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Preface

A time series is simply a sequence of data points occurring in succession for a given 
period of time. Time series data are a collection of observations obtained through 
repeated measurements over time. Time series data are of two types: measurements 
gathered at regular time intervals (metrics); and measurements gathered at irregular 
time intervals (events).

Time series data are everywhere since time is a constituent of everything that is 
observable. As our world becomes increasingly digitized, sensors and systems are 
constantly emitting a relentless stream of time series data which have numerous 
applications across various industries. Graphs of time series data points can often 
illustrate trends or patterns in a more accessible, intuitive way.

Time series analysis is a specific way of analyzing a sequence of data points that are 
collected and recorded at consistent intervals over a set period of time rather than just 
recorded intermittently or randomly. Time series analysis typically requires a large 
number of data points to ensure consistency and reliability. It also ensures that any 
trends or patterns discovered are not outliers and can account for seasonal variance. 
Additionally, time series data can be used for forecasting and predicting future data 
based on historical data. Time series analysis is used for non-stationary data, things 
that are constantly fluctuating over time or are affected by time. Industries like 
finance, retail, and economics frequently use time series analysis. New time series 
analysis tools are needed in disciplines as diverse as astronomy, economics, and 
meteorology. Examples of time series analysis presented in this book include:

• Digital elevation model error analysis and modeling combining principal 
component analysis and least-squares method

• ARIMA models with time-dependent coefficients

• Methods of conditionally optimal forecasting for stochastic continuous 
acquisition logic support technologies

• A two-stage modeling framework for time series analysis of spatiotemporal data 

• Forecasting functional nonparametric time series using the parametric power 
transformation 

• Monitoring residuals from time series models

• Comparison of the out-of-sample forecast for inflation rates using ARIMA 
and ARIMAX models

• The subordinated solution of continuous-time bilinear time series.



IV

Among other applications of time series analysis are quarterly sales, weather fore-
casting, rainfall measurement, heart rate monitoring (EKG) and brain monitoring 
(EEG).

Because time series analysis includes many categories or variations of data, analysts 
must sometimes make complex models. However, not all variances can be accounted 
for, and models that are too complex or that try to do too many things can lead to a 
lack of fit. Lack of fit or overfitting models may fail to distinguish between random 
error and true relationships, leaving analysis skewed and forecasts incorrect.

Time series analysis models include the following types:

• Classification: Identifies and assigns categories to the data.

• Curve fitting: Plots the data along a curve to study the relationships of variables 
within the data.

• Descriptive analysis: Identifies patterns in time series data, like trends, cycles, 
or seasonal variation.

• Explanative analysis: Attempts to understand the data and the relationships 
within it, as well as cause and effect.

• Exploratory analysis: Highlights the main characteristics of the time series data, 
usually in a visual format.

• Forecasting: Predicts future data. This type is based on historical trends. It uses 
historical data as a model for future data, predicting scenarios that could happen 
along future plot points.

• Intervention analysis: Studies how an event can change the data.

• Segmentation: Splits the data into segments to show the underlying properties 
of the source information.

There are a few factors that can cause variations in time series data. The following five 
components are used to describe how time series data behaves:

• Autocorrelation refers to the relationship between a given observation in a time 
series and a previous observation in the same time series, where the interval 
between the two data points is referred to as a “lag.” Analysts use autocorrelation 
functions to understand if the connection between two lags is significant and to 
determine how random or stationary the time series is.

• Seasonality is when data experiences predictable changes at regular intervals 
such as quarterly, monthly, or biannually. For instance, summer clothes are sold 
more in the spring than in other seasons, and Black Friday is the busiest shop-
ping day of the holiday season. Seasonality always occurs in a fixed and known 
period.

XII
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• A trend represents a long-term movement of data in a certain direction. The 
trend can be increasing or decreasing or even linear or nonlinear. Not all series 
have a noticeable trend—things like fires, floods, revolutions, earthquakes, 
strikes, and epidemics are clear representations of this. That said, the overall 
trend must be upward, downward, or stable. Examples include periods of 
economic growth and recession, the average prices of apartment rentals in each 
city, and sales of a particular product.

• Cycles occur when data show a rise-and-fall pattern that is not over a fixed 
period. Many people confuse cyclical variations with seasonal variations, but 
they are quite different. Cyclical variations have nothing to do with the time of 
year and cannot be measured according to a given calendar month. They also 
typically last longer than seasonal variations and are often economic in nature. 
For example, monthly housing sales can reflect overall market trends, and 
demand rises and falls in a cyclical pattern over time.

• An irregular component is due to short-lived fluctuations in a series. While they 
are not predictable, sometimes irregularities such as sales tax changes can be 
anticipated. Irregularities represent the remaining time series outside the trend 
cycle and the seasonal components. Examples include natural disasters, health 
crises, and wars.

Rifaat Abdalla
Department of Earth Sciences,

College of Science,
Sultan Qaboos University,

Al-Khoudh, Oman

Mohammed El-Diasty
Sultan Qaboos University,

Al-Khoudh, Oman

Andrey Kostogryzov and Nikolay Makhutov
Russian Academy of Sciences,

Moscow, Russia
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Chapter 1

Sensitivity Analysis and Modeling
for DEM Errors
Mohammed El-Diasty and Rifaat Abdalla

Abstract

The Digital Elevation Model (DEM) can be created using airborne Light
Detection And Ranging (LIDAR), Image or Synthetic-Aperture Radar (SAR)
mapping techniques. The direct georeferencing of the DEM model is conducted using
a GPS/inertial navigation system. The airborne mapping system datasets are processed
to create a DEM model. To develop an accurate DEM model, all errors should be
considered in the processing step. In this research, the errors associated with DEM
models are investigated and modeled using Principal Component Analysis (PCA) and
the least squares method. The sensitivity analysis of the DEM errors is investigated
using PCA to define the significant GPS/inertial navigation data components that are
strongly correlated with DEM errors. Then, the least squares method is employed to
create a functional relationship between the DEM errors and the significant GPS/
inertial navigation data components. The DEM model errors associated with airborne
mapping system datasets are investigated in this research. The results show that the
combined PCA analysis and least squares method can be used as a powerful tool to
compensate the DEM error due to the GPS/inertial navigation data with about 27% in
average for DEM errors produced by the direct georeferenced airborne mapping
system.

Keywords: sensitivity, PCA, least squares, DTM errors, navigation

1. Introduction

The Digital Elevation Model (DEM) can be created using airborne Light
Detection And Ranging (LIDAR), Image or Synthetic-Aperture Radar (SAR) map-
ping techniques. The direct georeferencing of DEM model is conducted using GPS/
inertial navigation system. The accuracy of the developed DEM model is strongly
dependent on the mapping system and the georeferencing system grades. The
selection of the mapping system and the georeferencing system grades is carried
out in the planning stage based on the accuracy requirements of the required DEM
model.

The previous literatures focused and heavily investigated the DEM model
generation based on LIDAR, Images, and SAR data cleaning and filtering tech-
niques such as Triangulated Irregular Network (TIN)-based filtering, slope-
based filtering, mathematical morphological filtering, interpolation-based
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filtering, and Machine-learning-based filtering. The original TIN-based filtering
was developed based on the classical progressive TIN densification (PTD) and
was implemented effectively in the commercial software TerraScan [1, 2]. Then,
the revised PTD was investigated and reduced the total errors by about 8% when
compared with classical PTD method [3]. Afterwards, a Parameter-Free PTD
(PFPTD) algorithm was developed and outperforms the classical and revised
PTD methods [4]. The original slope-based filtering was derived based on height
differences in the training dataset [5, 6]. Then, adaptive slope-based filtering
algorithm was developed to improve the accuracy in urban applications when
compared with the original slope-based filtering algorithm [7]. The original
mathematical morphological filtering was proposed to filter LIDAR data [8].
Then, the progressive morphological filtering algorithm was developed to
improve the original method by applying threshold condition based on the ele-
vation differences and proposed increasing gradually the filtering window size
[9]. Afterward, the spline iteration method was introduced to improve the mor-
phological filtering algorithm [10]. All mathematical morphological filtering
methods outputs are strongly dependent on adapting the filtering window size.
The original interpolation-based filtering method was proposed to deal with the
steep areas [11]. Then, the interpolation-based DEM generation method was
developed where one of the Inverse Distance Weighted, Kriging, and Natural
Neighbor (NN) can be employed for DEM generation [12]. The Natural Neigh-
bor (NN) method was proven to provide most efficient results. Finally,
Machine-learning-based filtering was investigated where this method depends on
topographic characteristics of the areas under investigation [13]. The deep
convolutional neural network (CNN) was proposed for develop accurate DEM
model [14]. The Machine learning method was optimized using windowing
method to improve the DEM model generation [15].

However, the above-mentioned methods are mainly dependent on the data
cleaning and filtering techniques of the heights to develop the DEM model. These
methods are associated with errors that are not considered in the DEM modeling and
could be corelated with system navigation data. Therefore, this research investigated
the sensitivity analysis modeling of DEM errors that are potentially correlated with
navigation data to improve the overall accuracy of the DEM model.

2. Combined PCA and least squares method

The sensitivity and modeling of DEM errors are investigated in this research using
PCA and least squares function modeling. The system navigation data (position,
velocities, attitudes, accelerations and dopplers) are considered the inputs to the
model and the DEM height error is considered the desired output of the model.

PCA is a numerical technique used to study multidimensional processes that can be
used to (1) reduce the dimensionality of a dataset and (2) identify relationships
between the underlying variables of the process. PCA is based on eigen or singular
value analysis of the process correlation or covariance matrix. The goal of PCA is to
determine the minimum number of eigenvectors that best describe the key features of
the process correlation matrix. This results in a reduced-dimensionality model for the
matrix which can be used for data analysis, reduction, and model synthesis. Singular
value decomposition (SVD) is fundamental to PCA. More details on PCA and SVD can
also be found in Jolliffe [16].

4

Time Series Analysis - New Insights



2.1 PCA analysis

Let X denote an m x nmatrix. For convenience, we assume m ≥ n. The elements of
the ith row of X form the n-dimensional vector gi. The elements of the jth column of X
form the m-dimensional vector aj. The general singular value decomposition (gSVD)
of X can be written as:

X ¼ UΣVT (1)

where U is an m x m matrix, Σ is an m x n matrix containing the singular values,
and VT is an n x nmatrix. The columns of U are called the left singular vectors, {uk}, and
form an orthonormal basis for the range space, so that ui�uj = 1 for i = j, and ui�uj = 0
otherwise. The rows of VT contain the elements of the right singular vectors, {vk}, and
form an orthonormal. U and V are orthonormal so that their inverses exist and are
their transposes. The matrix Σ can be decomposed as:

Σ ¼ S
0

h i
(2)

where S is an m x n diagonal matrix in which only the diagonal elements are non-
zero, S = diag(s1,...,sn) where the diagonal elements are zero. If the rank of X is r, sk > 0
for 1 ≤ k ≤ r, and si = 0 for (r + 1) ≤ k ≤ n. [For problems like the one we are interested
in, noise generally ensures that r = n.] By convention, the ordering of the singular
vectors is determined by high-to-low sorting of singular values, with the highest
singular value in the upper left index of the S matrix. Note that for a square, symmet-
ric matrix X, SVD is equivalent to eigenvalue decomposition. In PCA, the right singu-
lar vectors are frequently called the components. While the scaled left singular vectors
{siuk} are called the scores.

Note thatU can be decomposed into two submatrices, anm x nmatrixUR and anm
x m-n matrix UN where U = [UR UN]. UR defines the range space of U, while UN

defines the null space. Note that X = URSV
T so that XV = URS. This provides the

reduced form of SVD often used in PCA. In practice this is the form generally used;
hence, we often drop the R subscript on U. Figure 1 illustrates the various reduced-
form matrices. Note that the right singular vectors span the space of the row vectors
{gi} and the left singular vectors span the space of the column vectors {aj}.

Several relationships can be derived. The SVD equation for gi is:

gi ¼
Xr

k¼1

uikskvk (3)

which is a linear combination of the right singular values {vk}. The ith row of U, g’i,
contains the coordinates of the ith entry in the coordinate system (basis) of the scaled
right singular values, skvk. If r < n (or if we truncate the singular values to r = l), this
computation requires fewer variables using g’i rather than gi, thus reducing the
dimension of the problem. Similarly, the SVD equation for aj (the j

th column of X) is:

aj ¼
Xr

k¼1

vjkskuk (4)

which is a linear combination of the left singular values {uk}. The jth column of VT,
a’j (see Figure 1), contains the coordinates of the jth column of X in the coordinate
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system (basis) of the scaled left singular vectors (the scores), skuk. By using the vector
a’j, the analysis may be captured by r ≤ n variables, which is always fewer than the m
elements in the vector aj, thus SVD reduces the number of variables required. Essen-
tially, there are only r (which we can truncate to eliminate small singular values and
further reduce the dimensionality) component vectors (the corresponding right sin-
gular vectors) which explain the behavior of X. The application of PCA often use the
SVD property:

X lð Þ ¼
Xl

k¼1

ukskvTk (5)

where X(l) is the closest rank-l matrix to X, i.e., X(l) minimizes the sum of
the squares of the difference between the elements of X and X(l),
diff =

P
ij|xij – x(l)ij|

2.
We can define the covariance matrix as XTX = Σigigi

T. SVD analysis of XTX yields
VT, which contains the principal components of {gi}, i.e. the right singular vectors
{vk} are the same as the principal components of {gi}. The eigenvalues of XTX are
equivalent to sk

2, which are proportional to the variances of the principal compo-
nents. The matrix XXT = ΣjajajT is proportional to the covariance matrix of the
variables of aj. The left singular vectors {uk} are the same as the principal compo-
nents of {aj}. The sk2 are proportional to the variances of the principal components.
The diagonal values of S (i.e., sk) are the “singular value spectrum”. The value of a
singular value is indicative of its importance in explaining the data. More specifi-
cally, the square of each singular value is proportional to the variance explained by
each singular vector.

In PCA, X is defined and the SVD is computed. The singular values sk are then
plotted versus k. A reduced dimensionality approximation to X is computed by trun-
cating the singular value series, i.e. by setting sk = 0 for k > K where K is the chosen
threshold value, and using Eq. (3). Note that the squared singular values s2k are a

Figure 1.
Illustration of reduced SVD matrices. The right singular vectors have often termed the components while the left
singular values are the scaled scores.
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measure of the variability or “power” in the corresponding signal component specified
by the corresponding to singular vector (like the frequency component in Fourier
analysis).

2.2 Least squares functional modeling with PCA optimization

We ultimately seek a model that relates the inputs (navigation parameters) to the
height error. The least squares method is used to model DEM errors. More details on
the least squares method can also be found in Ghilani [17]. Assuming a linear forward
model:

Xh ¼ e (6)

The set of navigation data parameters is used to form the h vector. We will assume
that the corresponding DEM height errors form the e vector. For each epoch, we form
a single h and e vector. Since the model parameters vary with time, vectors are created
by stacking the values as a function of time.

Using the matrix form, the X matrix in Eq. (6) represents the mapping between
the model parameters and the height. This mapping is what we want to estimate from
the DEM error training set. While there are several approaches, the following
approach is attractive. Since Eq. (6) must apply for all realizations we create matrices
H and E by combination of all the vectors of h and e, i.e., H = [h1|h2| … hn] and
similarly for E. We can then write:

XH ¼ E (7)

Shifting the mean and scaling the vector elements affects the performance of the
estimate. Assuming we have enough realizations, we can write a least-squares empir-
ical estimate of X, Xe, as:

Xe ¼ EΗ T HHT� ��1
(8)

While we can use Xe directly, SVD analysis of Xe provides us with a powerful tool
to understand the relationship between H and E. The SVD analysis of X is:

Xe ¼ UΣVT (9)

The singular value spectrum of Σ tells us the dimensionality (say l) of the
model parameter vector (h) are “useful” while the first l column vectors of V
provide a basis for the space of “useful” subspace of model parameters. (In the ideal
case, a retained column vector of V that contained a single 1 in a particular location w
and zero elsewhere would suggest that only the wth component of model vector needs
to be used. In general, the l useful columns of V provide a mapping (rotation and
scaling) from the original model parameter space to a restricted model parameter
space. As noted previously, the value of l is either the rank or is selected by
truncating the singular value spectrum. The first l columns of U form a basis of
the output or the range space of Xe, that is, of the height error function. The columns
of U and V greater than l can be discarded, which simplifies usage of the truncated
model.

7
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Note that while the order of the model parameters or error values within the
vectors is not important, the range of cases included does matter. The model may be
unable to adequately represent a case not included in the training set. Also, the model
can only represent linear functions of the input model parameters. (Recall, that we
can produce non-linear responses by including non-linear transforms of model
parameters in the model parameter vector.)

Let Xr be the singular value reduced estimate of Xe, i.e. Eq. (9) where the diagonal
elements of Σ are set to zero beyond the lth element. To apply a height correction, we
form an h vector of the model parameters from a new data take, and compute an
estimate of the height error vector e:

Xf h ¼ e (10)

The error e is subtracted from the height map to remove the height error. Note that
due to our formulation of the original model and height vectors that this is done
“block-wise”.

In this research, the sensitivity analysis is carried out using PCA and the modeling
is investigated the least squares function modeling where the system navigation data
are considered the inputs to the model and the DEM height error is considered the
desired output of the model.

Figure 2.
DEM error map along with the locations of the across-track sections in purple solid lines (1, 2, and 3).

Figure 3.
Combined PCA analysis and least squares methodology.
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3. Data and methodology

The DEM model errors associated with airborne mapping system datasets are
investigated in this research. Figure 2 shows an example of DEM errors case study.
It can be seen that the DEM errors map shows large errors in the left side associated
with low depression angles and small errors in the right side associated with high
depression angles. The across-track DEM errors sections at three different depression
angles are investigated (sections 1 to 3) as shown in Figure 2 where the DEM errors
are the highest in these locations.

The methodology for the proposed combined PCA analysis and least
squares method is shown in Figure 3. The PCA analysis is utilized to identify
the significant inputs from multiple navigation data and the least squares method is
implemented to estimate the DEM errors models. The root mean squares (RMS) errors
are used to quantify the accuracy of the developed DEM errors models.

4. Results and discussion

Three across-track sections (1 to 3) as shown in Figure 2 have been investigated
to test the performance of combined PCA analysis and least squares method. The
navigation data (3 positions, 3 velocities, 3 attitudes, 3 accelerations, 3 attitude
rates, 3 attitudes accelerations, 1 doppler, and 1 doppler rate) represent the input
parameters for DEM errors modeling were investigated using PCA analysis
method. Out of 20 inputs, 10 inputs were found significant (2 positions, 2 acceler-
ations, 2 attitudes, 2 attitude rates, 1 doppler and 1 doppler rate) in the three
across-track sections.

Then the least squares were employed to model the functional relationship
between the 10 significant navigation inputs and the targeted DEM error output. The
RMS errors were estimated before and after modeling to test the performance of the
developed model to compensate the DEM errors. Figure 4 shows the targeted DEM
errors and the modeled DEM errors where Figure 5 shows the differences between the

Figure 4.
Section (1) DEM errors where blue line represents the targeted DEM error and red lines represents the modeled
DEM error.
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targeted and modeled DEM errors for section (1) case. In section (1) case, the esti-
mated RMS error before modeling is 0.59 m and after modeling is 0.44 m which
means that about 25% of DEM errors can be compensated in section (1) case. Figure 6
shows the targeted DEM errors and the modeled DEM errors where Figure 7 shows
the differences between the targeted and modeled DEM errors for section (2) case. In
section (2) case, the estimated RMS error before modeling is 0.45 m and after model-
ing is 0.33 m which means that about 27% of DEM errors can be compensated in
section (2) case. Figure 8 shows the targeted DEM errors and the modeled DEM errors
where Figure 9 shows the differences between the targeted and modeled DEM errors
for section (3) case. In section (3) case, the estimated RMS error before modeling is
0.35 m and after modeling is 0.25 m which means that about 28% of DEM errors can
be compensated in section (3) case.

Figure 6.
Section (2) DEM errors where blue line represents the targeted DEM error and red lines represents the modeled
DEM error.

Figure 5.
Section (1) difference between the targeted DEM error and modeled DEM errors.
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Table 1 and Figure 10 summarize the RMS errors and the percentage of DEM
error compensation from the three sections where the overall percentage of DEM
error compensation is about 27% on average. The results show that the combined PCA

Figure 7.
Section (2) difference between the targeted DEM error and modeled DEM errors.

Figure 8.
Section (3) DEM errors where blue line represents the targeted DEM error and red lines represents the modeled
DEM error.

Section RMS error before
modeling (m)

RMS error after
modeling

Percentage of DEM error
compensation (%)

Section (1) 0.59 0.44 25

Section (2) 0.45 0.33 27

Section (3) 0.35 0.25 28

Overall percentage of DEM error compensation 27

Table 1.
RMS errors for all sections before and after DEM error modeling.
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analysis and least squares method can be used as a powerful tool to compensate the
DEM error produced by the navigation data with about 27% in average for the case
study investigated in this research.

5. Conclusions and recommendation

The sensitivity analysis of DEM errors to the GPS/inertial navigation data was
investigated in this research. It was concluded that the sensitivity analysis of the DEM
errors can be performed using the PCA to identify the significant GPS/inertial navi-
gation data components that are strongly correlated with DEM errors. Also, it is
concluded that the least squares method can be rigorously utilized to establish the
functional relationship between the DEM errors and the significant GPS/inertial nav-
igation data components. The combined PCA and least squares method were validated
using the DEM model errors associated with airborne mapping system datasets using

Figure 9.
Section (3) difference between the targeted DEM error and modeled DEM errors.

Figure 10.
RMS errors for all sections before and after DEM error modeling.
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three across-track sections of the DEM errors datasets. The results show that the
combined PCA analysis and least squares method can be used as a powerful tool to
compensate for the DEM error produced by the GPS/inertial navigation data with
about 27% on average. Therefore, it is recommended to use the combined PCA anal-
ysis and least squares method to reduce the DEM errors associated with the DEM
model produced by the direct georeferenced airborne mapping system.
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Chapter 2

ARIMA Models with
Time-Dependent Coefficients:
Official Statistics Examples
Guy Mélard

Abstract

About 25 years ago, effective methods for dealing with time series models that
vary with time appeared in the statistical literature. Except in a few cases, they have
never been used for economic statistics. In this chapter, we consider autoregressive
integrated moving average (ARIMA) models with time-dependent coefficients
(tdARIMA) applied to monthly industrial production series. We start with a small-
size study with time-dependent integrated autoregressive (tdARI) models on Belgian
series compared to standard ARI models with constant coefficients. Then, a second,
bigger, illustration is given on 293 U.S. industrial production time series with
tdARIMA models. We employ the software package Tramo to obtain linearized series
and model specifications and build both the ARIMA models with constant coefficients
(cARIMA) and the tdARIMA models, using specialized software. In these tdARIMA
models, we use the simplest specification for each coefficient: a simple regression with
respect to time. Surprisingly, for a large part of the series, there are statistically
significant slopes, indicating that the tdARIMA models fit better the series than the
cARIMA models.

Keywords: nonstationary process, time series, time-dependent model, time-varying
model, local stationarity

1. Introduction

About 25 years ago, effective methods for dealing with time series models that vary
with time appeared in the statistical literature. Except in a few cases, like Van
Bellegem and von Sachs [1] for marginal heteroscedasticity in financial data or
Kapetanios et al. [2], they are not used for economic statistics. In this chapter, we
consider autoregressive integrated moving average (ARIMA) models with time-
dependent coefficients (tdARIMA) that provide a natural alternative to standard
ARMAmodels. Several theories appeared in the last 25 years for parametric estimation
in that context, including Dahlhaus’ approach based on locally stationary processes,
see Dahlhaus [3, 4]. To simplify the presentation of the method in Section 2, we first
focus on autoregressive integrated (ARI) models before going to the general case of
ARIMA. Section 3 is devoted to illustrations of official time series, more precisely
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industrial production series. We start with a small-size study on Belgian monthly
industrial production and show an improvement for time-dependent autoregressive
integrated (tdARI) models with respect to standard ARI models with constant
coefficients. Then, a second, bigger, illustration of tdARIMA models is given on
293 U.S. industrial production time series, already used by Proietti and Lütkepohl
[5], with a different objective. We employ the software package Tramo from Gómez
and Maravall [6] to obtain linearized series and model specifications, and we built
both ARIMA models with constant coefficients (cARIMA) and tdARIMA models
based on the Tramo specifications. This is done in specialized software since no
existing package can cope with these tdARIMA models. In these tdARIMA models,
we use the simplest specification for each coefficient: a simple regression with
respect to time, hence two parameters, a constant and a slope. Indeed, this is the
closest departure from constancy, and this seems natural in an evolving world. We
will see that, for a large part of the series, there are statistically significant slopes,
indicating that the tdARIMAmodels fit better the series than the cARIMAmodels. In
the second step, since many of the slopes introduced as additional parameters in the
model are not significantly different from 0, they are omitted one by one, starting
with the least significant one, until all the remaining slopes are different from 0 at
the 5% level. Most of the summary results are improved. Section 4 contains our
conclusions.

2. Methods

We consider the well-known class of multiplicative seasonal ARIMA models, see
e.g. Gómez and Maravall and Box et al. [6, 7]. Models with time-dependent coeffi-
cients appear often in econometrics but not in ARIMA models. For a very long time
series, there is no reason that the coefficients would stay constant. They can be
supposed to vary slowly with time although breaks could also be considered. This is
the reason why linear (or other) functions of time replace the constant coefficients.
Time series models with time-varying coefficients have been studied, mainly from a
theoretical point of view. In addition to [3, 4], several papers [8–10] provide condi-
tions for the asymptotic properties, hence the justification for statistical inference.
Otherwise, our tests on slopes would have no foundation. These conditions are of
course enforced in the estimation procedure.

2.1 The model

To illustrate a simple ARIMA model with a time-dependent coefficient, we can
consider the ARMA(1,1) model. Let the series be denoted by y = (y1, y2, … , yn). Then a
tdARMA(1,1) model is described by the equation as follows:

yt ¼ ϕ nð Þ
t yt�1 þ et � θ nð Þ

t et�1, (1)

where the et are independent random variables with mean zero and with standard
deviation σ, and the time-dependent coefficients ϕ nð Þ

t and θ nð Þ
t depend on time t, also

on n, the length of the series, and also on a small number of parameters stored in am�
1 vector β. The simplest specification for ϕ nð Þ

t , for example, is as follows:
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ϕ nð Þ
t βð Þ ¼ ϕþ 1

n� 1
t� nþ 1

2

� �
ϕ0, (2)

where ϕ is an intercept and ϕ0 is a slope, and a similar expression for θ nð Þ
t βð Þ using

two other parameters θ and θ0. The vector β contains all parameters to be estimated,
those in ϕ nð Þ

t βð Þ (like ϕ and ϕ0, here) and θ nð Þ
t βð Þ (θ and θ0), but not the scale factor σ

which is estimated separately. For the corresponding cARIMA model, there is of
course no slope, i.e., ϕ0 = θ0 ¼ 0. For a lag k instead of 1, we add a subscript k to the
coefficient symbols.

Let us now consider a general tdARMA(p, q) model. It is defined by the equation

yt ¼
Xp

k¼1

ϕ nð Þ
tk βð Þyt�k þ et �

Xq

k¼1

θ nð Þ
tk βð Þet�k, (3)

where the coefficients ϕ nð Þ
tk βð Þ, k = 1, … , p, and θ nð Þ

tk βð Þ, k = 1, … , q, are
deterministic functions of t and, possibly, of n. The et, t ¼ 1,2,… , are like before. We
suppose that the additional number of parameters is small. Practically, for economic
time series, linear or exponential functions of time, like in Eq. (2), seem to be
enough instead of constant coefficients, but there is no problem to use other func-
tions, up to some point. In other cases, see Alj et al. [11], periodic functions can be
considered. In practice, we suppose that the coefficients are constant before the first
observation.

Adding marginal heteroscedasticity should also be tried. Van Bellegem and von
Sachs [1] had already shown the usefulness of a time-dependent variance. Indeed,
there is no reason why the innovation standard deviation is constant. We replace et�k,

k = 0, 1, … , q, in Eq. (3) with g nð Þ
t�k βð Þet�k, where g nð Þ

t βð Þ is a (strictly positive)
deterministic function of t and, possibly, of n, depending on the parameters, so that

the standard deviation becomes g nð Þ
t βð Þσ >0. Adding g nð Þ

t βð Þ is also covered by Azrak

and Mélard [8, 12]. In practice, we used an exponential function of time for g nð Þ
t βð Þ.

Since the series are nonstationary, we need to consider also regular ∇ and seasonal
differences ∇s, where s is the seasonal period (s = 12, for monthly data), on the
possibly square roots or log-transformed observations. Furthermore, the series is not
seasonally adjusted, so the so-called seasonal multiplicative models of Box et al. [7] are
also needed.

2.2 The estimation method

For any tdARIMA model, we can estimate the parameters by maximizing the
logarithm of the Gaussian likelihood. Time Series Expert [13], and more precisely its
computational engine ANSECH is used for that purpose. It is based on an exact
algorithm for the computation of the Gaussian likelihood [14] and an implementation
of a Levenberg–Marquardt nonlinear least-squares algorithm. Under some very gen-
eral conditions [8, 12], it is shown that the quasi-maximum likelihood estimator β̂
converges to the true value of β, and β̂ is asymptotically normal, more precisely

√n β̂ � β
� �!D N 0, V�1� �

, when n ! ∞ where !D indicates convergence in distribu-
tion, and V�1 is the asymptotic covariance matrix. Moreover, V can be estimated as a
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by-product of estimation. Let us denote its estimator by V̂n. The Student t statistics
shown in the next section make use of the standard errors deduced from the estima-
tion of V. Using the asymptotic covariance matrix, it is also possible to design a Wald
test for a subset b of r among the m parameters in β, for example, to test that all the
slopes are equal to 0, using a χ2 distribution. Let R be a r�m restriction matrix
composed of the rows of the m�m identity matrix that correspond to the parameters
in the subset b. Then, b ¼ Rβ. The Wald statistic for testing that b ¼ 0 is then

nb̂0 RV̂nR0� ��1
b̂, where b̂ is the estimate of b and 0 indicates transposition. Under the

null hypothesis, the statistic converges in distribution to a χ2 distribution with r
degrees of freedom when n ! ∞.

Note that centering of time around its mean (n + 1)/2 in Eq. (2) improves the
statistical properties of the estimators by reducing the amount of correlation between
their elements and that the factor 1/(n–1) is there to avoid explosive behavior when
n ! ∞.

Note also that the conditions for convergence and asymptotic normality are satis-
fied in the present case because a sufficient condition [15] is that the AR and MA
polynomials have their roots outside the unit circle at all times and that condition is
checked during estimation.

An asymptotic theory for locally stationary processes due to Dahlhaus [3, 4] can
also be used. There seems to exist only one software implementation, the R package
LSTS (for Locally Stationary Time Series) by Olea et al. [16] to support the estima-
tion of locally stationary ARMA models, see also Palma et al. [17]. Since it does not
cope with the multiplicative seasonal models necessary to deal with seasonally
unadjusted time series, we have preferred to use Azrak and Mélard [8] with Time
Series Expert for estimation. See Azrak and Mélard [18] for a comparison of the
existing theories.

2.3 The datasets

In the first empirical analysis, the number of series is limited, and simple pure
autoregressive models are used. The purpose is to show the basic elements of the
methodology. We used a dataset of indices for the monthly Belgian industrial pro-
duction for the period 1985–1994 by the various branches of activity, 26 in all. Nine
years are used for fitting the models and a tenth year is used to compute ex-post
forecasts and the mean absolute percentage error (MAPE). An automatic procedure
is applied to fit ARIMA models and we retained the 20 series out of 26 for which
pure integrated autoregressive or ARI p, dð Þ P, Dð Þ12 models are fitted to the series of
108 observations. Let us remind that these models are defined by the equation as
follows:

ϕp Lð ÞΦP Lsð Þ∇d∇D
12yt ¼ et; (4)

where L is the lag operator, such that Lyt ¼ yt�1,ϕp Lð Þ and ΦP Lsð Þ are, respectively,
the regular autoregressive and the seasonal autoregressive polynomials, of degree p
and 12P in L. The model can include transformations and interventions (additive or on
the differenced series) which are not detailed here. The fit is characterized by the
value of the SBIC criterion. For using time-dependent ARI, or tdARI, models, slope
parameters are added for each of the existing coefficients, like ϕ0 for ϕ in Eq. (2). The
models have therefore coefficients that are linear functions of time. For models in
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multiplicative seasonal form, the product of the regular and seasonal polynomials is
first computed and slope parameters are added to each lag, but only to lags smaller
than 14, for practical reasons. For example, for the AR 2ð Þ 1ð Þ12 model, with the poly-
nomial in the lag operator L

1� ϕ1L� ϕ2L
2� �

1� Φ1L12� � ¼ 1� ϕ1L� ϕ2L
2 �Φ1L12 þ ϕ1Φ1L13 þ ϕ2Φ1L14� �

,

(5)

the specification is 1� ϕ nð Þ
t1 L� ϕ nð Þ

t2 L2 � ϕ nð Þ
t,12L

12 � ϕ nð Þ
t,13L

13 þ ϕ2Φ1L14
� �

, where ϕ nð Þ
t1

is like in Eq. (2), and

ϕ nð Þ
t2 ¼ ϕ2 þ

1
n� 1

t� nþ 1
2

� �
ϕ0
2, ϕ

nð Þ
t,12 ¼ Φ1 þ 1

n� 1
t� nþ 1

2

� �
ϕ0
12,

ϕ nð Þ
t,13 ¼ �ϕ1Φ1 þ 1

n� 1
t� nþ 1

2

� �
ϕ0
13,

with seven parameters instead of the full form 1� ϕ nð Þ
t1 B� ϕ nð Þ

t2 B2 � ϕ nð Þ
t,12B

12
�

�ϕ nð Þ
t,13B

13 � ϕ nð Þ
t,14B

14
�
that would involve 10 parameters in all. This is enforced to

restrict the number of parameters and avoid numerical problems. Note that the factor
1= n� 1ð Þ is there only for the asymptotic theory and will be omitted in practice.

In the second empirical analysis, we use a big dataset of U.S. industrial production time
series, already used by Proietti and Lütkepohl [5] for assessing transformations in fore-
casting. See http://www.federalreserve.gov/releases/g17/ipdisk/ip_nsa.txt. These are now
293 time series from January 1986 to December 2018 at least. Most series start before and
they are even a few ones starting in 1919. The models were fitted until December 2016
leaving the remaining months to compare the data to the ex-post forecasts, using either a
fixed forecast origin for several horizons or rolling forecasts each for given horizons.

We employ the software package Tramo described by Gómez and Maravall [6] to
obtain partially linearized series by removing outliers and trading day effects. Indeed,
the presence of outliers and trading day effects can distort the analysis, as could be
seen in preliminary analyses. Selecting the cARIMA models in an automated way is
also done using Tramo. Then we replace the constant coefficients by linear functions
of t for order k ≤ 13, giving tdARIMA models, like in Eq. (2) for each lag k coefficient
in the model. At this stage, we do not omit nonsignificant parameters. The cARIMA
and tdARIMA models are fitted using the same specialized software package ANSECH
included in Time Series Expert, to facilitate the comparison. See Figure 1 for a
schematic representation of the whole automatic procedure. For more complex time
dependency, an automatic selection procedure like the one exposed by Van Bellegem
and Dahlhaus [19] is possible.

We compare the results of tdARIMA versus cARIMA models using the following
criteria:

• Is the highest t statistic of the td parameters, the slopes, in absolute value, larger
than 1.96?

• Is the p-value of the global χ2 statistic for the Wald test on the slopes smaller than
0.05?
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• Is tdARIMA SBIC smaller than the corresponding cARIMA SBIC?

• Is tdARIMA residual standard deviation smaller than the corresponding cARIMA
one?

• Is the tdARIMA P-value of the Ljung-Box (LB) statistic for residual
autocorrelation (with lag 48) larger than the corresponding cARIMA one?

• Is tdARIMA MAPE in percent for 1 year (2017) and all horizons from 1 to 12
smaller than the corresponding cARIMA one?

• similarly, for rolling forecasts from December 2016, for several horizons 1, 3, 6, and
12, are tdARIMA MAPE in percent smaller than the corresponding cARIMA one?

In the early stage of this project, the data were limited to 2016 and without a
correction for outliers or trading days, and only fixed origin forecasts were consid-
ered. This gave worse results that were indicative, and not conclusive.

Note that one can object against the use of the Ljung-Box test statistic to compare
models, especially here because there is no foundation to its limit behavior for
tdARIMA models. Like the other criteria, we use it as a descriptive indicator.

3. Empirical results

3.1 Two examples

Before showing the results, we will consider two examples, to justify the recourse
to the class of tdARIMA models which is the object of this chapter.

Figure 1.
Schematic representation for the whole automatic treatment.
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The first example is taken from the first dataset: the index of land transportation
(series TRTER) for Belgium for the period from January 1985 to December 1994, see
Figure 2. Two additive interventions were automatically considered, respectively, in May
1986 and in February 1992. Let I8605 and I9202 denote, respectively, the corresponding
binary variables. Otherwise, the series is taken in square roots and seasonally differenced.
Let us denote the transformed series TRTER_TF after all these operations. It equal to
∇12

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
TRTER

p � bI8605I8605� bI9202I9202
� �

, up to a normalizing factor, and shown in
Figure 3. The partial autocorrelations of that series shown in Figure 4 show a truncation
after lag 12. The usual Box and Jenkins analysis lead to the suggestion of a seasonal AR
model. Then adding time dependency to the AR coefficient leads to the following model:

1�Φt,12Bð Þ ∇12
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
TRTER

p
� bI8605I8605� bI9202I9202

� �
� μ

h i
¼ et,

where the Φt,12, is estimated by �0.686 + 6.47 10�03 (t – 60.5), and the estimates
of bI8605, bI9202, and μ are, respectively, equal to �30.9, 24.8, and 4.23. The standard
error corresponding to the slope of Φt,12 is equal to 1.70 10�03, so the associated
Student statistic is equal to 3.8, hence the slope is significantly different from 0. To
explain that significance, let us look at the partial autocorrelation at lag 12 for the
transformed series TRTER_TF: for the first 4 years it is �0.488 and for the last 4 years
it is �0.391. That explains the significantly positive slope for Φt,12

Figure 2.
The original series, the index of land transportation (TRTER).

