maximum in 2009-2010, at 
about 110 AU, ~15 AU beyond the HTS. This distance of ~110 AU corresponds to the time at 
which the first of several sudden electron intensity increases, as was noted earlier, was seen 
at V1. A jump in magnetic field strength and a change of polarity of the field observed at 
this time (Burlaga and Ness, 2010) provides additional evidence that V1 crossed a significant 
structure at this time, perhaps moving into the 1st of several layers in a transition zone from 
solar dominated to interstellar dominated plasma conditions. This is also the time when the 
radial component of the solar wind speed becomes ~zero (Krimigis, et al., 2011). 
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Fig. 8. Intensity of 7-17 MeV ACR-O nuclei from launch to the present time. The solar 11 
year cycle and the extreme modulation of these ACR at times of maximum solar activity in 
1980-1982 and 1990-1991 are evident. 

At the time of maximum in 2009-2010 at between 110-115 AU, the intensity of 7-17 MeV/nuc 
ACR-O nuclei was ~50 times the maximum intensity observed at the Earth. The IS intensity 
of these low energy particles is completely unknown. A galactic component as part of the 
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Using a simple “force field like” model which is commonly used to describe this solar 
modulation (e.g., Gleeson and Axford, 1968) and starting with the IS spectra given in 
Figures 5, 6 and 7, we find that a modulation parameter =53 MV fits the H data at 2009.5, a 
parameter = 39 MV fits the 2010.5 data and a parameter = 26 MV fits the 2011.5 data. The 
parameters that fit the He data are 47, 33 and 20 MV respectively. The spectra of all nuclei 
should be fit by the same value of the modulation parameter for each year. The slightly 
lower values of this modulation parameter for He relative to H could be explained by an 
increase in the IS He ~+3% relative to H.  

As a point of reference the value of the modulation parameter required to reproduce the 
spectra of H and He nuclei that are observed at the Earth at the times of minimum 
modulation is ~400 MV, the same for both H and He. So the “amount” of modulation 
necessary to reproduce the H and He spectra observed at 2011.5 (117.5 AU), (which is 
between 20 and 26 MV), is 5-7% of that required to reproduce the spectra at the Earth. This 
data suggests that, at about 5-7 AU beyond the V1 location of 117.5 AU at 2011.5, the 
estimated IS spectrum will be reproduced by Voyager measurements at the current rate of 
intensity increase, e.g., the solar modulation will go to zero. 

For C nuclei the spectrum can be measured from ~20-120 MeV/nuc using current analysis 
procedures. Fortunately this is the most interesting energy range, just below the peak in the 
differential spectrum. In the energy range below ~100 MeV/nuc the models used to describe 
the solar modulation predict a spectrum that is proportional to E, independent of the exact 
shape of the IS spectrum, as long as the modulation is “significant”. In Figure 7 we note that 
the C spectrum at all times is very closely ~E and the “apparent” modulation is small as 
well.  

Does this mean that the energy spectrum at V1 is close to the true IS spectrum at these 
energies or is the solar modulation larger at lower energies than that determined from the H 
and He data at higher energies so that, in fact, the modulation is producing the ~E 
spectrum?  At ~100 MeV/nuc where the LIS spectrum can be calculated with reasonable 
accuracy (10%) the apparent modulation for C (the value of ) is ~45 MV at 2010.5 and ~27 
MV at 2011.5, consistent with the modulation derived from the H and He spectra. So at ~100 
MeV/nuc there is consistency between the relative IS H, He and C intensities and also 
consistency between the apparent solar modulations for these three components. 

The ratio of IS He/C intensities at ~100 MeV/nuc is a critical parameter for any galactic 
propagation/source model for cosmic rays. This is so because the energy loss by ionization 
in the galaxy is large and becoming dominant at this energy and this E loss parameter is 
~Z2. The measured value for this ratio at V1 at 2011.5 is 46.53, a dramatic improvement 
over values for this ratio being used at the present time which have uncertainties of 50% 
(e.g., Putze, Maurin and Donato, 2011). Note that small levels of solar modulation will not 
change this ratio because of the similar spectra and the identical A/Z ratio = 2.0 of these 
nuclei. These are the most important factors in the modulation calculation at these energies. 

3. The anomalous components 
ACR Oxygen nuclei were first discovered in 1974 by instruments on the Pioneer spacecraft 
just after their launch (McDonald, et al., 1974). This result was confirmed by the CRS 
instruments on Voyager. These particles were recognized as anomalous because of an 

Energetic Charged Particles in  
the Heliosphere from 1-120 AU Measured by the Voyager Spacecraft 

 

317 

unexpected upturn in the spectrum of low energy galactic O nuclei. In subsequent years it 
has been found that the ACR O component has a source spectrum between ~E-2 - E-3, with 
the spectral index increasing with increasing energy at energies from a few MeV up to as 
high as 50 MeV/nuc. The time history of these nuclei from 1977 to the present as measured 
by V1 is shown in Figure 8. It can be seen that these nuclei almost vanished in 1980-81 at a 
time of the 11 year maximum in solar modulation. But the intensity recovered to still higher 
intensities at the next modulation minimum in 1987.  

Theories for their origin have centered on the acceleration of IS neutral atoms, first ionized 
in the outer heliosphere and then accelerated (Fisk, Kozlovsky and Ramaty, 1974). But the 
apparent acceleration region has moved outward as the intensity has continued to increase 
with increasing radius. The intensity showed no sudden increase at the HTS, considered to 
be one of the possible acceleration locations. In fact, the intensity has continued to increase 
throughout the heliosheath, but now seems to have reached a maximum in 2009-2010, at 
about 110 AU, ~15 AU beyond the HTS. This distance of ~110 AU corresponds to the time at 
which the first of several sudden electron intensity increases, as was noted earlier, was seen 
at V1. A jump in magnetic field strength and a change of polarity of the field observed at 
this time (Burlaga and Ness, 2010) provides additional evidence that V1 crossed a significant 
structure at this time, perhaps moving into the 1st of several layers in a transition zone from 
solar dominated to interstellar dominated plasma conditions. This is also the time when the 
radial component of the solar wind speed becomes ~zero (Krimigis, et al., 2011). 
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Fig. 8. Intensity of 7-17 MeV ACR-O nuclei from launch to the present time. The solar 11 
year cycle and the extreme modulation of these ACR at times of maximum solar activity in 
1980-1982 and 1990-1991 are evident. 

At the time of maximum in 2009-2010 at between 110-115 AU, the intensity of 7-17 MeV/nuc 
ACR-O nuclei was ~50 times the maximum intensity observed at the Earth. The IS intensity 
of these low energy particles is completely unknown. A galactic component as part of the 
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spectrum of cosmic ray O nuclei would be a factor of at least 500 below the peak intensity 
observed in the heliosheath (see Figure 8). 

We next examine the other major components of ACR, the H and He nuclei, concentrating 
here on H nuclei. All of the ACR nuclei have very similar spectra, ~E-2 at the lowest energies 
below ~10-20 MeV, and steepening to E-3 at the higher energies and extending up to ~100 
MeV for H (for more spectral information see Cummings, et al., 2011). The abundance of H 
nuclei is ~10 times that of He at a fixed energy (below ~20 MeV). We consider the highest 
energies first and then work down to lower energies. 

Figure 9 presents the time history of 27-69 MeV H nuclei. At these energies the ACR 
spectrum sits atop the galactic spectrum of H nuclei. The estimated galactic H nuclei 
intensities at times of minimum modulation are shown as large dots which are only slightly 
below the total H nuclei intensities measured in the inner heliosphere. Even at the times of 
intensity maxima in 1977 and 1987, it was not clear that an anomalous H component was 
present. The existence of this component was clearly demonstrated at the time of the next 
maximum intensity in 1998 when the effects of solar modulation between V1 and the source 
became much less as V1 moved outward toward the source region. It is now recognized that 
H nuclei are the dominant component of ACR in the heliosheath energetically and intensity 
wise. At the time of peak intensity at ~110 AU, ACR H at an average energy ~50 MeV was 
~20 times greater than the galactic H intensity at the same energy. 
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Fig. 9. Intensity of 27-69 MeV H nuclei, including both ACR and GCR from launch to the 
present time. Estimated galactic H nuclei contribution is shown as big dots at times of 
maximum intensity. The estimated IS intensity of galactic H nuclei at this energy is shown 
as a shaded region beyond 130 AU. 

Note that there are several spikes in the intensity-time profile of 27-69 MeV H nuclei 
between 8-20 AU. This is a time of maximum solar activity between 1980-1982 and these 
spikes are the high energy tips of individual solar/interplanetary cosmic ray acceleration 
events propagating outward in the heliosphere.  
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In Figure 10 we present the time history of 10-21.5 MeV H nuclei, a factor ~3 lower in 
energy. This figure looks much like the higher energy H nuclei in Figure 9. At this lower 
energy the presence of ACR H again does not stand out in the inner heliosphere relative to 
an even lower intensity galactic component (the galactic intensity is scaled ~E). ACR-H 
nuclei become obvious again only at the time of the 1998 intensity maximum. The intensity 
maximum for these particles is observed beyond the HTS at between 110-115 AU and at that 
distance the intensity is ~100 times the estimated galactic intensity at this same energy. 

Note the increased presence of spikes in the intensity-time profile between 8-20 AU in the 
10-21.5 MeV channel. Again these spikes are the medium energy part of the spectra of 
individual solar/interplanetary cosmic ray acceleration events propagating outward 
through the heliosphere. The large spike at ~46 AU (at 1991.72) at V1 was from a solar 
(CME) event at 1991.42 at the Earth. The time difference of 0.30 year represents the 
propagation time of this disturbance (shock) between the Earth and V1. 

0 10 20 30 40 50 60 70 80 90 100 110 120 130 140 150
RADIUS

1E-006

1E-005

0.0001

0.001

0.01

0.1

V1
 1

0-
21

.5
 M

eV
 H

 (P
/c

m
2 . s

r. s
. M

eV
)

1977

1987

2009

1998

IS

 
Fig. 10. Intensity of 10-21.5 MeV H nuclei, including both ACR/TSP and GCR and 
solar/interplanetary protons from launch to the present time. Estimated galactic 
contribution is shown as big dots at times of maximum intensity. The estimated IS intensity 
of galactic H nuclei in this energy range is shown as a shaded region beyond 130 AU. The 
presence of solar/interplanetary accelerated nuclei is an almost continuous excess intensity 
from launch to ~20 AU (1978-1982). 

In Figure 11 we present the time history of 3-8 MeV H nuclei, another factor ~3 lower in 
energy than Figure 10. At this energy there is again no strong evidence of an ACR H 
component or even a galactic component before the 1998 intensity maximum. Most of the 
intensity variations in this channel up to ~50 AU are due to individual solar/interplanetary 
cosmic ray acceleration events. In fact these events, on average, increase the intensity in this 
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spectrum of cosmic ray O nuclei would be a factor of at least 500 below the peak intensity 
observed in the heliosheath (see Figure 8). 

We next examine the other major components of ACR, the H and He nuclei, concentrating 
here on H nuclei. All of the ACR nuclei have very similar spectra, ~E-2 at the lowest energies 
below ~10-20 MeV, and steepening to E-3 at the higher energies and extending up to ~100 
MeV for H (for more spectral information see Cummings, et al., 2011). The abundance of H 
nuclei is ~10 times that of He at a fixed energy (below ~20 MeV). We consider the highest 
energies first and then work down to lower energies. 

Figure 9 presents the time history of 27-69 MeV H nuclei. At these energies the ACR 
spectrum sits atop the galactic spectrum of H nuclei. The estimated galactic H nuclei 
intensities at times of minimum modulation are shown as large dots which are only slightly 
below the total H nuclei intensities measured in the inner heliosphere. Even at the times of 
intensity maxima in 1977 and 1987, it was not clear that an anomalous H component was 
present. The existence of this component was clearly demonstrated at the time of the next 
maximum intensity in 1998 when the effects of solar modulation between V1 and the source 
became much less as V1 moved outward toward the source region. It is now recognized that 
H nuclei are the dominant component of ACR in the heliosheath energetically and intensity 
wise. At the time of peak intensity at ~110 AU, ACR H at an average energy ~50 MeV was 
~20 times greater than the galactic H intensity at the same energy. 
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Fig. 9. Intensity of 27-69 MeV H nuclei, including both ACR and GCR from launch to the 
present time. Estimated galactic H nuclei contribution is shown as big dots at times of 
maximum intensity. The estimated IS intensity of galactic H nuclei at this energy is shown 
as a shaded region beyond 130 AU. 

Note that there are several spikes in the intensity-time profile of 27-69 MeV H nuclei 
between 8-20 AU. This is a time of maximum solar activity between 1980-1982 and these 
spikes are the high energy tips of individual solar/interplanetary cosmic ray acceleration 
events propagating outward in the heliosphere.  
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In Figure 10 we present the time history of 10-21.5 MeV H nuclei, a factor ~3 lower in 
energy. This figure looks much like the higher energy H nuclei in Figure 9. At this lower 
energy the presence of ACR H again does not stand out in the inner heliosphere relative to 
an even lower intensity galactic component (the galactic intensity is scaled ~E). ACR-H 
nuclei become obvious again only at the time of the 1998 intensity maximum. The intensity 
maximum for these particles is observed beyond the HTS at between 110-115 AU and at that 
distance the intensity is ~100 times the estimated galactic intensity at this same energy. 

Note the increased presence of spikes in the intensity-time profile between 8-20 AU in the 
10-21.5 MeV channel. Again these spikes are the medium energy part of the spectra of 
individual solar/interplanetary cosmic ray acceleration events propagating outward 
through the heliosphere. The large spike at ~46 AU (at 1991.72) at V1 was from a solar 
(CME) event at 1991.42 at the Earth. The time difference of 0.30 year represents the 
propagation time of this disturbance (shock) between the Earth and V1. 

0 10 20 30 40 50 60 70 80 90 100 110 120 130 140 150
RADIUS

1E-006

1E-005

0.0001

0.001

0.01

0.1

V1
 1

0-
21

.5
 M

eV
 H

 (P
/c

m
2 . s

r. s
. M

eV
)

1977

1987

2009

1998

IS

 
Fig. 10. Intensity of 10-21.5 MeV H nuclei, including both ACR/TSP and GCR and 
solar/interplanetary protons from launch to the present time. Estimated galactic 
contribution is shown as big dots at times of maximum intensity. The estimated IS intensity 
of galactic H nuclei in this energy range is shown as a shaded region beyond 130 AU. The 
presence of solar/interplanetary accelerated nuclei is an almost continuous excess intensity 
from launch to ~20 AU (1978-1982). 

In Figure 11 we present the time history of 3-8 MeV H nuclei, another factor ~3 lower in 
energy than Figure 10. At this energy there is again no strong evidence of an ACR H 
component or even a galactic component before the 1998 intensity maximum. Most of the 
intensity variations in this channel up to ~50 AU are due to individual solar/interplanetary 
cosmic ray acceleration events. In fact these events, on average, increase the intensity in this 
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energy channel by a factor >100 over the intensity due to that from galactic cosmic rays 
alone. Many of these events produce intensities >103 times the background intensity even at 
distances ~20 AU or greater from the Sun. 

The actual 3-8 MeV heliosheath ACR/TSP “component” makes it first appearance at V1 
about 10 AU before this spacecraft reaches the HTS. The intensity increases before the HTS 
crossing in a complicated series of increases, some of which are periodic. After the HTS 
crossing the intensity continues to increase rapidly and more smoothly, reaching levels ~10 
times those at the time of the HTS crossing itself. Again, the intensity peaks at between 110-
115 AU at levels between 102-103 times those expected for the estimated galactic spectrum in 
IS space and a factor ~104 times the quiet time intensity observed by V1 as it left the Earth. 
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Fig. 11. The intensity of 3-8 MeV H nuclei from launch to the present time. These nuclei are 
mainly solar/interplanetary protons in the inner heliosphere during solar active periods and 
ACR/TSP H nuclei beyond ~50 AU, increasing rapidly just prior to the HTS and reaching 
an intensity maximum at ~110 AU, ~103 times a possible IS galactic component of H nuclei. 
Estimated galactic contribution is shown as big dots at times of maximum intensity. The 
estimated IS intensity of galactic H nuclei in this energy range is shown as a shaded region 
beyond 130 AU. The presence of solar/interplanetary accelerated nuclei increases the 
average intensity of 3-8 MeV H by a factor ~100 inside of 20 AU (1978-1982). 

The final Figure, #12, shows the integral rate of all particles >0.5 MeV from launch to the 
present time. This rate is probably the best representation of the total radiation that would 
be received by an instrument or a person at that location. The large dots show the total rate 
that would be observed from galactic cosmic rays only at a time of minimum modulation. 
The solar 11 year modulation cycle is barely visible in the data. What are notable here again 
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are the spikes of intensity observed in the inner heliosphere out to ~20 AU and beyond. As 
noted previously these are individual solar interplanetary acceleration events and they 
increase the average integral intensity by a factor 10-100 times the normal background level 
due to the galactic cosmic rays only. 

The other feature in the >0.5 MeV data is the high intensity in the heliosheath, mainly due to 
TSP and ACR beginning, in fact, with discrete and large increases that begin to appear 5-10 
AU prior to the HTS crossing. This intensity again peaks at a distance ~110-115 AU from the 
Sun. 

The total integral intensities in the heliosheath are 10-20 times those expected from galactic 
cosmic rays which have an energy density ~1 eV/cm3 in interstellar space. 
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Fig. 12. The integral intensity of >0.5 MeV particles from launch to the present time. These 
particles again are mainly solar/interplanetary particles in the inner heliosphere and 
ACR/TSP in the outer heliosphere and in the heliosheath beyond the HTS. They increase to 
a maximum intensity at about 110 AU. The estimated galactic H nuclei contribution at times 
of minimum modulation is shown as big dots. The estimated IS (galactic) intensity of all H 
nuclei is shown as a shaded region beyond 130 AU. 

4. Conclusions 
The 34 year mission of the Voyagers to the outer heliosphere has led to nothing less than a 
complete reorganization of our understanding of the size and scope of the heliosphere 
surrounding the Sun and of the very considerable acceleration of particles within. This 
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energy channel by a factor >100 over the intensity due to that from galactic cosmic rays 
alone. Many of these events produce intensities >103 times the background intensity even at 
distances ~20 AU or greater from the Sun. 

The actual 3-8 MeV heliosheath ACR/TSP “component” makes it first appearance at V1 
about 10 AU before this spacecraft reaches the HTS. The intensity increases before the HTS 
crossing in a complicated series of increases, some of which are periodic. After the HTS 
crossing the intensity continues to increase rapidly and more smoothly, reaching levels ~10 
times those at the time of the HTS crossing itself. Again, the intensity peaks at between 110-
115 AU at levels between 102-103 times those expected for the estimated galactic spectrum in 
IS space and a factor ~104 times the quiet time intensity observed by V1 as it left the Earth. 
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Fig. 11. The intensity of 3-8 MeV H nuclei from launch to the present time. These nuclei are 
mainly solar/interplanetary protons in the inner heliosphere during solar active periods and 
ACR/TSP H nuclei beyond ~50 AU, increasing rapidly just prior to the HTS and reaching 
an intensity maximum at ~110 AU, ~103 times a possible IS galactic component of H nuclei. 
Estimated galactic contribution is shown as big dots at times of maximum intensity. The 
estimated IS intensity of galactic H nuclei in this energy range is shown as a shaded region 
beyond 130 AU. The presence of solar/interplanetary accelerated nuclei increases the 
average intensity of 3-8 MeV H by a factor ~100 inside of 20 AU (1978-1982). 

The final Figure, #12, shows the integral rate of all particles >0.5 MeV from launch to the 
present time. This rate is probably the best representation of the total radiation that would 
be received by an instrument or a person at that location. The large dots show the total rate 
that would be observed from galactic cosmic rays only at a time of minimum modulation. 
The solar 11 year modulation cycle is barely visible in the data. What are notable here again 
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are the spikes of intensity observed in the inner heliosphere out to ~20 AU and beyond. As 
noted previously these are individual solar interplanetary acceleration events and they 
increase the average integral intensity by a factor 10-100 times the normal background level 
due to the galactic cosmic rays only. 

The other feature in the >0.5 MeV data is the high intensity in the heliosheath, mainly due to 
TSP and ACR beginning, in fact, with discrete and large increases that begin to appear 5-10 
AU prior to the HTS crossing. This intensity again peaks at a distance ~110-115 AU from the 
Sun. 

The total integral intensities in the heliosheath are 10-20 times those expected from galactic 
cosmic rays which have an energy density ~1 eV/cm3 in interstellar space. 
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Fig. 12. The integral intensity of >0.5 MeV particles from launch to the present time. These 
particles again are mainly solar/interplanetary particles in the inner heliosphere and 
ACR/TSP in the outer heliosphere and in the heliosheath beyond the HTS. They increase to 
a maximum intensity at about 110 AU. The estimated galactic H nuclei contribution at times 
of minimum modulation is shown as big dots. The estimated IS (galactic) intensity of all H 
nuclei is shown as a shaded region beyond 130 AU. 

4. Conclusions 
The 34 year mission of the Voyagers to the outer heliosphere has led to nothing less than a 
complete reorganization of our understanding of the size and scope of the heliosphere 
surrounding the Sun and of the very considerable acceleration of particles within. This 
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includes the global effects of the modulation process as the solar magnetic fields and plasma 
influence the energetic particles that enter this region from interstellar space beyond. The 
full extent of the reorganization of the modulation process is only just becoming apparent as 
this Voyager data is made available in articles such as this. 

There is evidence that V1 (and maybe V2 as well) are nearing the outermost boundaries of the 
solar dominated heliosphere itself, thus lifting the veil that has existed and prevented access to 
the interstellar plasma, energetic particle intensities and the magnetic field. Already the 
intensities of the most important nuclei such as H, He and C, as well as the enigmatic electrons 
are approaching some of the lower and more recent estimates of the interstellar intensities at 
energies as low as ~100 MeV. In the next 3 years both V1 and V2 will travel a further 10 AU 
beyond their present locations of nearly 120 AU and 100 AU respectively. If in this time there 
is still no substantial evidence that we have reached full interstellar conditions, certainly the 
values and limits of key IS parameters such as the cosmic ray energy density, the magnetic 
field strength and indeed those parameters governing the origin and propagation of the great 
bulk of cosmic rays of energy ~1 GeV, or less, will be refined by an order of magnitude or 
more over the situation existing even today. 

In the heliosphere itself, the most important result of the Voyager energetic particle studies 
has to be the observation of extraordinarily high intensities of energetic particles from 1-100 
MeV in the outermost heliosphere. This includes both the large modulation effects observed 
between the inner and outer heliosphere and the massive intensity of MeV particles that is 
observed as the HTS is approached and the spacecraft enter the heliosheath beyond. The 
modulation effects, a factor of ~100 times or more at solar activity maxima, effectively shield 
the inner heliosphere from the source of these particles in the heliosheath while at the same 
time providing very sensitive tests of solar modulation theory. These tests will be more fully 
exploited as the V1 and V2 data are more fully disseminated. 

The intensities of the 3-8 MeV ACR and TSP particles (H nuclei) in the heliosheath in the 
lower energy regime are perhaps 103 times the normal intensity of galactic particles at this 
energy. The same relative factor between ACR intensities and galactic intensities applies to 
ACR-He since the typical ACR H/He ratio (per nuc) is ~10, the same as the ratio for galactic 
cosmic rays. For ACR-O nuclei the H/O ratio at these low energies (per nuc) is ~300, 
compared to a ratio ~500 or more for galactic particles, so the ACR-O will make a relatively 
larger contribution. In terms of energy loss by ionization, which is ~Z2, if the contribution to 
the ionization of the IS medium from ACR-H is 1.0, then ACR-He is ~0.5 and ACR-O is  
~0.2. 

The overall intensity and energy supply for the ACR (and TSP) components must ultimately 
come from the solar wind plasma and magnetic fields as the solar wind is brought to a stop 
first near the HTS and then throughout the heliosheath by the interstellar plasma and 
magnetic fields. The ultimate acceleration process and its location have yet to be identified 
for the ACR. This source always seems to be just “beyond” the V1 location. The recently 
identified intensity peak at between 110-115 AU in the heliosheath observed at the location 
of V1 seems to be a most important step in this identifying process. Of the many models that 
have been suggested for this acceleration process, the one that seems to best reproduce the 
Voyager intensity vs. radius profiles, in our opinion, is the model by Ferreira, Potgieter and 
Scherer, 2007 which incorporates both stochastic and diffusive acceleration (so called Fermi 
II acceleration) throughout the heliosheath region beyond the HTS. These processes operate 
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with different effectiveness at different locations in the heliosheath depending on the value 
of the diffusion coefficient. 

For the TSP, which are important below ~10 MeV near the HTS, a separate acceleration 
source near the HTS is apparent just from the intensity-time profiles of these few MeV 
particles at V1 and particularly at V2 as they cross the termination shock. This acceleration 
process may be enhanced by the interaction of strong interplanetary shocks with the HTS 
itself producing periodic intensity-time profiles that are multiples or sub-multiples of the 
solar 27 day rotation period driven by the heliospheric wavy current sheet. 
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1. Introduction  

The analysis of astrophysical ices and the determination of the compounds that are present 
in the molecular clouds play a fundamental role in order to predict the future evolution of 
the cloud, e.g., its transformation to protostellar bodies or the appearance of new radicals 
and molecules. Because of the difficulties of obtaining satellite data, the process is simulated 
first in the laboratory generating ice analogs under controlled conditions. In this case, the ice 
mixture is carried on allocating the different components in the appropriate concentrations 
in a deposit chamber with a substrate and recording the spectrum of the aggregated ice 
when the chamber is filled through a gas inlet with the corresponding compounds (see 
Figure 1). This process tries to simulate the real process of forming ice mantles under the 
environmental conditions of the Interstellar Medium. The spectrum is obtained analyzing 
the transfer function of the ice when it is excited by a source beam with a known spectrum 
and measuring with a detector the output spectrum after crossing the ice. 

The spectrum of each ice can be modelled as the linear instantaneous superposition of the 
spectrum of the different compounds, so a Source Separation approach is proper. We review 
and compare in this chapter a set of Source Separation algorithms that approach to the 
problem in different ways. 

Initially, the problem can be addressed as a classical Blind Source Separation problem. In 
this case, nothing is assumed about the statistical distribution of the compounds present in 
the ices or how the mixture of these compounds is produced in the ice. The goal is the 
identification of the elements present in it after recovering the spectrum of the components 
that there exist in the ice analog. In addition, if we are able to obtain the demixing matrix, 
we will get a whole description of the mixing process, obtaining the abundances of every 
component in every ice. But the Blind Source Separation can be slightly modified if we 
introduce in the modelling of the problem some constraints based on physical properties of 
the spectrum and mixing process. The priors involve two characteristics: on the one hand, 
the non-negativeness of the spectrum and the abundances; on the other hand, the sparseness 
of the spectrum and sometimes the sparseness of the mixing matrix, depending on the kind 
of astrophysical ice. We will review these approaches and will present the family of 
algorithms that can be obtained when this information is exploited. 
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Fig. 1. Obtention of ices in the laboratory. 