Figure 3.
The transformed series (TRTER_TF).
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The second example is taken from the second dataset: the U.S. production index of
clothing (B51212) for the period from January 1986 to January 2019, see Figure 5.

Tramo has adjusted the series for outliers and proposed a logarithmic transform,
and both a regular and a seasonal difference, giving the transformed series BS51212DS
shown in Figure 6.

Figure 4.
The partial autocorrelation function of the transformed series.

Figure 5.
The original series, the U.S. production index of clothing (B51212).

Figure 6.
The transformed B51212 series (B51212DS).
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Subsequently, Tramo has suggested modeling the series by a seasonal ARIMA
model with a regular autoregressive polynomial of degree 3 and a seasonal moving
average. We fitted that model using ANSECH and obtained

1þ 0:035L� 0:142L2 � 0:249L3� �
∇∇12 log B51212tð Þ ¼ 1� 0:850L12� �

et:

Then, we replaced the constant coefficients with linear functions of time and
replaced the constant innovation variance with an exponential function of time.
Omitting one by one the nonsignificant parameters at the 5% probability level, we
obtained finally the following heteroscedastic model but with constant autoregressive
and moving average polynomials:

1þ 0:041L� 0:142L2 � 0:228L3� �
∇∇12 log B51212tð Þ ¼ 1� 0:855L12� �

gtet,

where gt is given by gt ¼ exp 0:001753 t� 193ð Þð Þ:

3.2 First empirical analysis

In the first experiment, the number of series is small and simple pure integrated
autoregressive models are used.

Table 1 shows the main results, including those tdAR coefficients for which the
test of zero slope leads to a rejection at the 5% level, and the corresponding t-statistic.

For example, the AR 2ð Þ 1ð Þ12 model in Eq. (5) which was shown in Section 2.3 is
used for nonmetallic manufacturing, in addition to a regular and a seasonal difference.
In that case, the standard ARI model is better than the tdARI model for SBIC (826
versus 830) and provides also betters forecasts (MAPE = 5.5% versus 9.4%) although
there is one significant slope for lag 12 with a Student statistic of 3.6. Even if tdARI
models are not systematically better, they often produce better forecasts and some-
times show a better fit or at least some statistically significant slope parameters at the
5% level. All the nonsignificant slopes were left in the model and that can explain why
the SBIC criterion was generally worse for tdARI models. Since that analysis was
promising, we were led to consider a bigger dataset.

3.3 Second empirical analysis

The second empirical analysis bears on 293 seasonally unadjusted time series in a
dataset of U.S. industrial production. We will show three tables of results. Table 2
presents a summary of the dataset resulting from Tramo. For example for 280 series
out of 293, a regular difference was used, which accounts for 96% of the dataset. As
said above, we preserved this and all parameters in our cARIMA and tdARIMA
models. For the tdARIMA models, slopes were added to all autoregressive and moving
average coefficients for lag less or equal to 13.

Table 3 is based on the initial tdARIMA models, with possibly nonsignificant
parameters. We show the percentages for each criterion across the 293 series. For
example, more than 50% of the dataset had at least one of the slopes with a Student t
value greater than 1.96. If we use the Wald test, which should show a better view, for
more than 44% of the series, the hypothesis of null slopes leads to a rejection at the 5%
level. If the series were randomly drawn from cARIMA processes, we should expect
5% of rejections, on average. Of course, because of the multiple-test argument, the
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Branch (Name) Orders ARI tdARI

(p, d)
(P, D)

SBIC
MAPE

SBIC
MAPE

parameter t-Value

Food, beverages
(ALIBOR)

(3, 0)
(0, 1)

655
4.0

669
3.9

none

Other extraction of minerals
(AUEXTR)

(2, 0)
(0, 1)

904
10.5

910
9.4

AR2 2.8

Wood-processing, furniture
(BOIME)

(3, 1)
(1, 1)

778
6.4

792
5.9

AR12 2.6

Hosiery
(BONNE)

(2, 0)
(1, 1)

702
9.1

692
5.5

AR1
AR2
AR12

2.9
8.7
11.0

Commerce
(COMME)

(3, 0)
(1, 1)

553
1.7

557
2.4

AR12 3.7

Construction
(CONST)

(3, 0)
(0, 1)

827
8.0

830
23.6

AR2 2.8

Petrol derivatives
(DERPE)

(1, 1)
(0, 0)

888
5.2

891
5.2

none

Petrol distribution
(DISPE)

(1, 0)
(1, 0)

941
10.8

951
10.7

none

Metal processing
(FABME)

(2, 0)
(0, 1)

682
6.6

681
7.2

AR2 �2.1

Manufacture of textiles
(FILAT)

(2, 1)
(0, 1)

739
5.5

749
6.4

none

Gas production/distribution
(GAZ)

(3, 0)
(1, 1)

897
2.1

891
2.0

AR2
AR3

�2.8
�4.5

Construction materials
(MATCO)

(1, 1)
(1, 1)

809
4.3

807
5.7

AR13 �3.3

Nonmetallic manufacturing
(NONFE)

(2, 1)
(1, 1)

826
5.5

830
9.4

AR12 3.6

Paper/paperboard industry
(PAPCA)

(3, 0)
(1, 1)

746
5.9

758
5.8

AR2 �2.1

Iron and steel
(SIDER)

(3, 0)
(1, 1)

833
5.9

836
9.2

AR1
AR12

4.0
3.6

Manufacture of tobacco
(TABAC)

(3, 0)
(1, 1)

778
10.9

791
13.2

AR3
AR12

3.1
5.4

Aviation
(TRAER)

(3, 1)
(1, 1)

746
8.8

753
8.7

AR12 6.3

Maritime transportation
(TRMAR)

(2, 1)
(1, 1)

732
3.6

740
2.6

AR12
AR13

2.3
3.6

Land transportation
(TRTER)

(0, 0)
(1, 1)

854
12.1

849
12.5

AR12 �2.6

Manufacture of clothing
(VETEM)

(2, 1)
(0, 1)

757
26.7

767
26.7

none

Table 1.
For each branch of the economy,we give the orders (p,d)(P,D) of themodel, SBIC andMAPE (in italics) for the rawARI
model and for the tdARImodel (results in bold type are better), the statistically significant slopes (ARk denotesϕ0

k) and the
corresponding t-value.
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Student tests on the slopes would give a higher proportion of rejections. A simulation
study will confirm this later. The use of the Wald test in the present context is
therefore essential. Some results are partially deceptive but can be explained: only
about 4% of the series have a smaller SBIC for the tdARIMA but this is mainly due to
the useless parameters. About one-half of the series have a smaller residual standard
deviation, but for more than 57% the test on residual autocorrelation, based on the
Ljung-Box test with 48 lags, gives a better result.

If we retain only the series where the Wald test rejected the constancy of the
coefficients, the percentage of smaller SBIC for tdARIMA models is only slightly
higher at about 9% and reaches 61% for the residual standard deviation. The percent-
age for the Ljung-Box test is lower. Indeed, the theory for that test was never under-
taken for tdARIMA models. Forecasting performance was evaluated using the MAPE
criterion. For fixed origin forecasts, about 47% of the series have a smaller MAPE for
the tdARIMA models rather than for the cARIMA models. Among the series for which

Specification #series % Note

Levels vs. logs 70/223 24/76

Regular diff. vs. none 280/13 96/4 4% with 2 differences

Seasonal diff. vs. none 279/14 95/5 0% with 2 differences

Stationary vs. nonstationary 0/293 0/100

Airline model vs. other 84/209 29/71

Outliers vs. none 79/21 0–20, on average 2.63

Trading day effect vs. none 47/53

Easter effect vs. none 40/60

ARMA parameters vs. none 100/0 1–7, on average 3.12

Table 2.
Summary of the model selections made by Tramo on the 293 U.S. industrial production series.

Criteria Percentage Notes Percentage if td significant

Highest |t| statistic of td parameters >1.96 50.17 (*)

p-value of global test of stationarity <0.05 44.71 100.00

tdARIMA SBIC < cARIMA SBIC 04.10 (**) 9.16

tdARIMA residual std. dev < cARIMA 49.15 61.83

tdARIMA LB P-value > cARIMA 57.68 54.20

tdARIMA forecasting MAPE < cARIMA 47.44 45.04

tdARIMA h = 1 rolling forecasts MAPE < cARIMA 32.76 31.30

tdARIMA h = 3 rolling forecasts MAPE < cARIMA 32.42 29.01

tdARIMA h = 6 rolling forecasts MAPE < cARIMA 37.88 40.46

tdARIMA h = 12 rolling forecasts MAPE < cARIMA 36.86 37.40

Notes: (*) Statistically significant slope parameters at the 5% level, (**) Nonsignificant parameters were not omitted.

Table 3.
For each criterion, the percentages of improvement from cARIMA models to tdARIMA models are given over the
293 U.S. series.
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time dependency is retained, only 45% of them benefit from better forecasts. For
rolling forecasts for various horizons, the percentages are even smaller, in particular
for horizons of 1 and 3 months. The percentages are about the same if the Wald test
rejects constancy or not. That means that, even if the introduction of time-
dependency improved the fits, it does not improve the forecasts. Let us remind that, at
this stage, the tdARIMA may have many statistically nonsignificant slopes.

For Table 4, starting from the full tdARIMA models of Table 3, we omitted, one
by one, the most nonsignificant slope at the 5% level, see Figure 1. In the end, all
remaining slopes are thus significantly different from 0. This was done in an auto-
mated way in order to avoid mistakes. We will refer to these models as parsimonious
tdARIMA models. Of course, the cARIMA models are the same as previously, essen-
tially the same as given by Tramo, but estimated with more digits of accuracy. We
notice that the percentage of at least one statistically significant slope, 54.61%, differs
slightly from the percentage of rejection of the Wald test on all the slopes, 54.27%.
Indeed, for one series (G325A4, Chemicals except for pharmaceuticals and medi-
cines), there are two slightly significant slopes but the global test does not reject their
nullity, although the p-value is close to 0.05. Anyway, these percentages of improved
tdARIMA models are slightly higher than in Table 3.

The fitting results are partially better withmore than 18% smaller SBIC for tdARIMA
models (respectively 34% if we condition on the rejection of the Wald test). Some are
worse, however, with 38% for the residual standard deviation instead of 49% for the
fully parameterized model (respectively 70% and 61%, if we condition on the rejection
of the Wald test), and 27% for the residual autocorrelation instead of 57% for the full
model (respectively 50% and 54%, if we condition on the rejection of the Wald test).

Strangely, the forecasting performance with a fixed origin is worse for the parsi-
monious model than for the full model with the percentage of improvement of
tdARIMA models with respect to cARIMA models equal to 28%, instead of 47%
(respectively 51% and 45%, if we condition on the rejection of the Wald test). That
means that the omitted slopes seem to contribute to the forecasting performance but

Criteria Percentage Notes Percentage if td significant

Highest |t| statistic of td parameters >1.96 54.61 (*)

p-value of global test of stationarity <0.05 54.27 100.00

tdARIMA SBIC < cARIMA SBIC 18.77 (**) 34.59

tdARIMA residual std. dev < cARIMA 38.23 70.44

tdARIMA LB P-value > cARIMA 27.65 50.31

tdARIMA forecasting MAPE < cARIMA 28.33 51.57

tdARIMA h = 1 rolling forecasts MAPE < cARIMA 20.48 37.74

tdARIMA h = 3 rolling forecasts MAPE < cARIMA 17.75 32.70

tdARIMA h = 6 rolling forecasts MAPE < cARIMA 18.77 34.59

tdARIMA h = 12 rolling forecasts MAPE < cARIMA 21.84 40.25

Notes: (*) Statistically significant slope parameters at the 5% level, (**) Contrarily to Table 3, nonsignificant slope
parameters are omitted one by one until all were statistically significant.

Table 4.
For each criterion, the percentages of improvement from cARIMA models to tdARIMA models are given over the
293 U.S. series. The last column contains percentages conditional to the rejection of nullity of all the slopes by the
Wald test.
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that, among the series with time-dependent coefficients, about one-half have pro-
vided better forecasts. The picture for rolling forecasts is again worse for the parsi-
monious models with smaller percentages of improvement in the range of 17-22%,
according to the horizon, instead of 32-37% for the full models, but again similar
under the condition of rejection of the Wald test (respectively 32-44% instead of
29-40%). Surprisingly, the percentages are systematically higher for horizons 6 and
12 months rather than for those of 1 and 3 months.

One can object that introducing time dependency can introduce some over-fitting:
a certain proportion of the tests of nullity of the slopes ϕ0

k or θ
0
k can lead to rejection,

about 5% when there is only one slope, more otherwise.
To try to answer that natural question, we generated artificially 320 series using

cARIMA models, with the same length of 372, again leaving the last 12 values. We
have used an airline model for that purpose instead of the large variety of models
fitted by Tramo-Seats. Then we added time dependency and proceeded exactly like
before. The results are shown in Table 5. The percentage of 14.06 for the first
criterion (instead of five) shows that our rough examination of the largest |t| value
should be better replaced by a simultaneous test on the td parameters, as we did. For
SBIC, there are many superfluous parameters, as could be guessed. But about one-half
of the tdARIMA models give smaller residual standard deviations, less residual auto-
correlation, and smaller forecast errors than their cARIMA counterparts, as expected.

The results show that for a majority of series there is (i) at least one statistically
significant slope parameter at the 5% level, (ii) rejection of the nullity of all the slopes
using a Wald test that provides better-founded results than the t-tests, (iii) smaller
residual standard deviation, and (iv) less residual autocorrelation. This is true for the
full tdARIMA model specifications but also, at least partly, with more parsimonious
tdARIMA models obtained by omitting, one by one, the statistically nonsignificant
slopes. At least it is true conditionally on significant time dependency, i.e. when the
Wald test rejects the constancy of the coefficients.

The results for the SBIC criterion are not good. For the full tdARIMA model, an
explanation is the presence of nonsignificant slope parameters. It remains, however,
for the parsimonious models. The only unsatisfactory aspect of tdARIMA models is
that they fail to improve the forecasts for a majority of the series. Indeed, they confirm
that only one-third of the “time-dependent series”, i.e. those series which have at least
one statistically significant slope parameter, provide better forecasts with a tdARIMA
model than with a cARIMA model.

We had already observed similar results with slightly shorter series of the big
dataset when the outliers and trading day effects were not handled. Consequently, the

Criteria Percentage Artificial series Percentage U.S series

Highest |t| statistic of td parameters >1.96 14.06 50.17

tdARIMA SBIC < cARIMA SBIC 00.00 04.10

tdARIMA residual std. dev < cARIMA 42.81 49.15

tdARIMA LB P-value > cARIMA 43.75 57.68

tdARIMA forecasting MAPE < cARIMA 47.81 47.44

Table 5.
For each criterion, the percentages of improvement from going from cARIMA models to tdARIMA models are given
over the 320 artificial series. The last column contains the corresponding percentages obtained for the U.S. series
taken from Table 3.
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presence of outliers or trading day effects is not the cause of better fits by tdARIMA
models, as we feared. A common feature is nevertheless that the forecasts are not
better by replacing the cARIMA models with tdARIMA models. This is surprising
although we know that a better fit is not a guarantee for better forecasts. It should be
investigated why the forecasts seem to be worse in the U.S. series for tdARIMA
models. Of course, it can be due to a global change in 2016.

4. Conclusions

It took several decades to go from ARIMA models with constant coefficients to
suitable and powerful generalizations with time-dependent coefficients that vary
deterministically. We showed the usefulness of the approach for dealing with official
statistics time series that have generally a seasonal component.

We used linear functions of time. We do not hope that other functions than linear
functions should be useful with the inconvenience to add many parameters, except if
we exploit the fact that since 2019 most of the series in the dataset are available before
1986, often since 1972, or sometimes earlier.

Finally, one weak point in the analysis is due to the detection of outliers and trading
day effects, and the time series linearization is based on cARIMA models. If the time
dependency of the coefficients becomes serious for very long official time series, it would
be worth trying to extend Tramo features to tdARIMA models, e.g. to detect outliers
simultaneously with the estimation of time-dependent coefficients for the ARIMAmodel.

On the other side, it would be also interesting to conclude that traditional cARIMA
models are enough to forecast very long time series and that no substantial gain can be
obtained by considering tdARIMA models.

It can be interesting to repeat the analysis with other datasets, quarterly or prefer-
ably monthly, like those maintained by Eurostat. Good candidates would be in the
industry, trade, and services, short-term business statistics, production, turnover, etc.
A U.S. database like FRED (https://research.stlouisfed.org/econ/mccracken/fred-da
tabases/) could also be considered.

Acknowledgements

I thank Agustín Maravall (for his help in producing linearized time series in
Tramo), Rajae Azrak (for her contributions to the theory), Ahmed Ben Amara (for his
contribution to a very first version of a part of the program chain which includes
Tramo-Seats and Microsoft Excel Visual Basic modules, in addition to our specialized
code for estimating tdARIMA models), and Dario Buono, Team Leader of Methodol-
ogy, Eurostat, Unit B1 (for exchanges, suggestions, and encouragement on previous
versions of this chapter). Finally, I thank the editors for their remarks and Mrs. Karla
Skuliber, the author service manager, for her efficiency.

Conflict of interest

I declare there is no conflict of interest.

32

Time Series Analysis - New Insights



Author details

Guy Mélard
Université libre de Bruxelles, ECARES, Brussels, Belgium

*Address all correspondence to: guy.melard@ulb.be

©2022TheAuthor(s). Licensee IntechOpen. This chapter is distributed under the terms of
theCreative CommonsAttribution License (http://creativecommons.org/licenses/by/3.0),
which permits unrestricted use, distribution, and reproduction in anymedium, provided
the originalwork is properly cited.

33

ARIMA Models with Time-Dependent Coefficients: Official Statistics Examples
DOI: http://dx.doi.org/10.5772/intechopen.108789



References

[1] Van Bellegem S, von Sachs R.
Forecasting economic time series with
unconditional time-varying variance.
International Journal of Forecasting.
2004;20:611-627. DOI: 10.1016/
j.ijforecast.2003.10.002

[2] Kapetanios G, Marcellino M,
Venditti F. Large time-varying
parameter VARs: A nonparametric
approach. Journal of Applied
Econometrics. 2019;34:1027-1049.
DOI: 10.1002/jae.2722

[3] Dahlhaus R. Maximum likelihood
estimation and model selection for
locally stationary processes. Journal of
Nonparametric Statistics. 1996;6:
171-191. DOI: 10.1080/10485259
608832670

[4] Dahlhaus R. Fitting time series
models to nonstationary processes.
Annals of Statistics. 1997;25:1-37.
DOI: 10.1214/aos/1034276620

[5] Proietti T, Lütkepohl H. Does the
Box-Cox transformation help in
forecasting macroeconomic time series?
International Journal of Forecasting.
2013;29:88-99. DOI: 10.1016/j.ijfore
cast.2012.06.001

[6] Gómez V, Maravall A. Automatic
modelling methods for univariate series.
In: Peña D, Tiao GC, Tsay RS, editors. A
Course in Time Series Analysis. New
York: Wiley; 2001. pp. 171-201.
DOI: 10.1002/9781118032978.ch7

[7] Box GEP, Jenkins GM, Reinsel GC,
Ljung GS. Time Series Analysis,
Forecasting and Control. 5th ed. New
York: Wiley; 2015 xxvi+669 p

[8] Azrak R, Mélard G. Asymptotic
properties of quasi-maximum likelihood
estimators for ARMA models with

time-dependent coefficients. Statistical
Inference for Stochastic Processes. 2006;
9:279-330. DOI: 10.1007/s11203-005-
1055-6

[9] Dahlhaus R. A likelihood
approximation for locally stationary
processes. Annals of Statistics. 2000;28:
1762-1794. DOI: 10.1214/aos/1015957480

[10] Dahlhaus R. Locally stationary
processes. In: Subba Rao T, Subba Rao S,
Rao CR, editors. Handbook of Statistics,
Volume 30: Time Series Analysis:
Methods and Applications. Amsterdam:
Elsevier; 2012. pp. 145-159.
DOI: 10.1016/B978-0-444-53858-
1.00013-2

[11] Alj A, Azrak R, Ley C, Mélard G.
Asymptotic properties of QML
estimators for VARMA models with
time-dependent coefficients.
Scandinavian Journal of Statistics. 2017;
44:617-635. DOI: 10.1111/sjos.12268

[12] Azrak R, Mélard G. Asymptotic
properties of conditional least-squares
estimators for array time series.
Statistical Inference for Stochastic
Processes. 2021;24:525-547.
DOI: 10.1007/s11203-021-09242-8

[13] Mélard G, Pasteels J-M. User’s
Manual of Time Series Expert (TSE
Version 2.3). Brussels: Institut de
Statistique, Université Libre de
Bruxelles; 1998. Available from: https://
dipot.ulb.ac.be/dspace/retrieve/829842/
TSE23E.PDF [Accessed: October 17,
2022]

[14] Mélard G. The likelihood function of
a time-dependent ARMA model. In:
Anderson OD, Perryman MR, editors.
Applied Time Series Analysis.
Amsterdam: North-Holland; 1982.
pp. 229-239

34

Time Series Analysis - New Insights



[15] Mélard G. An indirect proof for the
asymptotic properties of VARMA model
estimators. Econometrics and Statistics.
2022;21:96-111. DOI: 10.1016/j.
ecosta.2020.12.004

[16] Olea R, Palma W, Rubio P.
Package LSTS. 2015. Available from:
https://cran.r-project.org/web/packages/
LSTS/LSTS.pdf [Accessed: October 17,
2022]

[17] Palma W, Olea R, Ferreira G.
Estimation and forecasting of locally
stationary processes. Journal of
Forecasting. 2013;32:86-96.
DOI: 10.1002/for.1259

[18] Azrak R, Mélard G. Autoregressive
models with time-dependent coefficients -
a comparison between several approaches.
Stats. 2022;5:784-804. DOI: 10.3390/
stats5030046

[19] Van Bellegem S, Dahlhaus R.
Semiparametric estimation by model
selection for locally stationary processes.
Journal of the Royal Statistical Society
Series B. 2006;68:721-746. DOI: 10.1111/
j.1467-9868.2006.00564.x

35

ARIMA Models with Time-Dependent Coefficients: Official Statistics Examples
DOI: http://dx.doi.org/10.5772/intechopen.108789





Section 3

Time Series Methods

37





Chapter 3

Methods of Conditionally Optimal
Forecasting for Stochastic
Synergetic CALS Technologies
Igor N. Sinitsyn and Anatoly S. Shalamov

Abstract

Problems of optimal, sub- and conditionally optimal filtering and forecasting in
product and staff subsystems at the background noise in synergistical organization-
technical-economical systems (SOTES) are considered. Nowadays for highly available
systems the problems of creation of basic systems engineering principles, approaches
and information technologies (IT) for SOTES from modern spontaneous markets at
the background inertially going world economics crisis, weakening global market
relations at conditions of competition and counteraction reinforcement is very
important. Big enterprises need IT due to essential local and systematic economic loss.
It is necessary to form general approaches for stochastic processes and parameters
estimation in SOTES at the background noises. The following notations are intro-
duced: special observation SOTES (SOTES-O) with own organization-product
resources and internal noise as information from special SOTES being enact noise
(SOTES-N). Conception for SOTES structure for systems of technical, staff and
financial support is developed. Linear, linear with parametric noises and nonlinear
stochastic (discrete and hybrid) equations describing organization-production block
(OPB) for three types of SOTES with their planning-economical estimating divisions
are worked out. SOTES-O is described by two interconnected subsystems: state
SOTES sensor and OPB supporting sensor with necessary resources. After short sur-
vey of modern modeling, sub- and conditionally optimal filtering and forecasting
basic algorithms and IT for typical SOTES are given. Influence of OTES-N noise on
rules and functional indexes of subsystems accompanying life cycle production, its
filtration and forecasting is considered. Experimental software tools for modeling and
forecasting of cost and technical readiness for parks of aircraft are developed.

Keywords: sub- and conditionally optimal filtering and forecasting (COF and COFc),
continuous acquisition logic support (CALS), organizational-technical-economical
systems (OTES), probability modeling, synergetical OTES (SOTES)

1. Introduction

Stochastic continuous acquisition logic support (CALS) is the basis of integrated
logistic support (ILS) in the presence of noises and stochastic factors in
organizational-technical-economic systems (OTES). Stochastic CALS methodology
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was firstly developed in [1–5]. According to contemporary notions in broad sense ILS
being CALS basis represents the systems of scientific, design-project, organization-
technical, manufactural and informational-management technologies, means and
fractial measures during life cycle (LC) of high-quality manufacturing products (MP)
for obtaining maximal required available level of quality and minimal product
technical exploitational costs.

Contemporary standards being CALS vanguard methodology in not right measure
answer necessary purposes. CALS standard have a debatable achievement and the
following essential shortcoming:

• informational-technical-economic models being not dynamical;

• integrated database for analysis of logistic support is super plus on one hand and
on the other hand does not contain information necessary for complex through
cost LC estimation according to modern decision support algorithms;

• computational algorithms for various LC stage are simplified and do not permit
forecasting with necessary accuracy and perform at conditions of internal and
external noises and stochastic factors.

So ILS standard do not provide the whole realization of advantages for modern and
perspective information technologies (IT) including staff structure in the field of
stochastic modeling and estimation of two interconnected spheres: techno-sphere
(techniques and technologies) and social ones.

These stochastic systems (StS) form the new systems class: OTES-CALS systems.
Such systems destined for the production and realization of various services including
engineering and other categorical works providing exploitation, aftersale MP support
and repair, staff, medical, economical and financial support of all processes. New
developed approach is based on new stochasting modeling and estimating approaches.
Nowadays such IT are widely used in technical application of complex systems
functioning in stochastic media.

Estimation of IT is based on: (1) model of OTES; (2) model of OTES-O (observa-
tion system); (3) model OTES-N (noise support); (4) criteria, estimation methods
models and for new generations of synergetic OTES (SOTES) measuring model and
organization-production block (OPB) in OTES-O are separated.

Synergetics being interdisciplinary science is based on the principle of self-
realization of the open nonlinear dissipative and nonconservative systems. According
to [6, 7] in equilibrium when all systems parameters are stable and variation in it arise
due to minimal deviations of some control parameters. As a result, the system begins
to move off from equilibrium state with increasing velocity. Further the non-stability
process lead to total chaos and as a result appears bifurcation. After that gradually new
regime establishes and so on.

The existence of big amount of free entering elements and subsystems of various levels
is the basic principle of self-organization. One of inalienable properties of synergetical
system is the existence of “attractors”. Attractor is defined as attraction set (manifold) in
phase space being the aim of all nonlinear trajectories of moving initial point (IP). These
manifolds are time invariant and are defined from equilibrium equation. Invariant mani-
folds are also determined as constraints of non-conservative synergetical system. In
synergetical control theory [8] transition from natural, unsupervised behavior according
to algorithms of dissipative structure to control motion IP along artificially in putted
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demanded invariant manifolds. As a control object of synergetical system always
nonlinear its dynamics may be described by nonlinear differential equations. In case of big
dimension the parameters of order are introduced by revealing most slow variable and
more quick subordination variables. This approach in hierarchical synergetic system is
called subordination principle. So at lower hierarchy level processors go with maximal
velocity. Invariant manifolds are connected with slow dynamics.

Section 1 is devoted to probabilistic modeling problems in typical StS. Special
attention is paid to hybrid systems. Such specific StS as linear, linear with the Gaussian
parametric noises and nonlinear reducible to quasilinear by normal approximation
method. For quick off-line and on-line application theory of conditionally optimal
forecasting in typical StS is developed in Section 2. In Section 3 basic off-line algo-
rithm of probability modeling in SOTES are presented. Basic conditionary optimal
filtering and forecasting quick – off-line and on-line algorithms for SOTES are given in
Section 4. Peculiarities of new SOTES generalizations are described in Section 5.
Simple example illustrating the influence of SOTES-N noise on rules and functional
indexes of subsystems accompanying life cycle production, its filtration and forecast-
ing is presented in Section 6. Experimental software tools for forecasting of cost and
technical readiness for aircraft parks are developed.

2. Probabilistic modeling in StS

Let us consider basic mathematical models of stochastic OTES:

• continuous models defined by stochastic differential equations;

• discrete models defined by stochastic difference equations;

• hydride models as a mixer of difference and differential equations.

Probabilistic analytical modeling of stochastic systems (StS) equations is based on
the solution of deterministic evolutionary equations (Fokker-Plank-Kolmogorov,
Pugachev, Feller-Kolmogorov) for one- and finite dimensions. For stochastic
equations of high dimensions solution of evolutionary equation meets principle
computationary difficulties.

At practice taking into account specific properties of StS it is possible to design rather
simple stochastic models using a priori data about StS structure, parameters and stochas-
tic factors. It is very important to design for different stages of the life cycle (LC) models
based on available information. At the last LC stage we need hybrid stochastic models.

Let us consider basic general and specific stochastic models and basic algorithms of
probabilistic analytical modeling. Special attention will paid to algorithms based on
normal approximation, statistical linearization and equivalent linearization methods.
For principally nonlinear non Gaussian StS may be recommended corresponding
parametrization methods [9].

2.1 Continuous StS

Continuous stochastic models of systems involve the action of various random
factors. While using models described by differential equations the inclusion of
random factors leads to the equations which contain random variables.
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Differential equations for a StS (more precisely for a stochastic model of a system)
must be replaced in the general case by the Equations [9, 10].

_Z ¼ F Z, x, tð Þ, Y ¼ G Z, tð Þ, (1)

where F z, x, tð Þ and G z, tð Þ are random functions of the p-dimensional vector,
z, n-dimensional vector x and time t (as a rule G is independent of x). In consequence
of the randomness of the right-hand sides of Eq. (1) and also perhaps of the initial
value of the state vector Z0 ¼ Z t0ð Þ the state vector of the system Z and the output Y
represent the random variables at any fixed time moment t. This is the reason to
denote them by capital letters as well as the random functions in the right-hand sides
to the Eq. (1). The state vector of the system Z tð Þ and its output Y tð Þ considered as the
functions of time t represent random functions of time t (in the general case vector
random functions). In every specific trial the random functions F z, x, tð Þ and G z, tð Þ
are realized in the form of some functions f z, x, tð Þ and g z, tð Þ and these realizations
determine the corresponding realizations z tð Þ, y tð Þ of the state vector Z tð Þ and the
output Y tð Þ satisfying the differential equations (which are the realizations of Eq. (1)

_z ¼ f z, x, tð Þ, y ¼ g z, tð Þ:

Thus we come to the necessity to study the differential equations with random
functions in the right-hand sides.

At practice the randomness of the right-hand sides of the differential equations
arises usually from the fact that they represent known functions some of whose
arguments are considered as random variables or as random functions of time t and
perhaps of the state and the output of the system. But in the latter cased these
functions are usually replaced by the random functions of time which are only
obtained by assuming that their arguments Z and Y are known functions of time
corresponding to the nominal regime of system functioning. In practical problems
such an assumption usually provides sufficient accuracy.

So we may restrict ourselves to the case where all uncertain variables in the right-
hand sides of differential equations may be considered as random functions of time.
Then Eq. (1) may be written in the form

_Z ¼ f Z, x,N1 tð Þ, tð Þ, Y ¼ g Z,N2 tð Þ, tð Þ, (2)

where f and g are known functions whose arguments include random functions of
time N1 tð Þ and N2 tð Þ. The initial state vector of the system Z0 in practical problems is
always a random variable independent of the random functions N1 tð Þ and N2 tð Þ
(independent of random disturbances acting of the system).

Every realization n1 tð ÞTn2 tð ÞT
h iT

of the random function N1 tð ÞTN2 tð ÞT
h iT

deter-

mines the corresponding realizations f z, x, n1 tð Þ, tð Þ, g z, n2 tð Þ, tð Þ of the functions
f z, x,N1 tð Þ, tð Þ, g z,N2 tð Þ, tð Þ, and in accordance with this Eq. (2) determine respective
realizations z tð Þ and y tð Þ of the state vector of the system Z tð Þ and its output Y tð Þ.

Following [9, 10] let us consider the differential equation

dX=dt ¼ a X, tð Þ þ b X, tð ÞV, (3)

where a x, tð Þ, b x, tð Þ being functions mapping Rp � R into Rp and Rpq, respec-
tively, is called a stochastic differential equation if the random function (generalized)
V tð Þ represents a white noise in the strict sense. Let X0 be a random vector of the same
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dimension as the random function X tð Þ. Eq. (3) with the initial condition X t0ð Þ ¼ X0
determines the stochastic process (StP)X tð Þ .

In order to give an exact sense to Eq. (3) and to the above statement we shall
integrate formally Eq. (3) in the limits from t0 to t with the initial condition
X t0ð Þ ¼ X0. As result we obtain

X tð Þ ¼ X0 þ
ðt

t0

a X τð Þ, τð Þdτ þ
ðt

t0

b X τð Þ, τð ÞV τð Þdτ

where the first integral represents a mean square (m.s.) integral. Introducing the
StP with independent increments W tð Þ whose derivative is a white noise V tð Þ we
rewrite the previous equation in the form

X tð Þ ¼ X0 þ
ðt

t0

a X τð Þ, τð Þdτ þ
ðt

t0

b X τð Þ, τð ÞdW τð Þ: (4)

This equation has the exact sense. Stochastic differential Eq. (3) or the equivalent
equation

dX ¼ a X, tð Þdtþ b X, tð ÞdW (5)

with the initial condition X t0ð Þ ¼ X0 represents a concise form for of Eq. (4).
Eq. (5) in which the second integral represents a stochastic Ito integral is called a

stochastic Ito integral equation and the corresponding differential Eq. (3) or (5) is
called a stochastic Ito differential Eq.

A random process X tð Þ satisfying Eq. (4) in which the integral represent the m.s.
limits of the corresponding integral sums is called a mean square of shortly, an m.s.
solution of stochastic integral Eq. (4) and of the corresponding stochastic differential
Eq. (3) or (5) with the initial condition X t0ð Þ ¼ X0.

If the integrals in Eq. (4) exist for every realization of the StPW tð Þ and X tð Þ and
equality (4) is valid for every realization then the random process X tð Þ is called a
solution in the realization of Eq. (4) and of the corresponding stochastic differential
Eq. (3) and (5) with the initial condition X t0ð Þ ¼ X0.

Stochastic Ito differential Eqs. (3) and (5) with the initial condition X t0ð Þ ¼ X0,
where X0 is a random variable independent of the future values of a white noise
V sð Þ, s> t0 (future increments W sð Þ �W tð Þ, s> t≥ t0, of the process W) determines
a Markov random process.

In case of W being vector StP with independent in increments probabilistic
modeling of one and n-dimensional characteristic functions g1 ¼ Eeiλ

TZ tð Þ and
gn ¼ E exp i

Pn
k¼1λ

T
k Z tkð Þ� �

and densities f 1 and f n is based on the following
integrodifferential Pugachev Eqs:

∂g1 λ; tð Þ
∂t

¼ 1
2πð Þp

ð∞

�∞

ð∞

�∞

iλTa z, tð Þ þ χ b z, tð ÞTλ; t
� �h i

ei λTþμTð Þzg1 μ; tð Þdμdz, (6)

∂

∂tn
gn λ1, … , λn; t1, … , tnð Þ ¼ 1

2πð Þpq
ð∞

�∞

ð∞

�∞

iλTn a zn, tnð Þ þ χ b zn, tnð ÞTλn; tn
� �h i

� exp i
Xn

k¼1

λTk � μTk
� �

zK

( )
gn μ1, … , μn; t1, … , tnð Þdμ1, … , dμn; dz1, … , dzn,

(7)
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∂ f 1 z; tð Þ
∂t

¼ 1
2πð Þp

ð∞

�∞

ð∞

�∞

iλTa ζ, tð Þ þ χ b ζ, tð ÞTλ; t
� �h i

eiλ
T ζ�zð Þ f 1 ζ, tð Þdζdλ, (8)

∂

∂tn
f n z1, … , zn; t1, … , tnð Þ ¼ 1

2πð Þnp
ð∞

�∞

…

ð∞

�∞

iλTn a ζn, tnð Þ þ χ b ζn, tnð ÞTλn; tn
� �h i

� exp i
Xn

k¼1

λTk ζk � zkð Þ
( )

f n ζ1, … , ζn; t1, … , tnð Þdζ1, … , dζn; dλ1, … , dλn,

(9)

f 1 z; t0ð Þ ¼ f 0 zð Þ, (10)

where i being imaginary unit,

χ μ; tð Þ ¼ 1
h1 μ; tð Þ

∂h1 μ; tð Þ
∂t

, (11)

f n z1, … , zn�1, zn; t1, … , tn�1, tn�1ð Þ ¼ f n�1 z1, … , zn�1; t1, … , tn�1ð Þδ zn � zn�1ð Þ:
(12)

For the WienerW StP with intensity matrix v tð Þwe use Fokker-Plank-Kolmogorov
Eqs:

∂ f n z; tð Þ
∂t

¼ ∂
T

∂z
a z, tð Þ f n z; tð Þ� �þ 1

2
tr

∂

∂z
∂
T

∂z
b z, tð Þv tð Þb zð , tÞT f n z; tÞð g

�
(13)

at initial conditions (12).