Blind Source Separation consists of the recovering of some independent sources up to a 
permutation, scaling and sign factor starting from instantaneous linear mixtures of them 
with the only assumption of the independence of the sources. The formulation is: 

 x As  (1) 

where x is the observed vector, s the source vector and A the mixing matrix.  

To solve the Blind Source Separation problem, the statistical technique applied is the 
Independence Component Analysis (Oja et al., 2001; Cardoso, 1998 ; Comon, 1994), i.e., the 
generative model that try to decompose the data as a linear combination of statistically 
independent random variables. Traditional solutions are based on the minimization-
maximization of a function that measures the statistical independence of the recovered 
signals. As we do not know anything about the distributions of the sources, a complete 
statistical analysis of the problem is difficult and it is not possible to guarantee exactly the 
independence of the recovered signals. In order to approximate the statistical independence 
of the sources, many approaches have been proposed. All of them use higher order statistics 
or nonlinear functions in order to approximate the independence criterion. In all these 
methods, no prior knowledge is available. However, in many applications, more 
information can be included in the model.  

There are also different ways to modify the Blind Source Separation formulation to 
introduce this additional information. The best theoretical way to do it is to state the 
Bayesian formulation of the problem, where the prior information is combined with the 
likelihood function to obtain the posterior distribution. This approach has the advantage 
that it is statistically well grounded, since we do not obtain a point estimate but a 
distribution. But in practice it has some drawbacks. The most important is that it is difficult 
to implement even in the case when the distributions are approximated with some known 
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expressions. We will implement it through the variational Bayesian approach. If we are 
interested in algorithms that do not require so high computational resources, another 
statement is necessary. The mathematical formulation is still based on the fact that the 
spectrum of the sources are decoupled, but some priors are imposed in the Independent 
Component Analysis solutions. The non-negativeness is enforced modifying classical Blind 
Source Separation solutions obtaining algorithms where some nonlinear function such as a 
threshold function (e.g., the unit step function) are used to assure that there are not negative 
values in the estimated spectra. The idea is that the sources must be projected into the space 
of feasible solution, i.e., the sources can not have negative values. But there is still another 
option to address the problem including the positive restriction. In this case, the 
independence assumption is relaxed and substituted by a matrix factorization where the 
observations are the product of two matrices; the restriction in this case is related to the sign 
of the values of these two matrices: they can not have negative entries. This factorization is 
referred to as Non Negative Matrix Factorization (Lee & Seung, 1999). Its main advantages 
are that it is relatively easy to obtain fast algorithms and to modify them in order to include 
some additional restrictions, such as the non-negativeness of the mixing matrix (the 
abundances or concentrations of the compounds that there exist in an ice). The problem is 
that the numerical analysis of these algorithms reveals problems in convergence issues; 
nevertheless, as we will see in the Results section, they work pretty well in the case of our 
application. 

2. Laboratory simulations of astrophysical ice mixtures 
The signature of each ice is its infrared absorption spectrum, where the absorption bands 
correspond to the specific vibrational mode of the molecules, each one with different atoms 
and bonds. The spectrum is relevant because we know that the frequencies corresponding to 
the middle infrared spectrum (4000-400 cm-1; 2.5-25 µm) span the same range as the 
vibrational frequencies of the adjacent atoms in molecules associated with the most common 
species. This is why the infrared spectroscopy is an adequate tool to detect the compounds 
combined in different concentrations in an ice. Specially, this technique is appropriate to 
detect substances formed by molecules that have dipolar moment, e.g., CO, CO2, H2O, NH3 
and CH4. This dipolar moment can be permanent or induced, due to the presence of other 
molecules. The detection of the existence of methane in water or in beaches after fuel waste 
or other environmental disasters is a typical example of the importance of the detection of 
these kinds of molecules. Each molecule (called endmember) has its own signature, i.e., an 
unique spectrum. The infrared spectrum has indeed another interesting property. It not only 
allows to know which molecules are present; in addition, it provides other kind of 
information, as state of the sample (different spectra for the gas and the ice phase of the 
molecule), and specifically the interatomic bonds of the molecules.  

The molecules are combined in different quantities, called concentrations or abundances 
depending on if we talk about percentages or absolute quantities. They are named “ice 
mixtures” or to abbreviate “ices” when they are found in the frozen state. The data are the 
different spectra recorded by a satellite, but due to the high cost of the equipment and the 
problems inherent to satellite recordings such as the time slot, focusing in the proper 
direction, sensors or noise, a lot of preprocessing must be carried out before the data are 
obtained and after that before they are ready to be used.  
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Fig. 1. Obtention of ices in the laboratory. 

Blind Source Separation consists of the recovering of some independent sources up to a 
permutation, scaling and sign factor starting from instantaneous linear mixtures of them 
with the only assumption of the independence of the sources. The formulation is: 

 x As  (1) 

where x is the observed vector, s the source vector and A the mixing matrix.  

To solve the Blind Source Separation problem, the statistical technique applied is the 
Independence Component Analysis (Oja et al., 2001; Cardoso, 1998 ; Comon, 1994), i.e., the 
generative model that try to decompose the data as a linear combination of statistically 
independent random variables. Traditional solutions are based on the minimization-
maximization of a function that measures the statistical independence of the recovered 
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independence of the recovered signals. In order to approximate the statistical independence 
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There are also different ways to modify the Blind Source Separation formulation to 
introduce this additional information. The best theoretical way to do it is to state the 
Bayesian formulation of the problem, where the prior information is combined with the 
likelihood function to obtain the posterior distribution. This approach has the advantage 
that it is statistically well grounded, since we do not obtain a point estimate but a 
distribution. But in practice it has some drawbacks. The most important is that it is difficult 
to implement even in the case when the distributions are approximated with some known 
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expressions. We will implement it through the variational Bayesian approach. If we are 
interested in algorithms that do not require so high computational resources, another 
statement is necessary. The mathematical formulation is still based on the fact that the 
spectrum of the sources are decoupled, but some priors are imposed in the Independent 
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some additional restrictions, such as the non-negativeness of the mixing matrix (the 
abundances or concentrations of the compounds that there exist in an ice). The problem is 
that the numerical analysis of these algorithms reveals problems in convergence issues; 
nevertheless, as we will see in the Results section, they work pretty well in the case of our 
application. 

2. Laboratory simulations of astrophysical ice mixtures 
The signature of each ice is its infrared absorption spectrum, where the absorption bands 
correspond to the specific vibrational mode of the molecules, each one with different atoms 
and bonds. The spectrum is relevant because we know that the frequencies corresponding to 
the middle infrared spectrum (4000-400 cm-1; 2.5-25 µm) span the same range as the 
vibrational frequencies of the adjacent atoms in molecules associated with the most common 
species. This is why the infrared spectroscopy is an adequate tool to detect the compounds 
combined in different concentrations in an ice. Specially, this technique is appropriate to 
detect substances formed by molecules that have dipolar moment, e.g., CO, CO2, H2O, NH3 
and CH4. This dipolar moment can be permanent or induced, due to the presence of other 
molecules. The detection of the existence of methane in water or in beaches after fuel waste 
or other environmental disasters is a typical example of the importance of the detection of 
these kinds of molecules. Each molecule (called endmember) has its own signature, i.e., an 
unique spectrum. The infrared spectrum has indeed another interesting property. It not only 
allows to know which molecules are present; in addition, it provides other kind of 
information, as state of the sample (different spectra for the gas and the ice phase of the 
molecule), and specifically the interatomic bonds of the molecules.  

The molecules are combined in different quantities, called concentrations or abundances 
depending on if we talk about percentages or absolute quantities. They are named “ice 
mixtures” or to abbreviate “ices” when they are found in the frozen state. The data are the 
different spectra recorded by a satellite, but due to the high cost of the equipment and the 
problems inherent to satellite recordings such as the time slot, focusing in the proper 
direction, sensors or noise, a lot of preprocessing must be carried out before the data are 
obtained and after that before they are ready to be used.  
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A solution is to simulate the real ISM processes in the laboratory. In the laboratory, we are 
interested in the analysis of the composition of different ices and their behaviour in specific 
conditions that reproduce situations in which these substances are found outside of the 
laboratory. For example: to raise the temperature gradually or to radiate the samples with 
ions that are similar to the ones originated outside of the planet Earth. This is the reason 
because in the deposit chamber used to obtain the ice (see Fig. 1) in the laboratory there is an 
entrance for the ion beam. In this way, we can obtain in the laboratory molecules of interest 
as carbonic acid (H2CO3) from simple molecules as CO by protons implantation in the same 
way that is supposed it happens in the cloud. The measured infrared spectrum is formed by 
absorption bands around some specific wavelengths determined by the atomic composition 
and bond structure of the ice; their peak position and width depend on the presence or 
absence of some molecules that can affect to their dipolar moment, in addition to 
temperature and particle shape. Besides, these bands usually have an area and a width 
related to the compound abundance in the ice. 

3. Signal processing of laboratory ices 
The analysis of laboratory simulations of astrophysical ice mixtures consists of the study of 
the spectra of the ices in order to establish the compounds present in them. The measured 
spectrum corresponds to the superposition of the different spectra of the molecules present 
in the ice; i.e., it describes the absorption features of the ice mixture as a linear combination 
of the features of the different compounds, e.g., the 2140 cm-1 C≡O stretching band. The 
basic model corresponds to the linear instantaneous mixture model of the Blind Source 
Separation problem (1). 

The infrared absorption spectrum ijx  measured for i 1,...,M ice mixtures in the spectral 
band j 1,...,N , typically corresponding to 4000 up to 400 cm-1 with resolutions 1 or 2 cm-1, 
is the linear combination of the independent absorption spectra kjs of the molecules 
(sources) k 1,...,K present in those ices. The concentration of molecule k in ice i is the 
mixing matrix entry aik. The concentrations aik and absorption spectra kjs  are non-negative, 
although some preprocessing tasks such as baseline removal, noise and complex physics in 
the measurement process can produce a negative ijx . All these processes will be resumed in 
a noise term ijn for ice i in wavelength j. In this case, we obtain the noisy instantaneous 
mixture Blind Source Separation model: 

  x As n  (2) 

The Mx1 data vector x (measured ices) is modeled as the linear instantaneous combination 
of a Kx1 source vector s (spectrum of the compounds), where n is an additive noise 
representing the error in the measurements and the goal is to recover the independent 
components of the source vector and/or estimate the MxK mixing matrix A (abundances of 
each molecule in every ice). In the case of M=K, we have the square problem and the mixing 
matrix can be inverted obtaining the demixing matrix; remember that the product of the 
mixing and demixing matrices is a permuted diagonal matrix, i.e., a matrix with one and 
only one non zero value in every row and column that corresponds to the sign, order and 
amplitude indetermination of the problem. The noise term is usually considered a centered, 
white and Gaussian random vector with a given diagonal covariance matrix Rn. 
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3.1 Bayesian source separation  

Given the set of observations j , j 1 Nx  , the posterior distribution of the unknown 
interesting variables j, , j 1 NA s  of our generative model is, applying Bayes’ Theorem: 

 j j
j j j

j

p( | )
p( | ) p( )

p( )
 

x A,s
A,s x A,s

x
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where jp( )A,s is called the prior probability, j jp( | )x A,s the likelihood and  jp( )x  the 
marginal likelihood or evidence.  

The prior describes our knowledge before we obtain the observations, i.e., it encodes in 
advance the possible values of the model parameters, e.g., if we know before any 
observation that the sources follow a known distribution; the likelihood describes the 
goodness of the model, i.e., the probability that the observations follow the model; the 
evidence, in our case, because we assume the Blind Source Separation model, is just a 
normalization factor that can be dropped in the optimization step. Shortly, Bayes rule 
updates the prior after a new data is observed, obtaining the posterior probability. Because 
the spectrum of the molecules and the concentrations in the ices are independent, we can 
factorize the prior in two terms, obtaining the posterior: 

 1 N 1 N 1 N 1 N 1 Np( | ) p( ) p( ) p( | )  A,s x A s x A,s      (4) 

Bayesian inference with the posterior density is intractable in a general framework. The first 
step consists of approximating the distributions using some parametric distributions. In our 
case, the prior distribution for the sources and the mixing matrix corresponds to a mixture 
of Gaussians with hyperparameters the mixing proportions, the mean and the variance 
value of the Gaussians (Igual & Llinares, 2007). This mixture model can be optimized 
attending to the non-negativeness of the spectrum. In this case, the distribution used is the 
truncated or positive Gaussian, i.e. a distribution with zero probability of taking negative 
values and two times the probability of the Gaussian for positive values. 

The variational approach is a good solution to obtain an algorithm that can implement the 
parameterized posterior distribution. The objective function to be maximised is the negative 
free energy E (Choudrey & Roberts, 2001): 

 1 N p̂( )
ˆE log p( , H(p( )) Θx Θ Θ  (5) 

where Θ is the set of all parameters: the mixing matrix, the noise covariance matrix, the 
variance of the mixing matrix entries, the sources, the mixing proportions, mean and 
variances of the mixture of Gaussian model used for the molecular ice distribution (sources); 
p̂( )Θ is the approximating posterior. The first term in (5) is the expectation of the joint 
density with respect p̂( )Θ ; the second one is the entropy. Maximizing (5) is equivalent to 
minimizing the Kullback-Leibler distance between the true and the approximating 
posteriors. The approximated pdf p̂( )Θ is chosen such that it can be factorized over the 
setΘ . Therefore, the maximization can be done individually with coupled terms. The 
factorization we use is: 
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A solution is to simulate the real ISM processes in the laboratory. In the laboratory, we are 
interested in the analysis of the composition of different ices and their behaviour in specific 
conditions that reproduce situations in which these substances are found outside of the 
laboratory. For example: to raise the temperature gradually or to radiate the samples with 
ions that are similar to the ones originated outside of the planet Earth. This is the reason 
because in the deposit chamber used to obtain the ice (see Fig. 1) in the laboratory there is an 
entrance for the ion beam. In this way, we can obtain in the laboratory molecules of interest 
as carbonic acid (H2CO3) from simple molecules as CO by protons implantation in the same 
way that is supposed it happens in the cloud. The measured infrared spectrum is formed by 
absorption bands around some specific wavelengths determined by the atomic composition 
and bond structure of the ice; their peak position and width depend on the presence or 
absence of some molecules that can affect to their dipolar moment, in addition to 
temperature and particle shape. Besides, these bands usually have an area and a width 
related to the compound abundance in the ice. 

3. Signal processing of laboratory ices 
The analysis of laboratory simulations of astrophysical ice mixtures consists of the study of 
the spectra of the ices in order to establish the compounds present in them. The measured 
spectrum corresponds to the superposition of the different spectra of the molecules present 
in the ice; i.e., it describes the absorption features of the ice mixture as a linear combination 
of the features of the different compounds, e.g., the 2140 cm-1 C≡O stretching band. The 
basic model corresponds to the linear instantaneous mixture model of the Blind Source 
Separation problem (1). 

The infrared absorption spectrum ijx  measured for i 1,...,M ice mixtures in the spectral 
band j 1,...,N , typically corresponding to 4000 up to 400 cm-1 with resolutions 1 or 2 cm-1, 
is the linear combination of the independent absorption spectra kjs of the molecules 
(sources) k 1,...,K present in those ices. The concentration of molecule k in ice i is the 
mixing matrix entry aik. The concentrations aik and absorption spectra kjs  are non-negative, 
although some preprocessing tasks such as baseline removal, noise and complex physics in 
the measurement process can produce a negative ijx . All these processes will be resumed in 
a noise term ijn for ice i in wavelength j. In this case, we obtain the noisy instantaneous 
mixture Blind Source Separation model: 

  x As n  (2) 

The Mx1 data vector x (measured ices) is modeled as the linear instantaneous combination 
of a Kx1 source vector s (spectrum of the compounds), where n is an additive noise 
representing the error in the measurements and the goal is to recover the independent 
components of the source vector and/or estimate the MxK mixing matrix A (abundances of 
each molecule in every ice). In the case of M=K, we have the square problem and the mixing 
matrix can be inverted obtaining the demixing matrix; remember that the product of the 
mixing and demixing matrices is a permuted diagonal matrix, i.e., a matrix with one and 
only one non zero value in every row and column that corresponds to the sign, order and 
amplitude indetermination of the problem. The noise term is usually considered a centered, 
white and Gaussian random vector with a given diagonal covariance matrix Rn. 
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3.1 Bayesian source separation  

Given the set of observations j , j 1 Nx  , the posterior distribution of the unknown 
interesting variables j, , j 1 NA s  of our generative model is, applying Bayes’ Theorem: 
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where jp( )A,s is called the prior probability, j jp( | )x A,s the likelihood and  jp( )x  the 
marginal likelihood or evidence.  

The prior describes our knowledge before we obtain the observations, i.e., it encodes in 
advance the possible values of the model parameters, e.g., if we know before any 
observation that the sources follow a known distribution; the likelihood describes the 
goodness of the model, i.e., the probability that the observations follow the model; the 
evidence, in our case, because we assume the Blind Source Separation model, is just a 
normalization factor that can be dropped in the optimization step. Shortly, Bayes rule 
updates the prior after a new data is observed, obtaining the posterior probability. Because 
the spectrum of the molecules and the concentrations in the ices are independent, we can 
factorize the prior in two terms, obtaining the posterior: 
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Bayesian inference with the posterior density is intractable in a general framework. The first 
step consists of approximating the distributions using some parametric distributions. In our 
case, the prior distribution for the sources and the mixing matrix corresponds to a mixture 
of Gaussians with hyperparameters the mixing proportions, the mean and the variance 
value of the Gaussians (Igual & Llinares, 2007). This mixture model can be optimized 
attending to the non-negativeness of the spectrum. In this case, the distribution used is the 
truncated or positive Gaussian, i.e. a distribution with zero probability of taking negative 
values and two times the probability of the Gaussian for positive values. 

The variational approach is a good solution to obtain an algorithm that can implement the 
parameterized posterior distribution. The objective function to be maximised is the negative 
free energy E (Choudrey & Roberts, 2001): 

 1 N p̂( )
ˆE log p( , H(p( )) Θx Θ Θ  (5) 

where Θ is the set of all parameters: the mixing matrix, the noise covariance matrix, the 
variance of the mixing matrix entries, the sources, the mixing proportions, mean and 
variances of the mixture of Gaussian model used for the molecular ice distribution (sources); 
p̂( )Θ is the approximating posterior. The first term in (5) is the expectation of the joint 
density with respect p̂( )Θ ; the second one is the entropy. Maximizing (5) is equivalent to 
minimizing the Kullback-Leibler distance between the true and the approximating 
posteriors. The approximated pdf p̂( )Θ is chosen such that it can be factorized over the 
setΘ . Therefore, the maximization can be done individually with coupled terms. The 
factorization we use is: 
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 2
1 Nˆ ˆ ˆ ˆ ˆ ˆp( ) p( )p( )p( )p( )p( )Θ A R s π σ  (6) 

where  2,π σ are the vectors defined by the mixing proportions and variances of the 
different mixture of truncated Gaussians used to model the source distribution. Their 
distribution is a product of symmetric Dirichlets for the mixing proportions and a product 
of inverted Gammas for the variance. The prior used for the noise variance is also a product 
of inverted Gammas. Maximizing (5) yields updating rules for the parameters of the 
posteriors. The parameters of the posteriors are updated versions of the priors. 
Unfortunately, the update equations are coupled and the implementation of the algorithm 
requires iterations; these are carried out starting with some initial value for the variables and 
iterating until convergence. 

3.2 Non negative matrix factorization 

Since the Bayesian approach involves the use of statistical distributions, it allows a 
physically well grounded exposition of the solution, at least satisfying the physical 
restrictions of the problem, in particular, the non-negativeness of the absorption spectrum 
and abundances. However, it has the drawback that in some point some approximations 
must be done in order to obtain an implementation of the algorithm. The good thing is that 
we work with distributions, so we can infer not only a point estimate, but a posterior 
distribution. This is the classical advantage of Bayesian approach. But there are more ways 
for obtaining an algorithm that enforce the physical restrictions. 

One option is extending the Blind Source Separation model adding constraints about the 
non-negativeness. Another related approach is to model the observations as the product of 
two non-negative matrix, the so called Non Negative Matrix Factorization (Lee & Seung, 
1999). It is closely related to Independent Component Analysis (Cichocki et al., 2006). 
Although it was not motivated originally by a Bayesian framework, it has been shown that 
both of them are the same under mild assumptions about the distributions of the sources 
(Igual & Llinares, 2008).  

The NMF statement of the problem is (in matricial form): the infrared absorption spectrum 
X  of the ices is factorized as the product of the matrix of concentrations A  and the matrix 
of absorption spectra S  of the molecules present in those ices: 

 , 0, 0  X AS A S  (7) 

Note that in this case we include in the formulation of the problem the whole matrices, i.e., 
we do not assume any generative model nor time series approach (in our case “time“ 
corresponds to “wavelength“). In real measurements, as it was explained before, an additive 
noise term must be considered. Although in the laboratory the conditions are well 
controlled (a high signal to noise ratio), a perfect reconstruction such as (7) is not possible. 
For example, we experience difficulties to obtain pure mixtures of the different compounds 
and to control the temperature and pressure conditions in the vacuum chamber where the 
ice is aggregated. Therefore, in order to use a more complete model, we will assume the 
noisy model as we did in the Blind Source Separation in order to take into account all these 
sources of noise. It reads: 
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 , 0, 0   X AS V A S  (8) 

where M NV  is the noise matrix. Thanks to this term, we will be able to explain 
measured spectra with negative absorptions, i.e., we will suppose that the negative values of 
our data are due to the noise vector. In addition, adding the noise term will also allow to 
understand (8) as a probabilistic generative model connected to (2) although this was not the 
original motivation of the Non Negative Matrix Factorization.  

Assuming in the model the term V as an i.i.d. Gaussian noise, the maximum likelihood 
estimates of the matrices A and S are:  

 ML ML 2

, ,
( , ) arg min( log p( / , )) arg min|| || , 0, 0     

A S A S
A S X A S X AS A S  (9) 

Therefore, for a Gaussian assumption, the cost function to be minimized results rather 
intuitive: the ML estimate tries to minimize the squared Frobenius norm between the 
spectra of the ice mixtures and the factorization. 

The original multiplicative version of the algorithm is: 
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If we know that the spectra of the ices do not include negative values, the multiplicative 
version guarantees that the matrix of abundances and the spectra of the compounds are 
positive just initializing the algorithm with non negative matrices. However, if there exist 
negative values due to the noise term, the non-negativeness can not be guaranteed since all 
the spectral values of the ices are used in the updating step. If we do not take care of it, we 
can obtain for example compounds with negative absorptions, something physically 
impossible. When it happens, the rule is modified constraining the algorithm to 
enforce 0, 0 A S  simply converting the negative or zero values of A and S to small 
positive numbers. 

3.3 Sparseness of the spectrum 

The algorithms explained in the previous section are based on the superposition of non 
negative signals. In the case of our application, and considering the typical molecules 
involved in the formation of ices, e.g., CO and CO2, there exist another hypothesis that can 
be introduced in the statement of the problem: the sparseness of the signals, i.e., their value 
is zero excepting in some few wavelengths determined by the atomic composition and bond 
structure of the corresponding compound.  

The consequence from a statistical signal processing point of view is that the spectra are 
characterized by deep narrow absorption peaks around some specific wavelengths, so they 
can be modeled from a flexible distribution with several parameters, such as a mixture of 
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where  2,π σ are the vectors defined by the mixing proportions and variances of the 
different mixture of truncated Gaussians used to model the source distribution. Their 
distribution is a product of symmetric Dirichlets for the mixing proportions and a product 
of inverted Gammas for the variance. The prior used for the noise variance is also a product 
of inverted Gammas. Maximizing (5) yields updating rules for the parameters of the 
posteriors. The parameters of the posteriors are updated versions of the priors. 
Unfortunately, the update equations are coupled and the implementation of the algorithm 
requires iterations; these are carried out starting with some initial value for the variables and 
iterating until convergence. 

3.2 Non negative matrix factorization 

Since the Bayesian approach involves the use of statistical distributions, it allows a 
physically well grounded exposition of the solution, at least satisfying the physical 
restrictions of the problem, in particular, the non-negativeness of the absorption spectrum 
and abundances. However, it has the drawback that in some point some approximations 
must be done in order to obtain an implementation of the algorithm. The good thing is that 
we work with distributions, so we can infer not only a point estimate, but a posterior 
distribution. This is the classical advantage of Bayesian approach. But there are more ways 
for obtaining an algorithm that enforce the physical restrictions. 

One option is extending the Blind Source Separation model adding constraints about the 
non-negativeness. Another related approach is to model the observations as the product of 
two non-negative matrix, the so called Non Negative Matrix Factorization (Lee & Seung, 
1999). It is closely related to Independent Component Analysis (Cichocki et al., 2006). 
Although it was not motivated originally by a Bayesian framework, it has been shown that 
both of them are the same under mild assumptions about the distributions of the sources 
(Igual & Llinares, 2008).  

The NMF statement of the problem is (in matricial form): the infrared absorption spectrum 
X  of the ices is factorized as the product of the matrix of concentrations A  and the matrix 
of absorption spectra S  of the molecules present in those ices: 

 , 0, 0  X AS A S  (7) 

Note that in this case we include in the formulation of the problem the whole matrices, i.e., 
we do not assume any generative model nor time series approach (in our case “time“ 
corresponds to “wavelength“). In real measurements, as it was explained before, an additive 
noise term must be considered. Although in the laboratory the conditions are well 
controlled (a high signal to noise ratio), a perfect reconstruction such as (7) is not possible. 
For example, we experience difficulties to obtain pure mixtures of the different compounds 
and to control the temperature and pressure conditions in the vacuum chamber where the 
ice is aggregated. Therefore, in order to use a more complete model, we will assume the 
noisy model as we did in the Blind Source Separation in order to take into account all these 
sources of noise. It reads: 
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where M NV  is the noise matrix. Thanks to this term, we will be able to explain 
measured spectra with negative absorptions, i.e., we will suppose that the negative values of 
our data are due to the noise vector. In addition, adding the noise term will also allow to 
understand (8) as a probabilistic generative model connected to (2) although this was not the 
original motivation of the Non Negative Matrix Factorization.  

Assuming in the model the term V as an i.i.d. Gaussian noise, the maximum likelihood 
estimates of the matrices A and S are:  

 ML ML 2
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( , ) arg min( log p( / , )) arg min|| || , 0, 0     
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Therefore, for a Gaussian assumption, the cost function to be minimized results rather 
intuitive: the ML estimate tries to minimize the squared Frobenius norm between the 
spectra of the ice mixtures and the factorization. 

The original multiplicative version of the algorithm is: 
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If we know that the spectra of the ices do not include negative values, the multiplicative 
version guarantees that the matrix of abundances and the spectra of the compounds are 
positive just initializing the algorithm with non negative matrices. However, if there exist 
negative values due to the noise term, the non-negativeness can not be guaranteed since all 
the spectral values of the ices are used in the updating step. If we do not take care of it, we 
can obtain for example compounds with negative absorptions, something physically 
impossible. When it happens, the rule is modified constraining the algorithm to 
enforce 0, 0 A S  simply converting the negative or zero values of A and S to small 
positive numbers. 

3.3 Sparseness of the spectrum 

The algorithms explained in the previous section are based on the superposition of non 
negative signals. In the case of our application, and considering the typical molecules 
involved in the formation of ices, e.g., CO and CO2, there exist another hypothesis that can 
be introduced in the statement of the problem: the sparseness of the signals, i.e., their value 
is zero excepting in some few wavelengths determined by the atomic composition and bond 
structure of the corresponding compound.  

The consequence from a statistical signal processing point of view is that the spectra are 
characterized by deep narrow absorption peaks around some specific wavelengths, so they 
can be modeled from a flexible distribution with several parameters, such as a mixture of 



 
Astrophysics 

 

332 

Gaussians, to a simple supergaussian distribution such as the Laplacian one, with only one 
parameter. In the case of a mixture of Gaussians, it reads: 
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where the pdf of the k-source at the wavelength  j  corresponds to a mixture of kQ Gaussians 
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Note that this information is easily included in the Bayesian approach, since we can control 
the sparseness simply adjusting the corresponding parameters. In the case of the Non 
Negative Matrix Factorization, since we are not using the distributions, the sparseness must 
be incorporated in a different way. We have to modify the cost function, i.e., the squared 
Frobenius norm between the spectra of the ice mixtures and the factorization, to add a 
constraint in the optimization procedure that enforces the sparseness hypothesis. 

The new cost function to be minimized is: 
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In order to prevent that A and S can take negative values, in every iteration we apply the 
nonlinear function i,k i ,k k , j k , jmax( , ), max( , )   A A S S , where ε is a very small value, i.e., 
the abundance and spectra are projected to the subspace of possible values as we did in 
previous sectionand it is typical to all implementations of NMF algorithms to prevent 
numerical problems. 
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4. Results 
The data corresponds to the public ice analogs database of the University of Leiden. This 
database contains the infrared spectra of laboratory analogs of interstellar ices. Different 
mixtures of molecules (from one up to three components selected from H2, H2O, NH3, CH4, 
CO, H2CO, CH3OH, HCOOH, O2, N2 and CO2) at different temperatures and UV radiation 
exposures were produced, the final spectrum being calculated rationing the measured and 
the background spectrum. The units of the data are absorbance and cm-1. Figure 2 shows the 
spectra of the pure ices (molecules) used in the experiments. 

The baseline was removed with Origin software and the useful wavelengths intervals were 
selected. Among all the preprocessing tasks, the most important one is the baseline removal, 
because in much attenuated absorption bands, a bad approximation of the baseline can 
mask some compounds or produce negative values of the optical depth. 

The measure of performance used in this section is the Signal-to-Interference Ratio (SIR) 
defined as: 
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where iS  represents the original source i  and ˆ
iS  the corresponding recovered source, 

normalized to the same power. In this index, a high value means high quality results. 

The spectra of the ices were mixed with a 10x5 uniform random positive mixing matrix in 
the range 0-1 in order to simulate nine real laboratory ices. Figure 3 shows an example of 
such a mixture. The first experiment involved the recovery of the five ices using the 
algorithms explained in previous sections: NMF (Non Negative Matrix Factorization - Eq. 
10), RNMF (Regularized Non Negative Matrix Factorization - Eq. 13) and VBICA (Bayesian 
Source Separation). Figures 4 to 6 represent the ices recovered by the three algorithms. 

Remember that the sources can be recovered in any order. The separation of CO and H2O 
obtained by NMF algorithm is almost perfect. For the other sources, there is some remaining 
of the other molecules. The algorithm was not able to cancel in the rest of compounds the 
peak around 2300 cm-1 due to CO. The same problem occurs for the water, which is 
contaminating the spectrum of the estimated CO2. In addition, the algorithm fails absolutely 
in the extraction of the CH3OH, obtaining two HCOOH (third and fourth signals in  
Figure 4).  

In the case of RNMF, the results improve. Only for the water (the fourth recovered source in 
the Figure 5) it is still visible the same noisy peak than in the case of the NMF algorithm: the 
very narrow absorption band around 2300 cm-1 due to CO. For the rest of compounds, the 
separation is excellent. 

VBICA was able to recover all the sources but the CH3OH (fourth source in Figure 6). It was 
not able to estimate correctly the right side of the spectrum of the CH3OH. However, for the 
other sources, the algorithm worked very well, as we can see in the same Figure comparing 
with Figure 2. 
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Fig. 4. Ices recovered by NMF. CO2, HCOOH, HCOOH, H2O, CO. 
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Fig. 5. Ices recovered by RNMF: CO2, CO, HCOOH, H2O, CH3OH. 
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Fig. 6. Ices recovered by VBICA: HCOOH, H2O, CO, CH3OH and CO2. 
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5. Conclusion 
We have reviewed an application of Signal Processing techniques in Astrophysics: the study 
and analysis of ices obtained in the laboratories that try to simulate the astrophysical ices 
found in the outer space. We have exposed the problem from a Signal Processing point of 
view, showing the goodness of the Blind Source Separation approach to model the recorded 
absorption spectra as the combination of the spectra of the molecules that there exist in the 
obtained ice by aggregation of the molecules.  

The problem can be addressed in a Bayesian framework, where the prior distributions about 
the spectrum of the compounds and the abundances of them in every ice can be treated in a 
proper way when they are approximated by models such as mixture of Gaussians. But these 
algorithms are very slow when compared to classical optimization methods based on a cost 
function that is maximized according to some gradient based algorithm. We have shown 
that the statistical approach can be relaxed when the Non Negative Matrix Factorization is 
introduced. The obtained algorithms are faster although they can suffer from convergence 
problems due to the initialization and adjustment of some parameters that control the 
performance of the algorithms. 

Both procedures work, although attending to all the factors, we can conclude that the 
algorithms that enforce the non-negativeness condition in the optimization step obtain the 
best results, since they are fast and are able to cancel the remaining spectrum of the 
compounds demixing the spectrum of the ices. Nevertheless, the extraction is not always 
perfect, especially when some large narrow peaks are involved. On the other hand, when 
the sparseness restriction is included, the results improve, as we have seen with the RNMF 
algorithm, which obtained similar results to VBICA with a lower computational cost. 
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1. Introduction

Brane-world scenarios with a 3-brane identified with the observable Universe which is
embedded in a higher-dimensional space-time provide an alternative to the standard 4D
cosmology (Binetruy, Deffayet & Langlois 2000; Binetruy et al., 2000; Collins & Holdom,
2000; Kraus, 1999; Shiromizu; Maeda & Sasaki, 2000), reviews (Durrer, 2005; Maartens, 2004;
Rubakov, 2001). A necessary requirement on these models is that they should reproduce
the main observational cosmological data, the age of the Universe, abundances of elements
produced in primordial nucleosynthesis, etc.

A general property of the models with extra dimensions is that gravity propagates in the
extra dimensions independent of whether the ordinary matter is confined to the brane or not.
This entails a peculiar property of the models with extra dimensions which is absent in the
standard cosmology: gravitons which are produced in reactions of particles of matter on the
brane can escape from the brane and propagate in the bulk (Hebecker & March-Russel, 2001;
Langlois; Sorbo & Rodriguez-Martinez, 2002; Langlois & Sorbo, 2003; Maartens, 2004; Tanaka
& Himemoto, 2003). As a consequence the Einstein equations contain terms accounting for
the graviton emission. Cosmological evolution of matter on the brane is also affected by this
process.

Roughly the energy loss due to the process a + b → G + X can be estimated (Gorbunov &
Rubakov, 2008) as

dρ̂

dt
= − < nanbσa+b→G+XvEG >,

where in the radiation-dominated period of the evolution of the Universe na, nb ∼ T3 and
EG ∼ T. This yields

dρ̂

dt
∼ −κ2T8.

Here T is temperature of the Universe and κ2 = 8π/M3, is the 5D gravitational constant,
where M is the 5D Planck mass,

Below we consider the problem of graviton emission to the bulk in a model with one 3-brane
embedded in the bulk with one infinite extra dimension (Randall-Sundrum type II model
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2 Will-be-set-by-IN-TECH

(Randall & Sundrum, 1999) with matter). In a class of metrics defined below, the 5D model
can be treated in two alternative approaches. In the first approach the brane is moving in
the static 5D space-time, constructed by attaching two AdS spaces to the brane (Birmingham,
1999; Chamblin & Reall, 1999; Collins & Holdom, 2000; Kraus, 1999). In the second approach
the brane is located at a fixed position in the extra dimension, and the metric is time-dependent
(Binetruy, Deffayet & Langlois 2000; Binetruy et al., 2000). We review a method to connect
both approaches.

The Einstein equations including the terms due to graviton production are solved in the
perturbative approach. In the leading order we neglect the graviton production, and include
it in the next order. We perform our calculations in a picture in which the metric is
time-dependent and the brane is located at a fixed position in the extra dimension. In the
leading order solution of the system of 5D Einstein equations is the warped extension of the
metric on the brane to the bulk. Restriction of the 5D metric to the brane has the form of the
FRW metric ds2 = −dt2 + a2(t)ημνdxμdxν where the scale factor a(t) is determined from the
generalized Friedmann equation (Binetruy, Deffayet & Langlois 2000; Binetruy et al., 2000;
Collins & Holdom, 2000; Kraus, 1999; Maartens, 2004; Mukohyama, Shiromizu & Maeda).
The generalized Friedmann equation is obtained by solving the system of the 5D Einstein
equations. In the 5D models the generalized Friedmann equation contains the terms linear
and quadratic in energy density on the brane. In the leading order the Friedmann equation
does not contain terms due to graviton production which are included in the next order.

Evolution of the energy density on the brane is determined by the Boltzmann equation. The
collision term in the Boltzmann equation accounts for the graviton emission from the brane
resulting from annihilation of the Standard model particles to gravitons. To calculate the
collision term, solving the field equations for fluctuations over the background metric, we
find the spectrum of the tower of Kaluza-Klein gravitons.

Explicit form of the bulk energy-momentum tensor is obtained by identifying the collision
term in the Boltzmann equation which accounts for the loss of energy density on the brane
with the component of the energy-momentum tensor in the 5D conservation equation which
also represents the energy flow from the brane to the bulk (Langlois & Sorbo, 2003).

Graviton emission changes cosmological evolution of matter on the brane. Time (temperature)
dependence of of the Hubble function determined from the Friedmann equation which
includs the components of the bulk graviton energy-momentum tensor is different from that
in the standard cosmological model. This, in turn, results in a change of abundances of
light elements produced in primordial nucleosynthesis (Steigman; Walker & Zentner, 2001).
Perturbatively solving the system of the Friedmann and 5D conservation equations, we find
the difference of abundances of 4He produced in primordial nucleosynthesis calculated in
the models with and without graviton production. Calculations are performed in the period
of late cosmology, in which in the Friedmann equation the term linear in matter energy
density is dominant. We find that the difference of abundances of 4He calculated in both
models is a small number, much smaller than that estimated in (Hebecker & March-Russel,
2001; Langlois; Sorbo & Rodriguez-Martinez, 2002; Langlois & Sorbo, 2003). We make an
estimate of production of 4He in the period of early cosmology, in which in the Friedmann
equation the quadratic term in matter energy density is dominant. In this period it is
important to account for multiple bounces of gravitons back to the brane (Hebecker &
March-Russel, 2001; Langlois & Sorbo, 2003). Under the assumption that the component
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of the graviton energy-momentum tensor representing the bouncing gravitons cancels the
large terms contained in the energy-momentum tensor of the emitted gravitons, we find that
production of 4He is consistent with the result of the standard cosmological model.

The plan of the paper is as follows. After briefly reviewing in Sect. 2 two approaches to
the 5D model, in Sects. 3 and 4 we establish explicit connection between the two pictures.
In Sect. 5, starting from the system of the Einstein equations containing the terms due to
graviton emission to the bulk, we obtain the generalized Friedmann equation. In Sect. 8,
using the results of Sect. 7, we calculate the collision integral in the Boltzmann equation and
find the components of the energy-momentum tensor of the gravitons emitted to the bulk. In
Sects. 9 and 10 we calculate the effect of the graviton emission on abundance of 4He produced
in primordial nucleosynthesis. In Sect. 11 we find condition for bouncing of the emitted
gravitons back to the brane.

2. Two pictures of 3-brane in the 5D space-time

We consider the 5D model with one 3D brane embedded in the bulk. Matter is confined to
the brane, gravity extends to the bulk. In the leading approximation we neglect gravitation
emission from the brane to the bulk. The action is taken in the form

S5 =
1

2κ2

⎡
⎣
�

Σ

d5x
�
−g(5)(R(5) − 2Λ) + 2

�

∂Σ

K

⎤
⎦−

�

∂Σ

d4x
�
−g(4) σ̂ −

�

∂Σ

d4x
�
−g(4)Lm, (1)

where x4 ≡ y is coordinate of the infinite extra dimension, κ2 = 8π/M3 .

The 5D model can be treated in two alternative approaches. Each approach proves to be
useful for certain problems discussed below. In the first approach metric is non-static, and the
brane is located at a fixed position in the extra dimension (Binetruy, Deffayet & Langlois 2000;
Binetruy et al., 2000). We consider the class of metrics of the form 1

ds2
5 = g(5)ij dxidxj = −n2(y, t)dt2 + a2(y, t)ηabdxadxb + dy2 ≡ dy2 + gμνdxμdxν. (2)

The brane is spatially flat and located at y = 0. Making use of the freedom in parametrization
of t, we can make n(0, t) = 0. Reduction of the metric (2) to the brane is

ds2 = dt2 + a2(0, t)ηabdxadxb. (3)

The energy-momentum tensor of matter on the brane is taken in the form

T̂ν
μ = diag δ(y){−ρ̂, p̂, p̂, p̂}. (4)

For the following it is convenient to introduce the normalized expressions for energy density,
pressure and cosmological constant on the brane which all have the same dimensionality
[GeV]

μ =

�
−Λ

6
, σ =

κ2σ̂

6
, ρ =

κ2ρ̂

6
, p =

κ2 p̂
6

. (5)

1 The indices i, j run over 0,...,4, the Greek indices are 0,...,3, and a, b = 1, 2, 3
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(Randall & Sundrum, 1999) with matter). In a class of metrics defined below, the 5D model
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with the component of the energy-momentum tensor in the 5D conservation equation which
also represents the energy flow from the brane to the bulk (Langlois & Sorbo, 2003).

Graviton emission changes cosmological evolution of matter on the brane. Time (temperature)
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important to account for multiple bounces of gravitons back to the brane (Hebecker &
March-Russel, 2001; Langlois & Sorbo, 2003). Under the assumption that the component
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In the leading approximation the system of 5D Einstein equations and junction conditions
admits a solution (Binetruy et al., 2000)

a2(y, t) =
a2(0, t)

4

[
e2μ|y|

((
ρ + σ

μ
− 1

)2
+

ρw

μ

)
+ e−2μ|y|

((
ρ + σ

μ
+ 1

)2
+

ρw

μ

)
(6)

−2

((
ρ + σ

μ

)2
− 1 +

ρw

μ

)]
,

n(y, t) =
ȧ(y, t)
ȧ(0, t)

. (7)

The function a(t) = a(0, t) is solution of the generalized Friedmann equation (Binetruy,
Deffayet & Langlois 2000; Binetruy et al., 2000)

H2(t) = −μ2 + (ρ + σ)2 + μρw(t). (8)

Here we introduced the Hubble function H(t) and the so-called Weyl radiation term ρw(t)
(Maartens, 2004; Shiromizu; Maeda & Sasaki, 2000)

H(t) =
ȧ(0, t)
a(0, t)

, ρw(t) = ρw0

(
a(0, t0)

a(0, t)

)4
. (9)

In the second approach the brane separates two static 5D AdS spaces attached to both sides of
the brane (Birmingham, 1999; Chamblin & Reall, 1999; Collins & Holdom, 2000; Kraus, 1999).
The bulk actions are as the bulk part of the action (1). The metrics, which are solutions of the
Einstein equations, are

ds2 = − fi(R)dT2 +
dR2

fi(R)
+ μ2

i R2dxadxa, (10)

where
fi(R) = μ2

i R2 − Pi
R2 .

Below we consider the case μ1 = μ2 and P1 = P2. Reduction of the 5D metric to the brane is

ds2 = −dt2 + R2
b(t)dxadxa. (11)

Trajectory of the moving brane is defined through the proper time t on the brane as

R = Rb(t), T = Tb(t), where − f (Rb)Ṫ
2
b + f−1(Rb)Ṙ2

b = −1.

The junction conditions on the brane are (Binetruy, Deffayet & Langlois 2000; Binetruy et al.,
2000; Chamblin & Reall, 1999; Collins & Holdom, 2000; Kraus, 1999; Shiromizu; Maeda &
Sasaki, 2000)

[hk
i ∇knj] = τij − 1

3
τhij. (12)

Here hij = gij − ninj is the induced metric on the brane, vi = ±(Ṫb, Ṙb, 0) and ni =

±(−Ṙb, Ṫb, 0) are velocity and normal vector to the brane, τij = (ρ + p)vivj + phij. 2 [X]

2 Here and below prime and dot denote differentiation over y and t.
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denotes the difference of expressions calculated at the opposite sides of the brane. From
the spatial components (a, b = 1, 2, 3) of the junction conditions follows the generalized
Friedmann equation (

Ṙb
Rb

)2

= −μ2 + (ρ + σ)2 +
P

R4
b

. (13)

Equation (13) is of the same form as (8). a2(0, t) can be identified with μ2R2
b(t), and the term

ρw(t) = ρw0/a4(t) can be identified with the term P/μR4
b(t). Below we set σ = μR2

b(t) and
a2(0, t) are interpreted as scale factors of the Universe. 3 .

3. Geodesic equations in the picture with static metric

To prepare necessary relations for establishing connection between the two pictures, we
consider the geodesic equations in the picture with the static metric and moving brane. Let y
be a parameter along a geodesic. Geodesic equations are

d2T
dy2 + 2ΓT

TR
dT
dy

dR
dy

= 0 (14)

d2xa

dy2 + 2Γa
bR

dxb

dy
dR
dy

= 0 (15)

d2R
dy2 + ΓR

RR

(
dR
dy

)2
+ ΓR

TT

(
dT
dy

)2
+ ΓR

ab
dxa

dy
dxb

dy
= 0, (16)

where the Christoffel symbols calculated with the metric (10) are

ΓT
TR =

f �
2 f

, ΓR
RR = − f �

2 f
, ΓR

TT =
1
2

f f �, ΓR
ab = −ηab f μ2R, Γa

Rb =
δa

b
R

.

Here (T, R) ≡ (T±, R±) are coordinates in the AdS spaces at the opposite sides of the brane.
Integrating the geodesic equations, we obtain

dT±
dy

=
E±

f (R)
,

dxa

dy
=

Ca

μ2R2 ,
(

dR±
dy

)2

= f (R)(CR±)2 + E±2 − Ca2 f
μ2R2 , (17)

where (E±, Ca, CR±) are integration parameters. (dT/dy, dR/dy, dxa/dy) are the
components of the tangent vector to the geodesic which we normalize to unity. Imposing
normalization condition

dxi

dy
dxj

dy
gij = 1, i = T, R, a

we obtain that (CR±)2 = 1.

Let us consider the foliation of the hypersurface (T, R, xa = 0) by geodesics (T(y, t), R(y, t))
that intersect the trajectory of the brane (Tb(t), Rb(t)) and at the intersection point are
orthogonal to it (cf. (Mukohyama, Shiromizu & Maeda)). The geodesics are subject to the

3 From the fit of the cosmological data in the leading approximation of the present model it follows
that σ2 = μ2(1 + O(H2

0 /μ2)), where H0 is the present-time Hubble parameter (Iofa, 2009a;b). For
μ ∼ 10−12GeV correction is ∼ 10−60.
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2
b + f−1(Rb)Ṙ2
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Ṙb
Rb

)2

= −μ2 + (ρ + σ)2 +
P

R4
b

. (13)

Equation (13) is of the same form as (8). a2(0, t) can be identified with μ2R2
b(t), and the term

ρw(t) = ρw0/a4(t) can be identified with the term P/μR4
b(t). Below we set σ = μR2

b(t) and
a2(0, t) are interpreted as scale factors of the Universe. 3 .

3. Geodesic equations in the picture with static metric

To prepare necessary relations for establishing connection between the two pictures, we
consider the geodesic equations in the picture with the static metric and moving brane. Let y
be a parameter along a geodesic. Geodesic equations are

d2T
dy2 + 2ΓT

TR
dT
dy

dR
dy

= 0 (14)

d2xa

dy2 + 2Γa
bR

dxb

dy
dR
dy

= 0 (15)

d2R
dy2 + ΓR

RR

(
dR
dy

)2
+ ΓR

TT

(
dT
dy

)2
+ ΓR

ab
dxa

dy
dxb

dy
= 0, (16)

where the Christoffel symbols calculated with the metric (10) are

ΓT
TR =

f �
2 f

, ΓR
RR = − f �

2 f
, ΓR

TT =
1
2

f f �, ΓR
ab = −ηab f μ2R, Γa

Rb =
δa

b
R

.
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initial conditions at y = 0 : R±(0, t) = Rb(t), T±(0, t) = Tb(t). We consider solutions of the
geodesic equations even in y: T+(y) = T−(−y), R+(y) = R−(−y)

dT±(y)
dy

=
Eε(y)
f (R)

,
dR±(y)

dy
= αε(y)

(
f (R) + E2

)1/2
, (18)

where α = ±1, and E+(t) = E−(t) = E(t).

The normalized velocity of the brane and the normal vector to the brane are

vi
b = (Ṫb, Ṙb), ni±

b = ηε(y)
(

Ṙb
f (Rb)

, f (Rb)Ṫb

)
, (19)

where η = ±1. From (17), setting Ca = 0, we obtain the tangent vector to the geodesic

ui± =

(
Eε(y)
f (R)

, αε(y)
√

f (R) + E2
)

, (20)

By construction, at the intersection point with the trajectory of the brane the tangent vector to
a geodesic is parallel to the normal to the trajectory of the brane,

ui |y=0||ni
b. (21)

Substituting Ṫb = ξ
√

f (Rb) + Ṙ2
b/ f (Rb), where ξ = ±1, we have

E = ηṘb, α = ξη. (22)

Integrating Eq.(18) for R, we express coordinate R in the hyperplane Ca = 0 through
coordinates (y, t)

R2(y, t) = R2
b(t)

[
cosh(2μy) +

H2

2μ2 (cosh(2μy)− 1)±
√

1 +
H2

μ2 − P
R4

bμ2
sinh(2μ|y|)

]
. (23)

Here H2 = (Ṙb(t)/Rb(t))2. Substituting H2 from the Friedmann equation (13) with σ = μ,
we transform (23) to the form (6) with σ = μ. Thus, we can identify

μ2R2(y, t) = a2(y, t). (24)

4. Integration of geodesic equations and connection between two forms of the
metric

In the following we consider the metric (10) with P = 0, i.e. f (R) = μ2R2. In the hyperplane
xa = const we set Ca = 0. Integrating Eq. (18)

dR±(y, t)
dy

= αε(y)
√

μ2R2(y, t) + E2 (25)

we obtain

R±(y, t) = Rb(t) cosh μy + α

√
Ṙ2

b
μ2 + R2

b sinh μ|y|. (26)
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Using the Friedmann equation

H2 = Ṙ2
b/R2

b = ρ2 + 2μρ (27)

omitting (±) we rewrite (26) as

R(y, t) = Rb(t)
(

cosh μy + αβ

(
1 +

ρ

μ

)
sinh μ|y|

)
, (28)

where β ≡ sign(Rb(t)). To identify μ2R2(y, t) with

a2(y, t) =
a2(0, t)

4

[
e2μ|y|

(
ρ

μ

)2
+ e−2μ|y|

(
ρ

μ
+ 2

)
− 2

ρ

μ

(
ρ

μ
+ 2

)]
, (29)

(cf. (6)) we set
αβ = −1.

and obtain

R(y, t) =
Rb(t)

2

[
e−μ|y|

(
ρ

μ
+ 2

)
− eμ|y| ρ

μ

]
. (30)

Also we have
dR(y, t)

dy
= −ε(y)

μRb
2

[
e−μ|y|

(
ρ

μ
+ 2

)
+ eμ|y| ρ

μ

]
. (31)

Introducing y0, such that

eμy0 =

(
ρ

ρ + 2μ

)1/2
(32)

we express R(y, t) and R�(y, t) as

R(y, t) = − HRb(t)
μ

sinh(μ|y|+ μy0), R�(y, t) = −ε(y)HRb(t) cosh(μ|y|+ μy0). (33)

Substituting in Eq. (18) for T(y, t) expression (33) for R(y, t), and integrating the equation, we
have

T±(y, t) = − 1
μE

cosh(μ|y|+ μy0)

sinh(μ|y|+ μy0)
+ C±(t). (34)

Taking C+(t) = C−(t) = C(t), we obtain that the limits y = 0 of T±(y, t) from both sides of
the brane are the same .

To determine C(t), first, we consider transformation of the metric (10) from coordinates
R(y, t), T(y, t) to coordinates y, t. We have

ds2 = dy2

(
−μ2R2T�2 + R�2

μ2R2

)
+ 2dtdt

(
−μ2R2ṪT� + ṘR�

μ2R2

)
(35)

+dt2
(
−μ2R2Ṫ2 +

Ṙ2

μ2R2

)
+ μ2R2dxa2.

On solutions of the geodesic equations (18) the coefficient at dy2 is ε2(y). The coefficient at
dydt is zero, if

Ṫ =
Ṙ R�

μ4R4 T� =
Ṙ R�

μ2R2(ε(y)E)
, (36)
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geodesic equations even in y: T+(y) = T−(−y), R+(y) = R−(−y)

dT±(y)
dy

=
Eε(y)
f (R)

,
dR±(y)

dy
= αε(y)

(
f (R) + E2

)1/2
, (18)

where α = ±1, and E+(t) = E−(t) = E(t).