2.2 Discrete StS

For discrete vector StP yielding regression and autoregression StS

Xkþ1 ¼ ωk Xk,Vkð Þ k ¼ 1, 2, …ð Þ, (14)

Xkþ1 ¼ ak Xkð Þ þ bk Xkð ÞVk k ¼ 1, 2, …ð Þ: (15)

Eqs for one and n dimensional densities and characteristic functions are described by:

f k xð Þ ¼ 1
2πð Þp

ð∞

�∞

e�iλTxgk λð Þdλ, gk λð Þ ¼ E exp iλTXk
� �

, (16)

f k1,… ,kn x1, … , xnð Þ ¼ 1
2πð Þnp

ð∞

�∞

exp i
Xn

h¼1

λTh xh

( )
gk1,… ,kn λ1, … , λnð Þdλ1, … , dλn,

(17)

gk1,… ,kn λ1, … , λnð Þ ¼ E exp i
Xn

l¼1

λTl xkl

( )
, (18)

gkþ1 λð Þ ¼ E exp iλωk Xk,Vkð Þ ¼
ð∞

�∞

ð∞

�∞

e�iλTω! x,υð Þ f k xð Þhk υð Þdxdυ,
8<
: (19)
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gk1,… ,kn λ1, … , λnð Þ ¼ E exp i
Xn

l¼1

λTl xkl þ iλTnωkn Xkn ,Vknð Þ
( )

¼
ð∞

�∞

…

ð∞

�∞

ð∞

�∞

exp i
Xn

h¼1

λTh xh þ iλTnωkn xn, υnð Þ
( )

f k1,… ,kn x1, … , xnð Þηn υnð Þdx1 … dxn, dυn:

(20)

Here E being symbol of mathematical expectation, hk being Vk characteristic
function

gk1,… ,kn�1,kn�1
λ1, … , λnð Þ ¼ gk1,… :kn�1

λ1, … , λn�1 þ λnð Þ,
gk1,… ,kn λ1, … , λnð Þ ¼ gs1,… ,sn λs1 , … , λsnð Þ, (21)

where s1, … , snð Þ – permutation of 1, … , nð Þ at ks1 < ks2 < … < ksn :
In case of the autoregression StS (1.14) basic characteristic functions are given by

Eqs:

gkþ1 λ1, … , λnð Þ ¼ E exp iλTak xkð Þ þ iλTbk Xkð ÞVk
� �

¼
ð∞

�∞

ð∞

�∞

eiλ
Tak xð ÞþiλTak xð Þυ f k xð Þhk υð Þdxdυ ¼ E exp iλTak Xkð Þ� �þ hk bk Xkð ÞTλ

� �h i
,

(22)

gk1,… ,kn λ1, … , λnð Þ ¼ E exp i
Xn�1

l¼1

λTl xkl þ iλTn akn Xknð Þ þ iλTn bkn Xknð ÞVkn

( )

¼
ð∞

�∞

…

ð∞

�∞

ð∞

�∞

exp i
Xn�1

h¼1

λTl xl þ iλTn akn xnð Þ þ iλTn bkn xnð Þυn
( )

�E exp i
Xn�1

l¼1

λTl xkl þ iλTn akn Xknð Þ
( )

þ hn bn Xnð ÞTλn
� �" #

:

(23)

2.3 Hybrid continuous and discrete StS

When the system described by Eq. (2) is automatically controlled the function
which determines the goal of control is measured with random errors and the control
system components forming the required input x ∗ are always subject to noises, i.e. to
random disturbances. Forming the required input and the real input including the
additional variables necessary to transform these equations into a first-order equation
may be written in the form

_X ¼ φ X,U, tð Þ, _U ¼ ψ X,Z,U,N3 tð Þ, tð Þ (24)

where U is the vector composed of the required input and all the auxiliary vari-
ables, and N3 tð Þ is some random function of time t (in the general case representing a
vector random function). Writing down these equations we have taken into account
that owing to the action of noises described by the random function N3 tð Þ, the vector
U and the input X represent random functions of time and in accordance with this we
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denoted them by capital letters. These equations together with the first Eq. (2) form
the set of Eqs

_Z ¼ f Z,X,N1 tð Þ, tð Þ, _X ¼ φ X,U, tð Þ, _U ¼ ψ X,Z,U,N3 tð Þ, tð Þ:
These equations may be written in the form of one equation determining the

extended state vector of the system Z1 ¼ ZTXTUT� �T
:

_Z1 ¼ f 1 Z1,N4 tð Þ, tð Þ

where N4 tð Þ ¼ N1 tð ÞTN3 tð ÞT
h iT

, and

f 1 Z1,N4 tð Þ, tð Þ ¼ f Z,X,N1, tð ÞT φ X,U, tð ÞT ψ X,Z,U,N3, tð ÞT
h iT

:

As a result rejecting the indices of Z1 and f 1 we replace the set of the Eqs. (2) and
(24) by the equations

_Z ¼ f 1 Z1,N4 tð Þ, tð Þ, Y ¼ g Z,N2 tð Þ, tð Þ:

In practical problems the random functions N1 tð Þ and N2 tð Þ are practically always
independent. But the random function N3 tð Þ depends on N1 tð Þ and N2 tð Þ due to the
fact that the function h Y, tð Þ ¼ h g Z,N2 tð Þ, tð Þ, tð Þ and its total derivative with respect to
time t enter into Eq. (24). Therefore, the random function N2 tð Þ and N4 tð Þ are depen-
dent. Introducing the composite vector random functionN tð Þ ¼ N1 tð ÞTN2 tð ÞTN3 tð ÞT

h iT

we rewrite the equations obtained in the form

_Z ¼ f 1 Z1,N tð Þ, tð Þ, Y ¼ g Z,N tð Þ, tð Þ: (25)

Thus in the cased of an automatically controlled system described by Eq. (2), after
coupling Eq. (2) with the equations of forming the required and the real inputs we
come to the equations of the form of (23) containing the random function N tð Þ.

If a control StS based on digital computers we decompose the extended state vector

Z into two subvectors Z0, Z00, Z ¼ Z0TZ00T
h iT

one of which Z0 represents a continu-

ously varying random function, and the other Z00 is a step random function varying by
jumps at prescribed time moments t kð Þ k ¼ 0, 1, 2, …ð Þ: Then introducing the random
function

Z00 tð Þ ¼
X∞

k¼0

Z00
k1Ak

tð Þ

and putting Z0
k ¼ Z0 t kð Þ� �

k ¼ 0, 1, 2, …ð Þ we get the set of equations describing the
evaluation of the extended state vector of controlled

_Z ¼ f Z,N tð Þ, tð Þ, Z00
kþ1 ¼ φk Zk,Nkð Þ (26)

where Nk k ¼ 0, 1, 2, …ð Þ are some random variables, and N tð Þ some random
function.
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For hybrid StS (HStS) let us now consider the case of a discrete-continuous system

whose state vector Z ¼ Z0TZ00T
h iT

(extended in the general case) is determined by the

set of equations

_Z
0 ¼ a Z, tð Þ þ b Z, tð ÞV, Z00 ¼

X∞

k¼0

Z00
k1Ak tð Þ, Z00

kþ1 ¼ ωk Zk,Vkð Þ (27)

where is the value of Z tð Þ at t ¼ t kð Þ, Zk ¼ Z0T
k Z

00T
k

h iT
¼ Z t kð Þ� �

k ¼ 0, 1, 2, …ð Þ,
a, b, ωk are functions of the arguments indicated 1Ak tð Þ is the indicator of the interval
Ak ¼ t kð Þt kþ1ð Þ� �

k ¼ 0, 1, 2, …ð Þ, V is a white noise in the strict sense, Vkf g is a
sequence of independent random variables independent of the white noise V. The
one-dimensional characteristic function h1 μ; tð Þ of the process with independent
increments W tð Þ whose weak m.s. derivative is the white noise V, and the distribu-
tions of the random variables Vk will be assumed known.

Introducing the random processes

Z00 tð Þ ¼
X∞

k¼0

Z0
k1Ak tð Þ, Z tð Þ ¼ Z0 tð ÞTZ00 tð ÞTZ‴ tð ÞT

h iT
:

we derive in the same way as before the equation for the one-dimensional charac-
teristic function

g1 λ; tð Þ ¼ Eeiλ
TZ tð Þ ¼ E exp iλ0TZ0 tð Þ þ iλ00TZ00 tð Þ þ iλ‴TZ‴ tð Þ

n o

¼ E exp iλ0TZ0 tð Þ þ iλ00TZ00
k þ iλ‴TZ0

k

n o

of the StP Z tð Þ

∂g1 λ; tð Þ
∂t

¼ E iλTa Z, tð Þ þ χ b Zðð , tÞTλT; tÞeiλTZ
n o

: (28)

Taking the initial moment t0 ¼ t 0ð Þ the initial condition for Eq. (25) is

g1 λ; t0ð Þ ¼ E iλ0T þ iλ‴T
� �

Z0
0 þ iλ00TZ00

0

n o
¼ g0 λ0T þ λ‴T λ00T

h iT� �
(29)

where g0 ρð Þ is the characteristic function of the initial value Z0 ¼ Z t0ð Þ of the
process Z tð Þ.

At the moment t kð Þ the value of g1 λ; tð Þ is evidently equal to

E exp i λ0T þ λ‴T
� �

Z0
k þ iλ00TZ00

k

n o
,

i.e. to the value gk λ0T þ λ‴T λ00T
h iT� �

of the characteristic function gk ρð Þ of the

random variable Zk ¼ Z00T
k Z00T

k

h iT
. If the function χ μ; tð Þ is continuous function of t at

any μ the g1 λ; tð Þ tends to
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E iλ0TZ0
kþ1 þ iλ00TZ00

k þ iλ‴TZ0
k

n o

when t ! t kþ1ð Þ, i.e. to the joint characteristic function g0k λ0, λ00, λ‴
� �

of the random
variables Z0

kþ1,Z
00
k:Z

0
k

g1 λ; t kþ1ð Þ � 0
� �

¼ lim
t!t kþ1ð Þ

g1 λ; tð Þ ¼ g0k λ0, λ00, λ‴
� �

:

At the moment t kþ1ð Þg1 λ; tð Þ changes its value by the jump and becomes equal to

E exp i λ0T þ λ‴T
� �

Z0
kþ1 þ iλ00TZ00

kþ1

n o
¼ gkþ1 λ0T þ λ‴T λ00T

h iT� �
:

To evaluate this, we substitute here the expression of Z00
kþ1 from the last Eq. (27).

Then we get

g1 λ; t kþ1ð Þ
� �

¼ E exp i λ0T þ λ‴T
� �

Z0
kþ1 þ iλ00Tωk Zkð ,VkÞ

n o
: (30)

Owing to the independence of the sequence of random variables Vkf g of the white
noise V and independence of Vk of V0,V1, … ,Vk�1 the random variables Zk and Z0

kþ1
are independent of Vk. Hence, the expectation in the right-hand side of Eq. (30) is
completely determined by the known distribution of the random variableVk and by
the joint characteristic function g0k λ0, λ00, λ‴

� �
of the random variables Z0

kþ1,Z
00
k,Z

0
k, i.e.

by g1 λ; t kþ1ð Þ � 0
� �

. So Eq. (26) with the initial condition (27) and formula (28)
determine the evolution of the one-dimensional characteristic function g1 λ; tð Þ of the
process Z tð Þ ¼ Z0 tð ÞTZ00 tð ÞTZ‴ tð ÞT

h iT
and its jump-wise increments at the moments

t kð Þ k ¼ 1, 2, …ð Þ.
In the case of the discrete-continuous HStS whose state vector is determined by Eqs

_Z ¼ a Z, tð Þ þ b Z, tð ÞV (31)

we get in the same way the equation for the n-dimensional characteristic function

gn λ1, … , λn; t1, … , tnð Þ of the random process Z tð Þ ¼ Z0 tð ÞTZ00 tð ÞTZ‴ tð ÞT
h iT

,

∂gn λ1, … , λn; t1, … , tnð Þ=∂tn
¼ E iλTn a Z tnð Þ, tnð Þ þ χ b Z tnð Þ, tnð ÞTλn; tn

� �h i
iλT1 Z t1ð Þ þ⋯þ iλTnZ tnð Þ� �

,
(32)

And the formula for the value of gn λ1, … , λn; t1, … , tnð Þ at tn ¼ t kþ1ð Þ ≥ tn�1,

gn λ1, … , λn; t1, … , tn�1, t kþ1ð Þ
� �

¼ E iλT1 Z t1ð Þ þ⋯þ iλTn�1Z tn�1ð Þ
(

þ i λ0Tn þ λ000Tn

� �
Z0
kþ1 þ iλ00Tn ωk Zk,Vkð Þ

)
:

(33)
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At the point tn ¼ t kþ1ð Þgn λ1, … , λn; t1, … , tnð Þ changes its value by jump from

gn λ1, … , λn; t1, … , tn�1, t kþ1ð Þ � 0
� �

¼ E iλT1 Z t1ð Þ þ⋯þ iλTn�1Z tn�1ð Þ þ iλ0Tn Z0
kþ1

(

þ iλ00Tn Z00
k þ iλ000Tn Z0

k

)

to gn λ1, … , λn; t1, … , tn�1, t kþ1ð Þ� �
given by (33).

The right-hand side of (33) is completely determined by the known distribution of
the random variable Vk and by the joint characteristic function
gn λ1, … , λn; t1, … , tn�1, t kþ1ð Þ � 0
� �

of the random variables
Z t1ð Þ, … ,Z tn�1ð Þ,Z0

kþ1,Z
00
k,Z

0
k: Hence, Eq. (32) with the corresponding initial condi-

tion and formula (33) determine the evolution and the jump-wise increments of
gn λ1, … , λn; t1, … , tnð Þ at the points t kþ1ð Þ when tn increases starting from the value tn�1.

2.4 Linear StS

For differential linear StS and W being StP with independent increments V ¼ _W

_Z ¼ aZ þ a0 þ bV (34)

corresponding Eqs for n-dimensional characteristic function are as follows:

∂gn
∂tn

¼ λTn a tnð Þ ∂gn
∂λn

þ iλTn a0 tnð Þ þ χ b tnð ÞTλn; tn
� i

gn:
h

(35)

Explit formulae for n-dimensional characteristic function is described by formulae

gn λ1, … , λn; t1, … , tnð Þ ¼ g0
Xn

k¼1

u tk, t0ð ÞTλk
 !

exp i
Xn

k¼1

λTk

ðtk

t0

u tk, τð ÞTa0 τð Þdτ
8<
:

þ
Xn

k¼1

ðtk

tk�1

χ b τð ÞT
Xn

l¼k

u t1ð , τÞTλl; τ
 !

dτ

)
n ¼ 1, 2, …ð Þ:

(36)

Here u ¼ u tk, τð Þ being fundamental solution of Eq _u ¼ au at condition: u t, tð Þ ¼ I
(unit n� nð Þ matrix).

In case of the Gaussian white noise V with intensity matrix v characteristic
function gn is Gaussian

gn λ1, … , λn; t1, … , tnð Þ ¼ g0
Xn

k¼1

u tk, t0ð ÞTλk
 !

exp i
Xn

k¼1

λTk

ðtk

t0

u tk, τð Þa0 τð Þdτ
8<
:

� 1
2

Xn

l; h¼1

λTl

ðmin tt, thð Þ

t0

u tl, τð Þb τð Þv τð Þb τð ÞTu thð , τÞTdτλh

9>=
>;

n ¼ 1, 2, …ð Þ:
(37)
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2.5 Linear StS with the parametric Gaussian noises

In the case of StS with the Gaussian discrete additive and parametric noises
described by Eq

_Z ¼ aZ þ a0 þ b0 þ
Xp

h¼1

bhZh

 !
V: (38)

we have the infinite set of equations which in this case is decomposed into
independent sets of equations for the initial moments αk of each given order

_αk ¼
Xp

r¼1

kr ar,0αk�er þ
Xp

q¼1

ar,eqαkþeq�er

 !

þ 1
2

Xp

r¼1

kr kr � 1ð Þ σrr,0αk�2er þ
Xp

q¼1

σrr,eqαkþeq�2er þ
Xp

q, u¼1

σrr,eqþeuαkþeqþeu�2er

 !

þ
Xp

r¼2

Xp�1

s¼1

krks σrs,0αk�er�es þ
Xp

q¼1

σrs,eqαkþeq�er�es þ
Xp

q, u¼1

σrs,eqþeuαkþeqþeu�er�es

 !
,

(39)

ar,0 ¼ a0,r, ar,eq ¼ arq k1, … , kp ¼ 0, 1, 2, … ; σ kð Þ ¼ 1, 2, :…
� �

:

Corresponding Eqs of correlational theory are as follows:

_m ¼ amþ a0; (40)

_K ¼ aK þ KaT þ b0vb
T
o þ

Xp

h¼1

bhvb
T
0 þ b0vb

T
h

� �
m0 þ

Xp

h, l¼1

bhvb
T
l mhml þ khlð Þ: (41)

where khl is the covariance of the components Zh and Zl of the vector

Z h, l ¼ 1, … , pð Þ. Eq. (41) with the initial condition K t0ð Þ ¼ Ko kpq t0ð Þ ¼ k0pq
� �

completely determines the covariance matrix K tð Þ of the vector Z tð Þ at any time
moment t after funding its expectation m:

For discrete StS with the Gaussian parametric noises correlational Eqs may be
presented in the following form:

Xkþ1 ¼ akXk þ a0l þ b0l þ
Xp

j¼1

bkjXkj

 !
Vk, (42)

mkþ1 ¼ akmk þ a0k, mk ¼ EYk, (43)

Kkþ1 ¼ akKkaTk þ b0kvkb
T
0k þ

Xp

j¼1

b0kvlb
T
jk þ bjkvlb

T
0k

� �
mjk

þ
Xp

j¼1

Xp

h¼1

bjkvkb
T
hk mkjmkh þ kkjh
� �

,

K1 ¼ E Y1 �m1ð Þ Y1 �m1ð ÞT,

(44)
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K j, hþ 1ð Þ ¼ K j, hð ÞaTh , K j, jð Þ ¼ K: (45)

2.6 Normal approximation method

For StS of high dimensions methods of normal approximation (MNA) are the only
used at engineering practice. In case of additive noises b x, tð Þ ¼ b0 tð Þ MNA is known
as the method of statistical linearization (MSL).

Basic Eqs of MNA are as follows [9]:

g1 λ; tð Þ≈ exp iλTmt � 1
2
λTKtλ

� �
,

f 1 x; tð Þ≈ 2πð ÞpjKtj½ ��1=2 exp � 1
2

xT �mT
t

� �
K�1

t x�mtð Þ
� �

,
(46)

_mt ¼ φ1 mt,Kt, tð Þ m t0ð Þ ¼ m0,φ1 mt,Kt, tð Þ ¼ EN a Yt, tð Þ, (47)

_Kt ¼ φ2 mt,Kt, tð Þ K t0ð Þ ¼ K0, (48)

φ2 mt,Kt, tð Þ ¼ φ21 mt,Kt, tð Þ þ φ21 mt,Kt, tð ÞT þ φ22 mt,Kt, tð Þ,
φ21 mt,Kt, tð Þ ¼ EN a Xt, tð Þ XT

t �mT
t

� �
,φ22 mt,Kt, tð Þ ¼ EN b Xt, tð Þv tð Þb Xt, tð ÞT,

∂K t1, t2ð Þ
∂t2

¼ K t1, t2ð ÞK t2ð Þ�1φ21 m, t2ð ÞK t2ð Þ, t2ð ÞT,
�

(49)

gn λ1, … , λn; t1, … , tnð Þ ¼ exp iλTmn � 1
2
λ
T
Knλ

� �
n ¼ 1, 2, …ð Þ,

f n x1, … , xn; t1, … , tnð Þ ¼ 2πð Þn Kn
�� ���1=2

exp
1
2

xTn �mT
n

� �
K

�1
n xn �mnð Þ

� �
n ¼ 1, 2, …ð Þ,

�

(50)

λ ¼ λT1 λ
T
2 … λTn

� �T
, mn ¼ mx t1ð ÞTmx t2ð ÞT …mx tnð ÞT

h iT
,

Kn ¼

K t1, t1ð Þ K t1, t2ð Þ … K t2, tnð Þ
K t2, t1ð Þ K t2, t2ð Þ … K t2, tnð Þ

⋮ ⋮ ⋮ ⋮

K tn, t1ð Þ K tn, t2ð Þ … K tn, tnð Þ

2
666664

3
777775
, where xn ¼ xT1 x

T
2 … xTn

� �T
:

(51)

Eq. (49) may be rewritten in form

∂K t1, t2ð Þ
∂t2

¼ φ3 K t1, t2ð Þ, t1, t2ð Þ (52)

where

φ3 K t1, t2ð Þ, t1, t2ð Þ ¼ ½ 2πð Þ2nx K2
�� ���1=2

ð∞

�∞

ð∞

�∞

x1 �mt1ð Þφ x2, t2ð Þ

� exp � xT1 x
T
2

� ��mT
2 ÞK

�1
2 xT1 x

T
2

� ��mT
2 Þ

n o
dx1dx2;

m2 ¼ mT
t1m

T
t2

h iT
; K2 ¼

K t1, t1ð Þ K t1, t2ð Þ
K t2, t1ð Þ K t2, t2ð Þ

" #
:

(53)
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For discrete StS equations of MNA may be presented in the following form:

mlþ1 ¼ ENωl Xl,Vlð Þ m1 ¼ EX1 l ¼ 1, 2ð Þ, (54)

Klþ1 ¼ ENωl Xl,Vlð Þωl Xl,Vlð ÞT � ENωl Xl,Vlð ÞENωl Xl,Vlð ÞT, (55)

at conditions

K1 ¼ EN X1 �m1ð Þ X1 �m1ð ÞT l ¼ 1, 2ð Þ,
Klh ¼ ENXlωh Xh,Vhð ÞT �mlENωh Xh,Vhð ÞT,
Kll ¼ Kl at l< h h ¼ 1, 2, …ð Þ, K ln ¼ K h, lð Þ ¼ K h, lð ÞTat l< h:

(56)

Corresponding MNA equations for Eq. (15) are the special case of Eqs. (54)–(56).

3. Conditionally optimal forecasting in StS

Optimal forecasting is well developed for linear StS and off-line regimes [9]. For
nonlinear StS linear StS with the parametric Gaussian noises and on-line regimes
different versions approximate (suboptimal) methods are proposed. In [9] general
results for complex statistical criteria and Bayes criteria are developed. Let us consider
m.s. conditionally optimal forecasters for StS being models of stochastic OTES.

3.1 Continuous StS

Conditionally optimal forecasting (COFc) for mean square error (mse) criterion
was suggested by Pugachev [10]. Following [9] we define COFC as a forecaster from
class of admissible forecasters which at any joint distributions of variables Xt (state
variable) X̂t (estimate of Xt), Yt (observation variable) at forecasting time Δ>0 and
time moments t≥ t0 in continuous (differential) StS

dXt ¼ a Xt,Yt, tð Þdtþ b Xt,Yt, tð ÞdW1, dYt ¼ a1 Xt,Yt, tð Þdtþ b1 Xt,Yt, tð ÞdW2

(57)

(W1,W2 being independent white noises with the independent increments;
φφ1ψψ1 being known nonlinear functions) gives the best estimate of XsþΔ at infini-

tesimal time moment s> t, s ! t realizing minimum E X̂s � X̂sþΔ
�� ��2. Then COFc at

any time moment t≥ t0 is reduced to finding optimal coefficients αt, βt, γt in the
following Eq:

dX̂t ¼ αtξ X̂t,Yt, t
� �

dtþ βtη X̂t,Yt, t
� �

dYt þ γtdt: (58)

Here ξ ¼ ξ X̂t,Yt, t
� �

, η ¼ η X̂t,Yt, t
� �

are given functions of current observations Yt,
estimate X̂t and time t.

Using theory of conditionary optimal estimation (13, 17, 18) for Eq

dXtþΔ ¼ a XtþΔ, tþ Δð Þdtþ b XtþΔ, tþ Δð ÞdW1 tþ Δð Þ: (59)

we get the following Eqs for coefficients αt, βt, γt
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αtm1 þ βtm2 þ γt ¼ m0, m0 ¼ Ea Xt,Yt, tð Þ, m1 ¼ Eξ Yt, X̂tþΔ, t
� �

,

m2 ¼ Eη Yt, X̂tþΔ, t
� �

a1 Xt,Yt, tð Þ,
(60)

βt ¼ κ02κ
�1
22 , κ02 ¼ E Xt � X̂tþΔ

� �
a1 Xt,Yt, tð ÞTη Yt, X̂tþΔ, t

� �T

þEb Xt,Yt, tð Þv tð Þb1 Xt,Yt, tð ÞTη Yt, X̂tþΔ, t
� �T

,
(61)

κ22 ¼ E Yt, X̂tþΔ, t
� �

b1 Xt,Yt, tð Þv tð Þb1 Xt,Yt, tð ÞTη Yt, X̂tþΔ, t
� �T

þEb Xt,Yt, tð Þv tð Þb1 Xt,Yt, tð ÞTη Yt, X̂tþΔ, t
� �T (62)

at condition det κ22 6¼ 0ð Þ.
The theory of conditionally optimal forecasting gives the opportunity for simulta-

neous filtering of state and identification of StS parameters for different forecasting
time Δ. All complex calculations for COFc design do not need current observations
and may be performed on a priori data during design procedures. Practical application
of such COFc is reduced to Eq. (58) integration. The time derivative for the error
covariance matrix Rt is defined by formulae

_Rt ¼ E XtþΔ � X̂t
� �

a XtþΔ, tþ Δð ÞT þ a XtþΔ, tþ Δð Þ XT
tþΔ � X̂

T
t

� �"

� βtη Yt, X̂tþΔ, t
� �

b1 Xt,Yt, tð Þv2 tð Þb1 Xt,Yt, tð ÞTη Yt, X̂tþΔ, t
� �T

βTt

þ b XtþΔ, tþ Δð Þv1 tþ Δð Þb X̂tþΔ, tþ Δ
� �T

#
:

(63)

Mathematical expectations in Eq. (60)–(63) are computed on the basis of joint

distribution of random variables XT
t X

T
tþΔ,Y

T
t , X̂

T
t X̂

T
tþΔ

h iT
by solution of the following

Pugachev Eq for characteristic function g2 λ1, λ2, λ3, μ1, μ2, μ3; t, sð Þ for StP XT
t Y

T
t X̂

T
t

h iT

at s> t:

∂g2 λ1, λ2, λ3, μ1, μ2, μ3; t, sð Þ=∂s ¼ E iμT1 a1 Ys,Xs, sð Þ þ iμT2 a Xs, sð Þ
(

þ iμT3 αsξ Ys, X̂s, s
� �þ βsη Ys,Xs, sð Þ þ γs

� �

þ χ b1 Ys,Xs, sð ÞTμ1 þ b Xs, sð Þμ2
�

þ b1 Ys,Xs, sð ÞTη Ys, X̂s, s
� �T

βTs μ3; s
�)

� exp iλT1 Yt

(
þ iλT2Xt þ iλT3 X̂t þ iμT1 Ys þ iμT2Xs þ iμT3 X̂s

)
:

(64)

at condition

g2 λ1, λ2, λ3, μ1, μ2, μ3; t, tð Þ ¼ g1 λ1 þ μ1, λ2 þ μ2, λ3 þ μ3; t, sð Þ: (65)
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Basic algorithms are defined by the following Proposals .3.1.1–3.1.3.
Proposal 3.1.1. At the conditions of the existence of probability moments (60), (61)

nonlinear COFc is defined by Eqs. (58) and, (63).
Proposal 3.1.2. For linear differential StS

dXt ¼ a1Xt þ a0ð Þdtþ bdW1, dYt ¼ bYt þ b1Xt þ b0ð Þdtþ b1dW2: (66)

Eqs of exact COFc are as follows:

dX̂t ¼ a1 tþ Δð Þ εtX̂1t þ ht
� �þ a0 tþ Δð Þ� �

dtþ εtβ1t dYt � bX̂1t þ b0
� �

dt
� �

: (67)

_εt ¼ a1 tþ Δð Þεt � εta1: (68)

_ht ¼ a1 tþ Δð Þ � εta0 þ a1 tþ Δð Þht: (69)

_Rt ¼ a1 tþ Δð ÞRt þ Rta1 tþ Δð ÞT � βt b1v2b
T
1

� �
βTt þ ψ1 tþ Δð Þv1 tþ Δð Þb1 tþ Δð ÞT :

(70)

In case of the linear StS with the parametric Gaussian noises:

dXt ¼ a1Xt þ a0ð Þdtþ c10 þ
Xnx
r¼1

c1,nyþrXr

 !
dW1,

dYt ¼ bYt þ b1Xt þ b0ð Þdtþ c20 þ
Xny

r¼1

c2rYr þ
Xnx
r¼1

c2r,nyþrXr

 !
dW2:

(71)

COFc is defined by exact Eqs (Proposal 3.1.3):

dX̂t ¼ a1 tþ Δð Þ εtX̂1 þ ht
� �þ a0 tþ Δð Þ� �

dtþ εtβ1t dYt � bX̂1 þ b0
� �

dt
� �

: (72)

_εt ¼ a1 tþ Δð Þεt � εta1, _ht ¼ a0 tþ Δð Þ � εta0 þ a1 tþ Δð Þht, (73)

_Rt ¼ a1 tþ Δð ÞRt þ Rta1 tþ Δð ÞT

�βt c20 þ
Xnyþnx

r¼1

c2rmr

 !"
v1 cT20 þ

Xnyþnx

r¼1

cT2rmr

 !

þ
Xnyþnx

r¼1

c2rv1cT2skrs

#
βTt þ c10 tþ Δð Þ þ

Xnyþnx

r¼nyþ1

c1r tþ Δð Þmr tþ Δð Þ
2
4

3
5v2 tþ Δð Þ

� c10 tþ Δð ÞT þ
Xnyþ1

r¼nyþ1

c1r tþ Δð ÞTmr tþ Δð Þ
2
4

3
5

þ
Xnyþnx

r¼nyþ1

c1r tþ Δð Þv2 tþ Δð Þc1s tþ Δð ÞTkrs:

(74)

For nonlinear StS in case of the normal StP Xt,Yt, X̂t Eqs of normal COFc (NCOFc)
are defined by Proposal 3.1.1 for joint normal distribution.
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3.2 Discrete and hybrid StS

Let us consider the following nonGaussian nonlinear regression StS

Xkþ1 ¼ ωk Xk,Vkð Þ, Yk ¼ ω1k Xk,Yk,Vkð Þ k ¼ 1, 2…ð Þ: (75)

In this case Eqs of the discrete COFc are as follows:

Xkþrþ1 ¼ δkζk Xk, X̂k
� �þ γk, (76)

δk ¼ DkB�1
k , γk ¼ mkþrþ1 � δkρk, (77)

mkþrþ1 ¼ Eωkþr Xkþr,Vkþrð Þ, (78)

ρk ¼ Eζk Xk, X̂k
� �

, Bk ¼ E ζk Xk, X̂k
� �� ρk

� �
ζk Xk, X̂k
� �T

,

Dk ¼ E ωkþr Xkþr,Vkþrð Þ �mkþrþ1½ �ζk ωk Xk, X̂k
� �� �T

, (79)

g2,k,kþr λ1, λ2, μð Þ ¼ E iλT1 Xk þ iλT2Xkþr þ iμTX̂k
� �

, (80)

g2,k,kþrþ1 λ1, λ2, μð Þ ¼ Eexp iλT1 Xk þ iλT2ωkþr Xkþr,Vkþrð Þ þ iμTX̂k
� �

(81)

at initional condition

g2,k,k λ1, λ2, μð Þ ¼ g1,k λ1 þ λ2, μð Þ: (82)

So for the nonlinear regression StS (14) we get Proposal 3.2.1 defined by
Eqs. (75)–(82).

In case of the nonlinear autoregression discrete StS (15) we have the following Eqs
of Proposal 3.2.2:

Xkþ1 ¼ ak Xkð Þ þ bk Xkð ÞVk, Yk ¼ a1k Xk,Ykð Þ þ b1k Ykð ÞVk, (83)

Xkþrþ1 ¼ αkξk X̂k
� �þ βkηk X̂k

� �
Yk þ γk, (84)

αkκ
kð Þ
11 þ βkκ

kð Þ
21 ¼ κ kð Þ

01 , αkκ
kð Þ
12 X̂k
� �þ βkκ

kð Þ
22 ¼ κ kð Þ

02 , (85)

γk ¼ ρ kþrþ1ð Þ
0 � αkρ

kð Þ
1 X̂k
� �� βkρ

kð Þ
2 ¼ κ kð Þ

02 , (86)

ρ kþrþ1ð Þ
0 ¼ Eakþr Xkþrð Þ, (87)

ρk ¼ ρ kð ÞT
1 ρ kð ÞT

2

h iT
, ρ kð Þ

1 ¼ Eξk X̂k
� �

, ρ kð Þ
2 ¼ Eηk X̂k

� �
a1k Xkð Þ, (88)

Bk ¼
κ kð Þ
11 κ kð Þ

12

κ kð Þ
11 κ kð Þ

22

" #
, det∣Bk∣ 6¼ 0, (89)

κ kð Þ
11 ¼ E ξk X̂k

� �� ρ kð Þ
1

h i
ξk X̂k
� �T

,

κ kð Þ
12 ¼ κ kð Þ

21 ¼ E ξk X̂k
� �� ρ kð Þ

1

h i
a1k Xkð ÞTηk X̂k

� �T
,

κ kð Þ
22 ¼ E ηk X̂k

� �
a1k Xkð Þ � ρ kð Þ

2

h i
a1k Xkð ÞTηk X̂k

� �T þ Eηk X̂k
� �

b1k Xkð Þvkb1k Xkð ÞTηk X̂k
� �T

,

(90)
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Dk ¼ κ kð Þ
01 κ kð Þ

02

h i
, (91)

κ kð Þ
01 ¼ E ak Xkð Þ �mkþ1½ �ξk X̂k

� �T
,

κ kð Þ
02 ¼ E ak Xkð Þ �mkþ1½ �a1k Xkð ÞTηk X̂k

� �T þ Eb1k Xkð Þvkb1k Xkð ÞTηk X̂k
� �T

,
(92)

mkþ1 ¼ ρ kð Þ
0 , ρ kð Þ

0 ¼ Eak Xkð Þ, EVk ¼ 0, EVkVT
k ¼ vk: (93)

Analogously we get from Proposal 3.2.2 COFc for discrete linear StS and linear
with the Gaussian parametric noises. For hybrid StS we recommend mixed algorithm
based on joint normal distribution and Proposal 3.1.1.

3.3 Generalizations

Mean square results (Subsection 2.1 and 2.2) may be extended to StS described by
linear, linear with the Gaussian parametric noises and nonlinear Eqs or reducible to
them by approximate suboptimal and conditionally optimal methods.

Differential StS with the autocorrelated noises in observations may be also reduced
to differential StS.

Special COFc algorithms based on complex statistical criteria and Bayesian creteria
are developed in [11].

4. Probability modeling in SOTES

Following [3, 4] let as consider general approach for the SOTES modeling as
macroscopic (multi-level) systems including set of subsystems being also macro-
scopic. In our case these sets of subsystems will be clusters covering that part of MP
connected with aftersales production service. More precisely the set of subsystems of
lower level where input information about concrete products, personal categories etc.
is formed.

For typical continuous-discrete StP in the SOTES production cluster we have the
following vector stochastic equation:

dXt ¼ φ Xt, tð Þ þ S vð Þρ Xt, tð Þ½ �dtþ S vð ÞdP0 tð Þ: (94)

Here P0 tð Þ being the centered Poisson StP; ρ Xt, tð Þ being np � 1
� �

intensity of

vector of StP P tð Þ, ρ Xt, tð Þ ¼ ρ12 Xt, tð Þρ13 Xt, tð Þ… ρuk Xt, tð Þ½ �T; ρuk Xt, tð Þ being intensi-
ties of streams changes of states; φ Xt, tð Þ being continuous np � 1

� �
vector function of

quality indicators in OPB; S vð Þ being np � nρ
� �

matrix Poisson stream of resources
(production) with volumes v according to the SOTES state graph. Analogously we get
corresponding equations for SOTES-O and SOTES-N:

dYt ¼ q Xt, tð Þ þ φ1 Yt, tð Þ þD rð Þγ Yt, tð Þ½ �dtþD rð ÞdP0
1 tð Þ, (95)

dζt ¼ φ2 ζt, tð Þ þ C ϑð Þμ ζt, tð Þ½ �dtþ C ϑð ÞdP0
2 tð Þ, (96)

where φ1 and φ2 being vector functions quality indicators in OPB for the SOTES-O
and the SOTES-N; D rð Þ being structional matrix of resources streams in the SOTES-N
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matrix; γ Yt, tð Þ and D rð Þ being the intensity function and vector of P0
1 tð Þ jumps in the

SOTES-O.
In linear case when ρuk Xt, tð Þ ¼ AρXt Eqs. (94)–(96) for the SOTES, SOTES-O and

the SOTES-N may be presented as

dXt ¼ a t, vð ÞXtdtþ S vð ÞdP0 tð Þ, (97)

dYt ¼ b r, tð ÞYtdtþ λ Yt, tð ÞXt þD rð ÞdP0 tð Þ þ ψ1 tð Þdζt, (98)

dζt ¼ c2 ϑ, tð Þζtdtþ C ϑð ÞdP0
2 tð Þ: (99)

Here notations

b1 r, tð Þ ¼ b1 tð Þ þ Aγ r, tð Þ, c2 ϑ, tð Þ ¼ c2 þ Aμ ϑ, tð Þ: (100)

Aγ r, tð Þ, Aμ ϑ, tð Þ are derived from Eqs:

D rð Þγ Yt, tð Þ � Aγ r, tð ÞYt, C ϑð Þμ ζt, tð Þ � Aμ ϑ, tð Þζt: (101)

At practice a priori information about SOTES-N is poor than for the SOTES and
SOTES-O. So introducing theWiener StPW tð Þ,W1 tð Þ,W2 tð Þwe get the following Eqs:

dXt ¼ aXt þ a1Yt þ a0ð Þdtþ S vð ÞdP0 tð Þ þ ψ 0 tð ÞdW tð Þ, (102)

dYt ¼ qXt þ b1Yt þ b2ζt þ b0
� �

dtþD rð ÞdP0
1 tð Þ þ ψ1 tð Þdζt þ ψ 0

1 tð ÞdW1 tð Þ, (103)

dζt ¼ c2ζt þ c0ð Þdtþ C ϑð ÞdP0
2 tð Þ þ ψ 0

2 tð ÞdW2 tð Þ: (104)

R e m a r k 4.1. Such noises from OTES-N may act at more lower levels OTES-O
included into internal SOTES being with minimal from information point of view
maximal. For highest OTES levels intermediate aggregative functions may be
performed. So observation and estimation systems must be through (multi-level and
cascade) and provide external noise protection for all OTES levels.