The normalized velocity of the brane and the normal vector to the brane are

vi
b = (Ṫb, Ṙb), ni±

b = ηε(y)
(

Ṙb
f (Rb)

, f (Rb)Ṫb

)
, (19)

where η = ±1. From (17), setting Ca = 0, we obtain the tangent vector to the geodesic
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(
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f (R)

, αε(y)
√

f (R) + E2
)
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ui |y=0||ni
b. (21)

Substituting Ṫb = ξ
√

f (Rb) + Ṙ2
b/ f (Rb), where ξ = ±1, we have
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b(t)

[
cosh(2μy) +

H2

2μ2 (cosh(2μy)− 1)±
√

1 +
H2

μ2 − P
R4

bμ2
sinh(2μ|y|)

]
. (23)

Here H2 = (Ṙb(t)/Rb(t))2. Substituting H2 from the Friedmann equation (13) with σ = μ,
we transform (23) to the form (6) with σ = μ. Thus, we can identify

μ2R2(y, t) = a2(y, t). (24)

4. Integration of geodesic equations and connection between two forms of the
metric

In the following we consider the metric (10) with P = 0, i.e. f (R) = μ2R2. In the hyperplane
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√
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√
Ṙ2

b
μ2 + R2

b sinh μ|y|. (26)
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Using the Friedmann equation

H2 = Ṙ2
b/R2

b = ρ2 + 2μρ (27)

omitting (±) we rewrite (26) as

R(y, t) = Rb(t)
(

cosh μy + αβ

(
1 +

ρ

μ

)
sinh μ|y|

)
, (28)

where β ≡ sign(Rb(t)). To identify μ2R2(y, t) with

a2(y, t) =
a2(0, t)

4

[
e2μ|y|

(
ρ

μ

)2
+ e−2μ|y|

(
ρ

μ
+ 2

)
− 2

ρ

μ

(
ρ

μ
+ 2

)]
, (29)

(cf. (6)) we set
αβ = −1.

and obtain
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2

[
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(
ρ

μ
+ 2

)
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μ

]
. (30)

Also we have
dR(y, t)

dy
= −ε(y)

μRb
2

[
e−μ|y|

(
ρ

μ
+ 2

)
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μ

]
. (31)

Introducing y0, such that

eμy0 =

(
ρ

ρ + 2μ

)1/2
(32)

we express R(y, t) and R�(y, t) as

R(y, t) = − HRb(t)
μ

sinh(μ|y|+ μy0), R�(y, t) = −ε(y)HRb(t) cosh(μ|y|+ μy0). (33)

Substituting in Eq. (18) for T(y, t) expression (33) for R(y, t), and integrating the equation, we
have

T±(y, t) = − 1
μE

cosh(μ|y|+ μy0)

sinh(μ|y|+ μy0)
+ C±(t). (34)

Taking C+(t) = C−(t) = C(t), we obtain that the limits y = 0 of T±(y, t) from both sides of
the brane are the same .

To determine C(t), first, we consider transformation of the metric (10) from coordinates
R(y, t), T(y, t) to coordinates y, t. We have

ds2 = dy2

(
−μ2R2T�2 + R�2

μ2R2

)
+ 2dtdt

(
−μ2R2ṪT� + ṘR�

μ2R2

)
(35)

+dt2
(
−μ2R2Ṫ2 +

Ṙ2

μ2R2

)
+ μ2R2dxa2.

On solutions of the geodesic equations (18) the coefficient at dy2 is ε2(y). The coefficient at
dydt is zero, if

Ṫ =
Ṙ R�

μ4R4 T� =
Ṙ R�

μ2R2(ε(y)E)
, (36)
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where in the second equality we have used (18). Substituting (36) in the coefficient at dt2 and
using (18) and (33), we obtain Ṙ2/Ṙb

2
= n2(y, t) (cf. (6)).

Writing (34) as

T(y, t) = −R�(y, t)/ε(y)
μ2R(y, t)E

+ C(t) (37)

and taking the time derivative, we obtain

Ṫ =
ṘR�

μ2R2(ε(y)E)
− 1

μ2R
d
dt

(
R�/ε(y)

E

)
+ Ċ (38)

The first term in the rhs of (38) is the same as (36). Remarkably, substituting explicit
expressions (33) for R and R�, we find that the second term in the right-hand side of (38)
is independent of y

1
μ2R

d
dt

(
R�ε(y)

E

)
=

ηẏ0(t)
Ṙb(t)

. (39)

Choosing

Ċ = η
ẏ0

Ṙb
,

we obtain Ṫ in the form (36). To conclude, we have transformed the metric (10) to the form
(2).

5. Generalized Friedmann equation with the graviton emission terms included

In this section, keeping in mind application of the results of this section to calculation of
primordial nucleosynthesis, we derive the generalized Friedmann equation containing the
bulk energy-momentum tensor due to the graviton emission from the brane to the bulk. We
use formulation based on the metric (2). Dynamics of the model is contained in the system of
5D Einstein equations

Gij ≡ Rij − 1
2

gijR = κ2T(5)
ij − gijΛ − δ

μν
ij

√
−g(4)√
−g(5)

δ(y)gμνκ2σ̂. (40)

Here T(5)
ij is the sum of the energy-momentum tensor of matter confined to the brane T̂ij (11)

and the bulk energy-momentum tensor Ťij.

The components of the Einstein tensor Gij(y, t) are

G00 = 3

[
ȧ2

a2 − n2

(
a��
a

+
a�2

a2

)]
(41)

G44 = 3

[(
a�2

a2 +
a�n�
a n

)
− 1

n2

(
ȧ2

a2 − ȧṅ
a n

+
ä
a

)]
(42)

G04 = 3

(
n�
n

ȧ
a
− ȧ�

a

)
. (43)
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The components Gij(y, t) satisfy the relations (cf. (Binetruy et al., 2000))

G0
0 − G0

4
ȧ
a� =

3
2a�a3 F� (44)

G44 − G04
a�
ȧ
=

3
2ȧa3 Ḟ, (45)

where

F = (a�a)2 − (ȧa)2

n2 (46)

The functions a(y, t) and n(y, t) satisfy junction conditions on the brane 4

a�(0, t)
a(0, t)

= −σ − ρ(t),
n�(0, t)
n(0, t)

= 2ρ(t) + 3p(t)− σ (47)

Reparametrization of t allows to set n(0, t) = 1, i.e. t is the proper time on the brane.

Eq. (45) can be rewritten as

Ḟ = −μ2 ˙(a4)− κ2

6
(a4)�Ť04 +

κ2

6
˙(a4)Ť44. (48)

On the brane, at y = 0, using junction conditions and setting σ � μ, we have

Ḟ = μ2 ˙(a4) +
2κ2a4

3
(ρ + μ)Ť04 +

2κ2a3 ȧ
3

Ť44. (49)

Integrating (48) in the interval (t, tl), where the initial time tl is defined below, we obtain

F(0, t)=μ2a4(0, t)+
2κ2

3

t∫

tl

dt�Ť04(t�)(ρ(t�)+μ)a4(0, t�)+ 2κ2

3

t∫

tl

dt�Ť44(t�)ȧ(0, t�)a3(0, t�)−C,

(50)
where C is an integration constant. Substituting expression (46) for F and using the junction
conditions, we rewrite (50) in a form of the generalized Friedmann equation (cf. (Binetruy,
Deffayet & Langlois 2000; Binetruy et al., 2000))

H2(t) = ρ2(t) + 2μρ(t) + μρw(t)− 2κ2

3a4(0, t)

t∫

tl

dt�
[
Ť04(t�)(ρ(t�) + μ) + Ť44(t�)H(t�)

]
a4(0, t�).

(51)
On the brane, at y = 0, substituting the expressions for n�/n and a�/a from the junction
conditions (47), we transform the (04) component of the Einstein equations (43) to the form

ρ̇ + 3H(ρ + p) =
κ2Ť04

3
. (52)

On the other hand, the same equation, which is the generalization of the conservation equation
for the energy-momentum tensor of the matter confined to the brane to the case with the
energy-momentum flow in the bulk, is obtained by integration of the 5D conservation law
∇iTi

0 = 0 across the brane (Tanaka & Himemoto, 2003).

4 We assume invariance y ↔ −y.
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Choosing
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,

we obtain Ṫ in the form (36). To conclude, we have transformed the metric (10) to the form
(2).

5. Generalized Friedmann equation with the graviton emission terms included

In this section, keeping in mind application of the results of this section to calculation of
primordial nucleosynthesis, we derive the generalized Friedmann equation containing the
bulk energy-momentum tensor due to the graviton emission from the brane to the bulk. We
use formulation based on the metric (2). Dynamics of the model is contained in the system of
5D Einstein equations

Gij ≡ Rij − 1
2

gijR = κ2T(5)
ij − gijΛ − δ

μν
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√
−g(4)√
−g(5)

δ(y)gμνκ2σ̂. (40)

Here T(5)
ij is the sum of the energy-momentum tensor of matter confined to the brane T̂ij (11)

and the bulk energy-momentum tensor Ťij.

The components of the Einstein tensor Gij(y, t) are

G00 = 3

[
ȧ2

a2 − n2

(
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+
a�2

a2

)]
(41)

G44 = 3

[(
a�2

a2 +
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)
− 1
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(
ȧ2

a2 − ȧṅ
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+
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a

)]
(42)

G04 = 3

(
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)
. (43)
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G44 − G04
a�
ȧ
=
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2ȧa3 Ḟ, (45)

where

F = (a�a)2 − (ȧa)2

n2 (46)

The functions a(y, t) and n(y, t) satisfy junction conditions on the brane 4
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a(0, t)

= −σ − ρ(t),
n�(0, t)
n(0, t)

= 2ρ(t) + 3p(t)− σ (47)

Reparametrization of t allows to set n(0, t) = 1, i.e. t is the proper time on the brane.

Eq. (45) can be rewritten as

Ḟ = −μ2 ˙(a4)− κ2

6
(a4)�Ť04 +

κ2

6
˙(a4)Ť44. (48)

On the brane, at y = 0, using junction conditions and setting σ � μ, we have

Ḟ = μ2 ˙(a4) +
2κ2a4

3
(ρ + μ)Ť04 +

2κ2a3 ȧ
3

Ť44. (49)

Integrating (48) in the interval (t, tl), where the initial time tl is defined below, we obtain

F(0, t)=μ2a4(0, t)+
2κ2

3

t∫

tl

dt�Ť04(t�)(ρ(t�)+μ)a4(0, t�)+ 2κ2

3

t∫

tl

dt�Ť44(t�)ȧ(0, t�)a3(0, t�)−C,

(50)
where C is an integration constant. Substituting expression (46) for F and using the junction
conditions, we rewrite (50) in a form of the generalized Friedmann equation (cf. (Binetruy,
Deffayet & Langlois 2000; Binetruy et al., 2000))

H2(t) = ρ2(t) + 2μρ(t) + μρw(t)− 2κ2

3a4(0, t)

t∫
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dt�
[
Ť04(t�)(ρ(t�) + μ) + Ť44(t�)H(t�)
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(51)
On the brane, at y = 0, substituting the expressions for n�/n and a�/a from the junction
conditions (47), we transform the (04) component of the Einstein equations (43) to the form

ρ̇ + 3H(ρ + p) =
κ2Ť04

3
. (52)

On the other hand, the same equation, which is the generalization of the conservation equation
for the energy-momentum tensor of the matter confined to the brane to the case with the
energy-momentum flow in the bulk, is obtained by integration of the 5D conservation law
∇iTi

0 = 0 across the brane (Tanaka & Himemoto, 2003).

4 We assume invariance y ↔ −y.
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6. Period of late cosmology

The generalized Friedmann equation contains the terms linear and quadratic in the energy
density ρ. The period, in which the term linear in energy density is dominant, i.e. ρ/μ < 1 is
called the period of late cosmology. Graviton production by hot matter is sufficiently intensive
in the radiation-dominated period of cosmology. In the radiation-dominated phase of the
Universe condition of late cosmology is

ρr(T)
μ

=
κ2ρ̂r(T)

6μ
=

4π3g∗(T)T4

90μM3 � 4π3g∗(T)T4

90(μMpl)2 < 1, (53)

where we used that μM2
pl/M3 � 1 Iofa (2009a;b). Taking μ ∼ 10−12GeV, we find that the

approximation of late cosmology is valid up to the temperatures of order 5 · 102GeV.

Without the Weyl radiation term, the function a2(y, t) (29) has the minimum equal to zero at
the point |ȳ|

e2μ|ȳ| = 1 +
2μ

ρ
. (54)

In the region 0 < |y| < |ȳ| and for ρ/μ � 1 the functions a(y, t) and n(y, t) = ȧ(y, t)/ȧ(0, t)
can be approximated as

a(y, t) � a(0, t)e−μ|y| (55)

n(y, t) � e−μ|y|,

and the approximate 5D metric is

ds2 � dy2 + e−2μ|y|(−dt2 + a2(0, t)ηabdxadxb). (56)

7. Fluctuations of the background metric

in the models with extra dimensions, in interactions of particles of the hot plasma on the brane,
are produced not only massless gravitons, but the whole Kaluza-Klein tower of gravitons.
Gravitons are fluctuations over the background metric. To calculate the energy loss from the
brane due to graviton emission we need the spectrum of gravitons. The part of the action
quadratic in fluctuations is

I =
1
2

∫
d5x

√
−g(5)

[
(R − Λ(5))

(
−1

2
hj

i h
i
j +

1
4

h2
)
− Rj

i h
i
jh + 2Rj

i h
k
j hi

k (57)

+
1
2

(
2hqi;khik;q − hik;qhik;q + h,qh,q − 2h,ihik

;k

)]
.

The action I is invariant under the gauge transformations

h̃kl = hkl − (∇kξl +∇lξk), (58)

where ∇ is defined with respect to the background metric. The gauge freedom allows to
set the components h4i to zero. There remain residual gauge transformations, allowing for
subsequent simplifications.
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With the full metric gμν(y, t) (2) it is complicated to solve the equations for hμν analytically. To
solve the equations, instead of the exact metric, in the regions 0 < y < ȳ and y > ȳ we use the
approximate metrics with the separated dependence on y and t. In the region 0 < y < ȳ, we
use the approximate metric (56). In the region y > ȳ the approximate metric is

ds2 = dy2 + e2μy

(
−dt2 +

a2(0, t)
4

(
ρ

μ

)2
ηabdxadxb

)
. (59)

In the metrics (56) and (59), using the residual gauge transformations and field equations for
hij, it is possible to transform hij to the traceless, transverse form hμ

μ = 0, Dμhμν = 0 (Iofa,
2011).

Equations for the eigenmodes are considered in the next subsection. We show that the norm
of the function h>m is smaller than that of h<m . Effectively, in the period of late cosmology, this
allows to consider the contribution from the region 0 < y < ȳ only.

We obtain the spectrum

mn � μe−μȳ
(

nπ +
π

2

)
(60)

and the normalized eigenmode hm(0)

hm(0) � (μe−μȳ)1/2. (61)

For the following we need the sum ∑n h2
mn

(0), where mn is determined by (60). Because of a
narrow spacing between the levels, we change summation to integration and obtain

∑
n

h2
mn

(0) �
∫ dm eμȳ

μπ
μe−μȳ =

∫ dm
π

. (62)

The integral (62) is independent of ȳ. The same measure of integration was obtained in
Langlois; Sorbo & Rodriguez-Martinez (2002), where the authors used the graviton modes
of the Randal-Sundrum II model (Randall & Sundrum, 1999) without matter, in which case
the integration over y extends to infinity and the spectrum is continuous. Similarity of the
results can be traced to the fact that we performed calculations in the period of late cosmology
neglecting the terms of order O(ρ/μ) as compared to unity.

7.1 Equations for eigenmodes

In the background of the approximate metric (56), in the region 0 < y < ȳ, in the gauge
Dμhμν(y, x) = 0, hμ

μ(y, x) = 0, the (μν) components of the field equations for fluctuations are

h��μν − 4μ2hμν + b−1(y)DρDρhμν + δ(y)4μhμν = 0. (63)

We expand the functions hμ
ν (x, y) as

hμ
ν (x, y) = ∑

m
φ

μ

(m)ν
(x)hm(y),

where the functions h<m(y) satisfy the equation 5

h��m(y)− 4μ2hm(y) + e2μ|y|m2
<hm(y) + δ(y)4μhm(y) = 0. (64)

5 Wherever it does not lead to ambiguity, we omit the (sub)superscripts < and >.
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=
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where we used that μM2
pl/M3 � 1 Iofa (2009a;b). Taking μ ∼ 10−12GeV, we find that the

approximation of late cosmology is valid up to the temperatures of order 5 · 102GeV.
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results can be traced to the fact that we performed calculations in the period of late cosmology
neglecting the terms of order O(ρ/μ) as compared to unity.

7.1 Equations for eigenmodes

In the background of the approximate metric (56), in the region 0 < y < ȳ, in the gauge
Dμhμν(y, x) = 0, hμ

μ(y, x) = 0, the (μν) components of the field equations for fluctuations are

h��μν − 4μ2hμν + b−1(y)DρDρhμν + δ(y)4μhμν = 0. (63)

We expand the functions hμ
ν (x, y) as

hμ
ν (x, y) = ∑

m
φ

μ

(m)ν
(x)hm(y),

where the functions h<m(y) satisfy the equation 5

h��m(y)− 4μ2hm(y) + e2μ|y|m2
<hm(y) + δ(y)4μhm(y) = 0. (64)

5 Wherever it does not lead to ambiguity, we omit the (sub)superscripts < and >.
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Solution of the equation

h��m(y)− 4μ2hm(y) + e2μ|y|m2
<hm(y) = 0 (65)

is
h<m(y) = C1 J2(m̃eμ|y|) + C2N2(m̃eμ|y|), (66)

where
m̃ =

m<

μ
.

The terms with δ(y) are taken into account by the boundary condition
[

dhm(y)
dy

+
2
m̃

hm(y)
]

y=0+
= 0

which yields the relation C1 J1(m̃) + C2N1(m̃) = 0. The eigenfunctions (66) take the form

h<m<
(y) = C

[
(N1(m̃)J2(m̃eμ|y|)− J1(m̃)N2(m̃eμ|y|)

]
. (67)

Introducing the functions

fk(y) = N1(m̃)Jk(m̃eμ|y|)− J1(m̃)Nk(m̃eμ|y|)

we obtain the norm of hm

||h<m<
||2 = 2C2

ȳ∫

0

e2μy f 2
2 (y)dy =

C2

μ

[
e2μȳ

(
f 2
2 (ȳ)− f1(ȳ) f3(ȳ)

)
−

(
f 2
2 (0)− f1(0) f3(0)

)]
.

(68)
Typical masses (energies) of the emitted Kaluza-Klein gravitons are of order of temperature
of the Universe T. In the case of small μ ∼ 10−12 GeV we have m/μ � 1. Substituting the
asymptotics of the Bessel functions, we obtain

||h<m<
||2 =

C2

μ

(
2

πm̃

)2
(eμȳ − 1). (69)

In the region y > ȳ we use the metric in (59) with the increasing exponent. The equations for
the eigenmodes h> is

h��m(y)− 4μ2hm(y) + e−2μ|y|m2
>hm(y) = 0. (70)

The eigenfunctions are

h>m>
(y) = C̃1 J2(m̃e−μy)− C̃2N2(m̃e−μy), (71)

where m̃ = m>/μ. For large y, such that m̃e−μy � 1, the function N2(m̃e−μy) ∼ (m̃e−μy)−2

rapidly increases, and to have normalizable eigenfunctions we set C̃2 = 0. The norm of the
function h>m(y) is

||h>m>
||2 = C̃2

1

∞∫

ȳ

e−2μy J2
2 (m̃e−μy)dy = C̃1

2 e−2μȳ

2μ
[J2

2 (m̃e−μȳ)− J1(m̃e−μȳ)J3(m̃e−μȳ)]. (72)
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At temperatures T � μ at which production of gravitons is sufficiently intensive, the
argument of the Bessel function

m̃e−μȳ ∼ T
μ

(
ρ

μ

)1/2
∼ T

μ
g1/2∗ (T)

T2

μMpl

is large and we can substitute the asymptotics of the Bessel functions

h>m>
(y) = C̃1

√
2

πm̃
eμȳ/2 cos(m̃(eμȳ − 1)). (73)

Instead of sewing the oscillating functions h<m(y) and h>m(y), we sew the envelopes of their
asymptotics

2C
πm̃<

e−μȳ/2 = C̃1

(
2

πm̃>

)1/2
eμȳ/2 (74)

giving

C̃1 = Ce−μȳ
√

2
π

√
m̃>

m̃<

The norm (72) is smaller than (69). Effectively, we neglect the contribution from the region
y > ȳ and impose the condition hm(ȳ) = 0, which yields us the spectrum (60). Using the
norm (69), we obtain the normalized eigenmode hm(0) (61).

8. Production of Kaluza-Klein gravitons

In this section we calculate the rate of production of Kaluza-Klein gravitons in interactions
of particles of the hot matter on the brane in the radiation-dominated period. The leading
contribution to this process is given by the annihilation reactions ψi + ψ̄i → G, where ψ and ψ̄
are the standard model particles on the brane (vector, spinor, scalar) and G is a state of mass
mn from the graviton Kaluza-Klein tower. Production of Kaluza-Klein gravitons is calculated
with the interaction Lagrangian

I = κ
∫

d4x
√−ḡ hμν(0, x)Tμν(x),

where Tμν is the energy-momentum of particles on the brane. Evolution of energy density of
matter on the brane is determined from the Boltzmann equation (Gorbunov & Rubakov, 2008;
Kolb & Turner, 1990)

dρ̂

dt
+ 4Hρ̂ = −∑

n
∑

i

∫ d3 p
(2π)3

∫ d3k1
(2π)32E1

d3k2

(2π)32E2
f i
1(E1) f i

2(E2)|Mi
n|2(2π)4δ4(k1 + k2 − p).

(75)
Here f i are the Bose/Fermi distributions of colliding particles and Mi

n is the amplitude of the
annihilation reaction. The square of the annihilation amplitude is (Langlois & Sorbo, 2003)

|Mi
n|2 = Ai

κ2

8
h2

n(0)s
4, (76)

where Ai = As, Av, A f = 2/3, 4, 1 for scalars, vectors and fermions and s2 = (k1 + k2)
2.

The sum over the graviton states is transformed to the integral as in (62). Integrating over the
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y > ȳ and impose the condition hm(ȳ) = 0, which yields us the spectrum (60). Using the
norm (69), we obtain the normalized eigenmode hm(0) (61).

8. Production of Kaluza-Klein gravitons

In this section we calculate the rate of production of Kaluza-Klein gravitons in interactions
of particles of the hot matter on the brane in the radiation-dominated period. The leading
contribution to this process is given by the annihilation reactions ψi + ψ̄i → G, where ψ and ψ̄
are the standard model particles on the brane (vector, spinor, scalar) and G is a state of mass
mn from the graviton Kaluza-Klein tower. Production of Kaluza-Klein gravitons is calculated
with the interaction Lagrangian

I = κ
∫

d4x
√−ḡ hμν(0, x)Tμν(x),

where Tμν is the energy-momentum of particles on the brane. Evolution of energy density of
matter on the brane is determined from the Boltzmann equation (Gorbunov & Rubakov, 2008;
Kolb & Turner, 1990)

dρ̂

dt
+ 4Hρ̂ = −∑

n
∑

i

∫ d3 p
(2π)3

∫ d3k1
(2π)32E1

d3k2

(2π)32E2
f i
1(E1) f i

2(E2)|Mi
n|2(2π)4δ4(k1 + k2 − p).

(75)
Here f i are the Bose/Fermi distributions of colliding particles and Mi

n is the amplitude of the
annihilation reaction. The square of the annihilation amplitude is (Langlois & Sorbo, 2003)

|Mi
n|2 = Ai

κ2

8
h2

n(0)s
4, (76)

where Ai = As, Av, A f = 2/3, 4, 1 for scalars, vectors and fermions and s2 = (k1 + k2)
2.

The sum over the graviton states is transformed to the integral as in (62). Integrating over the

355Graviton Emission in the Bulk and Nucleosynthesis in a Model with Extra Dimension



14 Will-be-set-by-IN-TECH

angular variables of the momenta of interacting particles, we obtain Boltzmann equation in
the form

dρ̂

dt
+ 4Hρ̂ = − κ2 ∑i Ai

8(2π)4

∫ dmeμȳ

μ
h2

m(0)m
4
∫

dk1dk2 f (k1) f (k2)(k1 + k2)θ

(
1 −

∣∣∣∣1 −
m2

2k1k2

∣∣∣∣
)

.

(77)
Integrating over m, we obtain (cf. (Hebecker & March-Russel, 2001; Langlois & Sorbo, 2003))

dρ̂

dt
+ 4Hρ̂ = − κ2 ∑i Ai

8(2π)4

(2k1k2)1/2∫

0

dmm4
∫

dk1dk2 f (k1) f (k2)(k1 + k2) (78)

= − κ2 A315ζ(9/2)ζ(7/2)T8

π328 ,

where the sum extends over relativistic degrees of freedom

A = ∑
i

Ai =
2gs

3
+ g f (1 − 2−7/2)(1 − 2−9/2) + 4gv. (79)

In the high-energy period, when all the standard model degrees of freedom are relativistic,
A = 166, 2.

Eq.(78) has the same form as Eq.(52) and the right hand side of (78) can be identified with the
component Ť04 of the bulk energy-momentum tensor (Langlois & Sorbo, 2003).

The energy-momentum tensor of the emitted gravitons is taken in the form of free radiation
of massless particles (Langlois & Sorbo, 2003)

Ťij(x) =
∫

d5 p
√−gδ(pi pi) f̃ (x, p)pi pj, (80)

where f̃ (x, p) is the phase space density of the distribution function of gravitons.

Expanding the graviton momentum pi in the orthonormal basis vi
b, ni

b (19), we have

pi = Evi
b + mni

b + paei
a,

where pi pi = −E2 + m2 + pa pa. Substituting these expressions in (80), we obtain

Ťnu = uinjTij = −1
2

∫
d3 pdm m f (E, m, pa)

∣∣∣∣
E=

√
m2+p2

(81)

The interaction tern in (75) can be rewritten as

1
(2π)5

∫
d3 p

dm
π

∫ d3k1
2E1

d3k2
2E2

f i
1(E1) f i

2(E2)∑
i
|Mi

n|2δ4(k1 + k2 − p) (82)

Comparing (81) and (82), one determines f (E, m, pa) and calculates the other components of
Ťij

Ťnn(0, t) =
3Aζ(9/2)ζ(7/2)

2π4 κ2T8, Ťuu(0, t) =
21 Aζ(9/2)ζ(7/2)

8π4 κ2T8. (83)

In the basis (19), the components Ťnu and Ťnn are equal to Ť04 and Ť44 .
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9. Graviton emission in the bulk in the period of late cosmology and
nucleosynthesis

To estimate the effect of the graviton emission on nucleosynthesis we solve perturbatively
the system of the generalized Friedmann equation (51) and the 5D conservation equation
(52). In the period of late cosmology the leading approximation of the Friedmann equation
coincides with that in the standard cosmological model. Supposing that the terms with the
bulk energy-momentum tensor do not alter the leading-order results significantly, we treat
these terms perturbatively. The Weyl radiation term and the term quadratic in radiation
energy density can be treated perturbatively also.