R e m a r k 4.2. As a rule at administrative SOTES levels processes of information
aggregative and decision making are performed.

Finally at additional conditions:

1. information streams about OPB state in the OTES-O are given by formulae

Yt ¼ Gt Tstð Þ þ Tst (105)

and every StP Gt Tstð Þ is supported by corresponding resource (e.g. financial);

2. for SOTES measurement only external noise from SOTES-N and own noise due
to error of personal and equipment are essential.

We get the following basic ordinary differential Eqs:

_Xt ¼ aXt þ a1Gt þ a0 þ χxVΩ � LX, 2 (106)

_Gt ¼ q Tstð ÞXt þ b2ζt þ χgVΩ � LG, (107)

_ζt ¼ c2ζt þ c0 þ χζVΩ � Lζ, (108)
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_Tst ¼ bXt þ b1Tst þ b0 þ χτsVΩ � LT: (109)

Here VΩ tð Þ ¼ VT
x tð ÞVT

g tð ÞVT
ζ tð ÞVT

st tð Þ
h iT

being vector white noise, dimVΩ tð Þ ¼
nx þ ng þ nζ þ nts
� �� 1
� �

, MVΩ tð Þ ¼ 0, with diagonal block intensity matrix vΩ ¼
diag vx½ � vg

� �
vζ½ � vts½ �� �

, dimvx tð Þ ¼ nx � ny
� �

, dimvg tð Þ ¼ ng � ng
� �

, dimvζ tð Þ ¼
nζ � nζð Þ, dimvts tð Þ ¼ nts � nnstð Þ, χx, χg, χζ, χst being known matrices:

Vx ¼ S vð ÞVP tð Þ þ ψ 0 tð ÞVW , Vg ¼ ψ1 tð ÞVζ þ ψ 0
1 tð ÞVW1, Vζ ¼ C ϑð ÞVp2 þ ψ 0

2 tð ÞVW2;

(110)

VP ¼ _P0 tð Þ, VP1 ¼ _P
0
1 tð Þ, VP2 ¼ _P

0
2 tð Þ, Vst ¼ VP1, VW ¼ _W tð Þ, VW1 ¼ _W1 tð Þ,

VW2 ¼ _W2 tð Þ:
(111)

R e m a r k 4.3. Noises VP, VP1, VP2 (random time moments of resources or
production) in are non-Gaussian noises induced by Poisson noises in the OTES,
OTES-O, OTES-N, whereas noises VW , VW1, VW2 (personal errors, internal noises)
are Gaussian StP.

From Eqs. (110) and (111) we have the following equivalent expressions for
intensities of vector VΩ tð Þ:

vx ¼ S vð ÞρST vð Þ þ ψ 0vWψ 0T, vg ¼ ψ1vζψ
T þ ψ 0

1vW1ψ
0T
1 ,

vζ ¼ C ϑð ÞμCT ϑð Þ þ ψ 0
2vW2ψ

0T
2 , vts ¼ D rð ÞγDT rð Þ:

(112)

Here the following notations are used: S vð ÞρST vð Þ, C ϑð ÞμCT ϑð Þ, D rð ÞγDT rð Þ being
intensities of nonGaussian white noises S vð ÞVP tð Þ, D rð ÞVP1 tð Þ, C ϑð ÞVP2 tð Þ: ρ ¼
E diagρ Xt, tð Þ½ �, γ ¼ E diag γ Yt, tð Þ½ �, μ ¼ E diagμ ζt, tð Þ½ � being mathematical expecta-
tions of intensivity diagonal matrices of Poisson streams in the SOTES, SOTES-O,
SOTES-N; vW , vW1, vW2 being intensivities of Gaussian white noises VW , VW1, VW2.
Note the difference between intensity of Poisson stream and intensity of white noise.

In case of Eqs. (106)–(109) with the Gaussian parametric noises we use the fol-
lowing Eqs:

_Xt ¼ LX þ ~aXt þ ~a1Gtð ÞVΩ, (113)

_Gt ¼ LG þ ~qXt þ ~b2ζt
� �

VΩ, (114)

_ζt ¼ Lζ þ ~c2ζtVΩ, (115)

_Tst ¼ LT þ ~bXt þ ~b1Tst

� �
VΩ, (116)

where bar means parametric noises coefficients.
At additive noises VΩ presenting Eqs. (113)–(116) for Zt ¼ Xt Gt ζt Tst½ �T in form

of MSL:

_Zt ¼ B0 mz
t ,K

z
t , t

� �þ B1 mz
t ,K

z
t , t

� �
Zt þ B0 mz

t ,K
z
t , t

� �
VΩ

t , (117)

we get following set of interconnected Eqs for mz
t ,K

z
t :

_mz
t ¼ B0 mz

t ,K
z
t , t

� �
, mz t0ð Þ ¼ mz

0, (118)
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_K
z
t ¼ B1 mz

t ,K
z
t , t

� �
Kz

t þ Kz
t B1 mz

t ,K
z
t , t

� �T þ B0 mz
t ,K

z
t , t

� �
vΩt B

0 mz
t ,K

z
t , t

� �T, Kz t0ð Þ ¼ Kz
0:

(119)

Eq for Kz t1, t2ð Þ is given by (49).

5. Basic SOTES conditionally optimal filtering and forecasting algorithms

Proposal 5.1. Let SOTES, SOTES-O, SOTES-N being linear, satisfy Eqs. (102)–(104)
and admit linear filter of the form:

_̂Xt ¼ aX̂t þ a1Gt þ a0
� �þ βt _Gt � qtX̂t þ b2ζt

� �� �
, (120)

where coefficient qt in (120) does not depend upon Tst. Then Eqs of optimal and
conditionally optimal filters coincide with the Kalman-Bucy filter and may be
presented in the following form:

_̂Xt ¼ aX̂t þ a1Gt þ a0 þ RtqTt v
�1
g Z � qtX̂t þ b2ζt

� �� �
Zt ¼ _Gt
� �

, (121)

_Rt ¼ aRt þ RtaT þ vx � RtqTt v
�1
g qtRt: (122)

Proposal 5.2. At condition when measuring coefficient qt depends upon λt ¼ λ Tst, tð Þ
and admit statistical linearization

λ Tst, tð Þ≈ λ0 mst,Kst, tð Þ þ λ1 mst,Kst, tð ÞT0
st,

λ0 mst,Kst, tð Þ ¼ M λ Tst, tð Þ½ �≈ λ0 mst,Kst, tð Þ, λ1 mst,Kst, tð Þ≈0 (123)

sub- and conditionally optimal filter Eqs are follows:

_̂Xt ¼ aX̂t þ a1Gt þ a0 þ Rtq0 mst,Kstð ÞTv�1
g Zt � q0 mst,Kstð ÞX̂t þ b2ζt

� �� �
, (124)

_Rt ¼ aRt þ Rtaþ vx � Rtq0 mst,Kstð Þv�1
g qTt mst,Kstð ÞRt: (125)

R e m a r k 5.1. Filtering Eqs defined by Proposals 5.1 and 5.2 give the m.s. square
optimal algorithms nonbias of Xt for OTES at conditions of internal noises of measur-
ing devices and external noise from OTES on measuring part of SOTES-O.

R e m a r k 5.2. Accuracy of estimation X̂t depends upon not only upon noise ζt
influencing on measuring signal but on rule and technical-economical quality SOTES
criteria but on line state of resources Tst OPB for SOTES-O.

Using [9–11] let us consider more general SOTES than Eqs. (113)–(116) for system
vector Xt ¼ XtGtζtTst½ �T and observation vector Yt ¼ Y1Y2Y3Y4½ �T defined by Eqs:

_Xt ¼ aYt þ a1Xt þ a0
� �þ c10 þ

Xny

r¼1

c1rYr þ
Xnx
r¼1

c1,nyþrXr

 !
V, (126)

Zt ¼ _Yt ¼ bYt þ b1Xt þ b0
� �þ c20 þ

Xny

r¼1

c2rYr þ
Xnx
r¼1

c2,nyþrXr

 !
V1: (127)
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Here a, a0, a1, b, b0, b1and cij i ¼ 1, 2; j ¼ 1, nx
� �

– vector–matrix functions t do

not depend from Xt ¼ X1 …Xnx½ �T and Yt ¼ Y1 …Yny

h iT
. Then corresponding

algorithm of conditionally optimal filter (COF) is defined by [9–11]:

_̂
Xt ¼ aYt þ a1X̂t þ a0

� �
þ βt _Zt � bYt þ b1X̂t þ b0

� �h i
: (128)

For getting Eqs for βt it is necessary to have Eqs for mathematical expectation mt

and covariance matrix Kt of random vector Qt ¼ X1 …XnxY1 …Yny

h iT
error

covariance matrix Rt for ~Xt ¼ X̂t � Xt. Using Eqs

_mt ¼ amt þ a0, (129)

_Kt ¼ aKt þ KtaT þ c0vcT0 þ
Xnyþnx

r¼1

c0vcTr þ crvcT0
� �

mr þ
Xnyþnx

r, s¼1

crvcTs mrms þ krsð Þ (130)

a ¼ b b1
a a1

� �
, a0 ¼ b0

a0

� �
, cr ¼

c2r
c1r

� �
r ¼ 0, ny þ nx
� �� �

, (131)

we have the following Eq for the error covariance matrix

_Rt ¼ a1Rt þ RtaT1 � Rtb
T
1 þ c10 þ

Xnyþnx

r¼1

c1rmr

 !
v c20 þ

Xnyþnx

r¼1

cT2rmr

 !"

þ
Xnyþnx

r, s¼1

c1rvcT2rkrs

#
κ�1
11 �� Rtb1 þ c20 þ

Xnyþnx

r¼1

c2rmr

 !
v cT10 þ

Xnyþnx

r¼1

cT1rmr

 !"

þ
Xnyþnx

r, s¼1

c2rvcT2skrs

#
þþ c10 þ

Xnyþnx

r¼1

c1rmr

 !
v cT10 þ

Xnyþnx

r¼1

cT1rmr

 !
þ
Xnyþnx

r, s¼1

c1rvcT1skrs:

(132)

Here

κ11 ¼ c20 þ
Xnyþnx

r¼1

c2rmr

 !
v cT20 þ

Xnyþnx

r¼1

cT2rmr

 !
þ
Xnyþnx

r, s¼1

c2rvcT2skrs, (133)

mt ¼ mr½ � r ¼ 1, ny þ nx
� �� �

,Kt ¼ krs½ � r, s ¼ 1, my þ nx
� �� ��

; V being the white
nonGaussian noise of intensity v. Coefficient βt in Eq. (127) is defined by formula

βt ¼ Rtb
T
1 þ c10 þ

Xnyþnx

r¼1

c1rmr

 !
v cT20 þ

Xnyþnx

r¼1

cT2rmr

 !
þ
Xnyþnx

r, s¼1

c1rvcT2skrs

( )
κ�1
11 : (134)

R e m a r k 5.3. In case when observations do not influence the state vector we have
the following notations:
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a ¼ 0, b ¼ 0, c1r ¼ 0, c2r ¼ 0 r ¼ 1, 4
� �

, nx ¼ 4, ny ¼ 4;

a1 ¼

a a1 0 0

q 0 b2 0

0 0 c2 0

b 0 0 b1

2
6666664

3
7777775
, a0 ¼

a0

0

c0

b0

2
6666664

3
7777775
, c10 ¼

χx

χG

χζ

χst

2
6666664

3
7777775
,

c1,5 ¼ ~a ~a1 0 0½ �, c1,6 ¼ ~q 0 ~b2 0
h i

, c1,7 ¼ 0 0 ~c2 0½ �, c1,8 ¼ ~b 0 0 ~b1
h i

:

(135)

Proposal 5.3. Let SOTES is described by Eqs. (125) and (126). Then COF algorithm is
defined by Eqs. (127)–(133).

Theory of conditionally optimal forecasting [9–11] in case of Eqs:

_Xt ¼ a1Xt þ a0
� �� c10 þ

Xnx
r¼1

c1,nyþrXr

 !
V1, (136)

Zt ¼ _Yt ¼ bYt þ b1Xt þ b0
� �� c20 þ

Xny

r¼1

c2rYr þ
Xnx
r¼1

c2,nyþrXr

 !
V2, (137)

where Δ being forecasting time, V1 and V2 are independent nonGaussian white
noises with matrix intensities v1 and v2, gives the following Eqs for COFc:

_̂
Xt ¼ a1 tþ Δð ÞX̂t þ a0 tþ Δð Þ

h i
þ βt Zt � bYt þ b1ε�1

t X̂t þ b0 � b1ε�1
t ht

� �h i
: (138)

where the following notations are used: u s, tð Þ is fundamental solution of Eq:
du=ds ¼ a1 sð Þu at initial condition u t, tð Þ ¼ I, εt ¼ u tþ Δ, tð Þ,

βt ¼ εt Kx � Kx̂xð ÞbT1 κ�1
11 , (139)

ht ¼ h tð Þ ¼
ðtþΔ

t

u tþ Δ, τð Þa0 τð Þdτ, h tþ Δ, tð Þ ¼ εt, (140)

mx tþ Δð Þ ¼ εtmx tð Þ þ ht ¼ εtmx þ ht: (141)

R e m a r k 5.4. At practice COFc may be presented as sequel connection of COF,
amplifier with gain εt ¼ u tþ Δ, tð Þ and summater ht ¼ h tð Þ:

X̂t ¼ εtX̂1 þ ht, (142)

where X̂t being the COF output or COF of current state Xt.
Eq. (137) may be presented in other form:

_̂
Xt ¼ a1 tþ Δð Þ εtX̂1 þ ht

� �þ a0 tþ Δð Þ þ εtβ1 Zt � bX̂1 þ b0
� �� �

:
�

(143)
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Accuracy of COFc is defined by the following Eq:

_Rt ¼ a1 tþ Δð ÞRt þ Rta1 tþ Δð ÞT � βt c20 þ
Xnyþnx

r¼1

c2rmr

 !
v1 c20 þ

Xnyþnx

r¼1

cT2rmr

 !"

þ
Xnyþnx

r, s¼1

c2rv1cT2skrs

#
βTt þþ c10 tþ Δð Þ þ

Xnyþnx

r¼nyþ1

c1r tþ Δð ÞTmr tþ Δð Þ
2
4

3
5

þ
Xnyþnx

s¼nYþ1

c1r tþ Δð Þv2 tþ Δð Þc1s tþ Δð ÞTkrs:

(144)

Proposal 5.5. At conditions of Proposal 5.3 COFc is described by Eqs. (137)–(140),
(143) or Eqs. (141)–(143).

Let us consider Eqs. (94)–(96) at conditions of possible subdivision of measuring
system and OPB in SOTES-O so that q Xt, tð Þ ¼ q tð ÞXt and noise ζt is additive. In this case
for SOTES, SOTES-O, SOTES-N Eqs. (94)–(96) may be presented in the following form:

_Xt ¼ φ Xt, tð Þ þ S vð Þρ Xt, tð Þ þ χxVΩ, (145)

_Gt ¼ q Tstð ÞXt þ b2ζt þ χgVΩ, (146)

_ζt ¼ φ2 ζt, tð Þ þ C ϑð Þμ ζt, tð Þ þ χζVΩ, (147)

_Tst ¼ φ1 Tst, tð Þ þD rð Þγ Tst, tð Þ þ χTsVΩ: (148)

At condition of statistical linearization we make the following replacements:

S vð Þρ Xt, tð Þ≈ S vð Þρ0 mx,Kx, tð Þ þ Aρ1 mx,Kx, tð ÞX0
t , (149)

C ϑð Þμ ζt, tð Þ≈C ϑð Þμ0 mζ,Kζ, tð Þ þ Aγ1 mζ,Kζð Þ, (150)

φζ ζt, tð Þ≈φζ0 þ φζ1ζ
0
t : (151)

So we get the following statistically linearized expressions:

φ Xt, tð Þ þ S vð Þρ Xt, tð Þ ¼ φX0 þ φX1Xt, φζ ζt, tð Þ þ C ϑð Þμ ζt, tð Þ ¼ φζ0 þ φζ1ζt,

(152)

where.

φX0 ¼ φX0 mx,Kx, tð Þ � φX1 mx,Kx, tð Þ þ Aρ1 mx,Kx, tð Þ� �
mx þ S vð Þρ0 mx,Kx, tð Þ,

φX1 ¼ φX1 mx,Kx, tð Þ þ Aρ1 mx,Kx, tð Þ,
φζ0 ¼ φζ0 mζ,Kζ, tð Þ � φζ1 mζ,Kζ, tð Þ þ Aμ1 mζ,Kζ, tð Þ� �

mζ þ C ϑð Þμ0 mζ,Kζ, 0ð Þ,
φζ1 ¼ φζ1 mζ,Kζ, tð Þ þ Aμ1 mζ,Kζ, tð Þ:

(153)

Proposal 5.6. For Eqs. (144)–(148) at statistical linearization conditions Eqs. (152)
and (153) when qt does not depend upon Tst suboptimal filtering algorithm is defined by
Eqs:
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_̂Xt ¼ φX1X̂t þ φX0 þ RtqTt v
�1
g Zt � qtX̂t þ b2ζt

� �� �
, (154)

_Rt ¼ φX1Rt þ Rtφ
T
X1 þ vx � RtqTt v

�1
g qtRt: (155)

Proposal 5.7. At conditions λt ¼ λ Tst, tð Þ Eqs for SOTES, SOTES-O, SOTES-N may be
presented in the form:

_Xt ¼ φX1Xt þ φX0 þ χxVΩ, (156)

_Gt ¼ qXt þ b2ζt þ χgVΩ, (157)

_ζt ¼ φζ1ζ1 þ φζ0 þ χζVΩ, (158)

_Tst ¼ φst1Tst þ φst0 þ χstVΩ: (159)

Suboptimal algorithm at condition

λ Tst, tð Þ≈ λ0 mst,Kstð Þ (160)

is as follows:

_̂Xt ¼ φX1X̂t þ φX0 þ Rtλ
T
0v

�1
g Zt � λT0 mst,Kstð ÞX̂t þ b2ζt

� �
,

�
(161)

_Rt ¼ φX1Rt þ Rtφ
T
X1 þ vx � Rtλ

T
0v

�1
g λ0Rt: (162)

6. Peculiarities of new SOTES generations

As it was mentioned in Introduction in lower levels of hierarchical subsystems of
SOTES arise information about nomenclature and character of final production and its
components.

Analogously in personal LC subsystems final production systems being categories
of personal with typical works and separate specialists with common works. In [1, 2] it
is presented methodology of personal structuration according to categories, typical
processes graphs providing necessary professional level and healthy. Analogous
approach to structuration may be used to elements macroscopic subsystems of various
SOTES levels. It gives possibility to design unified modeling and filtering methods in
SOTES, SOTES-O, SOTES-N and then implement optimal processes of unique budget.
So we get unique methodological potential possibilities for horizontal and vertical
integrated SOTES.

In case of Eqs. (107)–(111) for LC subsystems in case aggregate of given personal
categories defined by Eqs

_XP ¼ aXP þ a1PGP þ a0P þ χPVΩP, (163)

_GP ¼ qP TsPð ÞXP þ b2PζP þ χgPVΩP, (164)

_ζP ¼ с2PζP þ c0P þ χζPVΩP, (165)

_TsP ¼ bPXP þ b1PTsP þ b0P þ χstPVΩP, (166)
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where index P denotes variables and parameters in personal LS. According to
Section 4 the following filtering Eqs:

_̂XP ¼ aPX̂P þ a1pGP þ a0P þ RPqTPv
�1
gP Z � qPX̂P þ b2PζP

� �� �
, (167)

_RP ¼ aPRP þ RPaTP þ vP � RPqTPv
�1
gP qPRP: (168)

Let us consider linear synergetical connection between X and XP:

XP ¼ κ1X þ κ0: (169)

Here κ1 and κ0 being known nP � nxð Þ and nP � 1ð Þ synergetical matrices. Putting
(151) into Eqs. (144)–(150) we get Eqs for personal subsystem and its observation
expressed by X:

_XP ¼ aP κ1X þ κ0ð Þ þ a1PGP þ a0P þ χPVΩP, (170)

_GP ¼ qP TsPð Þ κ1X þ κ0ð Þ þ b2PζP þ χgPVΩP: (171)

Corresponding Eqs with combined right hand for SOTES vector X are described by:

_X ¼
aX þ a1Gt þ a0VΩ XK ¼ 1, nx

� �
,

aP κ1X þ κ0ð Þ þ a1PGP Xð Þ þ a0P þ χPVΩP XK ¼ nxþ1, nx þ nPð Þ
� �

:

8<
: (172)

Analogously using Proposal 5.1 we get the Kalman-Bucy filter Eqs:

_̂X ¼
aX̂ þ a1Gt þ a0 þ RλTv�1

g ½Z � λX̂ þ b2ζ
� �

xK ¼ 1, nx
� �

,

aP κ1X̂ þ κ0
� �þ a1PGP Xð Þ þ a0P þ RPλ

T
Pv

�1
gP ZP κ1X̂ þ κ0

� �þ b2PζP
� �g xK ¼ nxþ1, nx þ nPð Þ,

(

(173)

_R ¼ aRþ RaT þ vx � RλTv�1
g λR, (174)

_RP ¼ aPRP þ RPaTP þ vP � RPλ
T
Pv

�1
gP λPRP: (175)

Eqs. (154)–(157) define Proposal 5.5 for SOTES filter including subsystems accom-
panying LC production and personal taking part in production LC.

Remark 6.1. Analogously we get Eqs for SOTES filter including for financial
subsystem support and other subsystems.

Remark 6.2. Eqs. (173) and (174) are not connected and may be solved a priori.

7. Example

Let us consider the simple example illustratingmodeling the influence of the SOTES-
N noise on rules and functional indexes of subsystems accompanying LC production, its
filtration and forecasting. System includes stocks of spare parts (SP), exploitation orga-
nization with park of MP and together with repair organization (Figure 1).

At initial time moment necessary supplement provides the required level of effec-
tive exploitation at time period 0,T½ �. Let consider processes in ASS connected with
one type of composite parts (CP) in number NT . During park exploitation CP failures
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appears. Non-repaired CP are or repaired again and returned into exploitation or
whiting off. If the level of park readiness in exploitation is less the critical the repaired
MP are taken from stocks.

In graph (Figure 1) the following notations are used: (1) being in stocks in number
X1, (2) exploitation in number X2, (3) repair in number X3, (4) witting off in number
X4. Using Figure 2 we nx ¼ 4; transitions: 1 ! 2v ¼ 1 (for the Poisson stream ρ12X1);
2 ! 3� ρ23X2; 2 ! 4� ρ24X2; 3 ! 2; number of transitions is equal to np ¼ 4. As
index of efficiency we use the following coefficient of technical readiness [1, 2]:

Ktr Tð Þ ¼ 1
T

ðT

0

X2 τð Þdτ
NT

¼ 1
TNT

ðT

0

X2 τð Þdτ, (176)

where

NT ¼ X2 þ X3 þ X4 (177)

Being constant number of CP of park in exploitation.
Note that the influence of the SOTES-N on SOTES and SOTES-O is expressed in

the following way: system noise ζt as factor of report documentation distortion leads
to fictive underestimated KTR tð Þ. In case when relation

Figure 1.
After Sale system (ASS) for MP.

Figure 2.
Graph of production state.
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KTR tð Þ≥K ∗
TR tð Þ (178)

is breaked down (K
∗
TR tð Þ being critical of floating park level) stocks will give

necessary CP amount. So we receive the possibility to exclude defined CP amount
from turn over.

Finally let us consider filtering and forecasting algorithms of ASS processes for
exposition of noise ζt.

Solution.

1. For getting Eq for KTR tð Þ we assume X ∗
TR tð Þ ¼ KTR tð Þ and take into account

Eqs. (106)–(109). So have the following scalar Eqs:

_XTR tð Þ ¼ 1
TNT

X2 tð Þ,

_X1 ¼ �ρ12X1, _X2 ¼ ρ12X1 � ρ23 þ ρ24ð ÞX2, _X3 ¼ ρ23X2 � ρ32X3, _X4 ¼ ρ24X2:

(179)

In our case a1 ¼ a0 ¼ 0, VX ¼ 0 and Eq. (10.4) may be presented in vector form

_X ¼ aX (180)

where

a ¼

0 0 TNTð Þ�1 0 0

0 �ρ12 0 0 0

0 ρ12 � ρ23 þ ρ24ð Þ 0 0

0 0 ρ23 �ρ32 0

0 0 ρ24 0 0

2
6666664

3
7777775
: (181)

At practice the reported documentation is the complete of documents containing
SP demands from stock and acknowledgement SP documents. So noise ζt acts only if
its realization take part delivery and acquisition sides. This is the reason to name this
noise as system noise and carried out by group of persons.

2. For setting Eqs for electronic control system we use of the following type
Eq. (108)

_G ¼ qX þ ζ þ χgVΩ (182)

where VΩ ¼ VTRV1V2V3V4½ �T being noises with intensity vg; λ ¼ λTRλ1λ2λ3λ4½ �T
being ecoefficiency of measuring block. In scalar form Eq. (181) may be presented as

_GTR ¼ λTRXTR þ ζ þ VTR, _G1 ¼ λ1X1 þ V1, _G2 ¼ λ2X2 þ V2,
_G3 ¼ λ3X3 þ V3, _G4 ¼ λ4X4 þ V4:

(183)

3. Algorithm for noise ζt description depends on participants. In simple case we use
error

δXTR tð Þ ¼ XTR tð Þ � K ∗
TR tð Þ: (184)
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In this case we get lag in GTR measurement on variable ζt:

ζt ¼ b2 XTRð Þ∣XTR tð Þ � K ∗
TR∣: (185)

By the choice of coefficient b2 necessary time temp of documentation manipula-
tion may be realized.

4. Using Eqs of Proposals 5.1 and 5.2 we get the following matrix filtering Eqs for
system noise ζt on background of measuring noise VTR

_̂X ¼ aX̂ þ RλTv�1
g Z � λX̂ þ ζ

� �� �
, (186)

_R ¼ aRþ RaT � RλTv�1
g λR: (187)

at Z ¼ _G, ζ ¼ ζt 000½ �T.
R e m a r k 7.1. Realization of the described filtering solutions for internal noises

needs a priori information about basic OTES characteristics. So we need special
methods and algorithms.

5. Finally linear COFc is defined by Eqs. (137)–(104) for various forecasting times Δ.

R e m a r k 7.2. In case of SOTES with two subsystems using Eqs. (172)–(174) we
have the following Kalman-Bucy filter:

_̂X ¼
aX̂ þ RλTv�1

g Z � λX̂ þ ζ
� �� �

, XK ¼ 1, nx;

aP κ1X̂ þ κ0
� �þ RPλ

T
Pv

�1
gP ZP � λP κ1X̂ þ κ0

� �
ζP

� �� �
, XK ¼ nxt, nx þ nP,

(

where ζP being noise acting on the functional index of personal attendant
subsystem.

These results are included into experimental software tools for modeling and
forecasting of cost and readiness for parks of aircraft [1, 2].

8. Conclusion

For new generations of synergetical OTES (SOTES) methodological support for
approximate solution of probabilistic modeling and mean square and forecasting
filtering problems is generalized. Generalization is based on sub- and conditionally
optimal filtering. Special attention is paid to linear systems and linear systems with the
parametric white Gaussian noises.

Problems of optimal, sub- and conditionally optimal filtering and forecasting in
product and staff subsystems at the background noise in SOTES are considered.
Nowadays for highly available systems the problems of creation of basic systems
engineering principles, approaches and information technologies (IT) for SOTES from
modern spontaneous markets at the background inertially going world economics
crisis, weakening global market relations at conditions of competition and counterac-
tion reinforcement is very important. Big enterprises need IT due to essential local and
systematic economic loss. It is necessary to form general approaches for stochastic
processes (StP) and parameters estimation (filtering, identification, calibration etc) in
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SOTES at the background noises. Special observation SOTES (SOTES-O) with own
organization-product resources and internal noise as information from special SOTES
being enact noise (SOTES-N). Conception for SOTES structure for systems of techni-
cal, staff and financial support is developed. Linear, linear with parametric noises and
nonlinear stochastic (discrete and hybrid) equations describing organization-
production block (OPB) for three types of SOTES with their planning-economical
estimating divisions are worked out. SOTES-O is described by two interconnected
subsystems: state SOTES sensor and OPB supporting sensor with necessary resources.
After short survey of modern modeling, sub- and conditionally optimal filtering and
forecasting basic algorithms and IT for typical SOTES are given.

Influence of OTES-N noise on rules and functional indexes of subsystems accom-
panying life cycle production, its filtration and forecasting is considered.

Experimental software tools for modeling and forecasting of cost and technical
readiness for parks of aircraft is developed.

Now we are developing presented results on the basis of cognitive approaches [12].
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Chapter 4

Probabilistic Predictive Modelling
for Complex System Risk
Assessments
Andrey Kostogryzov, Nikolay Makhutov, Andrey Nistratov
and Georgy Reznikov

Abstract

The risks assessment is described by the action of estimating the probability dis-
tribution functions of possible successes or failures of a system during a given predic-
tion period. Typical probabilistic predictive models and methods for solving risks
prediction problems are described, and their classification is given. Priority develop-
ment directions for risks prediction in standard system processes and their imple-
mentation procedures are proposed. The reported examples demonstrate the effects
and interpretation of the predictive results obtained. Notes: 1. System is a combination
of interacting elements organized to achieve one or more stated purposes (according
to ISO/IEC/IEEE 15288 “Systems and software engineering—System life cycle pro-
cesses”). 2. Risk is defined as the effect of uncertainty on objectives considering
consequences. An effect is a deviation from the expected — positive and/or negative
(according to ISO Guide 73).

Keywords: prediction, method, model, probability, risk

1. Introduction

Systems are subject to various risks throughout their life cycles despite their suc-
cessful design and effective operation. That is why mathematics and system perfor-
mance prediction have been closely interrelated since the ancient times. There is no
doubt in the design and the maintenance of the world-famous wonders, astonish
modern man. The preservation of these wonders was entirely based on predictive
methods using existing mathematical approaches by that time. With the advent of
probability theory, this relationship has become even closer. Currently, various clas-
sical mathematics and probabilistic methods are often used to solve complex engi-
neering problems.

If for the layman probability is still associated with divination on daisies, then for
specialists these methods have long become powerful tools in predicting success or
failure, proactive management, and achieving the desired effects. Risk predictive
assessments are practiced in various industrial sectors, for example, fuel and energy,
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pharmaceutical, mining, metallurgical, chemical, communication and information,
dispatch centers, etc. [1–32]. Hundreds of universities and other scientific
organizations are involved in probabilistic research activities connected to risk pre-
diction. By now it is possible to clearly trace the activities chain in a predictive
approach: “From uncertainties formalization � to probabilistic modelling”, “From
probabilistic modelling � to reasonable control”, “From reasonable control � to
achievable effects” and “From achievable effects �to sustainable harmony”. It means
that predictive probabilistic concepts meet the main analytical challenges in the
eternal aspirations to go from uncertainties formalization” to “sustainable harmony”,
see Figure 1.

Thousands of mathematicians are currently involved in risk prediction R&D
activities. It is unfortunately impossible to mention all the running developments.
This chapter will focus on:

• some generalizations and thoughts regarding the variety of the existing risk
prediction probabilistic approaches;

• the formulation of the goals and objectives of the probabilistic methods
throughout the life cycle of various systems;

Figure 1.
The eternal aspirations: “From uncertainties formalization�to sustainable harmony.”
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• the description of the general risk prediction probabilistic approach;

• the essence of the probabilistic concepts considering the acceptable risk notion;

• some original probabilistic models;

• the analytical methods of risks integrating for standard processes;

• some optimization problem statements for rational proactive actions;

• some examples of practical applications (illustrating some scientific and technical
possibilities for solving real engineering problems);

• the expected achievable effects.

2. Goals and objectives

In general, risk prediction is associated with the achievement of pragmatic goals
and solving the analytical problems of systems rational concept (conceptual design),
development, utilization, and support. Pragmatic system goals may be:

• improving the efficiency of the implementation of the state and/or corporate
strategy in the economy;

• improving the safety and sustainability of the region’s development,
ensuring socio-economic, pharmaceutical, medical, and biological safety of the
region;

• ensuring the protection of the population and territories from natural and man-
made risks, etc.

In turn, the following objectives require risk predictive capabilities:

• to predict the mean residual time before the next operational abnormality;

• to ensure the effective operation and development of complex engineering,
energy, transport, and communication systems;

• to ensure the security of critical infrastructure, information, and information-
psychological security;

• to ensure energy and industrial safety, technical diagnostics and resource
management for critical facilities and systems;

• to ensure the safety of railway, aviation and water transport;

• to develop critical technologies (for example, information and cognitive
technologies; energy technologies of the future; technologies for monitoring and
predicting the state of the environment and equipment; technologies for
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exploration and development of mineral deposits and their extraction; and
technologies for preventing and eliminating natural and technogenic hazards), etc.

A review of the numerous existing mathematical approaches allows us to make the
following generalization �the main goals of applying probabilistic prediction are
connected with (see Figure 2):

• an analysis of opportunities, achievable quality, safety and efficiency;

• a rationale for achieving desirable characteristics and acceptable conditions;

• an optimization of systems performance and processes;

• exploring new ideas and innovative concepts.

The enlarged classification of methods, using the probabilistic risk predictive
models (including the proposed models), is presented in Table 1. These methods are
used for solving various objectives during system life cycle.

Figure 2.
Generalization of goals and objectives throughout the system’s life cycle that require risk probabilistic-predictive
models.
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3. Conceptual probabilistic-predictive approach

The solution of problems in the system life cycle [6–8, 9, 14] is considered by the
example of a complex system, designated as (S-N-T)-system and covering: social
sphere S (person, society, state and world community); natural sphere N (earth and
space); techno-sphere T (man-made infrastructures and life support facilities).

In general, solving problems using a probabilistic-predictive approach includes:

• obtaining new knowledge about the fundamental laws of the operation and
development of (S-N-T)-system in time and defining the probabilistic
expressions and their parameters;

• formation of specific goals, concepts, and conditions in the system life cycle
(with the construction of fault trees and event trees, as well as risk matrices for
infrastructures and facilities), operation (including quality assurance, safety,
efficiency) and development and their integration (taking into account certain
priorities) for each of these areas (S, N, T) and (S-N-T)-system as a whole;

• rationalizing and building scientifically based predictions of the (S-N-T)-system
development, as well as each of the constituent spheres (S, N, T), to achieve
certain goals during the life cycle and to retain the critical parameters and
measures within acceptable limits;

• rationalizing means, methods, and technologies for sustainable development of
the (S-N-T)-system based on new knowledge and reasonable predictions;

• planning of rational (S-N-T)-system process management taking into account
feedbacks;

• practical implementation and control (on-line and off-line) of the predictions
and plans fulfillment for the operation and sustainable development of the
(S-N-T) system, taking into account social, natural, and man-made hazard-
exposure uncertainties.

When planning and implementing these actions, the following should be taken
into account:

• the complexity and uncertainty of (S-N-T)-system probabilistic-predictive
models, many challenges and threats leading to a deterioration of the system
integrity, the effects of damaging factors, and the decrease in the survivability of
the system;

• the time dependence of interrelations between spheres and components of the
system, subsystems and significant elements, vulnerabilities and admissible
limits for the (S-N-T)-system states in the conditions of possible challenges and
threats;

• the need to categorize and classify (S-N-T)-system according to the level of
importance and criticality in order to achieve goals throughout the life cycle and
to retain critical parameters and measures within acceptable limits.
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The random time variables τ considered in the predicted risk R τ, tð Þ does simulta-
neously take into account the probabilities P τ, tð Þ of the threats’ occurrence and
activation, and also the associated damages U τ, tð Þ. For example, the random time
variable τ may be defined as the time between successive losses of element integrity
(see details in sections 4 and 5). Here the prediction period t (which in general is also
subject to justification) is dependent on the basic measures, designed to characterize
the uncertainties and complexity of (S-N-T)-system, and conditions for solving the
analytical problems.