The Friedmann equation can be written as

H2 � 2μρ − I04 − I44. (84)

Using the expressions (83) for the components Ťij, we obtain

I04 =
2κ2

3a4(0, t)

∫ t

tl

dt�Ť04(0, t�)(μ + ρ(t�))a−4(0, t�) = (85)

μρ(t)A04

(
1

12

(
1

μtl
− 1

μt

)
+

1
288

(
1

(μtl)3 − 1
(μt)3

))
,

and

I44 =
2κ2

3a4(0, t)

∫ t

tl

dt�Ť44(t�)(2μρ(t�))1/2a−4(0, t�) = μρ(t)A44
48

(
1

(μtl)2 − 1
(μt)2

)
, (86)

Here we substituted

κ2Ť04 = A04ρ2 = −315 A ζ(9/2)ζ(7/2)
29π3

(
180

g∗π2

)2
ρ2(t) (87)

κ2T44 = A44ρ2 =
3 A ζ(9/2)ζ(7/2)

4π4

(
180

g∗π2

)2
ρ2(t) (88)

The integrals have a strong dependence on the value of the lower limit. Therefore, in the
integrand the slowly varying functions can be taken at the times when all the Standard
model degrees of freedom are relativistic. In this period A = 166.2, g∗(T) = 106.7 and
A04 � −0.126. In the leading approximation ρ(t) � 1/8μt2 and 1/μtl � (8ρ(tl)/μ)1/2

Taking ρ(tl)/μ ∼ 0.1 ÷ 0.001 and μ ∼ 10−12GeV, we have 1/μtl � 0.9 ÷ 0.09 and Tl ∼
(5.1 ÷ 1.6) · 102GeV. For ρ(tl)/μ ∼ 0.1 we obtain

I04 � −2μρ(t) · 0.0048 (89)

I44 � 2μρ(t) · 0.00094. (90)

In the radiation-dominated period,the 5D conservation equation is

ρ̇ + 4Hρ = − A04ρ2

3
(91)

Let ρ̄ and H̄ be the energy density and the Hubble function in the leading order

H̄2 = 2μρ̄.
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Defining
ρ = ρ̄ + ρ1, H = H̄ + H1,

and separating in (84) and (91) the leading-order terms, we obtain

2H̄H1 = 2μρ1 − 2ρ̄

3

∫
dt� [A04(μ + ρ̄) + A44H̄] ρ̄(t�) (92)

ρ̇1 + 4H̄ρ1 + 4ρ̄H1 =
A04ρ̄2

3
. (93)

Substituting in the above system ρ̄(t) � 1/8μt2 and performing integration, we have

H1(t) � μ

H̄
ρ1 − H̄A04

48μ

[
1
tl
− 1

t
+

1
24μ2

(
1
t3
l
− 1

t3

)]
− H̄A44

192μ2

(
1
t2
l
− 1

t2

)
. (94)

Substituting in (92) expression (94) for H1 and noting that H̄ = 1/2t, we obtain

ρ̇1 +
3
t

ρ1 =
A04

192μ2t3

[
1
tl
+

1
24μ2

(
1
t3
l
− 1

t3

)]
+

A44
768μ3t3

(
1
t2
l
− 1

t2

)
.

Solving this equation, we find

ρ1(t) =
C1
t3 +

A04
192μ2t3

[
t − tl

tl
+

1
24μ2

(
t − tl

t3
l

− 1
2

(
1
t2
l
− 1

t2

))]
+

A44
768μ3t3

(
t
t2
l
− 2

tl
+

1
t

)

(95)
The constant C1 can be determined by sewing solutions of Friedmann equation in the periods
of early and late cosmologies. For a moment we set C1 = 0, i.e. we look for a contribution
from the period of late cosmology. For H1 we obtain

H1(t) = − A04
1536μ3t2

(
1
t2
l
− 1

t2

)
+

A44
192μ2t2

(
− 1

tl
+

1
t

)
� −ρ̄(t)

(
A04

192μ2t2
l
+

A44
24μtl

)
. (96)

The expressions (95) and (96) show that corrections to the leading terms are small, i.e. the
perturbative approach is justified. Note that the leading term proportional to A04/μtl was
canceled in H1.

The mass fraction of 4He produced in primordial nucleosynthesis is (Gorbunov & Rubakov,
2008; Kolb & Turner, 1990)

X4 =
2(n/p)

(n/p) + 1
,

where the ratio n/p is taken at the end of nucleosunthesis. Characteristic temperature at
the onset of the period of nucleosynthesis (freezing temperature Tn of the reaction n ↔ p),
estimated as the temperature at which the reaction rate ∼ GFT5 is approximately equal to the
Hubble parameter GFT5

n ∼ H (Gorbunov & Rubakov, 2008; Kolb & Turner, 1990), is Tn ∼
10−3GeV. The difference of the freezing temperatures in the models with and without the
account of the graviton emission is

δTn

Tn
� H1

5H̄
� 1

5

√
ρ̄(tn)

2μ

(
A04

192μ2t2
l
+

A44
24μtl

)
, (97)
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where
ρ̄(tn)

μ
=

4π3g∗(Tn)

90
T4

n
μM3 . (98)

Substituting Tn ∼ 10−3GeV and μM3 ∼ (μMpl)
2 ∼ 1014GeV4, we find that the ratio δTn/Tn

is very small. The equilibrium value of the n − p ratio at the freezing temperature is
(

n
p

)

n
= exp

[
− (mn − mp)

Tn

]
.

Substituting δ(n/p)n = (n/p) ln(n/p)nδTn/Tn, we obtain variation of X4 under variation of
the freezing temperature

δX4 � 2
(n/p + 1)2 ln

(
n
p

)(
n
p

)

n

δTn

Tn
(99)

which is also a very small number (Iofa, 2011).

10. Estimate of the graviton emission in the bulk in the period of early cosmology

In the period of early cosmology in the Friedmann equation the ρ2 term is dominant, i.e.
ρ(t)/μ > 1. For the value of μ ∼ 10−12GeV assumed in the present study the characteristic
temperatures of the period of early cosmology are above 5 · 102GeV. Not much is known about
physics at such temperatures. To make a crude estimate of the effect of the graviton emission
on the nucleosynthesis we adopt a conservative point of view assuming that the collision
integral in the Boltzmann equation and the expressions for Ťij calculated in the period of late
cosmology remain qualitatively valid in the early cosmological period.

The new phenomenon in the early cosmological period is that some of the emitted gravitons
can return to the brane and be again reflected in the bulk with a different momentum.
These gravitons do not contribute to the component Ť04, because they are not produced, but
reflected, but contribute to the component Ť44. The new ingredient in the Friedmann equation

is the term Ť(b)
44 representing the energy-momentum tensor of gravitons bouncing back to the

brane (Hebecker & March-Russel, 2001; Langlois & Sorbo, 2003)

H2(t) = ρ2(t) + 2μρ(t) + μρw(t) (100)

− 2κ2

3a4(0, t)

∫ t

tc

dt�
[

Ť04(t�)(ρ(t�) + μ) + Ť44(t�)H(t�)− Ť(b)
44 (t�)H(t�)

]
a4(0, t�).

Here the initial time tc is the time of reheating. Numerical estimates and considerations
from the Vaidya model (Langlois; Sorbo & Rodriguez-Martinez, 2002; Langlois & Sorbo, 2003)
suggest that at the period of early cosmology the dominant contributions from T04, T44 and

Ť(b)
44 mutually cancel. Below we solve the system of the Friedmann and 5D conservation

equations assuming that this cancellation takes place.

Let ρ̄ and H̄ be the energy density of matter on the brane and the Hubble function calculated
in the model without the graviton emission in the period of early cosmology H̄2 � ρ̄2(t). For
the equation of state of the hot plasma ρ̄ = p̄/3, we have ρ̄(t) � 1/4t. Defining

ρ = ρ̄ + ρ2, H = H̄ + H2,
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Defining
ρ = ρ̄ + ρ1, H = H̄ + H1,

and separating in (84) and (91) the leading-order terms, we obtain

2H̄H1 = 2μρ1 − 2ρ̄

3

∫
dt� [A04(μ + ρ̄) + A44H̄] ρ̄(t�) (92)

ρ̇1 + 4H̄ρ1 + 4ρ̄H1 =
A04ρ̄2

3
. (93)

Substituting in the above system ρ̄(t) � 1/8μt2 and performing integration, we have

H1(t) � μ

H̄
ρ1 − H̄A04

48μ

[
1
tl
− 1

t
+

1
24μ2

(
1
t3
l
− 1

t3

)]
− H̄A44

192μ2

(
1
t2
l
− 1

t2

)
. (94)

Substituting in (92) expression (94) for H1 and noting that H̄ = 1/2t, we obtain

ρ̇1 +
3
t

ρ1 =
A04

192μ2t3

[
1
tl
+

1
24μ2

(
1
t3
l
− 1

t3

)]
+

A44
768μ3t3

(
1
t2
l
− 1

t2

)
.

Solving this equation, we find

ρ1(t) =
C1
t3 +

A04
192μ2t3

[
t − tl

tl
+

1
24μ2

(
t − tl

t3
l

− 1
2

(
1
t2
l
− 1

t2

))]
+

A44
768μ3t3

(
t
t2
l
− 2

tl
+

1
t

)

(95)
The constant C1 can be determined by sewing solutions of Friedmann equation in the periods
of early and late cosmologies. For a moment we set C1 = 0, i.e. we look for a contribution
from the period of late cosmology. For H1 we obtain

H1(t) = − A04
1536μ3t2
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)
+

A44
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)
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(
A04
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+

A44
24μtl

)
. (96)

The expressions (95) and (96) show that corrections to the leading terms are small, i.e. the
perturbative approach is justified. Note that the leading term proportional to A04/μtl was
canceled in H1.

The mass fraction of 4He produced in primordial nucleosynthesis is (Gorbunov & Rubakov,
2008; Kolb & Turner, 1990)

X4 =
2(n/p)

(n/p) + 1
,

where the ratio n/p is taken at the end of nucleosunthesis. Characteristic temperature at
the onset of the period of nucleosynthesis (freezing temperature Tn of the reaction n ↔ p),
estimated as the temperature at which the reaction rate ∼ GFT5 is approximately equal to the
Hubble parameter GFT5

n ∼ H (Gorbunov & Rubakov, 2008; Kolb & Turner, 1990), is Tn ∼
10−3GeV. The difference of the freezing temperatures in the models with and without the
account of the graviton emission is

δTn

Tn
� H1

5H̄
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5

√
ρ̄(tn)

2μ

(
A04

192μ2t2
l
+

A44
24μtl

)
, (97)
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where
ρ̄(tn)

μ
=

4π3g∗(Tn)

90
T4

n
μM3 . (98)

Substituting Tn ∼ 10−3GeV and μM3 ∼ (μMpl)
2 ∼ 1014GeV4, we find that the ratio δTn/Tn

is very small. The equilibrium value of the n − p ratio at the freezing temperature is
(

n
p

)

n
= exp

[
− (mn − mp)

Tn

]
.

Substituting δ(n/p)n = (n/p) ln(n/p)nδTn/Tn, we obtain variation of X4 under variation of
the freezing temperature

δX4 � 2
(n/p + 1)2 ln

(
n
p

)(
n
p

)

n

δTn

Tn
(99)

which is also a very small number (Iofa, 2011).

10. Estimate of the graviton emission in the bulk in the period of early cosmology

In the period of early cosmology in the Friedmann equation the ρ2 term is dominant, i.e.
ρ(t)/μ > 1. For the value of μ ∼ 10−12GeV assumed in the present study the characteristic
temperatures of the period of early cosmology are above 5 · 102GeV. Not much is known about
physics at such temperatures. To make a crude estimate of the effect of the graviton emission
on the nucleosynthesis we adopt a conservative point of view assuming that the collision
integral in the Boltzmann equation and the expressions for Ťij calculated in the period of late
cosmology remain qualitatively valid in the early cosmological period.

The new phenomenon in the early cosmological period is that some of the emitted gravitons
can return to the brane and be again reflected in the bulk with a different momentum.
These gravitons do not contribute to the component Ť04, because they are not produced, but
reflected, but contribute to the component Ť44. The new ingredient in the Friedmann equation

is the term Ť(b)
44 representing the energy-momentum tensor of gravitons bouncing back to the

brane (Hebecker & March-Russel, 2001; Langlois & Sorbo, 2003)

H2(t) = ρ2(t) + 2μρ(t) + μρw(t) (100)

− 2κ2

3a4(0, t)

∫ t

tc

dt�
[

Ť04(t�)(ρ(t�) + μ) + Ť44(t�)H(t�)− Ť(b)
44 (t�)H(t�)

]
a4(0, t�).

Here the initial time tc is the time of reheating. Numerical estimates and considerations
from the Vaidya model (Langlois; Sorbo & Rodriguez-Martinez, 2002; Langlois & Sorbo, 2003)
suggest that at the period of early cosmology the dominant contributions from T04, T44 and

Ť(b)
44 mutually cancel. Below we solve the system of the Friedmann and 5D conservation

equations assuming that this cancellation takes place.

Let ρ̄ and H̄ be the energy density of matter on the brane and the Hubble function calculated
in the model without the graviton emission in the period of early cosmology H̄2 � ρ̄2(t). For
the equation of state of the hot plasma ρ̄ = p̄/3, we have ρ̄(t) � 1/4t. Defining

ρ = ρ̄ + ρ2, H = H̄ + H2,
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we obtain

2H̄H2 � 2ρ̄ρ2 − 2ρ̄

3

∫ t

tc

dt�
[
(A04(μ + ρ̄) + A44H̄) ρ̄(t�)− κ2Ť(b)

44 (t�)
]

(101)

ρ̇2 + 4H̄ρ2 + 4ρ̄H2 =
A04ρ̄2

3
. (102)

The equation for ρ2 is

ρ̇2+
2
t

ρ2−1
t

[
A04
12

(
μ ln

t
tc
+

1
4

(
1
tc
−1

t

))
+

A44
48

(
1
tc
− 1

t

)]
+

1
12t

∫ t

tc

κ2Ť(b)
44 (t�)dt�= A04

48t2 ,(103)

Integrating (102) with the initial condition ρ2(tc) = 0, we obtain

ρ2(t) =
A04μ

24

(
ln

t
tc

− 1
2
+

t2
c

2t2

)
+

A04 + A44
96tc

(
1 − t2

c
t2

)
− A44

48

(
1
t
− tc

t2

)
(104)

− 1
12t2

∫ t

tc

dyy
∫ y

tc

dxκ2Ť(b)
44 (x)

The time tc of reheating is estimated for the reheating temperature TR ∼ 5 · 106GeV
(Mielczarek, 2009). Using the relation (53) and substituting ρ̄(tc)/μ � 1/4μtc, we have

1
4μtc

� 4π3g∗(TR)T4
R

90μM3 ∼ 9 · 1014.

It follows that tl/tc ∼ 1/μtc � 3.5 · 1015.

In (104) there is a large term (A04 + A44)/tc. Omitting the small terms, we have

ρ2(t) � A04μ

24

(
ln

t
tc

− 1
2

)
+

A04 + A44
96tc

− A44
48

1
t
− 1

12t2

∫ t

tc

dyy
∫ y

tc

dxκ2Ť(b)
44 (x) (105)

On dimensional grounds at small t the term κ2Ť(b)
44 (t) has the following structure

κ2Ť(b)
44 (t) =

b2

t2 +
b1μ

t
+ b0μ2 + · · · (106)

Performing integration of the last term in (105) and taking t ∼ tl , we obtain

ρ2(tl) � A04μ

24

(
ln

tl
tc

− 1
2

)
− A44

48tl
+

A04 + A44
96tc

− b2
24tc

+
b2

12tl
+

b1μ

24
ln

tl
tc

. (107)

Next, we equate ρ2(tl) and C1/t3
l in (95). At the times t ∼ tl , where μtl ∼ 1, we have

C1μ3 � μ

(
A04
24

(
ln

1
μtc

− 1
2

)
− A44

48

)
+

A04 + A44
96tc

− b2
24tc

+
b2μ

12
+

b1μ

24
ln

1
μtc

. (108)

The term C1/t3 is

C1
t3 �

1
μ2t3

[
μ

(
A04
24

(
ln

1
μtc

− 1
2

)
− A44

48

)
+

A04 + A44
96tc

− b2
24tc

+
b2μ

12
+

b1μ

24
ln

1
μtc

]
. (109)
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In the period of late cosmology the term C1/t3 generates in Eq.(94) for H1 the contribution
ΔH1 = μC1/H̄t3

ΔH1 = 16ρ̄

[
μ

(
A04
24

(
ln

1
μtc

− 1
2

)
− A44

48

)
+

A04 + A44
96tc

− b2
24tc

+
b2μ

12
+

b1μ

24
ln

1
μtc

]
.

(110)

Here ρ̄(t) � 1/8μt2 is the matter energy density in the period of late cosmology.

If the term (A04 + A44)/96tc ∼ 3 · 10−4/tc was not canceled, it would produce in ρ1 the
contribution

Δρ1 =
A04 + A44

96tc

1
(μt)3 � 3 · 10−4

(μt)3tc
.

From (94) we would have
ΔH1

H̄
=

μ

H̄2 Δρ1 � 1.2 · 10−3

(μtc)(μt)
. (111)

At time of the nucleosynthesis

1
8(μtn)2 � 4π3g∗(Tn)

90
T4

n
(μMpl)2 .

For Tn ∼ 10−3GeV, we have μtn ∼ 1012. From (111) we obtain ΔH1(tn)/H̄(tn) � 4, which is
too large a value, and would contradict the experimental data.

Assuming that the large terms in (110) cancel, we have

ΔH1 =
2ρ̄(tn)

3

[
A04

(
ln

1
μtc

− 1
2

)
+

A04
2

+ b1 ln
1

μtc

]
. (112)

Because in the period of nucleosynthesis ΔH1/H̄ ∼ (ρ̄(tn)/μ)1/2 is a small number,
contribution from the early cosmology would result in a small variation of δX4/X4.

11. Gravitons bouncing to the brane

In this section, in the framework of the brane moving in the static space-time we present
arguments that in the period of early cosmology gravitons can bounce back to the brane.

Using Friedmann equation,
(

Ṙb/Rb
)2

= ρ2 + 2μρ the equation for the brane trajectory can be
written as (Langlois & Sorbo, 2003)

dRb
dTb

=
μ2R2

b Ṙb

ξ
√

μ2R2
b + Ṙ2

b

= ξβμ2R2
b

H√
μ2 + H2

, (113)

where β = sign(Rb(t)). Expanding the right hand side of (113) in powers of μ/ρ < 1, we
obtain

dRb
dTb

� ξβμ2R2
b

(
1 − μ2

2ρ2

)
. (114)
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we obtain

2H̄H2 � 2ρ̄ρ2 − 2ρ̄

3

∫ t

tc

dt�
[
(A04(μ + ρ̄) + A44H̄) ρ̄(t�)− κ2Ť(b)

44 (t�)
]

(101)

ρ̇2 + 4H̄ρ2 + 4ρ̄H2 =
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3
. (102)

The equation for ρ2 is

ρ̇2+
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+
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t

))
+

A44
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1
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− 1

t

)]
+

1
12t

∫ t

tc

κ2Ť(b)
44 (t�)dt�= A04

48t2 ,(103)

Integrating (102) with the initial condition ρ2(tc) = 0, we obtain

ρ2(t) =
A04μ

24

(
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t
tc

− 1
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+

t2
c

2t2

)
+

A04 + A44
96tc

(
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)
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48

(
1
t
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t2

)
(104)

− 1
12t2

∫ t

tc

dyy
∫ y

tc

dxκ2Ť(b)
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The time tc of reheating is estimated for the reheating temperature TR ∼ 5 · 106GeV
(Mielczarek, 2009). Using the relation (53) and substituting ρ̄(tc)/μ � 1/4μtc, we have

1
4μtc

� 4π3g∗(TR)T4
R

90μM3 ∼ 9 · 1014.

It follows that tl/tc ∼ 1/μtc � 3.5 · 1015.

In (104) there is a large term (A04 + A44)/tc. Omitting the small terms, we have

ρ2(t) � A04μ

24

(
ln

t
tc

− 1
2

)
+

A04 + A44
96tc

− A44
48

1
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− 1

12t2

∫ t

tc

dyy
∫ y
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dxκ2Ť(b)
44 (x) (105)

On dimensional grounds at small t the term κ2Ť(b)
44 (t) has the following structure

κ2Ť(b)
44 (t) =

b2

t2 +
b1μ

t
+ b0μ2 + · · · (106)

Performing integration of the last term in (105) and taking t ∼ tl , we obtain

ρ2(tl) � A04μ

24

(
ln
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tc

− 1
2

)
− A44

48tl
+

A04 + A44
96tc

− b2
24tc

+
b2

12tl
+

b1μ

24
ln

tl
tc

. (107)

Next, we equate ρ2(tl) and C1/t3
l in (95). At the times t ∼ tl , where μtl ∼ 1, we have

C1μ3 � μ

(
A04
24

(
ln

1
μtc

− 1
2

)
− A44

48

)
+

A04 + A44
96tc

− b2
24tc

+
b2μ

12
+

b1μ

24
ln

1
μtc

. (108)

The term C1/t3 is

C1
t3 �

1
μ2t3

[
μ

(
A04
24

(
ln

1
μtc

− 1
2

)
− A44

48

)
+

A04 + A44
96tc

− b2
24tc

+
b2μ

12
+

b1μ

24
ln

1
μtc

]
. (109)
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In the period of late cosmology the term C1/t3 generates in Eq.(94) for H1 the contribution
ΔH1 = μC1/H̄t3

ΔH1 = 16ρ̄

[
μ

(
A04
24

(
ln

1
μtc

− 1
2

)
− A44

48

)
+

A04 + A44
96tc

− b2
24tc

+
b2μ

12
+

b1μ

24
ln

1
μtc

]
.

(110)

Here ρ̄(t) � 1/8μt2 is the matter energy density in the period of late cosmology.

If the term (A04 + A44)/96tc ∼ 3 · 10−4/tc was not canceled, it would produce in ρ1 the
contribution

Δρ1 =
A04 + A44

96tc

1
(μt)3 � 3 · 10−4

(μt)3tc
.

From (94) we would have
ΔH1

H̄
=

μ

H̄2 Δρ1 � 1.2 · 10−3

(μtc)(μt)
. (111)

At time of the nucleosynthesis

1
8(μtn)2 � 4π3g∗(Tn)

90
T4

n
(μMpl)2 .

For Tn ∼ 10−3GeV, we have μtn ∼ 1012. From (111) we obtain ΔH1(tn)/H̄(tn) � 4, which is
too large a value, and would contradict the experimental data.

Assuming that the large terms in (110) cancel, we have

ΔH1 =
2ρ̄(tn)

3

[
A04

(
ln

1
μtc

− 1
2

)
+

A04
2

+ b1 ln
1

μtc

]
. (112)

Because in the period of nucleosynthesis ΔH1/H̄ ∼ (ρ̄(tn)/μ)1/2 is a small number,
contribution from the early cosmology would result in a small variation of δX4/X4.

11. Gravitons bouncing to the brane

In this section, in the framework of the brane moving in the static space-time we present
arguments that in the period of early cosmology gravitons can bounce back to the brane.

Using Friedmann equation,
(

Ṙb/Rb
)2

= ρ2 + 2μρ the equation for the brane trajectory can be
written as (Langlois & Sorbo, 2003)

dRb
dTb

=
μ2R2

b Ṙb

ξ
√

μ2R2
b + Ṙ2

b

= ξβμ2R2
b

H√
μ2 + H2

, (113)

where β = sign(Rb(t)). Expanding the right hand side of (113) in powers of μ/ρ < 1, we
obtain

dRb
dTb

� ξβμ2R2
b

(
1 − μ2

2ρ2

)
. (114)
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Using that ρ(t) = ρ(t1)(Rb(t1)/Rb(t))4, we have

(
1 − μ2

2ρ2

)−1

� 1 +
μ2R8

b(t)
2ρ2(t1)R8

b(t1)
.

Integrating Eq. (113) with the initial conditions Rb = Rb(t1), Tb = Tb(t1), we obtain

ξβμ2(Tb(t)− Tb(t1)) = − 1
Rb(t)

+
1

Rb(t1)
+

μ2

14(ρ(t1)R4
b(t1))2

(
R7

b(t)− R7
b(t1)

)
. (115)

Gravitons propagate along the null geodesics which are found from the geodesic equations
(14)-(16). The tangent vectors to a null geodesic satisfy the relation

gij
dxi

dλ

dxj

dλ
= 0, (116)

where, to distinguish the case of the null geodesics, we relabeled the affine parameter from y
to λ. Substituting in (116) solution (17), we obtain that CR = 0. The tangent vectors to a null
geodesic are

dT̃
dλ

=
CT

f (R̃)
,

dx̃a

dλ
=

Ca

μ2R̃2 ,
dR̃
dλ

= ν|CT | (1 − γ)1/2 , (117)

where tilde indicates that the point is at the null geodesic, ν = ±1. From the equations (117)
we obtain

dR̃
dT̃

= νκ(1 − γ)1/2μ2R̃2, (118)

where κ ≡ sign(CT). Integrating this equation with the initial conditions R̃ = Rb(t1), T̃ =
Tb(t1), we have

1
Rb(t1)

− 1
R̃

= νκ(1 − γ)1/2μ2(T̃ − Tb(t1)). (119)

To find, if at a time t the graviton trajectory returns to the brane world sheet, i.e. R̃ = Rb(t)
and T̃ = Tb(t), we combine equations (115) and (119). In the case ξβ = νκ we obtain

[(1 − γ)−1/2 − 1]
(

1
Rb(t1)

− 1
Rb(t)

)
=

μ2

14ρ2(t1)

1
Rb(t1)

((
Rb(t)
Rb(t1)

)7
− 1

)
. (120)

Eq. (120) means that graviton emitted from the brane at the time t1 has bounced back on the
brane at the time t. Setting z ≡ Rb(t1)/Rb(t), and γ̂/2 ≡ [(1 − γ)−1/2 − 1], and noting that in
the period of early cosmology μ/ρ(t) � 4μt � 1, we rewrite (120) as

(1 − z7)

z7(1 − z)
=

14γ̂ρ2(t1)

μ2 � 14γ̂

(4μt1)2 (121)

The function (1 − z7)z−7(1 − z)−1 is monotone decreasing with the minimum at z = 1 , and
Eq. (121) has a unique solution provided 2γ̂/(4μt1)

2 > 1.

From these relations, using that in the period of early cosmology z = Rb(t1)/Rb(t) �
(t1/t)1/4, is calculated the time of the bounce. The time of the bounce is small, if z ∼ 1,
or γ/(4μt)2 ∼ 1, that is if gravitons are emitted at small angles to the brane.
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12. Conclusion

In a model of 3-brane embedded in 5D space-time we calculated graviton emission of
interacting hot matter on the brane in the bulk. Reliable calculations can be performed in the
period of late cosmology, when ρ(T)/μ < 1, where ρ(T) is the normalized radiation energy
density of matter on the brane, μ =

√−Λ/6 is the scale of the warping factor in the metric,
Λ is the 5D cosmological constant. For μ ∼ 10−12GeV, which we adopted in this paper, the
limiting temperatures of the Universe at which the approximation of late cosmology is valid
are of order Tl ∼ 5 · 102GeV. In the period of late cosmology it was possible to make a number
of approximations, which enabled us to obtain the analytic expression for the energy loss from
the brane to the bulk.

The 5D model of the present paper can be treated in two alternative approaches - with moving
brane in the static 5D bulk and with static brane in 5D bulk with time-dependent metric. Each
picture proves to be useful for particular problems. We establish explicit connection between
two pictures.

From the system of the Einstein equations containing the terms due to graviton emission
we obtained the generalized Friedmann equation. The Einstein equations and Friedmann
equation were solved perturbatively, the leading-order solution being that without the
graviton emission. We have shown that in the period of late cosmology corrections to the
leading-order approximation are small.

Graviton emission changes cosmological evolution of matter on the brane and thus production
of light elements in primordial nucleosynthesis. Solving the system of the generalized
Friedmann and the 5D energy conservation equations, which included the graviton emission
terms, we found the difference of the mass fractions of 4He produced in primordial
nucleosynthesis calculated in the models with and without the graviton emission

δX4
X4

∼ C

√
ρ(Tn)

μ
.

Here ρ(T) is is the radiation energy density of matter on the brane, Tn ∼ 10−3GeV is the
freezing temperature of the reaction p ↔ n, and C � 1 is a small number. The ratio ρ(Tn)/μ ∼
10−26 is a small number, and thus correction to abundance of 4He due to the graviton emission
is small.

To estimate the effect of the graviton emission in the period of early cosmology on Helium
production, we assumed that the collision integral in the Boltzmann equation obtained for
the period of late cosmology qualitatively retains its form in the period of early cosmology.
As the upper limit of temperatures of matter on the brane at which we estimate the graviton
production, we take the reheating temperature ∼ 106GeV. It appears that straightforward
calculation of abundance of 4He produced in the early cosmology is too large to comply
with the data. In the period of early cosmology a new effect becomes important (Hebecker
& March-Russel, 2001; Langlois & Sorbo, 2003): gravitons emitted from the brane can bounce
back to the brane. Assuming that the large terms in the components of the energy-momentum
tensors from the emitted and bouncing gravitons mutually cancel, we find that the graviton
emission in the period of early cosmology yields a small correction to abundance of 4He
calculated in the standard cosmological model.
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Using that ρ(t) = ρ(t1)(Rb(t1)/Rb(t))4, we have
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two pictures.

From the system of the Einstein equations containing the terms due to graviton emission
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production, we assumed that the collision integral in the Boltzmann equation obtained for
the period of late cosmology qualitatively retains its form in the period of early cosmology.
As the upper limit of temperatures of matter on the brane at which we estimate the graviton
production, we take the reheating temperature ∼ 106GeV. It appears that straightforward
calculation of abundance of 4He produced in the early cosmology is too large to comply
with the data. In the period of early cosmology a new effect becomes important (Hebecker
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364 Astrophysics

1. Introduction

First experimental evidences of General Relativity (GR) came from Astrometry. Its
measurements not only had put to evidence the existence of the effect of an excess of
perihelion precession in the motion of the Solar System objects which couldn’t be explained in
terms of the Newtonian Mechanics (Le Verrier, 1859) but also provided a striking confirmation
of Einstein’s theory through the experiment conducted at Sobral and Principe by Dyson,
Eddington & Davidson (1920) during the Solar Eclipse of 1919, which measured the light
deflection foreseen by GR with an accuracy of ∼ 10%.

GR, however, has never been the only theory claiming to provide a detailed description of the
Gravitational interaction beyond the Newtonian limit. Although GR is still the most favoured
alternative, either because of the experimental results or of its simplicity, several other theories
have been proposed. Examples of such theories are those where the field equations contain
not only the metric tensor of GR, but also a scalar field coupled with the metric itself (Will,
2006), or the so-called fourth-order theories of gravity, where the scalar of curvature R in the
field equations is replaced by a more complex function of this quantity, f (R).

Tests of gravity theories within the Solar System are usually analysed in the framework
of the so-called Parametrized Post-Newtonian framework which enables the comparison of
several theories through the estimation of the value of a limited number of parameters.
Among these parameters, γ and β are of particular importance for astrometry since they are
connected with the classical astrometric phenomena of the light deflection and of the excess of
perihelion precession in the orbits of massive objects. Besides its immediate implication for the
fundamental physics problem of characterizing the best gravity theory, a precise estimation of
these parameters has important consequences on the interpetation of observational evidences
at different scales in space and time up to cosmological scales. This is the reason why these
Solar System astrometric experiments can also be intended as a kind of “local cosmology” tests
which will be addressed from space by planned missions like Gaia (Perryman et al., 2001) and,
in the future, by other projects presently under study.

In the next section we will birefly recall the basic concepts standing at the foundations of
the current gravity theories, and we will try to give a general overview of the “what” and
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these parameters has important consequences on the interpetation of observational evidences
at different scales in space and time up to cosmological scales. This is the reason why these
Solar System astrometric experiments can also be intended as a kind of “local cosmology” tests
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in the future, by other projects presently under study.
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the “why”, that is which are the alternatives available on the “theoretical market” and their
motivations. In Section 3 we will show the “how”, i.e. the theoretical methods which have
been developed to make the comparison among the various gravity theories easier, while in
the following one we will concentrate on the problem of how it is possible to model a generic
astrometric observable in a relativistic consistent way. Section 5 will adress the experimental
side of this problem giving examples of data reduction techniques and of some experiments
planned or under study, and finally the next and last section will come to the conclusions.

2. Theoretical background

The basic tenets of the so-called calssical field theories could be summarized, very shortly and
roughly, as:

1. there exists something (the field source) producing a field;

2. this field tells to the particles how to move.

Mathematically, these two simple principles correspond to the field equations and to the
equations of motion respectively.

The first and simplest theory of this kind is the newtonian theory of gravity, in which the
Poisson equation

∇2U = 4πGρ (1)

is the field equation where the gravitational field U originates from a mass density ρ, while
the Newtonian law of dynamics

d2xk

dt2 = − ∂U
∂xk (2)

are the equations of motion.

However, many other classical field theories aiminig at explaining how gravity works have
been formulated. In GR the field equations write

Rαβ − 1
2

gαβR =
8πG

c4 Tαβ (3)

where the metric gαβ plays the role of the potential U and the stress-energy tensor Tαβ is the
relativistic counterpart of the matter density ρ.1 This statement can be better understood if
one notices that:

1. under the assumption of weak gravitational fields and slow motion, the relativistic
equations of motion approximate to

d2xk

dt2 = − c2

2
∂g00

∂xk , (4)

and the requirement that, within these hypothesis, they have to reproduce the newtonian
ones implies that

g00 � −1 +
2U
c2 ; (5)

1 The definition of the stress-energy tensor is more general and takes into account that in GR any form of
energy can contribute to the curvature of the space-time.
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2. the quantities Rαβ and R basically depend on the derivatives of the metric, so that the
Poisson equation can be derived from Eq. (3) under the same weak-field and slow-motion
assumptions.

Another example of relativistic field theory of gravity is the Brans-Dicke theory. (Brans &
Dicke, 1961) This theory is the simplest example of the class of the so-called scalar-tensor
theories, in which the field equation is characterized by the presence of a scalar field φ coupled
with gravity in addition to the metric tensor

φ

(
Rαβ − 1

2
gαβR

)
+ gαβ�φ − φ,α;β =

8πG
c4 Tαβ +

ω

φ

(
φ,αφ,β − 1

2
gαβφ,σφ,σ

)
. (6)

The quantity ω is a coupling constant2 which gives a measure of the deviations of this theory
from GR. From this equation, in fact, it can be shown that the relation between φ and the trace
T of the stress-energy tensor is

�φ =
8πG

(2ω + 3) c4 T (7)

so that Eq. (6) reduces to the GR field equation (3) when ω → ∞. The maini motivation at
the basis of this theory was to have a gravity theory which could fully incorporate the Mach
principle, according to which the inertial phenomena were caused by the relative motion of
the mass in the Universe. (Ciufolini & Wheeler, 1995)

The importance of scalar-tensor theories comes also from other more complex models
introduced as a way to explain inflationary cosmological scenarios (like e.g. in Damour &
Nordtvedt (1993)), and also in particle-physics-inspired models of unification such as string
theory (Damour, Piazza & Veneziano, 2002).

We finally want to mention the so-called f (R) theories. This class of theories stem from the
idea that the lagrangian L from which the field equations can be derived can be more general
with respect to that of GR. The latter, in fact, assumes that it is simply equal to the Ricci scalar,
i.e. L = R, while these theories relax this condition and take a generic dependence L = f (R).
From a mathematical point of view, a consequence of this hypothesis is that the field equations
are no more second-order differential equations, but fourth-order. From a physical point of
view, the additional terms emerging into the field equation can be interpreted also as sources,
rather than fields, and take the same role of Tαβ. From a phenomenological point of view,
finally, these theories have been invoked to explain several observational phenomena like
cosmological acceleration, galactic dynamics, gravitational lensing, etc. without the need to
resort to non-barionic Dark Matter or to Dark Energy. A more detailed review of this kind of
theories can be found in Capozziello & Faraoni (2011).

3. The theoretical tools of the gravity arena

As we have just pointed out in the previous section, several other theories alternative to GR
has been formulated in order to describe how gravity works. This situation naturally calls for
a framework in which it is possible to model the observations taking into account many viable
theories at the same time. In this section we will briefly explain two of these frameworks: the

2 In more general versions of scalar-tensor theories ω is not a constant but a function of φ.
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side of this problem giving examples of data reduction techniques and of some experiments
planned or under study, and finally the next and last section will come to the conclusions.

2. Theoretical background

The basic tenets of the so-called calssical field theories could be summarized, very shortly and
roughly, as:

1. there exists something (the field source) producing a field;

2. this field tells to the particles how to move.

Mathematically, these two simple principles correspond to the field equations and to the
equations of motion respectively.

The first and simplest theory of this kind is the newtonian theory of gravity, in which the
Poisson equation

∇2U = 4πGρ (1)

is the field equation where the gravitational field U originates from a mass density ρ, while
the Newtonian law of dynamics

d2xk

dt2 = − ∂U
∂xk (2)

are the equations of motion.

However, many other classical field theories aiminig at explaining how gravity works have
been formulated. In GR the field equations write

Rαβ − 1
2

gαβR =
8πG

c4 Tαβ (3)

where the metric gαβ plays the role of the potential U and the stress-energy tensor Tαβ is the
relativistic counterpart of the matter density ρ.1 This statement can be better understood if
one notices that:

1. under the assumption of weak gravitational fields and slow motion, the relativistic
equations of motion approximate to

d2xk

dt2 = − c2

2
∂g00

∂xk , (4)

and the requirement that, within these hypothesis, they have to reproduce the newtonian
ones implies that

g00 � −1 +
2U
c2 ; (5)

1 The definition of the stress-energy tensor is more general and takes into account that in GR any form of
energy can contribute to the curvature of the space-time.
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2. the quantities Rαβ and R basically depend on the derivatives of the metric, so that the
Poisson equation can be derived from Eq. (3) under the same weak-field and slow-motion
assumptions.

Another example of relativistic field theory of gravity is the Brans-Dicke theory. (Brans &
Dicke, 1961) This theory is the simplest example of the class of the so-called scalar-tensor
theories, in which the field equation is characterized by the presence of a scalar field φ coupled
with gravity in addition to the metric tensor

φ

(
Rαβ − 1

2
gαβR

)
+ gαβ�φ − φ,α;β =

8πG
c4 Tαβ +

ω

φ

(
φ,αφ,β − 1

2
gαβφ,σφ,σ

)
. (6)

The quantity ω is a coupling constant2 which gives a measure of the deviations of this theory
from GR. From this equation, in fact, it can be shown that the relation between φ and the trace
T of the stress-energy tensor is

�φ =
8πG

(2ω + 3) c4 T (7)

so that Eq. (6) reduces to the GR field equation (3) when ω → ∞. The maini motivation at
the basis of this theory was to have a gravity theory which could fully incorporate the Mach
principle, according to which the inertial phenomena were caused by the relative motion of
the mass in the Universe. (Ciufolini & Wheeler, 1995)

The importance of scalar-tensor theories comes also from other more complex models
introduced as a way to explain inflationary cosmological scenarios (like e.g. in Damour &
Nordtvedt (1993)), and also in particle-physics-inspired models of unification such as string
theory (Damour, Piazza & Veneziano, 2002).

We finally want to mention the so-called f (R) theories. This class of theories stem from the
idea that the lagrangian L from which the field equations can be derived can be more general
with respect to that of GR. The latter, in fact, assumes that it is simply equal to the Ricci scalar,
i.e. L = R, while these theories relax this condition and take a generic dependence L = f (R).
From a mathematical point of view, a consequence of this hypothesis is that the field equations
are no more second-order differential equations, but fourth-order. From a physical point of
view, the additional terms emerging into the field equation can be interpreted also as sources,
rather than fields, and take the same role of Tαβ. From a phenomenological point of view,
finally, these theories have been invoked to explain several observational phenomena like
cosmological acceleration, galactic dynamics, gravitational lensing, etc. without the need to
resort to non-barionic Dark Matter or to Dark Energy. A more detailed review of this kind of
theories can be found in Capozziello & Faraoni (2011).

3. The theoretical tools of the gravity arena

As we have just pointed out in the previous section, several other theories alternative to GR
has been formulated in order to describe how gravity works. This situation naturally calls for
a framework in which it is possible to model the observations taking into account many viable
theories at the same time. In this section we will briefly explain two of these frameworks: the

2 In more general versions of scalar-tensor theories ω is not a constant but a function of φ.
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Parametrized Post-Newtonian (PPN) and the Mansouri-Sexl. More details about these two
subjects can be found in Will (2006) and in Mansouri & Sexl (1977a;b;c).

3.1 The PPN framework

As pointed out in Will (2006) a viable theory of gravity must be complete, self-consistent,
relativistic, and with a correct Post-Newtonian limit. The Post-Newtonian limit of a gravity
theory is the approximation of such theory under the assumptions of slow-motion and weak
gravity field, i.e. when v/c ∼ U/c2 ∼ � � 1.3

The PPN formalism is a powerful tool which simplifies the confrontation among the
Post-Newtonian limits of the different theories of gravity. This is particularly useful also
because these conditions hold in the Solar System, where local experiments are confined.

It can be shown that, in the slow motion and weak-field limit,

gαβ � ηαβ + hαβ, (8)

i.e. that the metric can be written as an expansion about the Minkowskian metric of Special
Relativity where the perturbations hαβ are functions of the different smallness parameters ∼ �
like U, v, etc.

The noticeable thing is that the expansions predicted by nearly every theory of gravity have
the same structure apart from the coefficients multiplying each kind of perturbation.

In the PPN formalism these coefficients are replaced by appropriate parameters in such a
way that it is possible to reproduce any specific theory simply by assigning specific values
to them. Currently the number of parameters of the PPN formalism is set to 10 (Table 1),
suitably chosen to give informations on general properties of the selected theory of gravity.
On the other side, the formulation of the experimental measurements in the PPN formalism
can be translated to the estimation of the values of these parameters, and thus in a direct
selection of the viable theories.

The two most important parameters of the PPN formalism are γ and β, which are both 1 in
GR. A precise estimation of these two parameters, has important theoratical and observational
implications. It could help to fulfill theoretical needs because they are the phenomenological
“trace” of a scalar field coupled with gravity of scalar-tensor theories which, as explained in
the previous section, is related to:

• theories fully compatible with the Mach principle (Brans & Dicke, 1961);

• cosmological scenarios with inflationary stage (Damour & Nordtvedt, 1993);

• theories aiming to provide a formulation of a quantum theory of gravity (Damour, Piazza
& Veneziano, 2002).

For example, there are formulations of scalar-tensor theories in which the scalar field evolves
with time toward a theory close to GR leaving little relic deviations at present times (Damour
& Esposito-Farèse, 1992). Such deviations from GR today range from 10−5 to a few times 10−7

for |γ − 1|, depending on the cosmological model (Damour & Nordtvedt, 1993).

3 Actually it is also required that the internal energy Π and the pressure-over-density ratio p/ρ are ∼ �.
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Parameter Meaning
Value in

GR Brans-Dicke Vector-Tensor f (R)

γ
How much space-curvature

is produced by unit rest
mass?

1
1 + ω

2 + ω
γ� γ�

β
How much nonlinearity in
the superposition law for

gravity?
1 1 β� β�

ξ Preferred-location effects? 0 0 0 0
α1

Preferred-frame effects?
0 0 α�1 0

α2 0 0 α�2 0

α3 0 0 0 0

Violation of conservation of
total momentum?

ζ1 0 0 0 0
ζ2 0 0 0 0
ζ3 0 0 0 0
ζ4 0 0 0 0

Table 1. List of the PPN parameters, and of their meanings and values in some theories of
gravity.

Experiment Effect Technique |γ − 1| lower bound

HIPPARCOS Light deflection Global Astrometry 3 · 10−3

VLBI Light deflection Radio Interferometry 4.5 · 10−4

Cassini Shapiro time delay Round-trip travel time of
radar signals 2.3 · 10−5

Table 2. Current best estimations for the γ parameter.

On the front of the f (R) theories, instead, it has been argued that the current estimations of
the γ and β PPN parameters are not sufficient to provide serious constraints on such theories,
which claim of being able to explain observational evidences about several astrophysical and
cosmological problems without any need for Dark Matter (DM) or Dark Energy (DE) like, e.g.
Capozziello, de Filippis & Salzano (2009):

• DE dynamics (acceleration of cosmological expansion);

• DM dynamics (galactic rotation curves, galaxy cluster masses);

• observational data from gravitational lensing;

• Tully-Fisher relation.

Again, it seems that the desired experimental accuracy can be set at level of 10−7 to 10−8 for
|γ − 1|, and from 10−5 for |β − 1| (Capozziello, Stabile & Troisi, 2006).

The most stringent experimental limit for γ available so far was set by the Cassini experiment
(Bertotti, Iess & Tortora, 2003) which used the relativistic time delay effect on the propagation
of radar signals (Table 2). This result will be overcome by future astrometric measurements
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Experiment Effect/Technique Combination
with γ

|β − 1| lower
bound

Radar observations
of Mercury
(1966-1990)

Perihelion shift
excess of Mercury 2γ − β 3 · 10−3

Lunar Laser Ranging Nordtvedt effect 4β − γ ∼ 10−4

Radar observations
of inner bodies

(1963-2003)

“Grand fits” of Solar
System equations of

motion
2γ − β 1 ÷ 2 · 10−4

Table 3. Current best estimations for the β parameter.

from space (Vecchiato et al., 2003). The estimation of β depends on that of γ, since the former
always appear in combination with the latter, and its present bounds are provided by different
techniques, involving e.g. Lunar Laser Ranging measurements (Williams, Turyshev & Boggs,
2004) or “Grand fits” of the Solar System equations of motion obtained from the reduction of
radar observations (Pitjeva, 2005; 2010) (Table 3). Once again, astrometric techniques could be
used to improve on these limits (Vecchiato, Bernardi & Gai, 2010).

3.2 Beyond the PPN framework

Other interesting phenomena which can be used to test the gravity theories at a fundamental
level are the higher-order quadrupole contribution to the light deflection, and the possible
violations of the Local Lorentz Invariance (LLI). Both can be put to test with convenient
astrometric experiments.

The first one is foreseen by GR and other theories of gravity when the light is deflected by
perturbing bodies with non-spherically symmetric distributions of the mass. The coefficients
of gαβ, in fact, in this case does not depend only on the mass, but also on the higher order
multipoles of the gravity field of the perturbing body. The deflection can then be described as
a vectorial quantity with two components n and m

Δψ = Δψ1n + Δψ2m

with respect to a reference triad (n, m, z) where the z-axis is orthogonal to the celestial sphere.

The two components can be modelled as functions of a parameter ε whose value is 1 in GR
like in the following formulae (Crosta & Mignard, 2006)

Δψ1 =
2 (1 + γ) M

b

[
1 + εJ2

R2

b2

(
1 − 2 (n · z)2 − (t · z)2

)]
(9)

Δψ2 =
4 (1 + γ) MεJ2R2γ

b3 (m · z) (n · z) (10)

where M is the mass of the perturbing body, J2 is the quadrupole component of its
gravitational field, and b the impact parameter, i.e. the distance of maximum approach of
the light path to the perturbing body.
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(a) Spherically symmetic case. (b) Deflection pattern with J2 �= 0.

Fig. 1. A non-spherically symmetric distribution of the mass of a perturbing body produces
specific patterns in the nearby light deflection.

This asymmetric perturbation on the light path induces specific patterns in the nearby light
deflection (Fig. 1) which have never been mesuared up to now because of the smallness of this
effect.

Tests of possible violations of the LLI are motivated by several theoretical models
encompassing a large number of different subjects, from quantum gravity to varying speed of
light cosmologies. A complete review of the tests and of the motivations linked to the LLI is
out of scope here, and can be found in Mattingly (2005). Here we will limit ourselves to cite
the Robertson-Mansouri-Sexl (RMS) formalism for its possible application to astrometry. A
violation of the LLI, in fact, will show itself as a breaking of the Lorentz transformations. The
RMS formalism is a way to describe this hypothetical breaking in a kinematical way.

In analogy to the PPN formalism, the RMS framework is developed under the assumption
that v � c, and can be expressed as a generalization of the Lorentz transformations

T =
(t − ε · x)

a
X =

x
d
−

(
1
d
− 1

b

)
v(v · x)

v2 +
v
a

t
(11)

depending on a set of arbitrary parameters (a, b, d, ε). The potential impact of this formalism
on astrometric measurements comes from the fact that those LLI violations depending on
f = d/b, show themselves as an aberration effect which therefore puts to test the same
properties of the Michelson-Morley experiment. It is probable that violations depending on
such aberration effect are out of reach for the present planned space experiments like Gaia
(Klioner, 2008) but possible applications to new and more sensitive experiments has not been
investigated yet.
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4. Modelling the observations

4.1 Basics of the relativistic Theory of measurements

In order to understand why Astrometry can be used to set limits to the PPN parameters
and therefore to put to test the different theories of gravity, it has to be shown how these
parameters enter in the astrometric observable. The most basic measure in Astrometry, ideally,
is the angle ψ12 between two observing directions, which in the usual Euclidean geometry
reads

cos ψ12 =
r1 · r2
|r1| |r2| , (12)

and can be represented as in Fig. 2 as the projection on a unit sphere of the two vectors r1 and
r2 connecting the observer and the objects P and Q.

Fig. 2. Representation of the angular distance ψ on the unit sphere between two objects P and
Q.

In order to give a correct interpretation of the experimental results, however, the
measurements must be written in a proper relativistic way, i.e. following the prescription
of the theory of measurements. The details of this formalism are out of scope in this article,
and are fully developed in de Felice & Bini (2010). We therefore will give here only a brief
overview of the main concepts needed to follow the present exposition.

The starting point is the definition of a physical observer, whose history, as shown in
Fig. 3, is identified by his/her worldline Γ(w) in the four-dimensional differential manifold
representing the space-time. The four-vector tangent to this curve (i.e. the four-velocity of Γ)
is uα ≡ Γ̇, where the dot stands for the derivative with respect to the parameter w of the
worldline, and if the four-velocity is unitary with respect to the metric gαβ of the space-time,
that is if gαβuαuβ = −1, then uα represents the observer at a given point of the worldline. The
parameter τ of the curve Γ that satisfies the unitarity condition of uα has the physical meaning
of the proper time of the observer, so that uα can be interpreted as the representation of the
observer at each instant of his/her proper time.

With a certain degree of approximation, it can be said that at each point of Γ, uα splits the
space-time into the 1D and 3D subspaces parallel and orthogonal to itself, which are the time
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T αβ

Γ(τ)

uα

Fig. 3. Any time-like curve Γ(τ) in the space-time can represent the history of an observer,
which is identified by its tangent vector uα and whose proper time τ is the parameter of the
worldline. Locally, uα induces a 3 + 1 splitting of the space-time where the two subspaces
represent the space and the time associated to this observer.

direction and the space relative to the observer uα respectively. More precisely, we can always
define two operators Pαβ = −uαuβ and Tαβ = gαβ + uαuβ which project any four-vector
parallely and orthogonally to the observer. Quite obviously, these operators are called the
parallel and transverse projector respectively, and any interval of space-time ds2 = gαβdxαdxβ

can be written as

ds2 = −c2
(
− 1

c2 Pαβdxαdxβ

)
+

(
Tαβdxαdxβ

)
, (13)

where dτ2 = −c−2Pαβdxαdxβ has the physical meaning of the (square of the) infinitesimal
time interval measured by the observer uα, while similarly dl2 = Tαβdxαdxβ is the measured
spatial distance associated to ds.

4.2 Linking the observable with the unknown parameters

With the above indications in mind, and remembering the spatial nature of angular
measurements, it is easy to understand why the relativistic counterpart of Eq. (12) can be
written as

cos ψ12 =
Tαβkα

1kβ
2√

Tαβkα
1kβ

1

√
Tαβkα

2kβ
2

(14)

where, as shown in Fig. 4 kα
1 and kα

2 are the two observing directions (de Felice & Clarke, 1990).
It has to be noticed, however, that the expression “observing direction” has not to be intended
as the result of a measure. The observable is the angle at the left-hand-side of the equation,
while the four-vectors kα

1,2 have the mathematical meaning of the tangents to the path of the
incoming light rays connecting the positions of the observed objects to the observer, i.e. of
the null geodesics of the observed photons. In other words, if s is the parameter of the null
geodesic xα, then

kα =
dxα

ds
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+

(
Tαβdxαdxβ
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where dτ2 = −c−2Pαβdxαdxβ has the physical meaning of the (square of the) infinitesimal
time interval measured by the observer uα, while similarly dl2 = Tαβdxαdxβ is the measured
spatial distance associated to ds.

4.2 Linking the observable with the unknown parameters
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cos ψ12 =
Tαβkα

1kβ
2√

Tαβkα
1kβ

1

√
Tαβkα

2kβ
2

(14)

where, as shown in Fig. 4 kα
1 and kα

2 are the two observing directions (de Felice & Clarke, 1990).
It has to be noticed, however, that the expression “observing direction” has not to be intended
as the result of a measure. The observable is the angle at the left-hand-side of the equation,
while the four-vectors kα

1,2 have the mathematical meaning of the tangents to the path of the
incoming light rays connecting the positions of the observed objects to the observer, i.e. of
the null geodesics of the observed photons. In other words, if s is the parameter of the null
geodesic xα, then

kα =
dxα

ds
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Fig. 4. The formula expressing the arc measured between two directions can be found
considering that the relativistic viewing directions kα

1 and kα
2 – i.e. the tangents to the null

geodesics connecting the observed objects to the observer and computed at the observation
event – have to be projected onto the spatial hypersurface relative to uα.

and this four-vector can be obtained by solving the geodesic equation (i.e. the relativistic
equation of motion)

d2xα

ds2 + Γα
βγ

dxβ

ds
dxγ

ds
= 0. (15)

This formula has to be expressed as a function of the desired astrometric unknowns, namely
the positions and proper motions of the observed objects. Moreover, as it is known from
classical astrometry (see e.g. Smart, 1965), measurements of the same object change in time
not only because of its intrinsic motion, but also because of the motion of the observer itself,
with the aberration and parallax effects. In addition to this, a relativistic formulation of the
astrometric measurements has to properly take into account the geometry of the space-time.

The most important thing to be noticed in Eq. (14) is that it is natural to choose a coordinate
system of the space-time metric coincident with that of the desired catalog, and that
this helps to express automatically the observer as a function of the needed parameters
introducing immediately and naturally the observer-related effects of classical astrometry like
the aberration and the parallactic displacement. If we imagine, just as an example, to use the
Schwarzschild metric, its coordinates are already centered on the Sun, therefore the aberration
is automatically taken into account in the observation equation since the transverse projector

Tαβ = gαβ + uαuβ

contains the (four-)velocity uα expressed with respect to the origin of the coordinate system.