The source of risks regarding the (S-N-T) system has been and remains: human
(human factor); nature with its own range of threats; and techno-sphere with its
inherent hazards. They are the determinants of the reliability (including aging and
degradation of technical means), other quality measures (including the quality of the
information used), and the safety and efficiency of the system. This makes it possible
to determine risk as functionals:

R τ, tð Þ ¼ F P τ, tð Þ, U τ, tð Þf g ¼ F RS τ, tð Þ, RN τ, tð Þ, RT τ, tð Þf g:

In practice, risks are estimated by the dimensionless probability of an elementary
event during a period of time, comparing possible damage to it, or by the probabilistic
expectation of damage (as the probabilistic multiplication of the possible damage on
the probability of damage), or by the frequency of damage, etc. In turn, the magni-
tude of damages can be estimated in economic indicators (financial), areas of con-
tamination, losses in case of accidents, etc.

For example, formalization of such limitations may be presented as follows:

R τ, tð Þ≤Radm τ, tð Þ,Radm τ, tð Þ≻0:

Then a safety S τ, tð Þ for (S-N-T)-system can be expressed in terms of risks:
S τ, tð Þ≤Radm τ, tð Þ � R τ, tð Þ. Safety is maintained if and only if S τ, tð Þ ≥0.

To ensure that the quality, safety and sustainable development of the (S-N-T)-
system are in the acceptable risk zones. Thus, it is necessary to implement a set of
actions with the economic costs expected to reduce risks to an acceptable level.

Examples of the applicability of this approach are proved in many industrial
sectors such as nuclear, thermal and hydraulic power plants; the largest installations of
oil and gas chemistry; the unique space station, aviation, sea and land transport; large-
scale offshore energy resources development facilities [7], etc.

4. The essence of probabilistic concepts

The risk predictive approaches, used by system analysts, are based on classical
probability theory. Generally, a probabilistic space (Ω, B, P) should be created per
system (see for example [1–6, 9–14]), where: Ω – is a finite space of elementary
events; B – is a class of subspaces in Ω -space with the properties of σ-algebra; P – is a
probability measure on a space of elementary events Ω. Because Ω ¼ ωkf g is finite,
there is enough to establish a correspondence ωk ! pk ¼ P ωj ⊃j kjð Þ in which pk ≥0
and

P
kpk ¼ 1. Briefly, the initial formulas in mathematical form for original models

(which are used in practice) are given in Appendices A and B.
Note. Some cases of a limited space of elementary events see in Section 6. The

results of modelling are related only to introduced elementary events and specific
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interpretation, the results of the probabilistic prediction can not describe future exact
events (place, time and other detailed characteristics).

The next interconnected concepts 1�7 are proposed for probabilistic predictive
modelling.

Concept 1 is concerning the probability distribution function (PDF) P τ≤ tð Þ (see
for example [1–6, 9–14] etc.) for a continuous random variable of time τ. P τ≤ tð Þ is a
non-decreasing function P tð Þ whose value for a given point t ≥0 can be interpreted as
the probability that the value of the random variable τ is less or equal to the given time
t. Regarding risk prediction, the given time t indicates the prediction period. Addi-
tionally, P tð Þ ¼ 0 for t≤0, and P tð Þ ! 1 for t ! ∞. From a decision-making stand-
point, the problem is to determine the probability of system “success” and/or
“unsuccess” during the given prediction period Treq (for example, a risk of “failure”
considering consequences). This probability is a value for a point t = Treq, and a PDF is
due to be built for modelling the system’s operational states with the time.

Concept 2. The processes, connected with data processing should provide the
required system operational quality (because the system performs functions by
logical reasoning based on data processing). The corresponding probabilistic
methods should be appropriate for the assessment of the quality of the used
information [6–8, 9–14, 28–31].

Concept 3. The PDF should establish the analytical dependence between the input
parameters to allow solving direct and inverse problems necessary for the rational
management of the system operation. For example, the PDF P(t) describing the
random time τ between successive losses of integrity of a system may be an analytical
exponential approximation of a simple system element, i.e. P tð Þ ¼ 1� exp �λtð Þ,
where λ is the frequency of failures (losses of element integrity per unit of time). At the
same time, the frequency of failures may be considered as a sum of frequencies of
different types of failures because of various specific failure reasons—for example,
failure from equipment λ1, or from natural threats λ2, or from “human factor” λ3 and so
on. For this use case, PDF may be presented as P tð Þ ¼ 1� exp � λ1 þ λ2 þ λ3 þ …ð Þt½ �,
if and only if all the implied failures are independent. Then if the PDF P tð Þ is built
in dependence on different parameters and if an admissible probability level for
acceptable risk is given then the inverse problem may be solved analytically—see also
Section 7.

Notes. 1 System integrity is defined as such system state when system purposes are
achieved with the required quality. 2. The rationale for exponential approximation
choice in practice see for example in [6, 9, 14, 28–31].

Concept 4. Acceptable adequacy must be ensured. It means the consideration of
several essential system parameters on which “success” or “failure” of the system
operation is dependent. For example, today the way for risks prediction based on only
one parameter � frequency of failures λ � is common. For this case, the exponential
PDF can be used—see Figure 3. But the required acceptable adequacy is not always
proven.

For exponential approximation the frequency of failures λ is connected with the
hypothesis: “No failures during the given time with a probability less than the
given admissible probability Padm≻0”. This is always the case if the failure fre-
quency is constant with time. For this case, the given prediction time must be no
more than treq ¼ 1=λadm, here λadm ¼ � ln 1�Padmð Þ

treq
. That may not be often an accurate

engineering estimation because many systems’ capabilities and operation condi-
tions are ignored [9, 14]. In Figure 3, this case is explained on the timeline.
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For different approaches and discussions, devoted to adequacy, see for example
the work in [33]. In that case, the diagnostic approach to evaluate the predictive
performance is based on the paradigm of maximizing the sharpness of the predic-
tive distributions. After calibration, one obtains an assessment and ranking of the
probabilistic predictions of wind speed at the Stateline wind energy centre in the
US Pacific Northwest. In [34], the approach is illustrated by examples connected
with “human factors”. For specific systems, the topic of improving the adequacy of
the prediction will always remain relevant.

Concept 5. A complex system includes subsystems and/or components (system
elements), the probabilistic approach must allow a generation of probabilistic predic-
tive models to predict the system’s operational performance and its dependence on
different uncertainty conditions. In general, predictive models must consider system
complexity, the diagnostics of system’s integrity, the monitoring of the diagnostics,
the recovery from loss integrity of every system component and the quality of the
used information. The adequate PDF must be the output of the probabilistic-
predictive models (see also Appendix A).

Concept 6. The input for the probabilistic-predictive models must be based on real
and other possible data (subjective data, meta-data, etc.) considering the system
operational specifications and the supporting actions. These may be also hypothetical
data for research purposes.

Concept 7. The specific problems of optimization must be solved considering risks
prediction results (including optimization in real time). The given time for prediction
should be defined so to be in real system operation time to allow taking rational
proactive actions.

5. The description of some original probabilistic models

For modelling modern and future systems, taking into account their specifications,
it makes sense to distinguish between the intellectual part, where uncertainties are
associated with information gathering, processing and production for decision-
making, and the technical part, where there is no significant dependence on the high
quality of the current information.

Figure 3.
Probabilistic risk, approximated by a more adequate PDF P(t), in comparison with the existing representation
of exponential PDF (both connected with the same λ), and admissible risk, imaginary by exponential PDF,
connected with λadm.
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5.1 About system operational information quality

The created models [6–8, 9–14, 28–31] help to implement concepts 1 and 2. In
general, operational information quality is connected with requirements for reliable
and timely producing complete, valid and/or confidential information, if needed. The
gathered information is used for proper system specificity. The abstract view of such
quality is illustrated in Figure 4.

The proposed probabilistic predictive models to assess the information quality are
described in Appendix A. The models cover the predictive measures according to the
abstract information quality metrics in Figure 4. It may be applied for solving prob-
lems connected with decision-making on the base of information gathering,
processing and production.

5.2 About “black box” formalization to predict “failure” risks

The models below help to implement concepts 1, 3 and 4 [6, 9, 14–31]. In general,
successful system operation is connected with counteractions against various system
integrity loss hazards (of social, natural and technogenic origins) throughout system
operation timeline. There are considered two general technologies formalized to
predict “failure” risks. Both technologies are briefly described below.

Technology 1 is based on a periodic diagnostic of system integrity policy. It is
carried out to detect system functional abnormalities or degradations that may result
in a system loss of integrity. The system loss of integrity can be detected only as a
result of diagnostics. Dangerous influence on system is logically acted step-by-step: at
first, a danger source penetrates into system and then after its activation begins to
influence. System integrity can not be lost before penetrated danger source is
activated. A danger is considered to be realized only after danger source has
influenced on system.

Notes: 1. For example, for new steel structures, time before the appearance of
critical erosion from rust can be considered as the source penetration time, activation
time is the time before unacceptable structural damage occurs due to this rust. 2.
Regarding a degradation of technical system the input time of danger source penetra-
tion tends to zero. 3. For special research cases of cyberattacks the term “Loss of
Integrity” may be logically replaced by the term “functional abnormalities”.

Technology 2, additionally to technology 1, implies that system integrity is moni-
tored between diagnostics by operator. An operator may be a man or a special artificial

Figure 4.
The example of abstract information quality in the system.
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intelligence system or a system of support or their combination. The operator repairs
the system after having detected the loss of integrity hazard—see Figure 5.
Accordingly, the model assumption of operator’s faultless action can do the full
neutralization of the active hazard. Penetration is only possible if an operator makes
an error. A dangerous influence occurs if the danger is activated before the next
diagnostic. Otherwise, the source will be detected and neutralized during the next
diagnostic.

The probability of a successful operation within a given period of time, i.e.
the probability of “success” Pð Þ may be estimated using the models presented in
Appendix B. The risk to lose integrity Rð Þ is an addition to 1 of the probability of
successful operation, i.e. R ¼ 1� P considering consequences. Damage from the
consequences for the given period is taken into account as an additional characteristic
of the calculated probability.

5.3 Algorithm to generate probabilistic models for complex system

The algorithm helps to implement concepts 1 and 5 for complex systems with
parallel or serial structure [9–31] with the assumption of random variables indepen-
dence. Let us consider the elementary structure for two independent parallel or series
elements. Let us PDF of time between losses of the i-th element integrity is Bi tð Þ ¼
P τi ≤ tð Þ, then the time between successive integrity losses will be determined as
follows:

1. for a system composed of serial independent elements is equal to the minimum
of the two times τi: failure of 1st or 2nd elements. The PDF Bsys tð Þ is defined by
expression

Bsys tð Þ ¼ P ¼ 1� B1 tð Þ½ �∙ 1� B2 tð Þ½ �; (1)

Figure 5.
Some accident events for technology 2, left—successful (correct) operation, right—a lose of integrity during given
time Treq.
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2. for a system composed of parallel independent elements is equal to the maxi-
mum of the two timesτi, i.e. the system goes into the state of integrity loss when
both elements lose integrity. The PDF Bsys tð Þ is

Bsys tð Þ ¼ P ¼ 1� B1 tð Þ∙B2 tð Þ½ �: (2)

Applying expressions (1–2), the PDF of the time interval between successive losses
of integrity for any complex system with parallel and/or serial structure and their
combinations can be built. An example of a complex system integrating two serial
complex subsystems is presented in Figure 6, see also Examples 2�4. For this system
the following interpretation of elementary events is used: complex system integrating
serial components “structures 1 and 2” is in the state of “successful operation” during
a given period Treq if during this period component “structure 1” “AND” component
“structure 2” are in the state of “successful operation”. Note that both components are
in their turn complex subsystems including subsystems and components, as well.

6. Risks prediction for standard processes

6.1 About standard processes

All actions in the timeline may be characterized as the performance of some system
processes. The main system processes according to ISO/IEC/IEEE 15288 “System and

Figure 6.
An example of a complex system integrating two serial complex structures, which also are complex subsystems
(abstraction).
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software engineering—System life cycle processes” include 30 standard processes—
agreement processes (acquisition and supply processes), organizational project-
enabling processes (life cycle model management, infrastructure management, port-
folio management, human resource management, quality management and knowl-
edge management processes), technical management processes (project planning,
project assessment and control, decision management, risk management, configura-
tion management, information management, measurement and quality assurance
processes), technical processes (business or mission analysis, stakeholder needs and
requirements definition, system requirements definition, architecture definition,
design definition, system analysis, implementation, integration, verification, transi-
tion, validation, operation, maintenance and disposal processes).

The focus on standard processes is justified by the fact that the life cycle of any
complex system is woven from a variety of standard processes deployed in time, and
for them, possible purposes, outcomes and typical actions are defined. Considering
that for many critical systems, the potential damage and costs of eliminating the
consequences in the conditions of heterogeneous threats can exceed the costs of pre-
ventive measures by an order of magnitude, it is necessary to find effective solutions to
counter threats and ensure effective risk management for each of the processes
performed. Despite many works on risk management for different areas theproblems
of this chapter continue to be relevant (of course in practice developing new processes
may be considered, not only from ISO/IEC/IEEE 15288 standpoint).

6.2 The example about input for probabilistic modelling

The proposed practical way to input forming helps to implement concept 6 for
any monitored system (including real time system). For each critical parameter
(for which prognostic estimations are needed to do proactive actions) the ranges of
acceptable conditions can be established. The traced conditions of monitored
parameters are data on a timeline. For example, the ranges of possible values of
conditions may be established: “Working range within the norm”, “Out of
working range, but within the norm” and “Abnormality” for each traced separate
critical parameter. If the parameter ranges of acceptable conditions are not
established in explicit form, then for modelling purpose they may be impleaded
and can be expressed in the form of average time value. These time values are

Figure 7.
An example of universal ranges for data about events and conditions. Note. In general case, the ranges may be
established by subjective mode if a reasonable and objective one is impossible.
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used as input for probabilistic models (see Appendices A and B). For example,
for coal mine some of many dozens heterogeneous parameters may be compression,
temperature, etc. It may be interpreted similarly by light signals “green”, “yellow”

and “red” [18, 25, 28–31]—see Figure 7 and following Example 1.

6.3 The considerations

For the estimation of reliability of standard process performance, there may be two
cases to estimate the probabilistic measure: the case of observed repeatability and the
case of assumed repeatability of random events influencing reliability without the
consideration of additional specific threats (for example, threats to operational infor-
mation quality). For the estimation, the probabilistic measure repeatability of threats
activation is assumed. For estimation of the assumption of independence of events
connected with reliability of standard process performance and additional specific
threats activations (for example, threats to information security) is used.

6.4 The case of the observed repeatability

The inputs for calculations use statistical data according to some observed repeat-
ability. For standard process, the reliability of process performance and expected
results in time are required. Failure to perform the necessary actions of the process is a
threat of possible damage. From the different points of view, all varieties of the
standard process can be divided into K groups, K ≥ 1 (if necessary). Based on the use of
statistical data, the probability Ract k Tkð Þ of failure to perform the actions of the process
for the k-th group for a given time Tk is proposed to be calculated by the formula:

Ract k Tkð Þ ¼ Gfailure k Tkð Þ=Gk Tkð Þ, (3)

where Gfailure k Tkð Þ,Gk Tkð Þ—are accordingly the number of cases of failures when
performing the necessary actions of the process and the total quantity of necessary
actions from the k-th group to be performed in a given time Tk.

The probability Rrel Tð Þ of failure to perform the necessary actions of a standard
process without consideration of additional specific threats activations (for example,
threats to operational information quality) is proposed to be estimated for the option
when only those cases are taken into account for which the actions were not
performed properly (they are the real cause of the failure)

Rrel Tð Þ ¼ 1�
XK

k¼1

Wk 1� Ract k Tkð Þ½ � Ind αkð Þ=
XK

k¼1

Wk, (4)

where T is the specified total time for a process performance for the entire set of
actions from different groups, including all particular values Tk, taking into account
their overlaps; theWk is the number of actions taken into account from the k-th group
for multiple performances of the process.

For the k-th group, the requirement to perform the process actions using the
indicator function Indk αkð Þis taken into account

Ind αð Þ ¼ 1, ifthe specified requirements∧conditions are met, i:e:α is true,
0, otherwise, i:e:if the condition α is false:

�
(5)
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The condition α used in the indicator function is determined by the analysis of
different specific conditions, proper to the process. It is to allow take into account the
consequences associated with the failure of the process—see (3) and (4). Condition αk
means a set of conditions for all process actions required from the k-th group.

6.5 The case of the assumed repeatability

There may be recommended the models from Section 5 and Appendices A and B,
which do not exhaust the whole set of possible probabilistic models.

6.6 About estimation of generalized measure

The generalized probability Rgener Tð Þ of failure to perform standard process
considering additional specific threats Radd Tð Þ for the given period T may be
calculated by the formula:

Rgener Tð Þ ¼ 1� 1� Rrel Tð Þ½ � � 1� Radd Tð Þ½ �: (6)

Here the probabilistic measure Rgener Tð Þ of failure to perform reliable process
considering specific threats are estimated according to proposition of section 5,
subsections 6.1�6.5 and Appendices A and B considering the possible consequences.

6.7 Approach for risks integration from different processes

The integral risk of violation of the acceptable performance of standard processes
set is proposed to be evaluated depending on the real or hypothetical initial data
characterizing each process (see subsections 6.1–6.4), from the possible scenarios of
using each process during the given prediction period. The prediction period can
cover any period during the system life cycle, including at least 1 complete process of
each of the types involved in the specified set of standard processes in the scenario
under consideration. An example of the standard processes performed on the time
axis is shown in Figure 8. In general, the scenario of using standard processes i1, i2,… ,
ik is proposed to be determined by the real or hypothetical frequency of these

Figure 8.
An example of standard processes performed on the time axis.
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processes (taking into account the typical actions performed at the same time that
affect the time characteristics of the implementation of the processes). This approach
allows us to take into account such opportunities when one process can be part of the
work performed within other standard processes in the system lifecycle and, if
necessary, includes other processes.

The integral risk of violation of the acceptable performance of standard processes
set RÐ Tstatedð Þ for given prediction period Tstated is proposed to be estimated by the

formula

Rð Tstatedð Þ ¼ 1�
XI
i¼1

λi 1� Ri Tstated ið Þ∙ Ind αið Þ½ �f g=
XI
i¼1

λi, (7)

where λi is the expected frequency of execution of standard processes of the
i-th type for the prediction period. If the duration of the executed process can go
beyond the prediction period (which depends on the actions performed and their time
characteristics), this frequency can be a fractional number that characterizes the
number of executions of each type of process, greater than one;

Tstated i – the expected period specified in the source data for modeling for the
acceptable execution of standard type i process;

Tstated – the given prediction period that covers the duration of all the specified
periods Tstated i of each from standard processes involved in the scenario. The assump-
tion about a partially completed process that can start at the end of the prediction
period and not finish (if the total number of processes of each type is greater than
one) can be satisfied by setting the fractional value λi.

At the same time, the criterion for meeting the requirements and conditions (αi)
for each type of process, including the requirements for acceptable risks and damages,
is set using the indicator function (5).

Note. The expression (6) is a special case of expression (7).
The proposed in Section 6 models and methods are applicable for solving practical

problems related to risk prediction and the justification of effective proactive mea-
sures to reduce risks or their prevention within acceptable limits.

7. Optimization of problem statements for rationale proactive actions

The proposed optimization problem statements for rationale actions help to
implement concept 7. The matter is the metrics calculated in sections 5 and 6, in
the models from Appendixes A and B depend on many parameters. The values of
some parameters may be given and often variated within system life cycle. These
values of some parameters may be specified or selected to achieve pragmatic goals
and solve the different analytical problems of systems rational concept, develop-
ment, utilization and support (described in Section 2). They are impacting the values
of the estimated probabilistic risks. It means many optimization problems may be
solved by rationale proactive actions connected with providing rational values of
these parameters. For example, such parameters for optimization may be the dura-
tion of prediction period, parameters, impact on the information quality (see
Appendix A), system structure, for the compound components: time between the
end of diagnostic and the beginning of the next diagnostic, diagnostic time (see
Appendix B) etc.
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The proposed concepts 2�6 may be supported by the following typical optimiza-
tion problem statements for various systems [9, 14, 28–31]:

1.on the stages of the system conceptual design, development, production and
support: system parameters, software, technical and control measures (they are
described by a set Q of parameters, which may be optimized) are the most
rational for the given prediction period if the minimum of expenses Z(Q) can be
reached

Z Q rationalð Þ ¼ min
parameters of Q

Z Qð Þ, (8)

a. with limitations on probability of an admissible level of quality
Pquality Qð Þ ≥Padm and expenses for development, production, and support
C Qð Þ≤Cadm and under other development, operation or maintenance
conditions; or

b. with limitations on admissible risk to lose system integrity R Qð Þ≤Radm and
expenses for development, production and support C Qð Þ≤Cadm and under
other development, operation or maintenance conditions; or

c. with limitations based on a combination between 1a) and 1b);

2.utilization stage:

• System parameters, software, technical and control measures (Q) are the
most rational for the given period of system operation if the maximum of
the probability of successful operation can be reached

Pquality Q rationalð Þ ¼ max
parameters of Q

Pquality Qð Þ, (9)

a. with limitations on probability of an admissible level of quality
Pquality Qð Þ ≥Padm and expenses for operation C Qð Þ≤Cadm and under
other operation or maintenance conditions; or

b. with limitations on the admissible risk to lose system integrity
R Qð Þ≤Radm and expenses for operation C Qð Þ≤Cadm and under other
operation or maintenance conditions; or

c. with limitations based on a combination between 2.1a)and 2.1b);

• System parameters, software, technical and control measures (Q) are the
most rational for the given period of system operation if the minimum of the
risk to lose system integrity can be reached

R Q rationalð Þ ¼ min
parameters of Q

R Qð Þ, (10)

a. with limitations on the quality Pquality Qð Þ ≥Padm and expenses
C Qð Þ≤Cadm and under other operation or maintenance conditions; or
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b. with limitations on the admissible risk to lose system
integrityR Qð Þ≤Radm and expenses C Qð Þ≤Cadm and under other
operation or maintenance conditions; or

c. with limitations based on a combination between 2.2a) and 2.2b).

These statements may be retransformed into the other problems statements of
expenses minimization for different limitations.

In system life cycle, there may be a combination of these formal statements.
Note. There may be another applicable variants of optimization.

8. Examples

The applications of the proposed approach cover: the analysis of the reliability
of complex systems built from unreliable components; the estimation of the
expected reliability and safety for complex constructions and intelligent
manufacturing, the modelling of robotic and automated systems operating in cosmic
space, the optimization of a centralized heat supply system, the analysis of the
possibilities to keep “organism integrity” by continuous monitoring, the risk analysis
during longtime grain storage, the control of timeliness, the completeness and
validity of used information; the comparison between information security pro-
cesses in networks; resources management and predicting quality for information
systems operation; the estimation of human factor, the research of mutual monitor-
ing operators actions for transport systems, rational dispatching of a sequence of
heterogeneous repair works, the analysis of sea oil and gas systems vulnerabilities in
conditions of different threats, the development of recommendations to reduce risks
for the important land use planning (including Arctic region), the rationales of
preventive measures by using “smart systems” etc.—see [9, 14–31]. Here the
examples are intended to demonstrate some probabilistic risk prediction sectorial
applications.

8.1 Example 1 of predicting the mean residual time before the next parameter
abnormality

The example demonstrates system possibility on the base of solving the inverse
problem by models described in subsection 5.2 and Appendix B. The research results
are applied to rationale actions in real time for coal companies.

The conditions of parameters, traced by dispatcher intelligence centre, are data
about a condition before and after the current moment of time. But always the
scientifically justified predictions open new possibilities in the prevention of risks.
With the use of predicted residual time, the responsible staff (mechanics, technolo-
gists, engineers, etc.) can determine the admissible time for rational changing of
system operational regime to prevent negative events after expected parameter
abnormality. For monitored critical parameters, the probabilistic approach to predict
the mean residual time before the next parameter abnormality is proposed.

For every subsystem (element) monitored parameter, the ranges of possible values
of conditions are established—see Figures 7 and 9. The condition “Abnormality”
means system (element) integrity loss (it may simply mean “system failure” that
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includes also “functional failure”). To prevent the possible cross-border abnormalities
propagation, through the prediction of the residual time on the base of the data about
parameter condition fluctuations. Given that the information quality also is estimated
and provided (by using models from Appendix A).

The predicted residual time Tresid is the solution t0 of the following equation:

R Tpenetr, t, Tbetw, Tdiag, Treq:
� � ¼ Radm: Treq

� �
(11)

concerning of unknown parameter t, i.e. Tresid = t0.
Here R(Tpenetr, t, Tbetw, Tdiag, Treq.) is the risk to lose integrity, calculated

according to the model of Appendix B. Tpenetr is the probabilistic expectation of PDF
Ωpenetr (τ), defined by the transition statistical parameter from “green” to “yellow”—

see Figures 7 and 9. The other parameters Tbetw and Tdiag in (11) are known—see
Appendix B. The example explains a method to rationally estimate the value of
prediction time Treq.

The properties of the function R(Tpenetr, t, Tbetw, Tdiag, Treq.) are the next:

• if t increases from 0 to ∞, for the same another parameter, the function
R(… , t, … ) is monotonously decreasing from 1 to 0;

• if parameter Treq increases, from 0 to ∞ for the same another parameter, the
function R(… , Treq) is monotonously increasing from 0 to 1,i.e. for large Treq, the
risk approaches to 1. It means that the such maximal x exists when t = x and
Treq. = x and 0 < R(Tpenetr, x, Tbetw, Tdiag, x) < 1, i.e. the mean residual time

Figure 9.
Example of predicted residual time before the next parameter abnormality.
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before the next abnormality is equal to “x” with the confidence level of the
admissible risk R(Tpenetr, x, Tbetw, Tdiag, x). See details in [18].

The proposed ideas, probabilistic methods, models and justified normative
requirements are implemented in Russia at the level of the national standard for
system engineering—see for example GOST R 58494–2019 regarding the
multifunctional safety systems of the coal mines (in the part of a remote monitoring
system of critical industrial systems).

8.2 Examples related to socio-economic and pharmaceutical safety in a region

Examples 2�4 below demonstrate some analytical capabilities of the proposed
approach for infrastructure management process related to socio-economic and phar-
maceutical safety in a region of Russia. It concerns some problems in the creation and
application of enterprise (S-N-T)-system � the manufacturer of pharmaceuticals
denoted further as (S-N-T)-ESMP. Let the purposes of S-N-T-ESMP are to solve the
following tasks:

• for the development of socio-economic infrastructure (tasks of the 1st type):
ensuring the population with high-quality medications in a low-cost range (more
than a hundred items); providing the emergence of new jobs; increasing tax
revenues to the region; making profit from economic activities in the interests of
strengthening and expanding business and stakeholders satisfaction;

• for the development of production and transport infrastructure (tasks of the 2nd
type): ensuring strict compliance with the rules of production of good practice
(GMP); development of a laboratory complex for ensuring and controlling the
quality of products as part of microbiological, physical–chemical laboratories and
air-liquid chromatography laboratories; expansion of the composition of
manufacturers of substances and excipients, their suppliers and consumers of
finished products; increasing the stability of the parameters of the production
processes in order to ensure the reproducibility of the properties of finished
medications;

• for the development of information and communication infrastructure (tasks
of the 3rd type), providing the creation of an effective control system for
ensuring the safety and quality, information security, integration of the
enterprise into the state information system for monitoring the movement of
medications.

In relation to the mentioned tasks, which allows achieving the demonstration
goals of the examples, the application of methodological approach illustrates
predicting on probability level: the risk of failure to reliable perform system infra-
structure management process without consideration of specific abnormal impacts
(see example 2); the risk of unacceptable damage because of abnormal impacts; the
integral risk of failure to reliable perform system infrastructure management pro-
cess considering specific abnormal impacts (see example 4). Assuming the com-
mensurability of possible damages, a system analysis using probabilistic risk
measures is carried out in the examples.
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Taking into account possible damages, the objectives of risk prediction are formu-
lated as follows. In the conditions of existing uncertainty, to carry out: a quantitative
predicting of the risks of failure to reliable perform system infrastructure manage-
ment process without consideration of specific abnormal impacts; a quantitative
predicting of the risks of unacceptable damage because of abnormal impacts on (S-N-
T)-ESMP (both piecemeal for each type of infrastructure tasks and for the entire set of
tasks); identification of critical factors affecting risks; determination of such a period
in which guarantees of risks retention within admissible limits are maintained; a
quantitative predicting of the integral risk of failure to reliable perform system infra-
structure management process considering specific abnormal impacts.

Example 2. Here, the infrastructure model without consideration of specific
abnormal impacts is focused on a set of output results and assets for solving tasks of
the 1st, 2nd and 3rd types—see system structure in Figure 10. The following inter-
pretation is applicable: During the given prediction period, the modeled complex
structure is in an elementary state “the integrity of the infrastructure is maintained” if
an implementation of the system infrastructure management process is reliable to
solve the tasks “AND” for socio-economic, “AND” for production and transport
“AND” for information and communication infrastructure. Many possible threats
affecting the reliability of output results for each of the structural elements have been
identified. Without delving into the numerous technical aspects of setting and solving
the tasks of developing socio-economic, production and transport, information and
communication infrastructure in a region, Table 2 reflects hypothetical averaged
input data for research by the models (see sections 5, 6 and Appendix B considering
application of Appendix A models).

Figure 10.
The abstract complex structure for modelling (example 2).

Input for every element (see model in Appendix B) Values

for 1st
element

for 2nd
element

for 3rd
element

σ—frequency of the occurrences of potential threats 2 times in a
year

1 time in a
year

1 time in
a month

β—mean activation time of threats up to unacceptable damage 6 months 2 months 2 weeks

Tbetw � time between the end of diagnostics and the beginning
of the next diagnostics

1 week 1 week 1 hour

Tdiag � diagnostics time of element integrity 1 hour 1 hour 1 minute

Trecov � recovery time after integrity violation 3 days 1 week 30 minutes

T � given prediction period From 1 to 4 years

Table 2.
Input for probabilistic modelling (example 2).
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For modelling a period from 1 to 4 years was chosen because it is a typical period
for short- and medium-term plans according to an infrastructure project. Analysis of
the calculation results showed that in probabilistic terms the risk of failure to reliable
perform system infrastructure management process without consideration of specific
abnormal impacts for 2 years will be 0.282 totally for all elements (see Figure 11). In
turn, for 1 year the risk will not fall below 0.150 (see Figure 12), and for 4 years with
weekly diagnostics, the probabilities of “success” and “failure” will almost equal (0.51
vs. 0.49). In practice, such a level of risks is inadmissible, i.e. it is necessary to identify
the critical factors (affecting risks) and effective ways to reduce risks.

Additional calculations have shown that one of the critical factors is the parameter
“time between the end of diagnostics and the beginning of the next diagnostics” (that
can also be called “Mean Time Before Diagnosis-MTBD” because of “diagnostics time
of element integrity” is much less—see Table 2) for the 1st and 2nd elements (Tbetw).
Due to the management decision, expressed in changing the frequency of diagnostics
from weekly to daily and the adoption of the appropriate measures to counter threats,
with other conditions unchanged, it is possible to reduce risks several times. It is
enough to compare the risks in Figures 11 and 13. About 2.1-fold reduction in risk has
been achieved totally for all elements. That is, due to the most simply implemented

Figure 11.
The risks of failure to reliable perform system infrastructure management process without consideration of specific
abnormal impacts on elements 1�3 for 2 years (for weekly diagnostics).

Figure 12.
The dependence of total risk of failure to reliable perform system infrastructure management process without
consideration of specific abnormal impacts from duration of prediction period (for weekly diagnostics).
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organizational measures related to the introduction of more frequent diagnostics of
work on the development of socio-economic and production and transport infra-
structure, a significant risk reduction is achievable. This finding is the result of the
used models. Despite the high value of this logical finding for example conditions,
frequent diagnosis generates higher running costs and lower services supply capacity.
Diagnosis costs money and time. It should be considered in other optimization
problems (see Section 7).

For 1 year, the risk of failure of the infrastructure management process without
considering the specific abnormal impacts will be about 0.08 (see Figure 14). In turn,
as a result of the analysis of the risk dependence on the prediction period (from 1 to
4 years), it is additionally revealed that under the conditions of the example with daily
diagnostics the risk level of 0.10 will not be exceeded for 1.3 years. Accordingly, and
for infrastructure management process during development, focusing on admissible
risk at the level of 0.10, in the conditions of the example, guarantees risks prevention
within the admissible limits for about 1.3 years. Recommended measures to reduce
risks are to increase the stability of the mechanical properties of the critical areas of
structures, to timely carry on preventive and repair maintenance, to perform statisti-
cal analysis of emergency situations, and to predict critical unacceptable values of
critical parameters inherent in the unacceptable risks.

Figure 14.
The dependence of total risk of failure to reliable perform system infrastructure management process without
consideration of specific abnormal impacts from duration of prediction period (for daily diagnostics).

Figure 13.
The risks of failure to reliable perform system infrastructure management process without consideration of specific
abnormal impacts on elements for 2 years.
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Example 3. In contrast with Example 2, the model of specific abnormal impacts
covers a set of actions related to the maintenance of buildings and constructions
(element 1), ensuring the operation of engineering and technical systems (element 2),
ensuring the operation of engineering networks (element 3), solving development
problems of socio-economic infrastructure (element 4), production and transport
infrastructure (element 5) and information and communication infrastructure (ele-
ment 6)—see model on Figure 15. The following interpretation is applicable: during
the given prediction period, the modeled complex structure is in an elementary state
“the integrity of the system in case of abnormal impacts is maintained”, if all the
system elements are taken into account during the entire prediction period are in the
state “the integrity of the system element in case of specific abnormal impacts is
maintained”.

Figure 15.
The abstract complex structure for modelling specific abnormal impacts.
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Without delving into the numerous technical, engineering and functional aspects
of (S-N-T)-ESMP, Table 3 reflects hypothetical averaged input data for research by
models, described in sections 5�7, Appendices A, B and [1–7]. Input values for
element 1 consider additional factors leading to degradation and destruction of
techno-sphere systems (seismic, wind, snow, corrosion and other natural impacts).
For element 6, proper impacts may be from “human factor” and/or from “cyber
threats”. For elements 2�5, input values have usual explanation.

Analysis of the results showed that in probabilistic terms the risk of unacceptable
damage due to specific abnormal impacts for 2 years will be about 0.219 totally for all
elements (see Figure 16). In turn, for the predict for 4 years with daily monitoring of
the state of the engineering infrastructure of the (S-N-T)-ESMP (i.e. elements 1, 2, 3),
the risk of unacceptable damage from specific impacts for all elements 1�6 will be
about 0.39, and for the predict 1, this probability is about 0.12 (see Figure 17). In
general, the results are comparable with the results of Example 2 (Figures 18 and 19).

Moreover, due to the management decision, expressed in changing the frequency
of diagnostics from daily to 1 time every 8 hours it is possible to reduce total risk from
0.219 to 0.091 (see Figure 18). And owing to diagnostics every 8 hours the admissible
risk level of 0.10 will not be exceeded about 2.3 years (see Figure 19).

Example 4. In continuation of Examples 2 and 3, the integral probability
RÐ Tð Þ of failure of the infrastructure management process considering specific

system abnormal impacts for the prediction period T = 1 year is calculated using the
recommendations of Section 6. It depends on probabilities Rrel Tð Þ and Radd Tð Þ � see
formula (6). Considering that Rrel 1year

� �
= 0,08 and Radd 1year

� �
= 0,05,

Input for every element (see model in [1–7]) Elements Values

σ � frequency of the occurrences of potential threats Element 1 4 times a year

Element 2 2 times a year

Element 3 1 time in a year

Element 4 1 time in 2 years

Element 5 1 time in 2 years

Element 6 2 times a year

β � mean activation time of threats up to unacceptable damage For all elements 1–6 1 month

Tbetw � time between the end of diagnostics and the beginning
of the next diagnostics

Element 1 24 hours

Element 2 24 hours

Element 3 24 hours

Element 4 8 hours

Element 5 8 hours

Element 6 1 hour

Tdiag � diagnostics time of element integrity For all elements 1–6 30 seconds

Trecov � recovery time after integrity violation For all elements 1–6 10 minutes

T � given prediction period For all elements 1–6 From 1 to
4 years

Table 3.
Input for probabilistic modelling (example 3).
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Rð 1year
� � ¼ 1─ 1─0, 08ð Þ � 1─0, 05ð Þ≈0,126:

Interpretation: the integral risk for the prediction period of 1 year is about 0.126
considering possible damage. In general, such risk is considered elevated. It can be
considered acceptable only in exceptional cases when there are no real possibilities
of any counteraction to threats. As measures to improve the process, additional con-
trol systems for damaging natural factors, emergency protection systems for

Figure 16.
The risks of unacceptable damage because of specific abnormal impacts on elements 1–6 for 2 years (for daily
diagnostics).

Figure 17.
The dependence of total risk of unacceptable damage because of specific abnormal impacts on elements 1�6 from
duration of prediction period (for daily diagnostics).

Figure 18.
The risks of unacceptable damage because of abnormal impacts on elements 1–6 for 2 years (for diagnostics every
8 hours).
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techno-sphere systems, operators and personnel under extreme natural hazards, and
measures to increase safety against specific system threats (the sources of specific
abnormal impacts) can be used. Since such opportunities are far from being
exhausted, an additional search for measures to reduce the integral risk is necessary.
Decision-making on ways to reduce risks may be quantitatively justified using the
proposed models and methods.