It’s easy to understand that the dependence on the positions of the observed objects enters
in the equation through the kα

i , while the relativistic formulation of the observable, together
with the correct solution of Eq. (15), can take into account of all the “relativistic effects”
such as the light deflection, i.e. the geometry of the space-time. However, many ways to
address the problem of the integration of the null geodesics have been developed so far,
therefore the actual expression of Eq. (14) can vary according to the accuracy level of the
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model and/or to the specific technique used for the integration of the equation of motion.
A sub-mas (v/c)2 model is described in Vecchiato et al. (2003) and reference therein, while
de Felice et al. (2004) is an example of a μas-level (v/c)2 model which takes into account the
gravitational influence of all the bodies of the Solar System. More accurate sub-μas models
can be found in Klioner (2003) and references therein, Kopeikin & Schäfer (1999), and de Felice
et al. (2006). Finally, Teyssandier & Le Poncin-Lafitte (2008) have applied the method of the
Synge’s World Function to obtain a relativistic expression of the basic astrometric observables
without integrating directly the geodesic equations.

Whatever is the explicit method used for the integration of the null geodesic, the PPN
parameters such as γ and β can be easily included in the formula of the observable by
chosing an appropriate PPN expression of the metric tensor, however there exists an important
difference between them. If we consider, e.g., the PPN approximation of the Schwarzschild
metric4 we can see that its expression in isotropic coordinates at the first Post-Newtonian order
(1PN) can be written as

ds2 = −
(

1 − 2U + 2βU2
)

dt2 + (1 + 2γU) δijdxidxj. (16)

This shows that β enter the metric at the second order in the gravitational potential U, while
γ is at the first order, and since the relativistic deflection of light is in general

Δψ = f
(
(g00)

−1 , gμν

)
, (17)

this explains why astrometric measurements exploiting the light deflection are particularly
suited for the estimation of γ but not for that of β. The latter, actually, can also be addressed
by astrometric measurements able to detect the well-known effect of the excess of perihelion
shift

Δω =
6πm

a (1 − e2)

[
1
3
(2 + 2γ − β) + f (α1, α2, α3, ζ2, J2)

]
(18)

in the orbit of massive objects. If we neglect the contribution from the other PPN parameters
and from the quadrupole of the gravitational source, which in the case of the Sun is not
important, we can see that this observation is affected by γ and β at the same order, and
therefore β can be estimated given a prior knowledge of γ, usually known at a better order
because of the above considerations.

4.3 Relativistic reference systems in astrometry

If the required measure is the observed direction of the object, instead of an angle between
two directions, then one has to deal with a relativistic theory of reference systems. The
Equivalence Principle states that for any observer it is always possible to find a locally inertial
reference system where Special Relativity holds. This reference system is called tetrad, and it

is represented by a set of 4 orthonormal four-vectors
(

Eα
0̂

, Eα
1̂

, Eα
2̂

, Eα
3̂

)
which can be built at

4 The Schwarzschild metric considers the spherical non-rotating Sun as the only source of gravity.
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any point P of the space-time by imposing the conditions

Eα
0̂
≡ uα

(
gαβEα

â Eβ

b̂

)
P
= ηâb̂ ∀ a, b = 1, 2, 3

(19)

where uα is the four-velocity of the observer. In other words (see Fig. 5) the first axis is by
definition the four-velocity of the observer and represents the direction of the proper time,
while the other three axes are projected onto the spatial hypersurface of uα and define a
reference frame for the 3D space locally seen by the observer at each instant. The above
conditions imply that the spatial axes of a tetrad are defined except for three arbitrary spatial
rotations.

T αβ

Γ(τ)

uα ≡ Eα
0̂

Fig. 5. A tetrad is a set of four orthonormal axes in the 4D space-time which locally represent
a Minkowskian reference frame.

The formula which gives the direction cosine seen by an observer uα on the a-th axis of the
tetrad is

cos ψâ,k =
TαβEα

â kβ

√
T α

αβkαkβ
(20)

which can be easily obtained from Eq. (14) by substituting one observing direction kα with the
required tetrad axis and considering that, by construction, tetrad axes are such that TαβEα

â Eβ
â =

1 for a = 1, 2, 3.

5. Methods of data reduction and experimental overview

5.1 Estimation of the γ parameter

The position and motion of the objects in the sky can be determined by astrometric
measurements using the two differents approaches of the global and relative astrometry.

5.1.1 The global astrometry approach

Global astrometric techniques have been used in the HIPPARCOS space mission to estimate
the γ parameter at the 10−3 accuracy level Froeschle, Mignard & Arenou (1997). The same
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techniques, with a more advanced technology, will be applied by the Gaia space mission
(Perryman et al., 2001) to push this measurement to a higher level of accuracy.

The main goal of the Gaia mission is the determination of a 6D map of ∼ 109 objects of the
Milky Way. To achieve this objective the observations can’t be made in pointed mode. The
satellite will rather scan continuously the celestial sphere, measuring the angular positions of
the observed objects with respect to a local reference frame associated to the satellite’s attitude,
and accumulating several billions of observations on the entire sky. Each observation can be
modelled as indicated in Section 4 and corresponds to an equation like the (20) which is highly
non-linear. In general this equation can depend not only on the astrometric parameters and
the PPN γ, but also on other kind of parameters, like those defining the satellite attitude or
other instrumental ones needed for the calibration, which cannot always be determined a
priori with sufficient accuracy5

cos ψ ≡ F

⎛
⎜⎜⎝ α∗, δ∗, �∗, μα∗, μδ∗� �� �

Astrometric parameters

, a(j)
1 , a(j)

2 , . . .� �� �
Attitude

, c1, c2, . . .� �� �
Instrument

, γ, . . .� �� �
Global

⎞
⎟⎟⎠ . (21)

Several billions of observations are accumulated during the five years of the mission lifetime.
The final result therefore will be a big and sparse system of equations (up to ∼ 1010 × 108

in the case of Gaia, see Lammers & Lindegren, 2011). Since the solution of such systems of
non-linear equations is not practically feasible, the observation equations (21) are linearized
about a convenient starting point represented by the current best estimation of the required
unknowns. In this case the problem is converted into that of the solution of a big and sparse
system of linear equations

− sin ψ dψ =
∂F
∂α∗

����
ᾱ∗

δα∗ +
∂F
∂δ∗

����
δ̄∗

δδ∗ +
∂F

∂�∗

����
�̄∗

δ�∗ + · · ·
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Astrometric parameters

∑
ij

∂F

∂a(j)
i

������
ā(j)

i

δa(j)
i
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Attitude

+∑
i

∂F
∂ci

����
c̄i

δci
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Instrument

+
∂F
∂γ

����
γ̄

δγ + · · ·
� �� �
Global parameters

(22)

whose unknowns are the corrections δx to the starting catalog values. Despite this
simplification, the system is still too large to be solved with direct methods, and iterative
methods are then used. Since the number of observations is much larger than the number of
unknowns, the system is overdetermined and can be solved in the least-squares sense (Fig.6).
The complexity of the observation equations and the dimensions of the problem are only
two of the components contributing to the challenge of such global astrometry experiments.
Another one comes from the correlations among some of the unknowns which has to be
determined. As shown in Fig. 7, one of them involves the γ parameter, the angle between
the two viewing directions (basic angle) and the parallax of the observed objects.

5 The PPN γ, contrary to the largest part of the unknowns, appears on every equation of the system.
Conventionally such kind of unknowns are called global parameters.
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(a) Measured arcs accumulate faster than the number of
unknowns in global sphere reconstruction.
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(b) Conceptual representation of
least-squares fit of measurement errors.

Fig. 6. Concept of sphere reconstruction with global astrometric measurements in the case of
arc measurements. The pictures show how repeated observations of the same stars can
accumulate a number of measurements greater than the number of unknowns (a) thus
allowing to find them by solving an overdetermined system of equations in the least-squares
sense (b).

When all of these complications are solved, the γ parameter can thus be obtained as a
by-product of the system solution. The foreseen accuracy for the Gaia mission is at the
10−6 − 10−7 level (Vecchiato et al., 2003) i.e. one or two orders of magnitude better than
the present estimations.

5.1.2 The relative astrometry approach

Other proposals have been made in order to attempt a high-precision estimation of the γ
parameter with techiniques of relative astrometry.

Under many aspects this approach is the opposite of the global one examined in the previous
section. Global astrometry is specially fitted to deduce positions and motions of stellar objects
with respect to a common global inertial reference frame, and it resorts on the measurements
of large angles on the sky. Relative astrometry, instead, is targeted to the high-precision
estimation of the relative position and motion of celestial objects, i.e. with respect to some
distant background objects, using small-field measurements.

The design of the proposed medium-class mission LATOR (Turyshev et al., 2004) is based
on a three-spacecraft configuration involving two micro-satellites moving on a trailing-Earth
orbit and the International Space Station (ISS). The two satellites are pushed away from the
Earth until they reach the opposite side of the Sun. Each satellite is equipped with a laser
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Fig. 7. The γ parameter is highly correlated with parallax, in the sense that any variation in
the arc measured by two stars can be interpreted with almost no distinction as a variation of
the distance of the stars or of the PPN parameter as well. In any Gaia-like global astrometric
sphere reconstruction this parameter is also correlated with the variations of the basic angle,
i.e. of the angle between the two viewing directions.

beam which can be detected by a long baseline interferometer housed in the ISS. In this way
it is possible to measure the angular distance of these two “artificial stars”. These measures
adds to those done with an additional laser-ranging system onboard of each spacecraft which
is able to measure the distances among them. Gravity should deform the shape of the large
triangle formed by the two satellites and the ISS, making LATOR able to reach the 10−8 level
of accuracy on the estimation of γ.

Fig. 8. Schematic depiction of the GAME mission concept.

The estimation of the same PPN parameters is the main scientific goal of GAME, another
astrometric mission whose mission concept is sketched in Fig. 8.

The instrument concept is based on a multiple-field, multiple-aperture Fizeau interferometer,
observing simultaneously several sky regions close to the solar limb. A beam combiner folds
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on a three-spacecraft configuration involving two micro-satellites moving on a trailing-Earth
orbit and the International Space Station (ISS). The two satellites are pushed away from the
Earth until they reach the opposite side of the Sun. Each satellite is equipped with a laser
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Fig. 7. The γ parameter is highly correlated with parallax, in the sense that any variation in
the arc measured by two stars can be interpreted with almost no distinction as a variation of
the distance of the stars or of the PPN parameter as well. In any Gaia-like global astrometric
sphere reconstruction this parameter is also correlated with the variations of the basic angle,
i.e. of the angle between the two viewing directions.

beam which can be detected by a long baseline interferometer housed in the ISS. In this way
it is possible to measure the angular distance of these two “artificial stars”. These measures
adds to those done with an additional laser-ranging system onboard of each spacecraft which
is able to measure the distances among them. Gravity should deform the shape of the large
triangle formed by the two satellites and the ISS, making LATOR able to reach the 10−8 level
of accuracy on the estimation of γ.

Fig. 8. Schematic depiction of the GAME mission concept.

The estimation of the same PPN parameters is the main scientific goal of GAME, another
astrometric mission whose mission concept is sketched in Fig. 8.

The instrument concept is based on a multiple-field, multiple-aperture Fizeau interferometer,
observing simultaneously several sky regions close to the solar limb. A beam combiner folds
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the telescope line of sight on different directions on the sky, separated by a base angle of a few
degrees (� 4◦).

This satellite will measure repeatedly the arcs between selected star pairs, placed in the
different fields of view of the telescope, when they are close to the Sun. It will observe
again the same arcs after some months, when the Sun is at a large angular distance. In the
first configuration the arcs are larger because of the gravitaional pull of the Sun, so that their
comparison makes it possible to estimate the γ parameter.

The GAME mission and instrument concepts are highly scalable and the final performances
vary according to the selected configuration. A small-mission version with two fields of view,
capable to reach a final accuracy between 10−6 and 10−7 in its 2-yr lifetme, was proposed in
Gai et al. (2009); Vecchiato et al. (2009). At present both smaller versions eligible to be hosted
in high-altitude baloon flights, and larger medium-class implementations of the same concept
are under study. The former have the capability of performing in few days quick and cheap
tests at the same level of the Cassini experiment (i.e. 10−5), while the latter is able to reach the
10−8 level of accuracy thanks to a longer duration (five years) and a more complex instrument
configuration with up to 4 fields of view and simultaneous front and rear observations which
enable a better control of the systematic errors.

5.2 Estimation of the β parameter

As explained in Section 4.2, the astrometric attempts for the β parameter estimation, are
not based on the light deflection, but rather on high precision reconstruction of the orbits
of massive bodies in the Solar System. Since the perihelion shift effect increases with the
eccentricity of the orbit and decreases with the distance from the Sun, the most convenient
targets are Mercury and the Near-Earth Objects.

Gaia will not be able to estimate the value of β from Mercury since this planet cannot be
observed by the satellite because it is too close to the Sun. It will instead revert to the
observation of NEOs, which are tipically in less favourable conditions, but can somewhat
compensate because of their large (∼ 105) number. Numerical simulations, however, have
shown that Gaia will not be able to improve on the accuracy of this parameter, and will rather
reach the current best estimations at the 10−4 level using the satellite observations for some
1300 of these objects (Hestroffer et al., 2009).

On the other side, simple order-of-magnitude calculations suggest that with GAME, especially
in its medium-class mission implementation, the β parameter can be estimated at an
unprecedented level of accuracy.

The shift excess for Mercury is Δω � 0.104��/orbit. If we consider the simplified scenario in
which Mercury is observed only close to superior conjunction6 the “observed” displacement
from the predicted newtonian position is

Δα � 0.27Δω � 28 mas. (23)

6 This is the most favourable condition because the displacement due to Δω is largest from the point
of view of the observer, except for the inferior conjuction where, however, the planet has the faintest
magnitude. See Fig. 9
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Fig. 9. In principle observations at quadrature are not good for estimating the β parameter.

The integrated magnitude of Mercury in this geometry is Vmerc � −1.5, and thus its position
can be estimated with a formal relative accuracy of σΔα/Δα � 0.5 mas with a single exposure
of 0.1 s by the medium-class GAME. Therefore, from Eqs. (18) and (23) it easy to deduce that

σβ

β
� 3

σΓ
Γ

= 3
σΔα

Δα
∼ 5 · 10−2

with this single observation. If, for the sake of simplicity, we consider the case in which
Mercury is observed for one day each orbit in these conditions, after 5 years it is possible
to collect some 5 · 108 observations, which would bring the final accuracy to ≈ 2.5 · 10−6 on β.

5.3 Estimation of the quadrupole effect

The quadrupole light deflection effect (q-effect) has its preferred targets on the stars which
can be observed close to the largest and most oblate planets of the Solar System, like Jupiter or
Saturn, where the effect is larger. The maximum amount of deflection which can be ascribed
to the J2 component of the gravitational field is in fact 240 μas and 95 μas for these two
planets respectively, and this quantity has to be compared with the 10 μas for the next largest
contribution coming from Neptune, or with the ∼ 1 μas at the solar limb.

Similarly to the case of γ, the ε parameter of the quadrupole deflection can be estimated with a
global approach, as the result of a sphere reduction in which this effect has been appropriately
modeled, or with a differential approach, in which the configurations of suitable stellar fields
are compared when Jupiter/Saturn is in between, and some time later, when the planet has
moved away.

At the moment only the performances of Gaia in the differential case and for Jupiter has
been investigated in some detail. The results depend obviously on the initial condition of
the scanning law of the satellite, because they determine if a favourable configuration of
bright stars around Jupiter can be detected. With the present scanning law, the most positive
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situation will happen in mid-2017, when there will be the possibility to determine the ε
parameter at the 10σ-level.

It has to be added, however, that GAME, as a pointed mission is probably in a more convenient
condition for this kind of measurements.

6. Conclusions

In this paper we have given a brief overview of the motivations at the basis of the quest for
the determination of the most reliable gravity theory, and of the possible tests inspired by
the theoretical scenario. It has also been shown how astrometry, probably the most ancient
experimental discipline, can play an important role in these tests. What have eventually
emerged, is that it is likely that in the next one or two decades some crucial experiment will
be successfully conducted, the outcome of which will be able to revolutionize our view of the
physics and of cosmology at a fundamental level.
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384 Astrophysics

1. Introduction

The primordial Universe provides a laboratory to probe fundamental physics at high energies.
Relics from those early epochs, such as the light elements synthesized during primordial Big
Bang Nucleosynthesis (BBN) (Burles et al., 2001; Eidelman et al., 2004; Olive et al., 2000;
Wagoner et al., 1967) when the Universe was only a few minutes old, and the Cosmic
Microwave Background (CMB) photons, last scattered when the protons and electrons
recombined some 400 thousand years later, represent powerful probes of the high energy
phenomena pointing beyond the standard models of cosmology, particle physics and general
relativity (Boesgaard & Steigman, 1985; Steigman et al., 1977; Steigman, 2007).

During its earlier evolution the Universe was hot and dense. The combination of high
temperature and density ensures that collision rates are very high during early epochs,
guaranteeing that all particles were in equilibrium at sufficiently early times. As the
Universe expands and cools, interaction rates decline and, depending on the strength of their
interactions, different particles depart from equilibrium at different epochs.

At a temperature of few MeV, the neutrino interaction rates become lower than the Hubble
expansion rate, decoupling from the CMB photons and e± pairs present at that time. However,
electron neutrinos (and antineutrinos) continue to interact with the baryons through the weak
interactions until the Universe where few seconds old and the temperature has dropped below
MeV. The interactions among neutrons, protons and e± continue to influence the ratio of
neutron to proton number densities, tracking its equilibrium value. After electrons, neutrons
and protons combine to form neutral atoms at recombination, the CMB photons propagate
freely. This occurs when the Universe is some 400 thousand years old. The relic photons from
this epoch redshifted to the currently observed CMB black body temperature Tcmb = 2.725 K.

Predictions of the abundances of the light elements as D,3He, 4He and 7Li synthesized
at the BBN epoch are in good agreement with the primordial abundances inferred from
observational data, which validates the Standard Big Bang Nucleosynthesis (SBBN).

The primordial abundances of the relic nuclei produced during SBBN depend on the
baryon number density and on the Hubble expansion rate of the Universe. At the same
time, the shape and amplitude of the CMB anisotropy angular power spectra at the
time of recombination depend on the same parameters. One of the key cosmological
tests in understanding the cosmological dynamics between BBN and recombination is the
determination of baryon energy density mass fraction, Ωbh2, at these two different epochs.

The abundance of baryons, η10, is related to the number density of baryons, nB, and the
number density of CMB photons, nγ, through: η10 = 1010(nB/nγ). The baryon energy density
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384 Astrophysics

1. Introduction
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At a temperature of few MeV, the neutrino interaction rates become lower than the Hubble
expansion rate, decoupling from the CMB photons and e± pairs present at that time. However,
electron neutrinos (and antineutrinos) continue to interact with the baryons through the weak
interactions until the Universe where few seconds old and the temperature has dropped below
MeV. The interactions among neutrons, protons and e± continue to influence the ratio of
neutron to proton number densities, tracking its equilibrium value. After electrons, neutrons
and protons combine to form neutral atoms at recombination, the CMB photons propagate
freely. This occurs when the Universe is some 400 thousand years old. The relic photons from
this epoch redshifted to the currently observed CMB black body temperature Tcmb = 2.725 K.

Predictions of the abundances of the light elements as D,3He, 4He and 7Li synthesized
at the BBN epoch are in good agreement with the primordial abundances inferred from
observational data, which validates the Standard Big Bang Nucleosynthesis (SBBN).

The primordial abundances of the relic nuclei produced during SBBN depend on the
baryon number density and on the Hubble expansion rate of the Universe. At the same
time, the shape and amplitude of the CMB anisotropy angular power spectra at the
time of recombination depend on the same parameters. One of the key cosmological
tests in understanding the cosmological dynamics between BBN and recombination is the
determination of baryon energy density mass fraction, Ωbh2, at these two different epochs.

The abundance of baryons, η10, is related to the number density of baryons, nB, and the
number density of CMB photons, nγ, through: η10 = 1010(nB/nγ). The baryon energy density
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mass fraction influences the growth rate of the density perturbation through its impact on the
Hubble expansion rate. It is convenient to express η10 in terms of this two parameters as:
η10 = 274 Ωbh2, where h is the reduced Hubble constant at the present time (h = H0/100 km
s−1 Mpc−1). During expansion of the Universe, nB and nγ decrease but remain unchanged
in a given comoving volume. Therefore, the value of η10 measured at BBN epoch and at
recombination epoch should be the same.

Among the nuclides synthesized at the BBN epoch, deuterium is the better indicator of the
primordial baryon abundance since no significant amounts of deuterium are synthesized after
BBN (Epstein et al., 1976). The measurement of the QSO Absorption Lines Systems (QSOALS)
leads to the determination of the primordial deuterium abundance (Pettini et al., 2008) from
which the infered baryon abundance is η10(BBN) = 5.80+0.27

−0.28 (Ωbh2 = 0.0212 ± 0.0010).

The analysis of WMAP 7-year data (Komatsu et al., 2009) provides an independent
determination of the baryon abundance η10(CMB) = 6.190 ± 0.145 (Ωbh20.02260 ± 0.00053).

The two independent determinations are in good agreement, differing by only 1.3σ.

BBN also provides powerful constraints on possible deviations from the standard cosmology
and on new physics beyond the Standard Model (SM) particle physics (Sarkar, 1996). Many
non-SBBN models introduce new free parameters in addition to the baryon energy density
parameter. Most of these models assume either non-standard contribution to the total energy
density, or a lepton asymmetry. This paper aims to place constraints on parameters of two
types of non-SBBN models by using most of the present cosmological data complemented
with the BBN predictions on the 4He abundance.

These models include: i) the leptonic asymmetric cosmological models, challenging the
standard neutrino sector and ii) the Higgs inflation models, challenging the electroweak sector
of the SM of particle physics.

2. Challenging the neutrino physics

The radiation budget of the Universe relies on a strong theoretical prejudice: apart from
the CMB photons, the relativistic background would consist of neutrinos and of possible
contributions from other relativistic relicts. The main constraints on the radiation energy
density come either from the very early Universe, where the radiation was the dominant
source of energy, or from the observation of cosmological perturbations which carry the
information about the time equality between matter and radiation.

The primordial abundance of the light elements depends also on the radiation energy density
at the BBN epoch (energy density of order MeV4), usually parametrized by the effective
number of relativistic neutrino species, Ne f f . Meanwhile, the number of active neutrino
flavors have been fixed by Z0 boson decay width to Nν = 2.944± 0.012 (Eidelman et al., 2004),
while the combined study of the incomplete neutrino decoupling and the QED corrections
indicate that the number of relativistic neutrino species is Ne f f = 3.046 (Mangano et al., 2002).
Any departure of Ne f f from this last value would be due to non-standard neutrino features
or to the contribution of other relativistic relics, having as main effect the modification of
the competition between the nuclear reaction rates and the Hubble expansion rate. Since the
primordial 4He mass fraction, YP is largely determined by the neutron to proton ratio, YP is
quite sensitive to the competition between the weak interaction rates and the expansion rate.
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The most natural phenomenological extension of the standard neutrino sector is the
consideration of the leptonic asymmetry (Freese et al., 1983; Ruffini et al., 1983; 1988),
parametrized by the neutrino degeneracy parameter ξν = μν/Tν0 [μν is the neutrino chemical
potential and Tν0 is the present temperature of the neutrino background, Tν0 /Tcmb =

(4/11)1/3]. Although the standard model of particle physics predicts the value of leptonic
asymmetry of the same order as the value of the baryonic asymmetry, B ∼ 10−10, there are
many particle physics scenarios in which a leptonic asymmetry much larger can be generated
(Chu & Cirelli, 2006; Smith et al., 2006).
One of the cosmological implications of a larger leptonic asymmetry is the possibility to
generate baryonic asymmetry of the Universe through the sphaleron processes (Buchmuller et
al., 2004; Falcone & Tramontano, 2001; Kuzmin et al., 1985). Therefore, distinguishing between
a vanishing and non-vanishing ξν at the BBN epoch is a crucial test of the standard assumption
that sphaleron effects equilibrating the cosmic lepton and baryon asymmetries.

The measured neutrino mixing parameters implies that neutrinos reach the chemical
equilibrium before BBN (Abazajian et al., 2002; Dolgov et al., 2002; Wong, 2002), so that all
neutrino flavors are characterized by the same degeneracy parameter, ξν, at this epoch. The
most important impact of the leptonic asymmetry on BBN is the shift of the beta equilibrium
between protons and neutrons and the increase of the radiation energy density parametrized
by:

ΔNe f f (ξν) = 3

[
30
7

(
ξν

π

)2
+

15
7

(
ξν

π

)4
]

. (1)

The total extra energy density can be splitted in two distinct uncorrelated contributions, first
due to net lepton asymmetry of the neutrino background, ΔNe f f (ξν), and second due to the
extra contributions from other unknown processes, ΔNoth

e f f :

ΔNe f f = ΔNe f f (ξ) + ΔNoth
e f f . (2)

2.1 Present bounds on lepton asymmetry and radiation energy density

The BBN constraints on Ne f f have been analyzed by comparing the theoretical predictions
and experimental data on the primordial abundances of light elements, by using the baryon
abundance derived from the WMAP 3-year CMB temperature and polarization measurements
(Hinshaw et al., 2007; Page et al., 2007; Spergel et al., 2007): ηB = 6.14 × 10−10(1.00 ± 0.04).
In particular, the 4He abundance, Yp, is quite sensitive to the value of Ne f f . The conservative
error analysis of helium abundance, YP = 0.249 ± 0.009 (Olive & Skillman, 2004), yielded to
Ne f f = 3.1+1.4

−1.2 (95% CL) in good agreement with the standard value (Mangano et al., 2007),
but still leaving some room for non-standard values.

More stringent error bars of helium abundance , Yp = 0.2516 ± 0.0011 (Izotov et al., 2007),
leaded to Ne f f = 3.32+0.23

−0.24 (95% CL) and a degeneracy parameter −0.04 < ξν < 0.07 (68% CL)
(Ichikawa et al., 2007; Serpico & Raffelt, 2005).

The CMB anisotropies and LSS matter density fluctuations power spectra carry the signature
of the energy density of the Universe at the time of matter-radiation equality (energy density
of order eV4), making possible the measurement of Ne f f through its effects on the growth
of cosmological perturbations. The number of relativistic neutrino species influences the
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Any departure of Ne f f from this last value would be due to non-standard neutrino features
or to the contribution of other relativistic relics, having as main effect the modification of
the competition between the nuclear reaction rates and the Hubble expansion rate. Since the
primordial 4He mass fraction, YP is largely determined by the neutron to proton ratio, YP is
quite sensitive to the competition between the weak interaction rates and the expansion rate.