8.3 What about the possible pragmatic effects?

In general pragmatic effects are connected with achieving pragmatic goals (see
Section 2). It may characterize the efficiency of the implementation of the state and/or
corporate strategy in the economy, effects from improving the safety and sustainabil-
ity of the region’s development, from ensuring the protection of the population and
territories from natural and man-made hazards, etc. For example, the authors of this
chapter took part in the creation of the complex of supporting technogenic safety in
the systems of oil and gas transportation and distribution and have been awarded for
it by the award of the Government of the Russian Federation in the field of a science
and technic. Through the Complex intellectual means, it is possible to detect remote-
sensing technology: vibrations, fire, flood, unauthorized access, hurricane; and to
recognize, identify and predict the development of extreme hazardous situations, and
to make decisions in real-time. The applications of this Complex for 200 objects in
several regions of Russia during the period 5 years have already provided economy
about 8,5 Billion Roubles (reached at the expense of effective risks prediction and
processes optimization [7]).

9. About directions for development

It is proposed to focus on scientific and technical efforts on the meta-level of
system engineering, which allows, by universal probabilistic models, to set and ana-
lytically solve the problems of rational development and efficient operation of com-
plex systems of various functionalities and purposes.

Figure 19.
The dependence of total risk of unacceptable damage because of abnormal impacts on elements 1�6 from duration
of prediction period (for diagnostics every 8 hours).
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The proposed prioritization of development directions for predicting are: 1 �
focusing on scientific and technical efforts on achieving the goals of ensuring the
required safety, quality, balanced effects, sustainable operation and development of
complex systems; 2 � providing capabilities for predicting and rational risk managing
in standard processes of the system life cycle, improving and accumulating knowl-
edge, patterns discovery; 3 � expansion of the functionality of the created models and
methods, software and technological and methodological solutions (for predicting and
rational risk managing) to all spheres of human activity, cross-application of knowl-
edge bases; 4 � transformation of the existing approach to the creation and use of
models and methods into artificial intelligence technology to support logical decision-
making (based on proactive research with traceability of logic from the idea to the
achieved effect).

The proposed steps to implement these directions are 1st step: from pragmatic
filtering of information ! to promising ideas and purposeful conceptions; 2nd step:
from promising ideas and purposeful conceptions ! to the formalization of uncer-
tainties; 3rd step: from the formalization of uncertainties ! to the knowledge of
patterns and logical solutions; 4th step: from the knowledge of patterns and logical
solutions ! to rational risk management; 5th step: from rational risk management !
to achieving the required safety, quality, balanced effects and sustainable operation
and development.

The expected results will equally be understood at the level of probabilistic risk
predictions, identically interpreted and comparable, the traceability of the
effectiveness of scientific and technical system efforts from the conceptions to the
results obtained will also be ensured. The purposeful aspirations “From uncertainties
formalization � to sustainable harmony” (see Section 1) may be really supported.

10. Conclusion

On the generalizations of goals and objectives throughout the system’s life cycle and
existing approaches to risks prediction, there are proposed main goals of applying prob-
abilistic methods. The goals of probabilistic concepts of risks prediction are connected
with: an analysis of opportunities, achievable quality, safety and efficiency; a rationale
for achieving desirable characteristics and acceptable conditions; an optimization of
systems and processes; and finding and developing new ideas and concepts.

The enlarged classification of probabilistic methods for solving various objectives
is explained for all stages of the system life cycle: concept, development, production,
utilization, support and retirement.

The conceptual approach, proposed to risk prediction, covers social sphere
(person, society, state and world community), natural sphere (earth and space) and
techno-sphere (man-made infrastructures and life support facilities).

The essence of the proposed probabilistic concepts of risks prediction for the
system is described on the level of probability distribution function. The described
methods of risks prediction for complex systems include probabilistic models,
methods for risks prediction and integration, optimization methods for rationale
actions and examples for solving the problems of system analysis and rationale
proactive actions in uncertain conditions. The achievable practical effects are
explained.

The prioritization of development directions for risk prediction in standard system
processes and targeted steps for their implementation are proposed. They support the
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purposeful aspirations “From uncertainties formalization � to sustainable harmony”
in application to the life cycle of various systems.

Appendix A. The recommended models to predict information system
operation quality

The proposed models are presented in Table A.1.

Appendix B. The models to predict risks for “Black box”

B.1. The model for technology 1 (“Black box”) � see 5.2, [9, 14, 15].
Input:
Ωpenetr tð Þ—is the PDF of time between neighboring influences for penetrating a

danger source;
Ωactiv tð Þ– is the PDF of activation time up to “accident event”;
Tbetw:—is time between the end of diagnostic and the beginning of the next

diagnostic,
Tdiag—is diagnostic time.
R ¼ 1� P considering consequences.
Variant 1— Treq: <Tbetw: þ Tdiag

� �
:

P 1ð Þ Treq:
� � ¼ 1�Ωpenetr ∗Ωactiv Treq:

� �
: (12)

Variant 2—the assigned period Treq: is more than or equals to an established period
between neighboring diagnostics Treq: ≥Tbetw: þ Tdiag

� �
:

measure a)

P 2ð Þ Treq:
� � ¼ N Tbetw: þ Tdiag

� �
=Treq:

� �
∙PN

1ð Þ Tbetw: þ Tdiag
� �þ Trmn=Treq:

� �
∙P 1ð Þ Trmnð Þ,

(13)

where N ¼ Tgiven= Tbetw: þ Tdiag
� �� �

is the integer part,

Trmn ¼ Tgiven �N Tbetw: þ Tdiag
� �

;

measure b)

P 2ð Þ Treq:
� � ¼ PN

1ð Þ Tbetw: þ Tdiag
� �

∙P 1ð Þ Trmnð Þ, (14)

where the probability of success within the given time P 1ð Þ Treq:
� �

is defined by (B.1).
B.2. The model for technology 2 (“Black box”)—see 5.2, [9, 14, 15].
Input:
Additionally to Input for technology 1: A tð Þ—is the PDF of time from the last finish

of diagnostic time up to the first operator error.
Evaluated measures:
Risk to lose system integrity Rð Þ. Probability of providing system integrity Pð Þ.
R ¼ 1� P considering consequences.
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For variant 1 Treq: <Tbetw: þ Tdiag
� �

: see (A.11).
For variant 2 Treq: ≥Tbetw: þ Tdiag

� �
: see (A.12), (A.13), and the same (B.2), (B.3).

Evaluated measures:
Risk to lose system integrity (R). Probability of providing system integrity (P).
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Chapter 5

A New Approach of Power
Transformations in Functional
Non-Parametric Temperature
Time Series
Haithem Taha Mohammed Ali
and Sameera Abdulsalam Othman

Abstract

In nonparametric analyses, many authors indicate that the kernel density functions
work well when the variable is close to the Gaussian shape. This chapter interest is on the
improvement the forecastability of the functional nonparametric time series by using a
new approach of the parametric power transformation. The choice of the power para-
meter in this approach is based on minimizing the mean integrated square error of kernel
estimation. Many authors have used this criterion in estimating density under the
assumption that the original data follow a known probability distribution. In this chapter,
the authors assumed that the original data were of unknown distribution and set the
theoretical framework to derive a criterion for estimating the power parameter and
proposed an application algorithm in two-time series of temperature monthly averages.

Keywords: functional non-parametric time series, power transformation, Kernel
density function, Mean Integrated Square Error

1. Introduction

One of the most common approaches for studying forecasting models is the
Nonparametric functional regression method, which has been successfully applied in
time series analysis. In this chapter, a new approach of power transformation is
proposed to improve time series prediction when using functional nonparametric
techniques. Although the nonparametric regression estimation under dependence is a
useful tool for forecasting in time series [1], the functional and nonparametric
approaches does not work well in certain circumstances.

Regarding the functional approach, The functional data (FD) analysis treats with the
observations as a functions [2] without the need for fully parametric and non-parametric
modeling conditions. In other words, FD analysis reduces the size of the data by clarify-
ing the correlations between a large number of variables by a small number of factors or
functions [3]. This transformation of the data structure into a linear combination of a
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few functions (curves) is equivalent to structural regression models. A number of useful
semi-metrics families can be used to measure the proximities between the curves of the
functional variables. One of these ways, for example, the Functional Principle Compo-
nents Analysis (FPCA) [4, 5]. In some data sets with the time dependence of observa-
tions, FPCA may lead to weak estimates and that this problem may be exacerbated in
some time series data sets especially those characterized by the presence of seasonal
changes [6] (See also [7] who pointed out that the standard PCA may not be the suitable
technique to apply when the data distribution is skewed or there are outliers).

As for the nonparametric approach to estimating kernel density functions (KDF)
or predictions in regression and time series models, although this approach is a
Distribution-Free method, the symmetricity of the data is an important issue in order
to obtain efficient estimators [8, 9].

As for time series and the goal of improving forecastability, it is known that the
time series data sets in practical applications are rarely adapted for statistical analysis
due to their instability in variance, trend, and seasonal variations [10].

Based on the aforementioned requirements of importance that precede the analysis
and inference in the functional nonparametric time series analysis, it can be said
that the power transformation (PT) provide a novel corrective framework of the
predictive modeling.

The rest of the chapter is organized as follows: The second section includes some
explanations and clarifications of some traditional approaches of PT and their uses in
KDF. In the third section, the authors present their proposal which contains a new
approach for Transforming of KDS. Section four includes the algorithm for applying
the proposed method. While the fifth section includes an applications of the proposed
method to two temperature time series datasets. Finally, the sixth section included the
conclusions and some future recommendations.

2. The traditional approaches of transformations in KDF

There is a long tradition of applying PT models in statistical applications. In 1952,
Finney [11] used the PT model Ψ Zð Þ ¼ Zλ when λ 6¼ 0 and Ψ Zð Þ ¼ log zð Þwhen λ ¼ 0,
where Z represents the original dose variable in the biological assay. The purpose of
using transformation in dose response relationship was to achieve the monotonous and
linear characteristics for the Intrinsically nonlinear models. In 1964, Box and Cox [12]
proposed the following general class of transformation of the response variable in the
multiple linear regression model,

Ψ Zð Þ ¼
Zλ � 1

λ
if λ 6¼ 0

log zð Þ if λ ¼ 0

8<
: (1)

to achieve a linear relationship with normality errors. In 1977, Tukey [13] describes
an orderly way of re-expressing variables using the following model in order to
preserve the order of the variable after the PT is used,

Ψ Zð Þ ¼
Zλ if λ>0
log zð Þ if λ ¼ 0
�Zλ if λ<0

8><
>:

(2)
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to make the relationship as close to a straight line as possible. As for the
nonparametric estimates, many authors refer to the usefulness of PT in reducing the
bias of KDF when the data is clearly skewed or heavy tailed [14], (For more details
see, [15–17]).

Regarding the transformation parameter estimation issues, most transformation
methodologies have a common analytical path, which is the choice of the PT model
and proposing an algorithm for estimating the power parameters in parallel with the
mechanisms of estimating traditional model parameters. As for the approach of
transforming the probability density function (PDF) of all or some model variables
before proposing an algorithm estimation, there are at least two common methodolo-
gies of data transformation. The first in chronological order is the Box Cox transfor-
mation (BCT) methodology of data transforming to normality of response variable in
parametric multiple regression models [12]. The common decision rule for selecting
power parameter estimator in this approach is the maximization of log likelihood
function of the PDF of original data. In some cases, the Bayesian estimating method is
used and many other methods included in the subject literature can also be used to
choose the transformation parameter. The second methodology is proposed by Wand,
Marron and Ruppert in 1991 [8] to transform the KDF to a symmetrical shape in
density function. In this methodology, the decision rule for selecting optimal estima-
tor of density power parameter is the minimization of the Mean Integrated Square
Error (MISE) of KDF estimator. Both transformation ways are used the distribution
approach of transformed data and therefor defining the original data distribution as a
"back-transformed" of change-of-variable technique. Mathematically, in the case of
the univariate random variable Z, Box and Cox [12] assumes that there exist a
parametric PT function ψ :ð Þ of the random variable Z such that ψ zð Þ ¼ Z λð Þ �
N μ, σ2
� �

under the assumption that the original data is of unknown distribution.
Therefore, the PDF of the original variable is given by,

fZ zð Þ ¼ fψ zð Þ ψ zið Þ; μ, σ2� �
:
dψ zð Þ
dzi

����
���� (3)

While the second methodology [8], Wand, Marron, and Ruppert assumes the
estimated KDF of the transformed variable ψ zð Þ that is close to the symmetrical shape
is given by,

fψ zð Þ ψ zð Þ; λð Þ ¼ fZ ψ�1 zð Þ� �
ψ�1� �0

ψ zð Þð Þ (4)

Such that the estimated KDF of the original variable Z is the back-transform of
(Eq. (4)) and given by,

f̂ z z;h, λð Þ ¼ n�1
X

ψ 0 zð Þkh ψ zð Þ � ψ Zið Þf g (5)

Where h is the bandwidth and the kernel K is a density. In brief terms, the first
methodology aims in the parametric models to improve the efficiency of the statistical
inference based on the data normality, and the second methodology aims to improve
the kernel estimator at least on the basis of symmetrical data. And in the same
context, the literatures recommend the use of transformations as long as they can
improve interpretation of effect sizes between variables [13] or given the fact that
model parameters are not easily interpreted in terms of the original response [14],
(For more details, see [15–17]).
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Now, assuming that U ¼ ψ zð Þ, The optimum value of the PT parameter λ is the
one that corresponds to the lowest possible value of MISE of the estimated density
(Eq. (5)) and given by,

MISEZ h, λð Þ ¼ E
ð

f̂ Z z;h, λð Þ � fZ zð Þ
n o2

dz (6)

Assume that the first and second derivatives of the function fZ zð Þ exist, as well as
that K1 ¼

Ð
Z2K Zð Þ dz, K2 ¼

Ð
K2 Zð Þ dz so

MISEZ h, λð Þ ¼ AMISEZ h, λð Þ þO h4 þ n�1h�1� �
(7)

Where:

AMISEZ h, λð Þ ¼ h4 K2
1=4

� � ð
ψ 0 ψ�1 uð Þ� �

f 00U u; λð Þ2duþ n�1h�1K2 E ψ 0 zð Þ (8)

and the minimized window width for any value of λ is given by,

h ∗
λ,z ¼

K2 E ψ 0 zð Þ
K2

1

ð
ψ 0 ψ�1 uð Þ� �

f 00U u; λð Þ2du

2
664

3
775

1=5

:n�1=5 (9)

and it contains less AMISEz :, λð Þ for each constant value of λ that equals,

Inf
h>0

AMISEz h, λð Þ ¼ 5=4ð Þ K1K2
2

� �2=5
Jz λð Þn�4=5 (10)

Where,

Jz λð Þ ¼ E ψ 0 zð Þf g4
ð
ψ 0 ψ�1 uð Þ� �

f 00U u; λð Þ2du
� �1=5

(11)

The last two equations (Eqs. (10) and (11)) represent a measure of the transfor-
mation’s ψ zð Þ influence on minimizing the error associated with estimating the func-
tion of the original data f̂ z :; h, λð Þ. Therefore, the optimal value of λ can be known as
the one that minimizes: Inf

h>0
AMISEz h, λð Þ.

By the same decision rules logic AMISEz h, λð Þ, derived from the density estima-
tion of the transformed variable Z, the optimal asymptotical window width for each λ
according to the original random variable is:

h∗
λ,u ¼ K2

K2
1 Ju λð Þn

" #1=5
(12)

Asymptotically, the optimal choice of λ minimizes

Inf
h>0

AMISEu h, λð Þ ¼ 5=4ð Þ K1K2
2

� �2=5
Ju λð Þn�4=5 (13)
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Where:

Ju λð Þ ¼
ð
f 00U u; λð Þ2du

� �1=5
(14)

In other words, it can be said that the minimization of Jz λð Þ and Ju λð Þ are the
sufficient condition to prove the optimization of λ since Eq. (11) and Eq. (14) repre-
sents the variable parts of Eq. (10) and Eq. (13) respectively.

Finally, the relationship between MISEu h, λð Þ and MISEz h, λð Þ can be determined
according to the equations:

MISEz h, λð Þ ¼ E
ð

f̂ u uð Þ � fu uð Þ
n o2

ψ 0 ψ�1 uð Þ� �
du (15)

MISEu h, λð Þ ¼ E
ð

f̂ z uð Þ � f z uð Þ
n o2

ψ�1Þ0 ψ zð Þf gdz: (16)

Both error functions yield the same results, whether in terms of the original
variable or of the transformed variable.

3. A new approach of transformations in KDS

Unlike BCT methodology, which assumes that the original data is of unknown
distribution, PTs’ in KDF estimation are used to shifted the random variables with a
known distribution into symmetric shapes to obtain an efficient kernel density esti-
mation. The statistical literature in nonparametric estimation suggested the use of
MISE indicator as a decision rule for power parameter estimation for a number of
distributions such as Lognormal [8, 18], gamma [8], Cauchy [9], Pareto [18] and
heavy-tailed distributions [19, 20].

Now, similar to the BCT approach, the primary hypothesis of the new approach
in this chapter is that the data do not have a definite distribution. We will use the
power transformation to transform the data to a normal shape and use MISE as a
decision rule to choose the optimal value of the power parameter. Later in the sections
4 and 5 we will use this approach in the functional nonparametric time series analysis.

Let us assume that we have the random variable Z with unknown distribution and
U ¼ ψ zð Þ represents a PT model. Let, for Finney transformation (FT), suppose U ¼ zλ

follows the normal distribution with mean μ and variance σ2. Therefore, according to the
Eq. (3), the PDF of the original variable Z is given by fZ zð Þ ¼ ψ 0 zð Þ fU ψ zið Þ; μ, σ2� �

.
In our proposed approach, the assumption of the normality of the transformed

data when the original data is of unknown distribution provides uncomplicated
options for estimating the power parameter so that Eq. (14) can be used as the
simplest alternative to Eq. (11). In our assumption, we have,

fU u; λð Þ ¼ 1ffiffiffiffiffiffiffiffiffiffi
2πσ2

p e
� u�μð Þ2

2σ2 ,U ∈ R (17)

So, the square of the second derivative of Eq. (17) is,

f 00 u; λð Þ2 ¼
ffiffiffiffiffiffiffiffiffiffi
2πσ2

p� ��2
exp

� u� μð Þ2
σ2

 !
1
σ4

þ�2
σ2

u� μð Þ2
σ4

þ u� μð Þ4
σ8

" #
(18)
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By inserting the integration factor, we get,
ð
f 00 u; λð Þ2du ¼ σ�8

ffiffiffiffiffiffiffiffiffiffi
2πσ2

p� ��1
ð
σ4

ffiffiffiffiffiffiffiffiffiffi
2πσ2

p� ��1
e
� u�μð Þ2

σ2 du
�

�
ð
2σ2 u� μð Þ2

ffiffiffiffiffiffiffiffiffiffi
2πσ2

p� ��1
e
� u�μð Þ2

σ2 du

þ
ð

u� μð Þ4
ffiffiffiffiffiffiffiffiffiffi
2πσ2

p� ��1
e
� u�μð Þ2

σ2 du
�

(19)

Assume σ2 ¼ 2δ2, then the first term of Eq. (19),

ð
σ4

1ffiffiffiffiffiffiffiffiffiffiffiffiffi
2π2δ2

p e
� u�μð Þ2

2δ2 du ¼ σ4ffiffiffi
2

p
ð

1ffiffiffiffiffiffiffiffiffiffi
2πδ2

p e
� u�μð Þ2

2δ2 du ¼ σ4ffiffiffi
2

p (20)

and the second term of Eq. (19),

ð
2σ2 u� μð Þ2

ffiffiffiffiffiffiffiffiffiffi
2πσ2

p� ��1
e
� u�μð Þ2

σ2 du ¼ 2σ2ffiffiffi
2

p
ð

u� μð Þ2
ffiffiffiffiffiffiffiffiffiffi
2πδ2

p� ��1
e
� u�μð Þ2

2δ2 du

¼ 2σ2ffiffiffi
2

p E U � μð Þ2 ¼ σ4
ffiffiffi
2

p
(21)

and the third term of Eq. (19),

ð
u� μð Þ4

ffiffiffiffiffiffiffiffiffiffi
2πσ2

p� ��1
e
� u�μð Þ2

σ2 du ¼ 1ffiffiffi
2

p
ð

u� μð Þ4
ffiffiffiffiffiffiffiffiffiffi
2πδ2

p� ��1
e
� u�μð Þ2

2δ2 du

¼ 1ffiffiffi
2

p E U � μð Þ4
(22)

by using the central moments equation of the real-valued random variable U,
E U � μð Þn ¼ E

Pn
j¼0C

n
j �1ð Þn�j Uj μn�j then,

E U � μð Þ4 ¼ E U4� �� 4 μ E U3� �þ 6 μ2E U2� �� 4 μ3 E Uð Þ þ μ4
� �

(23)

Based on the moments equation,
μk ¼ E Uk� �

, get,

E U � μð Þ4 ¼ μ4 � 4 μ3 μþ 6 μ2 μ
2 � 4 μ μ3 þ μ4 (24)

Substitute the three parts defined by Eq. (20), Eq. (21) and (Eq. (22) into
Eq. (19) get,

JU λð Þ ¼ 1
σ8

ffiffiffiffiffiffiffiffiffiffi
2πσ2

p� ��1 1ffiffiffi
2

p μ4 � 4μ3μþ 6μ2μ
2 � 4μμ3 þ μ4

� �� �
1=5

�
(25)

Eq. (25) is the end of the derivation. The optimal power parameter value is the one
that minimizes the value of JU λð Þ. In the practical application, the estimators of the
maximum likelihood method were used for the moments about zero μ̂k ¼Pn

i¼1u
k
i =n

and the central moments μ̂k ¼
P

ui � uð Þk=n.
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4. Proposed application algorithm

For the univariate time series {Zt, t ∈Rg, assume that the sample is divided
into pþ 1ð Þ) statistical samples of size n ¼ N � s� pþ 1ð Þ so that the time
series data set can be defined as a functional data Xi,Yið Þf gi¼1,::,n. The regression
model,

Y ¼ m Xð Þ þ ε (26)

represents the relationship between the smooth functional data m Xð Þ and scalar
response Yi ¼ Ziþs, i ¼ p, ⋯,N � s. The white noise ε is a sequence of independent
identically distributed functions in such E ε=Xð Þ ¼ 0. X1,X2, … :,Xn are identically
distributed as the functional random variable Xi ¼ Zi�pþ1, … ,Zi

� �
. Assume N ¼ nτ

for some n ϵ N and some τ >0 to get a statistical sample of curves Xi ¼
Z tð Þ, i� 1ð Þτ < t ≤ iτf g of size n� 1ð Þ and the response Yi ¼ Z iτ þ sð Þ, i ¼ 1, … ,n� 1

[5]. The kernel regression estimator evaluated at a given function m Xð Þ in Eq. (26) by:

m̂ Xð Þ ¼
Pn

i¼1YiK h�1 d X,Xið Þ� �
Pn

i¼1K h�1 d X,Xið Þ� � (27)

Where K is a kernel function and, h (depending on n) are a positive real bandwidth
and d X,Xið Þ denotes any semi-metric index of proximity between the observed
curves based on the functional principal components [5, 6, 21]. Many authors have
proposed a number of methods for measuring the proximity such as, the method of
FPCA in which, d X,Xið Þ is measuring by the square root of the quantity
Ð

Xi tð Þ �Xj tð Þ� �2dt or the quantity Ð X 2ð Þ
i tð Þ �X 2ð Þ

j tð Þ
� �2

dt (for more details, see

[4, 21–25]).
The application methodology includes estimating the smooth functional datam Xð Þ

in the regression equation Eq. (26) according to the kernel estimator Eq. (27)
after transforming the time series dataset. So, the following proposed application
algorithm of the nonparametric estimation of transformed functional time series
according to the proposed new approach for transforming the kernel density were as
follows:

Step 1: Choosing the common range Λ ¼ �3, 3f g for the power parameter λ
Step 2: Calculate the value of Jψ Zð Þ λð Þ according to Eq. (14).
Step 3: Transform the original response variable Z according the Finney [11] PT

model, Ψ Zð Þ ¼ Zλ when λ 6¼ 0 and BCT model Eq. (1) to get the explanatory func-
tional matrices Ψλ Xð Þ ¼ Ψλ zð Þ½ �nxτ (for more about the matrices file organizing in the
R program, see [5, 21]”.

Step 4: Redefining the functional data of the regression model Xi,Yið Þf gi¼1,::,n
so that the statistical sample of curves Xi ¼ Z tð Þ, i� 1ð Þτ < t ≤ iτf g is defined as
follows,

Ψλ Xið Þ ¼ Ψλ Z tð Þð Þ, i� 1ð Þτ < t≤ iτf g (28)

and the response Yi ¼ Z iτ þ sð Þ, i ¼ 1, … ,n� 1 is defined as follows,

Ψλ Yið Þ ¼ Ψλ Z iτ þ sð Þð Þ (29)
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Step 5: Defining the Eq. (28) and Eq. (29) in which τ equal the seasonal length.
Step 6: Estimate the explanatory function regression Ψλ Yið Þ ¼ m Ψλ Xð Þð Þ þ ε,

(where)

m̂ Ψλ Xð Þð Þ ¼
Pn

i¼1Ψλ Yið ÞK h�1 d Ψλ Xð Þ,Ψλ Xið Þð Þ� �
Pn

i¼1K h�1 d Ψλ Xð Þ,Ψλ Xiðð Þ� � (30)

by using the Nadaraya–Watson regression estimator for functional data.
Step 7: Perform the steps 2 through 6 for all λ∈Λ.
Step 8: Choose the optimal value that corresponds to the lowest value of JU λð Þ.
Step 9: Calculate the estimator of mean square errors of the last curve

MSE Xnð Þ ¼ 1=sð ÞPs
j¼1 ẑj � zj
� �2, where, ẑj and zj are the j-th estimated and real

values respectively in the last curve. ẑjvalues denoted to, they are computed from the
back transform of ψ zð Þ ¼ zλi .

Figure 1.
Plots of the monthly temperature averages series: (a) TSN; (b) TST [21].
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In all PT methodologies, the decision rule for choosing the optimal power param-
eter, always leads to what we might call the area of feasible solutions. For example, the
argumentative question in BCT is: Does the optimal parameter that results from
minimizing MLE method for the original response function achieve the normality of
the transformed variable in practice? The authors believe that this problem is due to
the nature of the data. In the proposed approach, the optimal power parameter that
corresponds to the lowest JU λð Þ, we have the challenge of complexity in the feasible
solutions area that we suppose to achieve: The transformed response normality in
practical application that provides quality conditions for both functional and non-
parametric analyzes approaches in nonstationary seasonal time series (For more see
[26, 27] that point to other challenges related to the use of PT and the quality of the
power parameter estimation).

5. Applications

The PT models indicated in the proposed application algorithm have been
applied to two examples of nonstationary time series of monthly temperature
averages [21]. The first has a size of 200 observations of Nineveh City in Iraq
(TSN) for the period 1976 to 2000 (Figure 1a). The second has a size of 300
observations of Tunisia (TST) of the period 1991 to 2015 (Figure 1b). R software
was used to analyze the data. The data is available at https://climateknowledgeporta
l.worldbank.org.

Figure 2.
The curves of the ordered pairs λ̂i, Ju λð Þ

� �
of the transformed responses of the two time series data sets using FT:

(a) TSN. (b) TST.
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Returning to the ideas of the of feasible solutions area, we must verify the
results of choosing the optimal PT value according to the proposed density
transformation approach and its contribution to achieving the analysis efficiency
requirements: the concavity of Ju λð Þ, the normality of the transformed response,
and the reduction of the prediction error in the functional nonparametric time
series analysis.

Mathematically, Ju λð Þ is a concave function, but a number of authors state
the possibility that there is no mini-point or is not unique [8, 18]. This
conclusion may depend on the success in choosing the appropriate PT model [20].
The plots in Figures 2 and 3 show the curves of the ordered pairs λi, Ju λð Þ� �

of
Eq. (14).

In Figure 2, it can be seen that the curves of the two time series data sets using
FT has a concavity point in the range �3,0ð Þ, while the Ju λð Þ values tends to zero in
which the curves fades towards the horizontal line in the range 0, 3ð Þ.

While when applying BCT, it becomes clear from Figure 3 that there is no point of
concavity in the curves of Ju λð Þ as its value goes to zero whenever the value of λ goes
to �3. Therefore, it is not possible to obtain an optimal value for λ.

As for the normality of the transformed data, Table 1 shows for the two examples,
that the response variable data in its original and transformed states are not normal.
Both optimal values of λ corresponding to the minimum values of Ju λð Þ did not shift
the data to the normal shape. But on the other hand, the improvement in the
forecastability of the two-time series was evident through the estimates of mean
square errors of the last curve (Table 2).

Figure 3.
The curves of the ordered pairs λ̂i, Ju λð Þ

� �
of the transformed responses of the two time series data sets using BCT:

(a) TSN. (b) TST.
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6. Conclusions

In the analysis of parametric and non-parametric time series, like any statistical
modeling process that requires the availability of certain conditions so that the
results of statistical inference are reliable, which contributes to improving the
forecastability.

Data is rarely ready for statistical analysis, which necessitates the use of power
transformation to improve the required output. In this chapter, power transformation
has been used with a new methodology to improve the outputs of the analysis with the
following three directions: time series, nonparametric estimation and functional anal-
ysis. Therefore, the authors faced the challenge of choosing the optimal power
parameter estimation method in accordance with the conditions of the feasible solu-
tions area for the three directions. Using MISE as a criterion for choosing the power
parameter in the proposed method did not achieve the normality of the data but it
enhanced the forcasetibility of the time series.

By applying the FT and BCT models, the first was applicable and fulfilled the
concavity condition for the transformation effect measurement function Ju λð Þ, while
the function curve was divergent at both ends of the power parameter range using the
second model.

In the future, we recommend developing the proposed methodology using other
transformation models and looking into the possibility of using it in other shapes of
time series.

Time Series Responses λ̂ p-value

K-Smirnov Sh.-Wilk

TSN Z tð Þ 1.0 0.0002 8.5E–7

Ψλ Z tð Þð Þ �0.4 2.2E–16 2.8E–6

TST Z tð Þ 1.0 2.0E–8 5.0E–11

Ψλ Z tð Þð Þ �0.6 2.2E–16 5.9E–10

Table 1.
The data normality tests of the original and transformed responses in the two examples using FT model.

Time Series Responses λ̂ MSEZ Xnð Þ

TSN Z tð Þ 1.0 1.7616

ψ̂�1 Z tð Þð Þ �0.4 0.9462

TST Z tð Þ 1.0 0.4303

ψ̂�1 Z tð Þð Þ �0.6 0.1994

Table 2.
The MSE estimates of the last curve Xn of the two-time series datasets.
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Chapter 6

Change Detection by Monitoring
Residuals from Time Series Models
Tom Burr and Kim Kaufeld

Abstract

Change detection in time series can be approached by fitting a model to the
no-change, ordinary background data and then monitoring time series of residuals,
where a residual is defined as residual = data – fit. In many applications, models that
fit time series data lead to residuals that exhibit no patterns unless the signal of
interest is present. Therefore, an effective signal or change detection approach is to
first fit a time series model to the background data without any signal and then
monitor the time series of residuals for evidence of the signal. This chapter briefly
reviews a few time series modeling options and then focuses on statistical tests for
monitoring residuals, including Page’s cumulative sum (cusum, a type of scan statis-
tic), the ordinary cumulative sum (cumsum), the matched filter (a version of the
Neyman-Pearson test statistic), and pattern tests, such as those used in quality con-
trol. Simulation and analytical approximation methods are recommended for studying
test behavior, as illustrated in three examples.

Keywords: time series models, residuals, scan statistics, cusum, matched filter

1. Introduction

This chapter’s focus is on change detection by monitoring residuals arising from
fitted models to time series data. The residual at time t is defined as rt ¼ xt � x̂t, where
x̂t is the predicted (estimated) value of the data xt. Large residuals or patterns in
residuals could indicate that some type of change has occurred compared to usual
behavior during the analysis period that was used to fit the model. For example, the
number of positive test results for a disease could show a sharp rise or decline com-
pared to the recent past, perhaps indicating that a signal of interest is present, such as
a more infectious strain emerging. As another example, assembly line productions
monitor product quality, such as the diameter of a machined part, which can drift due
to measurement effects and/or machining effects. Diameter drifting can lead to
detectable residual patterns, where the residual is the measured diameter—target
diameter. Prior to diameter drifting, the time series should vary randomly around a
mean value that is close to the target mean diameter. Therefore, time series fitting of
the “in control” process data simply requires estimation of the mean and standard
deviation of the measured diameter of each part. Other time series fitting options are
less simple.
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There are many types of time series, such as series of the unit or system failure
times in reliability data, series of new disease cases or deaths, series of measured
product quality, such as geometric dimensions in machined parts or salt content in
bags of chips. This chapter does not consider predicting the next failure time, the time
to the next spike in disease counts, or the time for the machined part mean dimension
to shift. Instead, the chapter focuses on monitoring for possible changes in the mean-
time to failure, changes in the distribution of disease counts, or machined part
dimensions. There are many applications in which a training period for model fitting
is assumed to define normal behavior, and then the testing period monitors for
various types of changes from the normal behavior, such as a shift to a different mean
value.

Figure 1 is a time series of n = 50 values that have mean 0 and standard deviation 1
(independently and identically distributed normal random values, denoted iid N(0,1)
in the figure caption) that exhibit no change in (a), a mean shift of 2 units on period 25
in (b) a mean shift of 2 units at time indices 26–30 in (c), and a mean shift at time
indices 26–50 in (d). The human brain/eye is reasonably effective at spotting such
changes but is vulnerable to being fooled by spurious patterns. Statistical methods,
some very simple and some less simple have been developed to detect changes of
interest, as this chapter explains.

Let x1, x2, … , xn denote a time series, which is a sequence of values at times
1, 2, … , n. Figure 2 plots an example simulated time series with n = 50.

An effective time series model leads to residuals that are approximately
independently and identically distributed (iid) [1, 2]. The residual at time t is defined

Figure 1.
Time series, iid N(0,1).
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as rt ¼ xt � x̂t, where x̂t is the predicted (estimated) value of xt. For example, f() could
be linear in the x’s, resulting in the well-known auto-regressive (AR) model,
f ðÞ ¼ ρ1xt�1 þ ρ2xt�2 þ … þ ρlAxt�lA or f() might be linear in both the x’s and an
underlying iid noise sequence e1, e2, … , en, resulting in the auto-regressive moving
average (ARMA) model f ðÞ ¼ ρ1xt�1 þ ρ2xt�2 þ … þ ρlAxt�lA þ θ1xt�1 þ θ2xt�2 þ … þ
θlMxt�lM where lA is the AR lag, and lM is the moving average (MA) lag [1, 2]. The lag-
one MA, AR, and ARMA models are given in (Eqs. (1)–(3)).

xt ¼ θ1et�1 þ et (1)

xt ¼ ρ1xt�1 þ et (2)

xt ¼ ρ1xt�1 þ θ1et�1 þ et (3)

Conditions on the magnitudes of θ and ρ ensure stationarity (constant mean and
variance over time). Often, time series can be transformed to stationarity by taking
first differences, as is commonly done in stock market price series [1, 2]. Of course, f()
might not be linear in prior x values or e values and in general could be an arbitrarily
complicated function, f xt�1, … , xt�lA , et�1, … , et�lMð ).

Figure 2 is simulated data from a lag one MA model, xt ¼ θ1et�1 þ et . Figure 3 is
the cumulative sum (cumsum, Ct ¼

Pt
i¼1xi) and Page’s cusum St with parameter k

(see [3] and examples 2 and 3) defined as.

St ¼ max 0, St�1 þ xi � kð (4)

for the data plotted in Figure 2 [3]. Because of the reset-to-0 feature of St if the
sum goes negative and because of the parameter k, Page’s St does not have the large
drift behavior that the cumulative sum does. Figure 4 is the estimated underlying
residual sequence and the actual underlying simulated residual sequence. Figure 5 is
the same as Figure 4 but plots the difference between the estimated and true resid-
uals. All plots and analyses are performed in R [4]. Statistical tests for changes in the
background due to signal are applied to estimated residuals, so alarm thresholds and
signal detection probabilities should be estimated using estimated residuals obtained
via simulation.

Figure 2.
Time series, MA(1) generated from iid N(0,1).
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Figure 3.
IID N(0,1) time series, cumulative sum, and Page’s Cusum.

Figure 4.
Estimated residuals for MA(1) from N(0,1) data.

Figure 5.
Same as Figure 4, but plotting the difference, residual-estimated residual.
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This chapter describes three change-detection examples. Example 1 monitors for
patterns of large residuals, such as a consecutive string of three residuals exceeding a
threshold. Example 2 monitors for excessive numbers of tweets in any of the 65
Florida counties. Example 3 monitors for nuclear material loss. Portions of Examples 1
and 3 have been published. Example 2 is entirely new.

2. Example 1: monitoring for patterns of large residuals

The Stein-Chen (SC) method approximates the probability density function (pdf)
that assigns probabilities to the number of times that a pattern such as It, Itþ1, Itþ2 ¼
1 0 1f g occurs, starting at position t in a binary time series of length n. In example 1,

the original time series that is converted to binary is assumed to consist of a sequence
of independent iid residuals that result from fitting any type of time series model.
Recently the SC method was shown to provide an accurate Poisson-based approxima-
tion and corresponding total variation distance bounds in a time series context [5].
The binary values.

I1, I2, I3, … , In are assumed to be independent and identically distributed with
constant probability p = P(Ii = 1). The probability p is the probability that the original
time series X exceeds a threshold, and the I notation denotes an indicator or binary
variable. As an aside, the SC method can also be applied if p is not constant over time,
but the independence assumption is difficult to avoid [5–10]. Any type of time series
model [1, 2] can be fit, and then the resulting residuals become the original series that
is thresholded to convert to binary; therefore, the application is quite general.
Figure 6 is the estimated residuals from Figure 4 but thresholded at 1.4 (values of 1.4
or larger are set to 1; values less than 1.4 are set to 0) to convert to binary.

Note that if 1 0 1f g is known to not occur, for example, starting at position t = 1,
then this information impacts the probability that 1 0 1f g occurs starting at position
t = 2 or t = 3, because the trials to obtain 1 0 1f gare overlapping and thus not
independent, so the Poisson distribution assumptions are not met. Nevertheless,
Ref. [5] showed that Poisson-based approximation (that is strictly correct only for
independent trials) can be remarkably accurate, and the SC method provides a bound
on the total variation distance between the true and approximate pdf.

Figure 6.
Binary version of the estimated residuals in Figure 3.
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Consider scanning for {1 x 1} with x = 0 or 1, with p = P(Ii = 1) being quite small,
such as 0.10 or less in a residual series of length n = 10. Then the probability of the
pattern {1 x 1} is pp = p2, and there are n – 2 = 8 possible starting locations for the
pattern in N = 10 trials. Because there are only 210 = 1024 possible patterns of 0s and
1s, all 1024 patterns could be listed, and the probabilities assigned to each set of 10
binary values that include {1 � 1} at least once could be summed to provide an exact
calculation. For larger values of n, this exact calculation is unwieldy, so an approxi-
mate method is desired, provided the approximation is highly accurate with provable
error bounds.

Start at index i = 1 and check whether {1 � 1} occurs in positions {1 2 3}, then start
at index i = 2 and check whether {1 � 1} occurs starting at index 2 in positions {2 3 4},
then start at index 3, etc. Note, for example, that if {1 � 1} occurs starting at position
i = 1, then the probability that {1 � 1} also occurs starting at index 3 is p. Clearly, there
is a small neighborhood of dependence around each starting index, as just illustrated.
This neighborhood of dependence violates the assumptions for a Poisson distribution
(as a limit distribution for a sequence of N Bernoulli trials, each with a small proba-
bility of success), but Ref. [6] shows that provided the dependence neighborhood is
modest, the Poisson distribution can still provide an excellent approximation to the
pdf defined on the number of times {1 � 1} occurs in a series of length N.

2.1 Stein-Chen method

The Poisson pdf with mean parameter λ ¼ N � 2ð Þpp provides an approximation Y
to the true pdf W for the number of times {1 � 1} occurs in a series of length n [5, 6].
The value n� 2ð Þ is used instead of n because the length 3 pattern could only be found
starting at index 1, 2, … , n� 2:

The quality of the Poisson(λÞ approximation can be measured by computing b1 and
b2, where b1 ¼

Pn
i¼1
P

j∈Ni
pip j, with Ni ¼ i� 2, i� 1, i, iþ 1, iþ 2f g being the

dependent neighborhood Ni of index i, and b2 ¼
Pn

i¼1
P

j,j0 ∈Ni
E I jI j0
� �

, where j 6¼ j0.
The term b3 is equal to 0 in Theorem 2 of Ref. [6] by the construction of Ni in this
example. Then, the total variation distance (TVD) satisfies.

dTVD Y,Wð Þ≤4 b1 þ b2ð Þ ¼ 4 n� 2, 9p2p þ 3ppp
� �

(5)

The TVD is a general distance measure between two pdfs. The TVD is defined here
as the maximum absolute difference between the probability assigned by Y and the
probability assigned by W to any specified subset of possible integer values. In the
current scanning context, the most important subset of possible values to consider is
the single value {0}, which would imply that the pattern {1 � 1} never occurred
(occurred 0 times) in the n� 2 overlapping trials. Then, the SC method, in this
context, uses the Poisson approximation to assign a value to P {0} and this method
ensures that the Poisson approximation to P{0} is quite accurate, as shown by the
numerical example below.

According to the Poisson approximation, P 1 x 1f g never occursð Þ = e�λ. For
example, using n ¼ 1000 and p ¼ 0:01, λ ¼ 998pp ¼ 0:0998, then e�λ= 0.905 is the
approximate probability that the pattern never occurs, with an SC-based bound of

4 n� 2ð Þ 9p2p þ 3ppp
� �

¼ 0:0123. Therefore, the maximum difference between the
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true probability defined by the Y random variable and the approximate probability
assigned to any subset of the possible number of occurrences of {1 � 1} defined by the
approximating W (Poisson random variable) is 0.01236. So, for example, if the
probability that 1� 1f g never occursð Þ ¼ e�λ ¼ 0:905, then the true probability of 0
occurrences of the pattern is between 0.89 and 0.92. Section 2.3 uses simulation to
confirm the quality of the SC approximation in Eq. (5) in this context.

Simulation can be used to closely approximate the true probabilities, but only for
moderate values of n. For example, in 106 repeated sets of n = 1000 Bernoulli trials
with p ¼ 0:01, then λ ¼ 998pp ¼ 0:0998, and e�λ = 0.905, the simulation-based P(0
occurrences of 1 x 1f g) = 0.907. The Poisson-based approximation gives 0.905 with a
SC-based TVD bound from Eq. (4) of 0.0123.

2.2 Summary

The SC method was described to approximate the pdf for the number of
occurrences of an example pattern in an independent binary time series. In scanning
for whether a pattern, such as {1 � 1}, occurs starting at index i, there are overlapping
tries to achieve the pattern, resulting in many non-independent trials consisting of the
values in three successive indices. As the time series length increases and the
probability p = P(Ii = 1) decreases, the SC method shows that the Poisson approxima-
tion is excellent, with a small total variation distance bound.

The SC bound does not seem to be commonly used; however, related references
are available [5–10]. For example, Ref. [7] applies the SC method to calculate
coincidence probabilities. References [8, 9] apply the SC method in different time
series contexts than considered here. To simplify the calculation of bivariate Poisson
moments, Ref. [10] applies the SC identity Xf Xð Þ ¼ μE f X þ 1Þð Þð , where X is a
Poisson(μ) random variable, E denotes expected value, and f () is any bounded
function defined on the nonnegative integers. The SC identity was used to develop the
SC approximation method used in Ref. [5] and the example above. Reference [5]
showed that the SC bound defends the use of the Poisson approximation in real
applications (as opposed to unwieldy combinatorial calculations for long time series),
and provides a small bound on the approximation error. Simulation and/or analytical
approximation are needed to estimate p = P(Ii = 1) to apply the Poisson approximation
and associated SC bound.

3. Example 2: monitoring for excessive numbers of tweets in 65 Florida
counties

3.1 Introduction

Example 2 analyzes two types of daily tweet counts. The first type of counts is
available from March 8, 2010, to December 31, 2015, in each of 65 Florida counties. In
the available data from 65 counties (instead of the full 67), Lafayette is merged with
Madison, and Liberty is merged with Gadsden; see Appendix 1. Such merging changes
the spatial resolution available to detect spatial–temporal outbreaks for the four rele-
vant counties. Reporting counts at the county (or merged county) level also changes
the available spatial resolution, compared, for example, to geo-tagged counts. The
second type of counts is time-tagged (to the nearest second) and geo-tagged (latitude
and longitude) tweets, not aggregated to county-level counts.

133

Change Detection by Monitoring Residuals from Time Series Models
DOI: http://dx.doi.org/10.5772/intechopen.103129



One approach to monitor any numerically-valued time series has two main steps—
(1) use training data to fit a model or models to the daily counts by county; and (2)
monitor the corresponding residuals during training and testing to detect departures
from the fitted model(s). For (1), effects such as day-of-week or time-of-year effects
with multiple seasonal trends could be present, so the model building should be
comprehensive, including assessment of simple exponentially weighted moving aver-
age (EWMA) models as well as models to fit trends and/or seasonal effects. For (2),
the anomalies of interest could arise in neighboring counties (such as a reaction to a
severe weather event such as a hurricane), and so could cluster in time and/or space.

3.2 Exploratory data analysis

Figure 7 is daily tweet counts from March 8 to December 31, 2010 (236 days) for
(a) Brevard, (b) Broward, (c) Duval, and (d) Flagler counties (4 of 65 counties). This
report addresses what types of models might fit these data, and options for monitoring
residuals from the fitted model(s).

Question 1: Is the distribution of daily counts stable or stationary? Stationary
means that, for example, the mean and variance of the counts is constant over time
[1, 2]. Informally, it appears that spiking occurs in Broward county and that a mean
shift occurs in Duval county. If the counts are not stationary, sometimes, for example,
the first differences in counts are at least approximately stationary, perhaps with
occasional spikes (Figure 8) [1, 2].

Question 2: Is the background (“training”) data such as the 2010 counts adequately
fit by a Poisson distribution [11–13]? Figure 9 plots the variance/mean ratio (which

Figure 7.
The daily tweet counts for four of 65 Florida counties from march 8 to December 31, 2010.
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should be approximately 1 for Poisson data) for each of the 65 counties. Hillsborough,
Miami-Dade, and Orange counties appear to be outliers. In view of Figure 9, question
2 is academic here, because it is not expected that a simple constant-mean Poisson
model will be adequate [11–13]. Figure 9 suggests non-Poisson behavior.

Figure 10 plots the daily number of tweets for Broward county and simulated
counts assuming a constant mean (equal to the mean of the Broward county counts)
Poisson model. Figure 10 also suggests non-Poisson behavior.

Figure 8.
The first differences in daily tweet count for four of 65 Florida counties from March 8 to December 31, 2010.

Figure 9.
The variance/mean for each of 65 Florida counties in 2010. The three largest variance/mean ratios are
Hillsborough, Miami-Dade, and Orange counties.
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In Figure 10, the largest simulated count is 11 (the mean count is 3.4) but 7 of the
236 real counts exceed 11, and 2 of those exceed 20. More formally, the 99th percentile
of the variance/mean ratio when sampling 236 observations from Poisson (3.4) is 1.23,

but s2
x ¼ 3:4 (Figure 8), where x ¼

Pn

i¼1
xi

n is the sample mean and s2 ¼
P236

i¼1
xi�xð Þ2

235 is the
sample variance. All analyses are performed using R [4]. Together, Figures 9 and 10
strongly suggest that a constant mean Poisson model is not adequate. Possibly, resid-
uals around a fitted model could display approximate Poisson behavior, or perhaps
another model such as the negative binomial for which variance/mean > 1 would be
more appropriate [11].

Figure 11 is the total counts overall 65 Florida counties for each year in 2010–2015.

Figure 12 is the autocorrelation function ACFi ¼ ρi ¼
Pn

j¼1
xi�xð Þ x j�i�xð ÞðffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiPn

j¼1
xi�xð Þ2

q (with a

minor adjustment to avoid negative indices [1]) using indices 1–117, prior to the large
drop at index 118 for the total Florida counts in 2015. The ACF is useful for selecting
possible models, such as those included in the class of ARMA models [1]. Modern
machine-learning (ML) methods can also be evaluated, typically using AR modeling
[1, 2, 12, 13]. An example of linear AR model is the lag one model xt ¼ μþ ρxt�1 þ et,
where μ is the long-term mean and the condition aj j< 1 ensures that the {xtg series is
stationary. The noise term is denoted et. An example of a linear MAmodel is in Eq. (1);
fitting an MA model requires estimating the noise sequence et [1, 2]. Figure 13 is (a)
simulated MA(1) data and (b) estimated residuals versus true residuals as was also
shown in Figures 4 and 5.

3.3 Model selection and fitting

Exploratory data analysis (EDA) indicates no significant correlations in the resid-
uals from the ARIMA(0,1,1) fit, so a simple MA(1) model could be competitive. The

Figure 10.
The daily number of tweets in Broward county from March 8 to December 31, 2010, real (top), and simulated
Poisson (bottom).
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exponentially weighted moving average (EWMA) fit leads to the same fits as an MA
(1) fit to the lag-one differences, which can be easily seen [1] as follows:

x̂t ¼ 1� λð Þx̂t�1 þ λxt�1 ¼ xt�1 þ 1� λð Þ xt�1 � x̂t�1ð Þ (6)

xt ¼ 1� λð Þet�1 þ et (7)

x̂t ¼ xt�1 � 1� λð Þet�1 (8)

The forecast x̂t in Eq. (6) from EWMA is the same as the forecast x̂t in Eq. (7) from
ARMA(0,1,1) which is an MA(1) after differencing [1, 2]. It should be pointed out
that Poisson EWMA control charts as described in Ref. [11] are designed to monitor

Figure 12.
The ACF for total Florida counts in 2015 over indices 1–117 before the large drop.

Figure 11.
The total counts overall 65 Florida counties for each year in 2010–2020,105.
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whether the Poisson mean μt is constant over time. In that case, μ̂t ¼ 1� λð Þμ̂t�1 þ
λxt�1 is monitored rather than monitoring residuals from a local fit to the time-varying
mean as in the twitter count monitoring.

The EWMA is among the simplest and most effective methods to forecast a time
series. However, anomalies that persist for more than one day will impact the EWMA
forecast in a manner that leads to reduced detection probability (DP) to detect the
anomaly. For example, suppose an anomaly persists for 5 days. The EWMA forecast
will be quite effective for day 1 of the anomaly, but the day 2 EWMA forecast will
tend to increase due to the elevated expected count on day 1; this increased forecast
leads to a reduced residual, thus reducing the DP.

Smooth fits using wavelets [13], EWMA [1, 2], and iterative bias reduction (IBR)
[14–16] have been compared on this data. Edge effects are present in the wavelet and
EWMA smoothers at the beginning of the data. The RMSE for wavelets, EWMA, and
IBR are 4.05, 3.33, and 3.58, respectively, so EWMA is the simplest and has the smallest
RMSE in this example. In data regions that have peaks, EWMA also performs accept-
ably well. The smoothing parameter λ in Eq. (6), x̂t ¼ 1� λð Þx̂t�1 þ λxt�1 can be chosen
by using a grid search in Ref. [0,1] to minimize the RMSE in the training data. It is not
unusual for EWMA to provide a competitive RMSE compared to other methods. As an
example, Figure 14 is the daily counts and the EWMA fit for Bay county counts.

Figure 15 is the residuals from the EWMA fit in Figure 14.
The standard deviation of the residuals in Figure 15 is 3.43 while the standard

deviation of the counts is 4.43. Figure 16 is the ACF of the residuals in Figure 15.

3.4 Monitoring residuals

One effective option to monitor residuals from a fitted model is Page’s statistic
applied in this case to residuals in a single county, or to sums of residuals from
neighborhoods of counties [17–20]. Reference [20] describes a scan statistic that spans
temporally and spatially. Reference [21] illustrates that if the temporal and/or spatial
spanning window is selected to provide maximum evidence of an anomaly, then the
false alarm probability can be undesirably large unless the variable spanning is taken
into account.

Figure 13.
(a) Simulated MA(1) data and (b) estimated residuals versus true residuals.
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To monitor for positive mean shifts due to anomalously-large count(s), Page’s
statistic applied to the residuals et ¼ xt � x̂t is defined in Eq. (4)
(St ¼ max 0, St�1 þ et � kð ÞÞ: The parameter k is chosen to have good DP for a specific
mean shift, but monitoring whether St ≥ h for threshold h can be effective for a range

Figure 14.
Daily counts and a smooth fit for bay county. The green “P’s” are local maxima in the smooth fit.

Figure 15.
Residuals e ¼ x� x̂ for the EWMA fit in Figure 14.

Figure 16.
ACF of the residuals in Figure 15.
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of values of k. For the Poisson distribution, by using the ratio of the likelihood under
the background mean μB to the shifted mean μS, the optimal value of k (leading to the
largest DP) is given by k ¼ μS�μB

ln μS
μB

� �. A statistical test based on the maximum of Page’s

statistic over an analysis window is equivalent to a statistical test based on a scan
statistic defined as max t,j

P j
i¼0 etþi � kf g over the analysis window.

Because the mean clearly changes over time in the background/training counts,
the approach taken here is to fit a model and monitor the residuals et that are scaled
to have variance 1, so k ¼ 0:5 is chosen on the assumption that the residuals are
symmetric around 0, and approximately normally distributed, so k ¼ 0:5 is optimal
(leads to the largest DP) for a mean shift of one standard deviation. However, k ¼ 0:5
can lead to large DPs for other mean shift magnitudes. Figure 17 plots Page’s statistic
applied to residuals from an EWMA fit for days 1–256 in 2012 in the first four counties
(alphabetically: Alachua, Baker, Bay, and Bradford). Figure 18 is similar to Figure 17,
but Page’s statistic is applied to the net residual in each county plus the residuals in all
the nearest-neighbor of each respective county.

To select a threshold (see Figure 19) for monitoring all 65 residuals (one from each
county) and all 65 residuals (one from each county including the neighboring
counties), the 0.95 or 0.99 quantiles of the distribution of the maximum of the 65 or
130 Page’s statistic values can be estimated (corresponding to a FAP or either 0.05 or
0.01 per analysis period (256 days in this example).

Figure 20 plots the DP for one-county-at-a-time monitoring and one-county-
plus-nearest-neighbors monitoring. The 65 Florida counties are mapped in Appendix
1, defining the neighborhood scheme. For example, the five neighbors of Brevard
county are Indian River, Orange, Osceola, Seminole, and Volusia. The nearest-
neighbor county DPs are slightly smaller than the one-county-at-a-time DPs because
the injected anomalies only impacted one county, and the alarm thresholds are slightly

Figure 17.
Page’s statistic versus day for Alachua, baker, bay, and Bradford.
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larger when monitoring both individual counties and individual plus nearest-neighbor
counties.

If the injected anomaly impacts all five neighbors of Brevard county then the DPs
are much larger than those in Figure 19. For example, the DPS are 0.36, 0.78, and 0.99
for a mean shift of 1, 2, or 3 standard deviations in each of the five neighbors.

Figure 18.
Page’s statistic versus day for Alachua, baker, bay, and Bradford and their respective nearest neighbors.

Figure 19.
The maximum value of Page’s statistic overall 65 counties (a) and overall 65 counties with residuals from the
respective county’s neighbors (b).
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Another Florida data set records each tweet to the nearest second by geo-location
in latitude and longitude for each of 3 days during 2017 (January 16, June 13, and
November 29). Figure 21 plots the log of the lag-one time differences,

log(Ti – Ti-1) for each of the 3 days (with the T values measured in seconds, but
the time unit is ignored in applying the log function). If the inter-arrival times
followed an exponential distribution with mean 1/γ, then Figure 20 would exhibit a
single peak, and the number of counts in any given time interval of duration t
would be distributed as Poisson(μ = γt). Clearly, the counts do not exhibit exponential
inter-arrival times, and the lag-one time differences between the tweets show
considerable similarity across the 3 days. The 3 days have a total of 8102, 6376, and
5839 counts, respectively.

The custom R function generate.data() can be extended to include seasonality
such as a single dominant peak per year if appropriate; however, typically more
than one local peak is present per year. For example, find peaks applied to the
IBR-based smooth finds an average of 4.9, 5.0,3.9, 4.8, 4.1, and 4.7 peaks (across all
65 counties) in years 2010, 2011, … , 2015, respectively. Simulated data from
generate.data() can be used to assess candidate fitting options and to estimate DPs
when synthetic anomaly effects are added. However, DP estimates tend to be too
optimistic if a data generator such as generate.data() does not include enough realistic
effects [18, 19].

Figure 20.
The DP versus the mean shift occurring on days 1–10 in Brevard county. The nearest-neighbor monitoring includes
both one-county-at-a-time and nearest neighbor monitoring.

Figure 21.
The probability density of log(Ti – Ti�1) for each of the 3 days.
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Model fitting includes both model selection and estimating parameters in the
selected models [13, 18, 19]. Recall that ARMA models are linear models but more
generally, for example, AR models such as xt ¼ f xt�1, xt�2, … , xt�p

� �þ et can be
linear in the previous x values or not. Multivariate adaptive regression with splines
(MARS) is a flexible nonlinear fitting option that was evaluated using the first
300 days to train and the next 300 days to gest for Brevard county counts. Although
the RMSE from MARS fits was 2.48 in training (EWMA has an RMSE of 2.78 in
training), the RMSE increased to 3.82 in testing (EWMA has an RMSE of 3.67 in
testing), so EWMA remains competitive. Bayesian additive regression trees (BART)
are another flexible option to fit AR models. The RMSE for BART (using gbart in R)
was 5.07, which is larger than the standard deviation of the daily counts in the testing
data (4.04).

Together with the time record of each tweet (to the nearest second), the latitude
and longitude provide an option to monitor for spatial and/or temporal clustering. If
there is no space–time clustering, then the event of being close in time is independent
of the event of being close in time. It is, therefore, possible to check for independence
by comparing the number of tweets that are close in space and time to the expected
number assuming independence. Arbitrarily defining close in time to be the 0.1
quantiles of all the pairs of time gaps between tweets (and defining close in space to be
the 0.1 quantiles of all the spatial distances between pairs of tweets), the 2-by-2 tallies
for January 16 is in Table 1.

The χ2test for independence strongly rejects the independence of space and time.
Alternatively, the latitude and longitude values can be randomly reordered, breaking
any true possible connection between space and time. The resulting test for indepen-
dence is then not expected to be rejected; however, as an aside, while the random
resorting of latitude and longitude reduced the 0.026–0.014, it turns out that 0.014 is
large enough to 0.01 in this example, that some type of discretization phenomenon
leads to this unexplained behavior. This same discretization phenomenon occurs for
other arbitrary definitions of close, such as the 0.05 or 0.2 quantiles instead of the 0.1
quantiles.

Time-tagged Twitter counts with geo-locations are also available for
Minnesota, Ohio, and Texas from January 01, 2016 to December 31, 2018
(1093 days with 3 missing days). Reference [19] provides plots of daily Twitter counts
for Minnesota, Ohio, and Texas. Decreasing trends are obvious in all three states, and
a t-test comparing the first 500 counts to the last 500 counts strongly rejects
stationarity.

Reference [19] provides historgrams of the daily counts for Minnesota, Ohio, and
Texas, respectively, along with simulated daily counts from a Poisson distribution
having that respective state’s mean count rate. The real data are much more dispersed
than a corresponding Poisson distribution.

Close in time (0.1 quantile) Not close in time

Close in space (0.1 quantile) 856,752 23,761,044

Not close in space 2,893,098 5,306,257

Table 1.
For the 8102 geo-located tweets on January 16, 2017, there are 8102*8101/2 = 32,817,151 comparisons (the
sum of the four entries in Table) of time and space. The expected number in the “close in time and space” cell is 0.1
� 0.1 � 32,817,151 = 328171.51, while the observed counts are 856,752 and 856,752/32817151 = 0.026,
which is statistically significantly larger than 0.01.
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3.5 Summary

Example 2 and Ref. [19] focused on monitoring residuals from simple EWMA fits.
Other possible fitting options, such as MARS or BART for autoregressive modeling are
described in Refs. [13, 18, 19]. If there were a more consistent seasonal peak, then
model fitting could appropriately include seasonal peak fitting as in Ref. [22] for
influenza forecasting. Another data source is Google’s flu query data (counts of google
searches that seek information about influenza symptoms) as a real-time option to
monitor for flu outbreaks [23]. It would be valuable to investigate why the google
flu data monitoring option has not been effective. Also, in monitoring for spatial–
temporal clustering, it was assumed that “close in space” and “close in time” were
defined arbitrarily at the 0.1 quantiles of their respective distributions. If instead
several possible quantile values were examined for statistical significance, and the
quantile choice leading to the highest evidence of clustering is used, then a simulation-
based method [21] could adjust for such maximal selection of statistical evidence of
clustering.

4. Example 3: monitoring for nuclear material loss

In nuclear material accounting (NMA), the material balance (MB) is defined as
MB = Ibegin + Tin � Tout � Iend, where Tin is transferred in; Tout is transferred out; Ibegin
is beginning inventory; and Iend is ending inventory [24–34]. All terms involve mea-
sured material, so the MB values should vary around 0 if there is no NM loss. The
measurement error standard deviation of the MB is denoted σMB. Typically, many
measurements are combined to estimate the terms Tin, Ibegin, Tout, and Iend in the MB;
therefore, the central limit effect and years of experience suggests that MBs in most
facilities will be approximately normally distributed with a mean equal to the true NM
loss μ and standard deviation σMB, which is expressed as X � N(μ,σMB), where X
denotes the MB. If the MB at a given time (“balance period”) exceeds k σMB with k in
the 2–3 range, then the NMA system “alarms.”

A sequence of n MBs is often assumed to have approximately a multivariate
normal distribution X ¼ X1, … ,Xn � N μ,Σð Þ, where the n-by-n covariance matrix

Σ ¼

σ21σ
2
12 … σ21n

σ221σ
2
2 … σ22n

…

σ2n1σ
2
n2 … σ2n

0
BBBB@

1
CCCCA
. Estimating Σ is often one of the most tedious steps in frequent

NMA (near real-time accounting, NRTA). A simplified example of estimating a
component of Σ using a model of a generic electrochemical facility with one input
stream, one output stream, and two inventory items is as follows. First, each individ-
ual measurement method is modeled with a measurement error model. A typical
model for multiplicative errors is Mij ¼ Ti 1þ Si þ Rij

� �
with Si � N 0, δ2S

� �
and Rij � N 0, δ2R

� �
, where the jth measurement results (often j = 1) Mij of item i, Ti

is the true value of item i, Rij is a random error of item i, Si is a short-term
systematic error for item i. Then, the error variance for the two inventory items is
σ2I ¼ T1 þ T2ð Þ2δ2S þ T2

1δ
2
R þ T2

2δ
2
R, just as one example [26–29, 34] of error modeling

and variance propagation used to estimate a component of Σ.
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In the early 1980s, some believed that a plant reporting an MB every 30 days would
have a larger detection probability (DP) than that same plant reporting an MB every
year (typically a facility is inventoried and cleanout out approximately once per
year). However, Ref. [27] then showed that for optimal (from the diverter’s
viewpoint, meaning that the DP is minimized) protracted diversion with the
per-period loss being proportional to the row sums of the covariance matrix, Σ of the
MB series, annual MB testing has larger DP than monthly mass balance testing.
Reference [27] dampened hopes that frequent NMA, referred to as NRTA,
would allow challenging diversion DP goals to be met. However, Ref. [27]
conceded that NRTA has shorter detection times and higher DPs against abrupt
diversion. Reference [27] showed that the best statistical test, the Neyman-Pearson

(NP)-based matched filter for the worse case loss with μ ∗
i ¼ K

Pn

j¼1
Σi,jPn

i¼1

Pb

j¼1
Σi,j

, is based on

the cumsum, Ct ¼
Pt

i¼1xi:
There are several reasons to apply statistical tests to a transformed sequence

defined as Yi ¼ Xi � E XijXi�1,Xi�2, … ,X1ð Þf g=~σi where E denotes the expectation

and the standard deviation ~σi of Xi � E Xi∣Xi�1,Xi�2, … ,X1ðf is ~σi ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
σ2ii � fΣ�1 f T

q

where f ¼ Σi,1 i�1ð Þ, the 1 to (i-1) entries in the ith row of Σ [2, 7]. From properties

of the MVN, each component Yi vector can be computed by calculating the
conditional mean E XijXi�1,Xi�2, … ,X1ð Þ ¼ fΣ�1

i�1Xi�1 where Σ�1
i�1 is the inverse of the

(i-1)-by-(i-1) matrix Σi�1 that corresponds to balance period 1 through period i-1. The
Cholesky factorization Σ ¼ LU leads to a more computationally efficient recursive
approach that avoids matrix inversion [28]. The transformed sequence Y ¼ L�1 X has
ΣY ¼ I, so Y is a residual time series.

This is a logistic advantage and a DP advantage to transform the X1,X2, … ,Xn time
series to the series of residuals Y1,Y2, … ,Yn known in NMA as the SITMUF (stan-
dardized, independently transformed material unaccounted for sequence, here MUF
is another term for the MB). The logistic advantage is that the SITMUF time series is
iid N(0,1) if the loss μ ¼ 0, so alarm thresholds depend only on the sequence length n
and the desired FAP. The DP advantage is a DP increase for many loss vectors arises
because the variance of the SITMUF sequence decreases over time, so particularly if a
diversion occurs late in the analysis period, the DP is larger for the Y sequence than for
the X sequence. Note that one cannot claim higher DP for the Y sequence than for the
X sequence in general, because the true loss scenario is never known, and the DP can
be larger for X than for Y for some loss scenarios. Modern NRTA systems use a suite of
several statistical tests, usually applied to the Y series.

Example DPs are plotted in Figures 22–24 (three different loss vectors for n = 16)
for these five tests: (1) SITMUF test, (2) Page’s test applied to the SITMUF series, (3)
CUMSUM test, (4) a combination of (1–3), and (5) the NP-based matched filter is also
useful to compute the largest possible DP for a specified loss. The alarm threshold h is
chosen so that the FAP per analysis period (usually one year) is 0.05 or whatever FAP
is specified. In Figures 22–24, the covariance matrix Σ from Ref. [34] has 1 on the
diagonal, �0.48 on the lag-one off diagonals, and 0.01 on all higher-lag off diagonals.
The loss 1 vector (Figure 21) is 0 on periods 1 to 5, constant on periods 6–10, then 0
on periods 11–16 (the nonzero entries summing to the quantity plotted on the hori-
zontal axis). The loss 2 vector (Figure 22) is all 0 except for an abrupt loss on period 6.
The loss 3 vector (Figure 23) is constant for all 16 periods.
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Figure 22.
DP versus the total mean shift (loss) for n = 16, for loss vector 1 (constant loss on periods 6 to 10).

Figure 23.
DP versus the total mean shift (loss) for n = 16, for loss vector 2 (abrupt loss on period 6).

Figure 24.
DP versus the total mean shift (loss) for n = 16, for loss vector 3 (constant loss).
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This example is concluded with two remarks.
Remark 1. Reference [24] showed that assuming the model X1, … ,Xn � N μ,Σð Þ

leads to larger DPs than fitting an ARMA model on training data for which it would
have to be assumed that the NM loss μ = 0 [31], provided Σ is well estimated. If Σ is
not well estimated, a Bayesian updating scheme to improve the estimate of Σ could be
used on training data for which the NM loss μ = 0 [35].

Remark 2. Figure 25 illustrates fixed-period testing and data-driven testing [29].
Some versions of NRTA use the most recent 1-year length sequences, so for n = 12
balance periods per year, the first evaluation period is months 1–12, the second
evaluation period is months 2–13, etc. This scheme allows for a statistical decision to
be made at every annual physical inventory, such as at months 12, 24, and 36. An
alternate scheme consisting of a hybrid of period-driven and data-driven testing is
described in Ref. [29], where it is pointed out that one should not simply truncate
sequential statistical tests at the time of the annual physical inventory because the
adversary could remove a portion of an SQ during year 1 and the remaining portion
during year 2. The scan statistic has the highest DP (0.95 in this case, verified by
simulation) if one knows that a loss will occur over a 12-month period with an
unknown start period (such as month 7). The scan statistic computes a moving sum of
months 1–12, 2–13, 3–14, etc.

5. Summary

This chapter has described three change-detection examples. Example 1 monitored
for patterns of large residuals, such as a consecutive string of three residuals exceeding
a threshold. Example 2 monitored for excessive numbers of tweets in any of the 65
Florida counties. Example 3 monitored for nuclear material loss. Portions of examples
1 and 3 have been published as cited in Refs. [5, 34]. Example 2 is entirely new. Page’s
statistic is generally recommended because of its reasonably large DP for a range of
change patterns, such as any of those in Figure 1.

Figure 25.
MB sequences over 36 months using fixed-period (annual) decision periods.
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Appendix 1: The Florida counties in example 2

> ctylist
[1] “alachua” “baker” “bay” “bradford”
[5] “brevard” “broward” “calhoun” “charlotte”
[9] “citrus” “clay” “collier” “columbia”
[13] “desoto” “dixie” “duval” “escambia”
[17] “flagler” “franklin” “gadsden” “gilchrist”
[21] “glades” “gulf” “hamilton” “hardee”
[25] “hendry” “hernando” “highlands” “hillsborough”
[29] “holmes” “indian river” “jackson” “jefferson”
[33] “lake” “lee” “leon” “levy”
[37] “madison” “manatee” “marion” “martin”
[41] “miami-dade” “modroe” “nassau” “okaloosa”
[45] “okeechobee” “orange” “osceola” “palm beach”
[49] “pasco” “pinellas” “polk” “putnam”

[53] “st. johns” “st. lucie” “santa rosa” “sarasota”
[57] “seminole” “sumter” “sumannee” “taylor”
[61] “union” “volusia” “wakulla” “walton”
[65] “washington”.

Figure A.1.
The 65 Florida countries. In the available data, liberty county is merged into Gadsden and Lafayatte county is
merged into Madison to reduce the 67 Florida counties to 65. Therefore, there are 65 identified regions (counties)
for which spatial and/or temporal residuals patterns can be monitored for change.
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Figure A.1 is the 67 Florida counties, and this data merged Liberty into Gadsden
and merged Lafayatte into Madison to reduce the 67 Florida counties to 65.

> ctynbrs[5,] # Brevard county: neighbors of Brevard county
[1] 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0
[38] 0 0 0 0 0 0 0 0 1 1 0 0 0 0 0 0 0 0 0 1 0 0 0 0 1 0 0 0.
ctylist[ctynbrs[5,]
> ctylist[as.logical(ctynbrs[5,])]
[1] “Indian river” “orange” “osceola” “seminole” “volusia”
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Chapter 7

Comparison of the Out-of-Sample
Forecast for Inflation Rates in
Nigeria Using ARIMA and
ARIMAX Models
Monday Osagie Adenomon and Felicia Oshuwalle Madu

Abstract

This book chapter compares the out-of-sample forecast for inflation rates in Nige-
ria using ARIMAX and ARIMA models. To achieve this, Annual Data on Exchange
Rate, Inflation Rate, Interest Rate and Unemployment Rate from 1981 to 2017 was
sourced from Central Bank of Nigeria (CBN). The analysis used data from 1981 to
2010 while 2011 to 2017 was used to valid the forecast from the ARIMA and ARIMAX
models. The preliminary analysis revealed that natural log transform of inflation rate
is normally distributed and stationary at first difference while Exchange Rate, Infla-
tion Rate, Interest Rate and Unemployment Rate were used as exogenous variables in
the ARIMAX models. The following models ARIMA(1,1,0), ARIMA(1,1,1), ARIMA
(0,1,1), ARIMAX(1,1,0), ARIMAX(1,1,1) and ARIMAX(0,1,1) were compared for
both in-sample and out-of-sample forecasts. Using the Root Mean Square Error
(RMSE) as selection criteria, ARIMAX(0,1,1) with RMSE of 0.6810 emerged as supe-
rior model for the in-sample forecast for forecasting inflation rate in Nigeria while
ARIMA(1,1,1) emerged as a superior model for the out-of-sample forecast for infla-
tion rate in Nigeria and its forecast for inflation revealed a negative growth in inflation
in Nigeria. This study therefore recommended ARIMA(1,1,1) model be used for out-
of-sample forecast for inflation rate in Nigeria.

Keywords: forecasting, inflation, ARIMA, ARIMAX, RMSE

1. Introduction

A time series can be considered as an ordered sequence of observations, of which the
ordering is through time [1]. The ordering could be equally spaced time interval or may
take other dimensions, such as space [2]. The applications of time series can be found in
engineering, geophysics, business, economics, medical studies, meteorology, quality
control, social sciences and agriculture. The list of the areas cannot be exhausted.

There are various objectives for studying time series. These include the under-
standing and description of the generated mechanism, the forecasting of future values
and optimum control of a system. The uses of time series analysis are (i). It helps in

155



the analysis of past behavior of a variable, (ii) it helps in forecasting (iii). It helps in
evaluation of current achievement (iv). It helps in making comparative studied.
Therefore, the body of statistical methodology available for analyzing time series is
referred to as time series analysis [3].

Univariate time series modeling is very useful in forecasting such series. In the
class of univariate time series models, the model proposed by Box and Jenkins [4] as
Autoregressive Moving Average (ARMA) and Autoregressive Integrated Moving
Average (ARIMA) models are most popular and excellent while Autoregressive
Integrated Moving Average with Explanatory Variable (ARIMAX) is becoming also
popular because researchers have found that ARIMAX model can outperformed the
ARMA or ARIMA models [5]. These models are applied in almost all fields of
endeavors such as engineering, geophysics, business, economics, finance, agriculture,
medical sciences, social sciences, meteorology, quality control etc. [1]. This chapter
considered forecasting inflation using Exchange, Interest and unemployment rates as
Exogenous variable with the of ARIMAX model.

Inflation, exchange, interest, unemployment, and growth rates are the big macro-
economic issues of our time [6]. Inflation is bad, especially when unexpected, because
it distorts the working of the price system, creates arbitrary redistribution from
debtors to creditors, creates incentives for speculative as opposed to productive
investment activity, and is usually costly to eliminate. Inflation can be defined as a
positive rate of growth of the general price level. Eitrheim et al. [7] noted that
Inflation, exchange, interest, unemployment, and growth rates can affect any econ-
omy (either positive or negative) that is why these macroeconomic variables are of
great interest to Central Banks of many countries of the world.

Therefore the chapter considered forecasting inflation in Nigeria using ARIMA and
ARIMAX Models.

2. Empirical literature reviews of previous studies

Inflation may be defined as a positive rate of growth of the general price level.
Eitrheim et al. [7] noted that Inflation, exchange, interest, unemployment, and growth
rates can affect any economy (either positive or negative) that is why these macroeco-
nomic variables are of great interest to Central Banks of many countries of the world.