386 Astrophysics BBN as Probe of Fundamental Physics 3

The most natural phenomenological extension of the standard neutrino sector is the
consideration of the leptonic asymmetry (Freese et al., 1983; Ruffini et al., 1983; 1988),
parametrized by the neutrino degeneracy parameter ξν = μν/Tν0 [μν is the neutrino chemical
potential and Tν0 is the present temperature of the neutrino background, Tν0 /Tcmb =

(4/11)1/3]. Although the standard model of particle physics predicts the value of leptonic
asymmetry of the same order as the value of the baryonic asymmetry, B ∼ 10−10, there are
many particle physics scenarios in which a leptonic asymmetry much larger can be generated
(Chu & Cirelli, 2006; Smith et al., 2006).
One of the cosmological implications of a larger leptonic asymmetry is the possibility to
generate baryonic asymmetry of the Universe through the sphaleron processes (Buchmuller et
al., 2004; Falcone & Tramontano, 2001; Kuzmin et al., 1985). Therefore, distinguishing between
a vanishing and non-vanishing ξν at the BBN epoch is a crucial test of the standard assumption
that sphaleron effects equilibrating the cosmic lepton and baryon asymmetries.

The measured neutrino mixing parameters implies that neutrinos reach the chemical
equilibrium before BBN (Abazajian et al., 2002; Dolgov et al., 2002; Wong, 2002), so that all
neutrino flavors are characterized by the same degeneracy parameter, ξν, at this epoch. The
most important impact of the leptonic asymmetry on BBN is the shift of the beta equilibrium
between protons and neutrons and the increase of the radiation energy density parametrized
by:

ΔNe f f (ξν) = 3

[
30
7

(
ξν

π

)2
+

15
7

(
ξν

π

)4
]

. (1)

The total extra energy density can be splitted in two distinct uncorrelated contributions, first
due to net lepton asymmetry of the neutrino background, ΔNe f f (ξν), and second due to the
extra contributions from other unknown processes, ΔNoth

e f f :

ΔNe f f = ΔNe f f (ξ) + ΔNoth
e f f . (2)

2.1 Present bounds on lepton asymmetry and radiation energy density

The BBN constraints on Ne f f have been analyzed by comparing the theoretical predictions
and experimental data on the primordial abundances of light elements, by using the baryon
abundance derived from the WMAP 3-year CMB temperature and polarization measurements
(Hinshaw et al., 2007; Page et al., 2007; Spergel et al., 2007): ηB = 6.14 × 10−10(1.00 ± 0.04).
In particular, the 4He abundance, Yp, is quite sensitive to the value of Ne f f . The conservative
error analysis of helium abundance, YP = 0.249 ± 0.009 (Olive & Skillman, 2004), yielded to
Ne f f = 3.1+1.4

−1.2 (95% CL) in good agreement with the standard value (Mangano et al., 2007),
but still leaving some room for non-standard values.

More stringent error bars of helium abundance , Yp = 0.2516 ± 0.0011 (Izotov et al., 2007),
leaded to Ne f f = 3.32+0.23

−0.24 (95% CL) and a degeneracy parameter −0.04 < ξν < 0.07 (68% CL)
(Ichikawa et al., 2007; Serpico & Raffelt, 2005).

The CMB anisotropies and LSS matter density fluctuations power spectra carry the signature
of the energy density of the Universe at the time of matter-radiation equality (energy density
of order eV4), making possible the measurement of Ne f f through its effects on the growth
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CMB power spectrum by changing the time of matter-radiation equality that enhances the
integrated Sachs-Wolfe effect, leading to a higher first acoustic Doppler peak amplitude. Also,
the temperature anisotropy of the neutrino background (the anisotropic stress) acts as an
additional source term for the gravitational potential (Hu et al., 1995; Trotta & Melchiorri,
2005), changing the CMB anisotropy power spectrum at the level of ∼ 20%.

The delay of the epoch of matter-radiation equality shifts the LSS matter power spectrum
turnover position toward larger angular scales, suppressing the power at small scales.

In particular, the non-zero neutrino chemical potential leads to changes in neutrino
free-streaming length and neutrino Jeans mass due to the increase of the neutrino velocity
dispersion (Ichiki et al., 2007; Lattanzi et al., 2005).

A lower limit to Ne f f > 2.3 (95% CL) was recently obtained from the analysis of the WMAP
5-year (WMAP5) data alone (Dunkley et al., 2009), while the combination of the WMAP5 data
with distance information from baryonic acoustic oscillations (BAO), supernovae (SN) and
Hubble constant measured by Hubble Space Telescope (HST), leaded to Ne f f = 4.4± 1.5 (68%
CL), fully consistent with the standard value (Komatsu et al., 2009).

The bounds on the radiation content of the Universe and neutrino properties obtained
from the analysis of the WMAP-5 year CMB measurements complemented with most of
the existing CMB and LSS measurements, with self-consistent constraints on the primordial
helium abundance from BBN leaded to a mean value (at 68% CL) of the effective number of
relativistic neutrino species of Ne f f = 3.256+0.607

−0.641 and a neutrino degeneracy parameter of
−0.216 ≤ ξν ≤ 0.226 (Popa & Vasile, 2008).

2.2 New bounds on neutrino properties: BBN and CMB constraints

In this section we revisit the constraints on the lepton asymmetry and radiation energy density
by using the latest cosmological and astrophysical measurements: the WMAP 7-year CMB
measurements (Komatsu et al., 2011; Larson et al., 2011) complemented with geometric probes
from the Type Ia supernovae (SN) distance-redshift relation, the baryon acoustic oscillations
(BAO) and the BBN predictions on Yp.

The SN distance-redshift relation has been studied in detail in the recent unified analysis of
the published heterogeneous SN data sets the Union Compilation08 (Kowalski et al., 2008;
Riess et al., 2009).

The BAO in the distribution of galaxies are extracted from Two Degree Field Galaxy Redshift
Survey (2DFGRS)the Sloan Digital Sky Surveys Data Release 7 (Percival et al., 2010).

The BBN predicted values of YP are obtained by using the PArthENoPE code (Pisanti et al.,
2008). Starting from nuclear statistical equilibrium conditions, the code determines YP as
function of Ωbh2, ΔNoth

e f f and ξν.

We use these measurements especially because we are testing models deviating from the
standard Friedmann expansion. These datasets properly enables us to account for any shift
of the CMB angular diameter distance and of the expansion rate of the universe. Hereafter,
we will denote WMAP7+BAO+SNIa+BBN data set as WMAP7+BBN+All. We perform our
analysis in the framework of the extended ΛCDM cosmological model described by 6+ 3 free
parameters:

Θ = {Ωbh2, Ωdmh2, H0, zre, ns, As,︸ ︷︷ ︸
standard

Ωνh2, ξν, ΔNoth
e f f } . (3)
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Fig. 1. The marginalized posterior likelihood probability distributions of the main
cosmological parameters obtained from the fit of the leptonic asymmetric cosmological
models to the WMAP7+BBN+All data set.

Here Ωbh2 and Ωdmh2 are the baryon and cold dark matter energy density parameters, H0
is the Hubble expansion rate, zre is the redshift of reionization, ns is the scalar spectral index
of the primordial density perturbation power spectrum and As is its amplitude at the pivot
scale k∗ = 0.002 hMpc−1. The additional three parameters denote the neutrino energy density
Ωνh2, the neutrino degeneracy parameter ξν and the contribution of extra relativistic degrees
of freedom from other unknown processes ΔNe f f

oth .

The likelihood probabilities are evaluated by using the public packages COSMOMC and
CAMB (Lewis et al., 2000; Lewis & S. Briddle, 2002) modified to include the formalism for
the leptonic asymmetric cosmological models (Popa & Vasile, 2008).

We assume uniform prior probability on parameters Θ and compute the cumulative
distribution function C(θ) =

∫ Θ
Θmin

L(Θ)dΘ/
∫ Θmax

Θmin
LdΘ , quoting the upper and lower

intervals at 68% CL.

Figure 1 presents the marginalized likelihood probabilities of the main cosmological
parameters as obtained from the fit of the leptonic asymmetric cosmological models to the
WMAP7+BBN+All data set and Figure 2 presents the degeneracies among them.
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The BBN predicted values of YP are obtained by using the PArthENoPE code (Pisanti et al.,
2008). Starting from nuclear statistical equilibrium conditions, the code determines YP as
function of Ωbh2, ΔNoth
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We use these measurements especially because we are testing models deviating from the
standard Friedmann expansion. These datasets properly enables us to account for any shift
of the CMB angular diameter distance and of the expansion rate of the universe. Hereafter,
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Fig. 1. The marginalized posterior likelihood probability distributions of the main
cosmological parameters obtained from the fit of the leptonic asymmetric cosmological
models to the WMAP7+BBN+All data set.

Here Ωbh2 and Ωdmh2 are the baryon and cold dark matter energy density parameters, H0
is the Hubble expansion rate, zre is the redshift of reionization, ns is the scalar spectral index
of the primordial density perturbation power spectrum and As is its amplitude at the pivot
scale k∗ = 0.002 hMpc−1. The additional three parameters denote the neutrino energy density
Ωνh2, the neutrino degeneracy parameter ξν and the contribution of extra relativistic degrees
of freedom from other unknown processes ΔNe f f

oth .

The likelihood probabilities are evaluated by using the public packages COSMOMC and
CAMB (Lewis et al., 2000; Lewis & S. Briddle, 2002) modified to include the formalism for
the leptonic asymmetric cosmological models (Popa & Vasile, 2008).

We assume uniform prior probability on parameters Θ and compute the cumulative
distribution function C(θ) =

∫ Θ
Θmin

L(Θ)dΘ/
∫ Θmax

Θmin
LdΘ , quoting the upper and lower

intervals at 68% CL.

Figure 1 presents the marginalized likelihood probabilities of the main cosmological
parameters as obtained from the fit of the leptonic asymmetric cosmological models to the
WMAP7+BBN+All data set and Figure 2 presents the degeneracies among them.

389BBN as Probe of Fundamental Physics



6 Will-be-set-by-IN-TECH

Ω
m

 h2

z eq

0.12 0.14 0.16 0.18 0.2

3000

3500

4000

4500

Y
He

N
ef

f

0.1 0.2 0.3 0.4
2

3

4

5

6

Ω
m

 h2

N
ef

f

0.12 0.14 0.16 0.18 0.2
2

3

4

5

6

ξ
ν

N
ef

f

−0.5 0 0.5 1
2

3

4

5

6

Fig. 2. Two dimensional joint probability distributions (68% and 95% CL) showing the
degeneracy between different cosmological parameters as obtained from the fit of the
leptonic asymmetric cosmological models to the WMAP7+BBN+All data set.

As neutrinos with eV mass decouple when they are still relativistic (Tdec ∼ 2 MeV), the
main effect of including ΔNe f f is the change of relativistic energy density. This changes the
redshift of matter-radiation equality, zeq, that affects the determination of Ωmh2 from CMB
measurements because of its linear dependence on Ne f f (Komatsu et al., 2009):

1 + zeq =
Ωmh2

Ωγh2
1

1 + 0.2271Ne f f
. (4)

Here Ωγh2=2.469 ×10−5 is the present photon energy density parameter for Tcmb = 2.725 K.
As a consequence, Ne f f and Ωmh2 are linearly correlated, with the width of degeneracy line
given by the uncertainty in the determination of zeq.

In Table 1 we compare the mean values and the absolute errors on the main cosmological
parameters obtained from the analysis of WMAP5+BBN+All and WMAP7+BBN+All data
sets. For all parameters, except mν, we quote the errors at 68% CL. For mν we give the upper
limits at 95% CL.
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Parameter WMAP5+BBN+All WMAP7+BBN+All

Ωbh2 0.02246+0.00063
−0.00072 0.02240+0.00022

−0.00045
Ωdmh2 0.1115+0.0089

−0.0093 0.1135+0.0061
−0.0084

zre 11.31+1.92
−2.11 10.96+0.59

−0.83
ns 0.965 ± 0.018 0.969 ± 0.008
ln[1010 As] 3.265 ± 0.056 3.189+0.018

−0.019
mν(eV) ≤ 0.535 ≤ 0.412
ξν 0.051 ± 0.221 0.037+0.123

−0.143
ΔNe f f 0.256+0.607

−0.641 0.209+0.332
−0.401

Yp 0.2487+0.0451
−0.0484 0.2356+0.0271

−0.0284
zeq 3124+120

−128 3132+64
−87

Table 1. The table shows the mean values and the absolute errors on the main cosmological
parameters obtained from the analysis of WMAP5+BBN+All and WMAP7+BBN+All data
sets. For all parameters, except mν, we quote the errors at 68% CL. For mν we give the upper
limits at 95% CL.

From the analysis of WMAP7+BBN+All data we find a mean value of Ne f f = 3.21+0.332
−0.401,

bringing an improvement over the similar result obtained from WMAP5+BBN+ALL data,
Ne f f = 3.26+0.638

−0.690. We also obtain improved values for 4He mass fraction, Yp = 0.2356+0.0271
−0.0284,

and neutrino degeneracy parameter, −0.123 ≤ ξν ≤ 0.143.

We find also a significantly reduced upper limit of the neutrino mass, mν < 0.412 eV.

3. Challenging the standard model of particle physics

The primary goal of particle cosmology is to obtain a concordant description of the early
evolution of the universe, establishing a testable link between cosmology and particle physics,
consistent with both unified field theory and astrophysical and cosmological measurements.

Inflation is the most simple and robust theory able to explain the astrophysical and
cosmological observations, providing at the same time self-consistent primordial initial
condition mechanisms for the quantum generation of scalar (curvature) and tensor
(gravitational waves) perturbations. In the simplest class of inflationary models, inflation
is driven by a single scalar field φ (or inflaton) with some potential V(φ) minimally coupled
to the Einstein gravity. The perturbations are predicted to be adiabatic, nearly scale-invariant
and Gaussian distributed, resulting in an effectively flat universe.

The possibility that the Standard Model (SM) of particle physics with an additional
non-minimally coupled term of the Higgs field to the gravitational Ricci scalar can give rise
to inflation have been recently investigated by a number of authors (Barvinsky et al., 2008;
Bezrukov & Shaposhnikov, 2008; Bezrukov et al., 2009; De Simone et al., 2009). This scenario
is based on the observation that the problem of the very small value of Higgs quadratic
coupling required by the CMB anisotropy data can be solved if the Higgs inflaton has a large
coupling to gravity. The resultant Higgs inflaton effective potential in the inflationary domain
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main effect of including ΔNe f f is the change of relativistic energy density. This changes the
redshift of matter-radiation equality, zeq, that affects the determination of Ωmh2 from CMB
measurements because of its linear dependence on Ne f f (Komatsu et al., 2009):
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. (4)

Here Ωγh2=2.469 ×10−5 is the present photon energy density parameter for Tcmb = 2.725 K.
As a consequence, Ne f f and Ωmh2 are linearly correlated, with the width of degeneracy line
given by the uncertainty in the determination of zeq.

In Table 1 we compare the mean values and the absolute errors on the main cosmological
parameters obtained from the analysis of WMAP5+BBN+All and WMAP7+BBN+All data
sets. For all parameters, except mν, we quote the errors at 68% CL. For mν we give the upper
limits at 95% CL.

390 Astrophysics BBN as Probe of Fundamental Physics 7

Parameter WMAP5+BBN+All WMAP7+BBN+All

Ωbh2 0.02246+0.00063
−0.00072 0.02240+0.00022

−0.00045
Ωdmh2 0.1115+0.0089

−0.0093 0.1135+0.0061
−0.0084

zre 11.31+1.92
−2.11 10.96+0.59

−0.83
ns 0.965 ± 0.018 0.969 ± 0.008
ln[1010 As] 3.265 ± 0.056 3.189+0.018

−0.019
mν(eV) ≤ 0.535 ≤ 0.412
ξν 0.051 ± 0.221 0.037+0.123

−0.143
ΔNe f f 0.256+0.607

−0.641 0.209+0.332
−0.401

Yp 0.2487+0.0451
−0.0484 0.2356+0.0271

−0.0284
zeq 3124+120

−128 3132+64
−87

Table 1. The table shows the mean values and the absolute errors on the main cosmological
parameters obtained from the analysis of WMAP5+BBN+All and WMAP7+BBN+All data
sets. For all parameters, except mν, we quote the errors at 68% CL. For mν we give the upper
limits at 95% CL.

From the analysis of WMAP7+BBN+All data we find a mean value of Ne f f = 3.21+0.332
−0.401,

bringing an improvement over the similar result obtained from WMAP5+BBN+ALL data,
Ne f f = 3.26+0.638
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We find also a significantly reduced upper limit of the neutrino mass, mν < 0.412 eV.

3. Challenging the standard model of particle physics

The primary goal of particle cosmology is to obtain a concordant description of the early
evolution of the universe, establishing a testable link between cosmology and particle physics,
consistent with both unified field theory and astrophysical and cosmological measurements.

Inflation is the most simple and robust theory able to explain the astrophysical and
cosmological observations, providing at the same time self-consistent primordial initial
condition mechanisms for the quantum generation of scalar (curvature) and tensor
(gravitational waves) perturbations. In the simplest class of inflationary models, inflation
is driven by a single scalar field φ (or inflaton) with some potential V(φ) minimally coupled
to the Einstein gravity. The perturbations are predicted to be adiabatic, nearly scale-invariant
and Gaussian distributed, resulting in an effectively flat universe.

The possibility that the Standard Model (SM) of particle physics with an additional
non-minimally coupled term of the Higgs field to the gravitational Ricci scalar can give rise
to inflation have been recently investigated by a number of authors (Barvinsky et al., 2008;
Bezrukov & Shaposhnikov, 2008; Bezrukov et al., 2009; De Simone et al., 2009). This scenario
is based on the observation that the problem of the very small value of Higgs quadratic
coupling required by the CMB anisotropy data can be solved if the Higgs inflaton has a large
coupling to gravity. The resultant Higgs inflaton effective potential in the inflationary domain
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Fig. 3. The marginalized posterior likelihood probability distributions of the main
cosmological parameters obtained from the fit of the Higgs inflation model to the
WMAP7+BBN+All data set.

is effectively flat and can result in successful inflation for values of non-minimally coupling
constant ξ ∼ 103 − 104, allowing for cosmological values for Higgs boson mass in a window
in which the Higgs vacuum expectation value < v >= 246.22 GeV is the minimum of the
inflationary potential (Espinosa et al., 2008). The fluctuations of the electroweak vacuum
expectation value might change the dynamics of the Higgs field during inflation, leading to
modification of the main inflationary parameters and of the Higgs boson mass.

3.1 BBN and the Higgs vacuum expectation value

A modification of the Higgs vacuum expectation value during BBN leads to variations of the
the neutron-proton mass difference, Δmnp, the Fermi constant, GF, the deuterium binding
energy, �D, and the electron mass, me.

The 4He abundance is very sensitive to the parameters that fixed the neutron-to-proton ratio.
In thermal equilibrium, this ratio is given by:

Yn

Yp
= e−Δmnp/T , (5)
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where Yn and Yp are the neutron and proton abundances and T is the temperature in MeV.
The neutron-proton mass difference is affected by a change in the Higgs vacuum expectation
value according to (Bergstrom et al., 1999):

δΔmnp

Δmnp
= 1.587

Δ < v >

< v >
. (6)

An increase in the Higgs vacuum expectation value < v > leads to an increase in Δmnp. This
produces a smaller neutron-to-proton equilibrium ratio and a smaller abundance of 4He (Yoo
& Scherrer, 2003). On the other hand, a larger Higgs vacuum expectation value during BBN
results in: i) a smaller value of the Fermi coupling constant, GF = 1/

√
2 < v >2, leading to

earlier freeze-out of the weak reactions and producing more 4He; ii) an increase in the electron
mass, me, and a decrease of the weak reaction rates, producing also more 4He (Landau et al.,
2008).
The dependence of the deuterium binding energy, �D, on the Higgs vacuum expectation value
is extremely model dependent and can be approximated as (Yoo & Scherrer, 2003):

Δ�D

(�D)0
� κ

Δ < v >

< v >0
, (7)

where κ is a model dependent constant (e.g. κ � −6.230 for a Reid potential). An increase
in the Higgs vacuum expectation value results in a decrease in the deuterium binding energy,
leading to a smaller initial deuterium abundance (Landau et al., 2008):

Yd =
YnYpe11.605�D/T9

0.471 T3/2
9

, (8)

where T9 is the temperature in units of 109K, and �D is in MeV. The production of 4He begins
later, leading to a smaller helium abundance and an increase in the deuterium abundance (Yoo
& Scherrer, 2003).

The electron mass is proportional to the Higgs vacuum expectation value:

Δme

me
=

Δ < v >

< v >
. (9)

A value of electron mass during BBN different from the present one translates into changes
of electron and positron energy densities, leading to modifications of the Hubble expansion
rate. Also, an increase of the electron mass during BBN slowers the neutron-proton intreaction
rates, leading to a higher 4He abundance. It is important to note that the modification of the
primordial abundances due to the changes of the weak interaction rates are dominant over
those due to the changes in the Hubble expansion rate (Yoo & Scherrer, 2003).

3.2 Bounds on the Higgs boson properties and the inflationary parameters: BBN and CMB
constraints

For a robust interpretation of upcoming high precision temperature and polarization CMB
anisotropies (Mandolesi et al., 2010), it is imperative to understand how the inflationary
dynamics of a non-minimally coupled Higgs scalar field (ξ-inflation) may affect the
degeneracy of the inflationary observables, the determination of the Higgs boson mass and
of the vacuum expectation value.
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the neutron-proton mass difference, Δmnp, the Fermi constant, GF, the deuterium binding
energy, �D, and the electron mass, me.

The 4He abundance is very sensitive to the parameters that fixed the neutron-to-proton ratio.
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results in: i) a smaller value of the Fermi coupling constant, GF = 1/
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A value of electron mass during BBN different from the present one translates into changes
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rate. Also, an increase of the electron mass during BBN slowers the neutron-proton intreaction
rates, leading to a higher 4He abundance. It is important to note that the modification of the
primordial abundances due to the changes of the weak interaction rates are dominant over
those due to the changes in the Hubble expansion rate (Yoo & Scherrer, 2003).
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For a robust interpretation of upcoming high precision temperature and polarization CMB
anisotropies (Mandolesi et al., 2010), it is imperative to understand how the inflationary
dynamics of a non-minimally coupled Higgs scalar field (ξ-inflation) may affect the
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Fig. 4. Two dimensional joint probability distributions (68% and 95% CL) showing the
degeneracy between different cosmological parameters as obtained from the fit of Higgs
inflation model to the WMAP7+BBN+All data set.

Model Standard Inflation Higgs Inflation
Parameter

100Ωbh2 2.259±0.054 2.257±0.051
Ωch2 0.113±0.003 0.114±0.003
τ 0.088±0.015 0.086±0.013
θs 1.038±0.002 1.037±0.002
YP 0.245±0.014 0.247±0.091
mHiggs(GeV) - 155.372±3.851
< v > (GeV) - 243.131±5.912

Table 2. The mean values from the posterior distributions of the parameters obtained from
the fit of the standard inflation model and Higgs inflation model with mTop=171.3 GeV to the
WMAP7+BBN+All dataset. The errors are quoted at 68% CL. All parameters are computed at
the Hubble radius crossing k∗=0.002 Mpc−1.

We place bounds on these parameters by using WMAP7+BBN+All data set, in the context of
the non-minimally coupled Higgs inflaton field with gravity.

We obtain the CMB temperature anisotropy and polarization power spectra by integrating the
coupled Friedmann equation and equation of motion of the Higgs scalar field with respect to
the conformal time (Popa & Caramete, 2010; Popa, 2011).

The quantum corrections due to the interaction effects of the SM particles with Higgs boson
through quantum loops modify Higgs potential from its classical expression. We consider the
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quantum corrections to the Higgs potential by including in the computation the running of
the different coupling constants: the SU(2) × SU(1) gauge couplings {g�, g}, the SU(3) strong
coupling gs, the top Yukawa coupling yt, and the Higgs quadratic coupling λ (Espinosa et al.,
2008).

At the top quark mass scale mTop, the Higgs quadratic coupling λ(0) and the top Yukawa
coupling yt(0) are determined by the corresponding Higgs boson and top quark pole masses
and the vacuum expectation value < v >:

λ(0) =
m2

Higgs

2 < v >2

[
1 + 2ΔH(mHiggs)

]
, yt(0) =

√
2mTop

< v >

[
1 + ΔT(mTop)

]
, (10)

where ΔH(mHiggs) and ΔT(mTop) are the corrections to Higgs and top quark mass respectively.

The likelihood probabilities are evaluated by using the public packages COSMOMC and
CAMB (Lewis et al., 2000; Lewis & S. Briddle, 2002) modified to include the formalisms for
the SM Higgs driven ξ-inflation.

Our fiducial model is the ΛCDM cosmological model described by the following set of
parameters receiving uniform priors:

Θ = {Ωbh2 , Ωch2 , θs , τ , mHiggs , < v > } (11)

where: Ωbh2 is the physical baryon density, Ωch2 is the physical dark matter density, θs is
the ratio of the sound horizon distance to the angular diameter distance, τ is the reionization
optical depth, mHiggs is the Higgs boson pole mass, < v > is the Higgs vacuum expectation
value. As in the previous case, we use the PArthENoPE code (Pisanti et al., 2008) to obtain the
4He mass fraction as function of Ωbh2 and < v >.

Figure 3 presents the marginalized posterior likelihood probability distributions of the
main cosmological parameters and Figure 4 presents the two-dimensional joint probability
distributions showing the degeneracy in the planes < v > - Ωbh2, < v > - YP and < v > -
mHiggs, as obtained from the fit of the Higgs ξ-inflation model to the WMAP7+BBN+All data
set.

Table 2 presents the mean values from the posterior distributions of the parameters obtained
from the fit of the standard inflation model and Higgs inflation model with mTop=171.3 GeV
to the WMAP7+BBN+All dataset. The errors are quoted at 68% CL.

From this analysis we obtain the vacuum expectation value and the Higgs boson mass in
the limits expected from the collider experiments, while the cosmological parameters are
compatible to the standard inflation scenario (Popa & Caramete, 2009).
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2008).
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coupling yt(0) are determined by the corresponding Higgs boson and top quark pole masses
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parameters receiving uniform priors:

Θ = {Ωbh2 , Ωch2 , θs , τ , mHiggs , < v > } (11)

where: Ωbh2 is the physical baryon density, Ωch2 is the physical dark matter density, θs is
the ratio of the sound horizon distance to the angular diameter distance, τ is the reionization
optical depth, mHiggs is the Higgs boson pole mass, < v > is the Higgs vacuum expectation
value. As in the previous case, we use the PArthENoPE code (Pisanti et al., 2008) to obtain the
4He mass fraction as function of Ωbh2 and < v >.

Figure 3 presents the marginalized posterior likelihood probability distributions of the
main cosmological parameters and Figure 4 presents the two-dimensional joint probability
distributions showing the degeneracy in the planes < v > - Ωbh2, < v > - YP and < v > -
mHiggs, as obtained from the fit of the Higgs ξ-inflation model to the WMAP7+BBN+All data
set.

Table 2 presents the mean values from the posterior distributions of the parameters obtained
from the fit of the standard inflation model and Higgs inflation model with mTop=171.3 GeV
to the WMAP7+BBN+All dataset. The errors are quoted at 68% CL.

From this analysis we obtain the vacuum expectation value and the Higgs boson mass in
the limits expected from the collider experiments, while the cosmological parameters are
compatible to the standard inflation scenario (Popa & Caramete, 2009).
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