Several authors have studied the influence of inflation rates on other macroeco-
nomic variable and how other macroeconomic variable affect inflation. Some of the
authors include: Omotor [8] who studied the relationship between inflation and stock
market returns in Nigeria; Shittu and Yaya, [9] studied the inflation rates in Nigeria,
United States and United Kingdom using fractionally integrated logistic smooth tran-
sitions in time series; Abraham [10] studied the short and long runs effect of inflation
rates on All Share Index (ASI) in Nigeria; Musa and Gulumbe, [11] studied the
interrelationship between inflation rate and government revenues in Nigeria using
Autoregressive Distributed Lag (ARDL) model. Other economy have been also stud-
ied by several authors. Such authors include: Furuoka [12] who studied the interrela-
tion between unemployment and inflation in the Philipines using Vector Error
Correction Model (VECM). Omar and Sarkar [13] studied the relationship between
commodity prices and exchange rate in the light of global financial crisis in Australia
using Vector Error Correction Model (VECM). Mohaddes and Raissi [14] examined
the long-run relationship between consumer price index industrial workers (CPI-IW)
inflation and GDP growth in India using cross-sectional Augmented distributed lag
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(CS-DL) as well as standard panel ARDL method. The findings of Mohaddes and
Raissi suggested that, on the average, there is a negative long-run relationship
between inflation and economic growth in India.

Mida [15] revealed that changes in inflation rate have the opposite effects on the
exchange rate that is a rising inflation rate can depreciate the exchange rate.

Nastansky and Strohe [16] analyzed the interaction between inflation rate and
public debt in Germany using quarterly data from 1991 to 2014 using Vector Error
Correction Model (VECM). Their result revealed a strong positive relationship
between inflation rate and public debt.

Gillitzer [17] empirically assessed the performance of the Sticky Information
Phillips Curve (SIPC) for Australia. The study revealed that the estimates were sensi-
tive to inflation measures and sample period. Also poor performance of the SIPC
revealed the fact that inflation can be deficit to the model.

The following are empirical literature of the application of ARIMA, ARIMAX and
Other Time Series models:

Kongcharoen and Kruangpradit [5] examined and forecast Thailand exports to
major trade partners using ARIMA and ARIMAX models. They found that ARIMAX
outperforms the ARIMA Model.

Stock andWatson [18] empirically found out that time series regression model that
includes leading indicators into the model improves forecast performance.

Bougas [19] examined the Canadian Air transport sectors divided into domestic,
transboarder (US) and International flights using various time series forecasting
models namely: Harmonic regression, Holt-Winters Exponential smoothing, ARIMA
and SARIMA Regressions. The result indicated that all models provide accurate
forecast with MAPE and RMSE scores below 10% on the average.

Adenomon and Tela [20] fitted and forecasted inflation rates in Nigeria for
annual data covering 1970 to 2014. Among the ARIMA competing models,
ARIMA (1,1,2) was superior. While forecast for inflation rates revealed a negative
trend.

Styrvold and Nereng [21] compared ARIMA model with classical regression model
and VAR to model real rental rates as a function of previous periods’ rate, employ-
ment rates, real interest rates and vacancy rates. The studied concluded that classical
linear regression model is able to produce the most precise forecasts, although the
precision is not satisfactory.

Amadeh et al. [22] modeled and predicted the Persian Gulf Gas-Oil F. O. B using
ARIMA and ARFIMA models on weekly data of gas-oil prices. Their results revealed
that ARFIMA model performed better than ARIMA.

Avuglar et al. [23] applied ARIMA time series model to accident data from 1991 to
2011 in Ghana. They recommended ARIMA (0,2,1) as the best model.

Moshiri and Foroutan [24] modeled and forecast daily crude oil future prices from
1983 to 2003 listed in NYMEX using ARIMA and GARCH models. They further
improved forecast with the use of Neural network models.

Adenomon [2] modeled and forecasted the evolution of unemployment rates in
Nigeria using ARIMA model on annual data for the period of 1972 to 2014. The study
revealed ARIMA (2,1,2) as superior model for unemployment rates in Nigeria.

3. Model specification

This section considered the models used in this chapter.
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3.1 Unit root test

Engle and Granger [25] considered seven test statistics in a simulation study to test
cointegration. They concluded that the Augmented Dickey Fuller test was
recommended and can be used as a rough guide in applied work. The essence of the
unit root test is to avoid spurious regression.

To identify a unit root, we can run the regression

ΔYt ¼ bo þ
Xk
j¼1

bjΔYt�j þ βtþ γYt�1 þ ut (1)

The model above can be run without t if a time trend is not necessary [26]. If unit root
exist, differencing of Y will result in a white-noise series (that is no correlation with Yt-1).

The null hypothesis of no unit root test in the Augmented Dickey-Fuller (ADF)
test is given as Ho: β ¼ γ ¼ 0 (if trend is consider, we use F-test) and Ho: γ ¼ 0 (if
there is no trend is consider, we use t-test). If the null hypothesis is not rejected, this
suggest that unit root exist and the differencing of the data is required before running
a regression. When the null hypothesis is rejected, the data are refer to as stationary
and it can be analyzed without any form of differencing [27].

3.2 ARIMA model and estimation

ARIMA model can be viewed as an approach that combines the moving average
and the autoregressive models [28]. Box and Jenkins are the pioneers of the ARIMA
model that is why it is refer to as the Box-Jenkins (BJ) methodology, but in time series
literature is known as the ARIMA methodology [29]. The ARIMA models allow Yt to
be explained by the past, or lagged, values of Yt and stochastic error terms.

The ARMA (p, q) model is a combination of the AR and MA model which is given as

yt ¼ ao þ a1yt�1a2yt�2 þ … þ apyt�p � b1ut�1 � b2ut�2 � … � bqut�q þ ut (2)

Box and Jenkins recommend difference non-stationary series one or more times to
achieve stationarity. Doing so produces an ARIMA model, with the ‘I’ standing for
‘Integrated’. But its first difference Δyt ¼ yt � yt�1 ¼ ut is stationary, so y is ‘Integrated
of order 1’ or y � I(1).

The primary stages in building a Box-Jenkins time series model are model identifi-
cation; model estimation and model validation. The Theoretical features of autocorre-
lation function (ACF) and partial autocorrelation function (PACF) (Table 1).

Type of
model

Typical feature of ACF Typical feature of PACF

AR(p) It decays exponentially or with damped sine wave
pattern or both

Significant spikes are seen
through lags p

MA(q) Significant spikes are seen through lags p It declines exponentially

ARMA(p,q) It exponentially decay It exponentially decay

Table 1.
Theoretical features of autocorrelation function (ACF) and partial autocorrelation function (PACF).

158

Time Series Analysis - New Insights



After fitting ARIMA Model, test for adequacy of the fitted model (the chi-squared
test for goodness of fit) called Ljung-Box test [30] is required. The Ljung-Box test is
based on all the residual ACF as a set. The test statistic is as follows Q ¼
n nþ 2ð ÞPk

i¼1 n� ið Þ�1γ2i âð Þ where γ2i âð Þ is the estimate for ρj âð Þ and n is the number of
observations used to estimate the model. The statistic Q follows approximately the
chi-squared distribution with k-v degrees of freedom, where v is the number of
parameters estimated in the model. If we do not reject the null hypothesis, then it
implies that the fitted model is adequate.

3.3 ARIMAX model

The ARIMA model will be extended into ARIMA model with explanatory variable
(Xt), called ARIMAX(p,d,q). Specifically, ARIMAX(p,d,q) can be represented by

φ Lð Þ 1� Lð ÞdYt ¼ Θ Lð ÞXt þ θ Lð Þεt (3)

Where L is the lag operator, d = difference order, p is the AR order, q is the MA
order, explanatory variables (Xt) and εt is the error term while φ,Θ,θ are the coeffi-
cients of the AR, MA and the exogenous variables [5].

3.4 Forecast assessment criteria

We considered the following forecast assessment criteria in this book chapter:

1.Mean Absolute Error (MAE) is given as MAEj ¼
Pn

i¼1
jeij

n . This statistic measures
the deviation from the series in its absolute terms, and measures the forecast
bias. The MAE is one of the most common ones used for analyzing the quality of
different forecasts.

2.Root Mean Square Error (RMSE) is given as RMSEj ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiPn

i
yi�yfð Þ2
n

r
where yi is the

time series data and yf is the forecast value of y [31].

For the two measures above, the smaller the value, the better the fit of the
model [3].

4. Method of data collection

The data used in this book chapter was collected from a secondary source. Annual
Data on Exchange Rate, Inflation Rate, Interest Rate, Unemployment Rate from 1981
to 2017 was sourced from Central Bank of Nigeria (CBN) Statistical Bulletin [32].
Inflation rate is the variable of interest (response variable) while the exogenous
variables are Exchange Rate, Interest Rate, Unemployment Rate. The variables are
transformed using the natural logarithm to ensures stability and normality, and to
reduce skewness and variability. Also the analysis was used data from 1981 to 2010
while 2011 to 2017 was used to valid the forecast from the ARIMA and ARIMAX
models.
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5. Results and discussion

The section presented the results emanating from the analysis and discussions of
results. The data analysis of this book chapter was carried out in R software environ-
ment using tseries and TSA packages.

Figure 1 below shows the inflation rate in Nigeria from 1981 to 2010. It is observed
that Nigeria experienced inflation from 1993 to 1996. While the inflation rates were
low from 2000 to 2010.

Figure 2 below shows the natural log transform of inflation rate in Nigeria from
1981 to 2010. It is observed that Nigeria experienced inflation from 1993 to 1996.
While the inflation rates were low from 2000 to 2010. In addition there is reduction in
the trend of inflation rates after transformation.

Figure 3 below presented the plots of Interest Rate (INT), Unemployment Rate
(UNE) and Exchange Rate (EX) from 1981 to 2010 in Nigeria. The interest rate shows
some decrease 2002 to 2010 but for unemployment rates and exchange rates shows an
increase from 2002 to 2009. This situation about unemployment and exchange rates
will definitely affect the standard of living in Nigeria if not properly control.

Figure 1.
Plot of Inflation Rate in Nigeria from 1981 to 2010.

Figure 2.
Plot of Natural Log transform of Inflation Rate from 1981 to 2010.
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Figure 4 above presented the plots of the natural log transform of Interest Rate
(INT), Unemployment Rate (UNE) and Exchange Rate (EX) from 1981 to 2010 in
Nigeria. The log of interest rate shows some decrease 2002 to 2010 but for logs of
unemployment rates and exchange rates shows an increase from 2002 to 2009. This
situation about unemployment and exchange rates will definitely affect the standard
of living in Nigeria if not properly control. This similar to Figure 3 above.

Table 2 below presents the results of Jarque-Bera (JB) normality test of the infla-
tion rate and the natural log transform of the inflation rate. The result revealed that
inflation rate is not normally distributed since p-value = 0.02196 < 0.05. But the log
transform of inflation rate is normally distributed since p-value = 0.3075 > 0.05. This
test is necessary because the ARIMA and ARIMAX models are dependent on normal
distribution.

Figure 3.
The plots of interest rate (INT), unemployment rate (UNE) and exchange rate (EX) from 1981 to 2010.

Figure 4.
The Plots of the natural transform of interest rate (INT), unemployment rate (UNE) and exchange rate (EX)
from 1981 to 2010.
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The Table 3 above presents the unit root test using Augmented Dickey Fuller
(ADF) test of the inflation rate. The ADF test is necessary in order to avoid spurious
regression. The test revealed that the first difference of the log transform of inflation
rate is stationary since p-value = 0.02442 < 0.05. This result imply that integration (I)
must be added to the estimated ARIMA and ARIMAX.

Figures 5 and 6 presented the ACF and PACF of the log transform of inflation rate.
Evidence revealed a combination of AR and MA processes for the inflation rate model.

The summary performances of the ARIMA and ARIMAX Model.
Table 4 below presents the in-sample performance of the ARIMA competing

models. Among the ARIMA models, ARIMA(1,1,1) has the least values of RMSE and
MAE. Hence ARIMA (1,1,1) outperformed the other ARIMA models while ARIMA
(1,1,0) model is the worst. In addition, the coefficients of the ARIMA(1,1,0) are not
significant (p-values>0.05) but the coefficients of ARIMA(1,1,0) and ARIMA(0,1,1)
models are significant (p-values<0.05). The residual from the models are normally

Inflation rate Natural log transform of inflation rate

JB Test 7.6367 2.3586

P-Value 0.02196 0.3075

Table 2.
Normality test.

Natural log transform of inflation rate
at level

Natural log transform of inflation rate at 1st
difference

ADF Test �2.2624 �3.9483

P-Value 0.4719 0.02442

Remark Not stationary Stationary

Table 3.
ADF unit root test.

Figure 5.
ACF plot of the natural log transform of inflation rate.
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distributed (p-values>0.05) while all the models passed the adequacy test
(p-values>0.05).

Table 5 below presents the in-sample performance of the ARIMAX competing
models. Among the ARIMA models, ARIMAX(1,1,1) and ARIMAX (0,1,1) has the
least values of RMSE and MAE. Hence ARIMAX (1,1,1) and ARIMAX (0,1,1) models
are preferred while ARIMAX (1,1,0) model is the worst. In addition, the coefficients
of the ARIMAX(1,1,0) are not significant (p-values>0.05) while interest and
exchange rates are positively related to inflation and unemployment rate is negatively
related to inflation rate, though the coefficient of the exogenous variable are not
significant (p-values>0.05). For ARIMAX (1,1,1) model the AR and MA coefficients
are significant (p-values<0.05) while interest and exchange rates are positively
related to inflation and unemployment rate is negatively related to inflation rate,
though the coefficient of the exogenous variable are not significant (p-values>0.05).
for ARIMAX(0,1,1) model, the MA coefficient is significant (p-value<0.05) while
interest rate is positively related to inflation rate, but unemployment and exchange
rates are negatively related to inflation rate, though the coefficient of the exogenous
variable are not significant (p-values>0.05). The residual from the models are

Figure 6.
PACF Plot of the natural log transform of inflation rate.

Model RMSE MAE JB Test on Residual (P-values) Adequacy test (Box-Ljung Test)

ARIMA(1,1,0) 0.8322 0.6125 0.6066 Adequate

ARIMA(1,1,1) 0.7200 0.5675 0.9961 Adequate

ARIMA(0,1,1) 0.8054 0.6617 0.6744 Adequate

Table 4.
In-sample performances of the ARIMA models.

Model RMSE MAE JB Test on Residual (P-values) Adequacy test (Box-Ljung Test)

ARIMAX(1,1,0) 0.8107 0.6401 0.8394 Adequate

ARIMAX(1,1,1) 0.7058 0.5519 0.961 Adequate

ARIMAX(0,1,1) 0.6810 0.5820 0.489 Adequate

Table 5.
In-sample performances of the ARIMAX models.
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normally distributed (p-values>0.05) while all the models passed the adequacy test
(p-values>0.05).

Table 6 above presented the out-of-sample forecast statistic of the preferred
ARIMA and ARIMAXmodels from the in-sample forecast. The result revealed ARIMA
(1,1,1) has the least values of RMSE and MAE. Hence ARIMA(1,1,1) model is pre-
ferred while ARIMAX (1,1,1) model is the worst model.

Table 7 above present the actual and forecast of log inflation rate from 2011 to 2011.
The forecast revealed a fluctuations in inflation rates but evidence of reduction in
inflation rates from 2012 to 2017 from the ARIMA(1,1,1). The plot of out-of-sample
forecast from ARIMA(1,1,1), ARIMAX(1,1,1) and ARIMAX(0,1,1) are presented in
Figures 7-9 respectively.

Model RMSE MAE

ARIMA(1,1,1) 0.3069 0.1970

ARIMAX(1,1,1) 0.3467 0.2777

ARIMAX(0,1,1) 0.3071 0.2336

Table 6.
Out-of-sample performances of the ARIMA and ARIMAX models.

Year Actual Log
Inflation
Rate

ARIMA (1,1,1) Forecast
of Log Inflation Rate

ARIMAX (1,1,1)
Forecast of Log Inflation

Rate

ARIMAX (0,1,1)
Forecast of Log Inflation

Rate

2011 2.332144 2.172615 2.112835 2.159863

2012 2.442347 2.236377 2.123062 2.053614

2013 2.140066 2.158553 2.014263 2.068257

2014 2.085672 2.154786 1.964497 1.998779

2015 2.104134 2.112283 1.994304 2.073538

2016 2.261763 2.090041 1.960178 2.012625

2017 2.803360 2.057202 2.056447 2.167942

Table 7.
Actual and forecast of log inflation rate from 2011 to 2017.

Figure 7.
Inflation forecast of ARIMA(1,1,1) from 2011 to 2017.
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6. Conclusions

This book chapter concluded that:
ARIMAX(0,1,1) with RMSE of 0.6810 emerged as superior model for the in-

sample forecast for forecasting inflation rate in Nigeria while ARIMA (1,1,1) emerged
as a superior model for the out-of-sample forecast for inflation rate in Nigeria and its
forecast for inflation revealed a negative growth in inflation in Nigeria. In addition,
the entire models estimated are adequate and their residuals are normally distributed.

Based on the findings of this chapter, the following are recommended:

i. ARIMAX (0,1,1) model be used for in-sample forecast for inflation rate in
Nigeria.

ii. ARIMA (1,1,1) model be used for out-of-sample forecast for inflation rate in
Nigeria.

Figure 8.
Inflation forecast of ARIMAX(1,1,1) from 2011 to 2017.

Figure 9.
Inflation Forecast of ARIMAX(0,1,1) from 2011 to 2017.
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iii. Government should endeavor to formulate policy to reduce the negative
effect of inflation rate on the citizenry and on the economy of Nigeria.
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A. Appendix

R Codes
Endo<-ts(read.table("C:/Users/ADENOMON/Desktop/Inflation.txt",header=T),
start=c(1981,1),freq=1)
inftest<-ts(read.table("C:/Users/ADENOMON/Desktop/Inflatest.txt",
header=T),start=c(2011,1),freq=1)
Exoge<-ts(read.table("C:/Users/ADENOMON/Desktop/Exoge.txt",header=T),
start=c(1981,1),freq=1)
lnExoge<-log(Exoge)
adf.test(lnExoge[,1])
adf.test(lnExoge[,2])
adf.test(lnExoge[,3])
adf.test(diff(lnExoge[,1]))
adf.test(diff(lnExoge[,2]))
adf.test(diff(lnExoge[,3]))
fit1=Arima(lninf,order=c(1,1,0),include.constant=TRUE)
summary(fit1)
coeftest(fit1)
acf(fit1$residuals,main="ARIMA(1,1,0) Residuals")
jarqueberaTest(fit1$residuals)
Box.test(fit1$residuals,lag=12,type="Ljung-Box")
Box.test(fit1$residuals,lag=24,type="Ljung-Box")
qqnorm(fit1$residuals,main="Normal Q-Q Plot of ARIMA(1,1,0)")
qqline(fit1$residuals,main="Normal Q-Q Plot of ARIMA(1,1,0)")
fit2=Arima(lninf,order=c(1,1,1),include.constant=TRUE)
summary(fit2)
coeftest(fit2)
acf(fit2$residuals,main="ARIMA(1,1,1) Residuals")
jarqueberaTest(fit2$residuals)
Box.test(fit2$residuals,lag=12,type="Ljung-Box")
Box.test(fit2$residuals,lag=24,type="Ljung-Box")
qqnorm(fit2$residuals,main="Normal Q-Q Plot of ARIMA(1,1,1)")
qqline(fit2$residuals,main="Normal Q-Q Plot of ARIMA(1,1,1)")
fit3=Arima(lninf,order=c(0,1,1),include.constant=TRUE)
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summary(fit3)
coeftest(fit3)
acf(fit3$residuals,main="ARIMA(0,1,1) Residuals")
jarqueberaTest(fit3$residuals)
Box.test(fit3$residuals,lag=12,type="Ljung-Box")
Box.test(fit3$residuals,lag=24,type="Ljung-Box")
qqnorm(fit3$residuals,main="Normal Q-Q Plot of ARIMA(0,1,1)")
qqline(fit3$residuals,main="Normal Q-Q Plot of ARIMA(0,1,1)")
fit4=Arima(lninf,order=c(1,1,0),xreg=lnExoge,include.constant=TRUE)
summary(fit4)
coeftest(fit4)
acf(fit4$residuals,main="ARIMAX(1,1,0) Residuals")
jarqueberaTest(fit4$residuals)
Box.test(fit4$residuals,lag=12,type="Ljung-Box")
Box.test(fit4$residuals,lag=24,type="Ljung-Box")
qqnorm(fit4$residuals,main="Normal Q-Q Plot of ARIMAX(1,1,0)")
qqline(fit4$residuals,main="Normal Q-Q Plot of ARIMAX(1,1,0)")
fit5=Arima(lninf,order=c(1,1,1),xreg=lnExoge,include.constant=TRUE)
summary(fit5)
coeftest(fit5)
acf(fit5$residuals,main="ARIMAX(1,1,1) Residuals")
jarqueberaTest(fit5$residuals)
Box.test(fit5$residuals,lag=12,type="Ljung-Box")
Box.test(fit5$residuals,lag=24,type="Ljung-Box")
qqnorm(fit5$residuals,main="Normal Q-Q Plot of ARIMAX(1,1,1)")
qqline(fit5$residuals,main="Normal Q-Q Plot of ARIMAX(1,1,1)")
fit6=Arima(lninf,order=c(0,1,1),xreg=lnExoge,include.constant=TRUE)
summary(fit6)
coeftest(fit6)
acf(fit6$residuals,main="ARIMAX(0,1,1) Residuals")
jarqueberaTest(fit6$residuals)
Box.test(fit6$residuals,lag=12,type="Ljung-Box")
Box.test(fit6$residuals,lag=24,type="Ljung-Box")
qqnorm(fit6$residuals,main="Normal Q-Q Plot of ARIMAX(0,1,1)")
qqline(fit6$residuals,main="Normal Q-Q Plot of ARIMAX(0,1,1)")
fit1.pred<-forecast(fit1,h=7)
accuracy(fit1.pred$pred,)
coeftest(fit3)
acf(fit3$residuals,main="ARIMA(0,1,1) Residuals")
jarqueberaTest(fit3$residuals)
Box.test(fit3$residuals,lag=12,type="Ljung-Box")
Box.test(fit3$residuals,lag=24,type="Ljung-Box")
qqnorm(fit3$residuals,main="Normal Q-Q Plot of ARIMA(0,1,1)")
qqline(fit3$residuals,main="Normal Q-Q Plot of ARIMA(0,1,1)")
fit3=Arima(Dlninf,order=c(0,1,1),include.constant=TRUE)
summary(fit3)
coeftest(fit3)
acf(fit3$residuals,main="ARIMA(0,1,1) Residuals")
jarqueberaTest(fit3$residuals)
Box.test(fit3$residuals,lag=12,type="Ljung-Box")
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Box.test(fit3$residuals,lag=24,type="Ljung-Box")
qqnorm(fit3$residuals,main="Normal Q-Q Plot of ARIMA(0,1,1)")
qqline(fit3$residuals,main="Normal Q-Q Plot of ARIMA(0,1,1)")
Exogetest<-ts(read.table("C:/Users/ADENOMON/Desktop/Exogetest.txt",
header=T),start=c(2011,1),freq=1)
lnExotest<-log(Exogetest)
lninftest<-log(inftest)
accuracy(fit1.pred,lninftest)
fit2.pred<-forecast(fit2,h=7)
accuracy(fit2.pred,lninftest)
plot(fit2.pred, main="Inflation Forecast of ARIMA(1,1,1)")
fit5.pred<-forecast(fit5,h=7,xreg=lnExotest)
accuracy(fit5.pred,lninftest)
plot(fit5.pred, main="Inflation Forecast of ARIMAX(1,1,1)")
fit6.pred<-forecast(fit6,h=7,xreg=lnExotest)
accuracy(fit6.pred,lninftest)
plot(fit6.pred, main="Inflation Forecast of ARIMAX(0,1,1)")
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Chapter 8

The 2� Structure of Subordinated
Solution of Continuous-Time
Bilinear Time Series
Abdelouahab Bibi

Abstract

The models of stochastic subordination, or random time indexing, has been
recently applied to model financial returns X tð Þð Þt≥0 exhibiting some characteristic
periods of constant values for instance exchange rate. In reality, sharp and large
variations for X(t) do occur. These sharp and large variations are linked to informa-
tion arrivals and/or represent sudden events and hence we have a model with jumps.
For this purpose, by substituting the usual deterministic time t as a subordinator
T tð Þð Þt≥0 in a stochastic process X tð Þð Þt≥0 we obtain a new process X T tð Þð Þð Þt≥0 whose
stochastic time is dominated by the subordinator T tð Þð Þt≥0. Therefore we propose in
this paper an alternative approach based on a combination of the continuous-time
bilinear (COBL) process subordinated by a Poisson process (that it is a Levy process)
which permits us to introduce further randomness for the phenomena which exhibit
either a speeded up or slowed down behavior. So, the main probabilistic properties of
such models are studied and the explicit expression of the higher-order moments
properties are given. Moreover, moments method (MM) is proposed as an estimation
issue of the unknown parameters. Simulation studies confirm the theoretical findings
and show that the MM method proposal can effectively reduce both the bias and the
mean square error of parameter estimates.

Keywords: diffusion processes, subordination, Poisson process

1. Introduction

The non-linear time-continuous models were initially discussed by Mohler [1] in
control theory and then rapidly extended to a time-series analysis by several authors
(see [2] for review). One of the classes of non-linear time-continuous models which
has attracted considerable attention of the researchers is the classes of bilinear diffu-
sion processes which have been widely studied and considered in time series analysis
and in the theory of stochastic differential equations (SDE). For instance, among
others, Le Breton and Musiela [3] and Bibi and Merahi [4] have considered a process
X tð Þð Þt≥0 generated by the following SDE
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dX tð Þ ¼ αX tð Þ þ μð Þdtþ γX tð Þ þ βð Þdw tð Þ, t≥0,X 0ð Þ ¼ X0 (1)

¼ μ X tð Þð Þdtþ σ X tð Þð Þdw tð Þ

denoted hereafter by COBL (1) in which μ xð Þ ¼ αxþ μ and σ xð Þ ¼ γxþ β are
respectively the drift and diffusion functions representing respectively the conditional
mean and variance of the infinitesimal change of X(t) at time t: w tð Þð Þt≥0 is a real
standard Brownian motion defined on some basic filtered space Ω,A, Atð Þt≥0,P

� �
and

E X tð Þdw tð Þf g ¼ 0. The initial condition X(0) of X(t) can be either deterministic or
random variable defined on Ω,A,Pð Þ independent of w such that E X 0ð Þf g ¼ m1 0ð Þ
and Var X 0ð Þf g ¼ KX 0ð Þ. However, the distribution of stochastic processes X(t) solu-
tion of (1) evaluated at random times process say T(t), are receiving increasing
attention in various applied fields. Some examples we have in mind are:

1. in reliability theory, the life span of some items subjected to certain accelerated
conditions,

2. in econometrics, the composition of the prices at short intervals on a speculative
market,

3. in queuing theory, the number of customers arriving at random times to some
facility where they receive service of some kind and then depart,

4. in statistics, for the random sampling of stochastic processes.

One of the first papers in this field is by Lee andWhitmore [5], who studied general
properties of processes delayed by randomized times. In the literature, due to the
interesting properties of the Poisson process, its popularity, and applicability, various
researchers have generalized it in several directions; e.g., compound Poisson processes
and/or weighted Poisson distributions, special attention is given to the case of a Poisson
process with randomized time or Poisson subordinator, i.e.; the time process is sup-
posed to be a subordinator – Poisson process with nondecreasing sample paths. Most
published research involving this approach, Clark [6] and German and Ane [7].

In this paper, our interest lies in the statistical inference of the parameters involved
in the diffusion process defined in (1) and in its subordination by a Poisson process.
Diffusion processes estimation has been widely studied in the statistical literature by
many authors under several restrictions (see [8] for a survey). The major approach used
in parameters estimation is the maximum likelihood method which in general presents a
difficulty to obtaining a tractable expression for the transition densities. So, certain
econometric methods have been recently proposed. Hence, parameters estimation of
continuous-time processes can be achieved through the use for instance the moments
method (MM) and/or its generalization (GMM). These methods are useful for model-
ing some events that occur randomly over a the fixed period of time or in a fixed space
chaotic subordination by assuming a Poisson process for the subordinating variable for
COBL(1,1) and hence some statistical and probabilistic properties are studied. For this
purpose, in next section we describe some theoretical framework for certain specifica-
tion of COBL(1,1). More precisely, we discuss the condition of their existence, unique-
ness, and their distribution. The moments properties of COBL(1,1) process are
presented in section 3 followed by its extended to that subordination by a Poisson
process. In section 4 we discuss the properties of the subordinated process, in particular,

174

Time Series Analysis - New Insights



its moment properties and its distribution of the subordinated version. An estimation
issue based onMM and on GMM (considered as a benchmark) are presented in section
5, substantially enriched by the asymptotic properties of such estimations. In section 6,
Monte-Carlo simulation is carried out through a simulation study of COBL(1,1) and its
subordinated process. The end section is for the conclusions.

2. Theoretical background

The SDE (1,1) covers many models commonly used in the literature. Some specific
examples among others are:

1.COGARCH(1,1): This class of processes is defined as a SDE by dX tð Þ ¼ σ tð ÞdB1 tð Þ
with dσ2 tð Þ ¼ μ� ασ2 tð Þð Þdtþ γσ2 tð ÞdB2 tð Þ, t>0 where B1 and B2 are
independent Brownian motions, μ>0, α≥0, and γ ≥0. So, the stochastic
volatility equation can be regarded as a particular case of (1) by assuming β ¼ 0.
(see [9]).

2.CAR(1): This classes of SDE may be obtained by assuming γ ¼ 0 (see [10]).

3.Gaussian Ornstein-Uhlenbeck (OU) process: The OU process is defined as

dX tð Þ ¼ μþ αX tð Þð Þdtþ βdw tð Þ, t≥0 (2)

with the diffusion parameter β>0. So it can be obtained from (1) by assuming γ ¼ 0
(see [10] and the reference therein).

4.Geometric Brownian motion (GBM): This class of processes is defined as a �
valued solution process X tð Þð Þt≥0 of dX tð Þ ¼ αX tð Þdtþ γX tð Þdw tð Þ, t≥0. So it can

be obtained from (1) by assuming β ¼ μ ¼ 0 (see [11]).

2.1 Existence of ergotic and stationary solutions

The existence of solution process of equation (1), was investigated by several
authors, for instance, Iglói and Terdik [12] have studied the same model driven by
fractional Brownian innovation. A class of COBL with time-varying coefficients was
studied by Le Breton and Musiela [3], Bibi and Merahi [4] and Leon and Perez-Abreu
[13]. Moreover, there are several monographic which discuss the theoretical
probabilistic and statistical properties (interested readers are advised to see [14, 15]
and the references therein). Hence, a Markovian Itô solution of SDE (1) is given by

X tð Þ ¼ Φ tð Þ X 0ð Þ þ μ� γβð Þ
ðt

0

Φ�1 sð Þdsþ β

ðt

0

Φ�1 sð Þdw sð Þ
8<
:

9=
;, a:s:, (3)

where Φ tð Þ ¼ exp α� 1
2 γ

2
� �

tþ γw tð Þ� �
is the fundamental process solution

(see e.g., [14] chapter 8) and its first and second moments functions Ψ tð Þ ¼
E Φ tð Þf g ¼ exp αtf g and ϕ tð Þ ¼ E Φ2 tð Þ� � ¼ exp 2αþ γ2ð Þt� �

. The key tool in studying
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the asymptotic stability of solution (3) is the top-Lyapunov exponent defined by
λL ¼ lim sup

t!þ∞

1
t log X tð Þj j, so if it exists then λL controls the long-time asymptotic

behavior of X. Indeed if λL < þ∞, a.s then for sufficiently large t, there exists a positive
random variable ξ such that X tð Þj j≤ ξeλLt and hence if λL <0, then lim

t!þ∞
X tð Þ ¼ 0, a.s.

Though the condition λL <0 could be used as a sufficient condition for asymptotic
stability, it is of little use for the practice of checking for stationarity of the solution (3).
On the other hand, and in statistical applications, we often suggest conditions ensuring
the existence of some moments for the process solution. This suggestion cannot be
achieved by the top-Lyapunov exponent criterion. However, since the functions μ xð Þ
and σ xð Þ are locally Lipschitz, then the existence and uniqueness of stationary and
ergodic solution process X tð Þð Þt≥0 given by (3) is ensured by the integrability on þ

of the speed density g yð Þ ¼ 1
σ2 yð Þ exp 2y1

μ xð Þ
σ2 xð Þ dx

n o
(see [16]) and that the density

function f(.) of the stationary distribution of a diffusion process (1) is proportional
to g yð Þ. Moreover, the unique invariant probability is absolutely continuous with
respect to the Lebesgue measure with a density function equal to g (up to a constant).
Hence, the integrability on þ of the function g may be discussed case by case in the
following cases

1.γ ¼ 0 and β 6¼ 0 (OU case), in this case g yð Þ ¼ C exp α
β2

yþ μ
α

� �2n o
for some

positive constant C, and hence g yð Þ is integrable on þ if and only if α<0 for all

μ∈ . Therefore we recognize a N � μ
α,� β2

2α

� �
for the invariant distribution of

OU process and

f yð Þ ¼ 1ffiffiffiffiffiffiffiffiffiffiffiffiffi
�2π β2

2α

q exp
1
β2

α

yþ μ

α

� �2( )

2.β ¼ 0, μ ¼ 0 (GBM case) in this case g yð Þ ¼ Cy2 α�γ2ð Þ=γ2 and hence g yð Þ is not
integrable on þ, therefore there is no stationary and ergodic solution for GBM
process.

3.β ¼ 0, μ 6¼ 0 (COBL(1,1) case) the function g yð Þ ¼ C 1
y

� � γ2�2αð Þ=γ2þ1
exp �2 μ

γ2y

n o
,

the integrability conditions hold if and only if μ>0, and hence the unique
ergodic and stationary solution exists on þ. Therefore, we recognize a inverse-
gamma distribution noted IG δ, θð Þ for the invariant distribution of COBL(1,1)
process where the shape parameter δ ¼ γ2 � 2αð Þ=γ2 >0 and the scale parameter
θ ¼ 2 μ

γ2 >0 and

f yð Þ ¼ θδ

Γ δð Þ y
�δ�1 exp �θ=yf g; y>0:

The inverse-gamma distribution appears in Bayesian inference, in a natural way, as
the posterior distribution of the variance in normal sampling. The process associated
with this parametrization is often referred to GARCH diffusion models. Note that the
IG distribution nests some well-known distributions such as the Inverse Exponential,
Inverse χ2 and Scaled Inverse χ2 distributions.
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In view of the above discussion, and since we are interested in the stationary non-
Gaussian solution of (1), therefore it is necessary to assume throughout the rest of the
paper that the parameters, α, μ, γ and β are subject to the following assumption:

Assumption 1. αβ 6¼ γμ, μ>0, γ 6¼ 0 and 2αþ γ2 <0.
Remark 2.1. The case β 6¼ 0 may be treated as that β ¼ 0 by considering the affine

transformation X
~

tð Þ ¼ μ
γμ�αβ γX tð Þ þ βð Þ. On the contrary, the condition γμ 6¼ αβ must be

hold, otherwise the equation (1) has only a degenerate solution, i.e., X tð Þ ¼ � β
γ ¼ � μ

α. The
solution (3) is however Markovian when β 6¼ 0, otherwise the solution process is neither a
standarized diffusion process nor a martingale. In contrast, if γ ¼ 0 (OU process), the
stochastic term is a martingale and hence it has a vanishing expectation. So, In the sequel,
and without loss of generality we shall assume, that β ¼ 0, i.e.,

dX tð Þ ¼ αX tð Þ þ μð Þdtþ γX tð Þdw tð Þ, t≥0,X 0ð Þ ¼ X0, (4)

and this equation will be the subject of our investigation so it is noted hereafter
COBL(1,1).

Remark 2.2. In OU diffusion with μ ¼ 0, its solution is given by X tð Þ ¼ X 0ð Þe�αt þ

β
Ðt
0
e�α t�sð Þdw sð Þ, t≥0 and its invariant probability distribution is Gaussian with mean 0

and variance γ2

2α. Moreover under the Assumption 1,

1.If X 0ð is real constant, we have E X tð Þf g ¼ X 0ð Þe�αt, Cov X tð Þ,X tþ hð Þð Þ ¼
β2

2α e�αh � e�α 2tþhð Þ� �
, and as t ! þ∞, E X tð Þf g ¼ 0 and Cov X tð Þ,X tþ hð Þð Þ ¼

γ2

2α e
�αh, h≥0.

2. If X 0ð Þ is random variable, then E X tð Þf g ¼ E X 0ð Þf ge�αt, Cov X tð Þ,X tþ hð Þð Þ ¼
e� 2αtþhð ÞVar X 0ð Þf g þ β2

2α e�αh � e�α 2tþhð Þ� �
, and as t ! þ∞, E X tð Þf g ¼ 0, and

Cov X tð Þ,X tþ hð Þð Þ ¼ γ2

2α e
�αh, h≥0:

Remark 2.3. In GBM with X 0ð Þ>0, its solution is given by X tð Þ ¼
exp α� 1

2 γ
2

� �
tþ γw tð Þ� �

X 0ð Þ . So, the distribution of X tð Þ given X 0ð Þ is log normal with

E X tð Þf g ¼ E X 0ð Þf geαt and Var X tð Þf g ¼ E X2 0ð Þ� �
e2αt eγ

2t � 1
n o

. Hence, for any k∈,

we have E Xk tð Þ� � ¼ E Xk 0ð Þ� �
exp k α� γ2

2

� �
tþ k2 γ2

2 t
n o

, so E Xk tð Þ� �! þ∞ as t ! ∞

whenever α� γ2

2

� �
kþ γ2

2 k
2 >0 . Additionally,

a. If α> 1
2 γ

2, then lim
t!þ∞

X tð Þ ¼ þ∞,

b. If α< 1
2 γ

2, then lim
t!þ∞

X tð Þ ¼ 0,

c. If α ¼ 1
2 γ

2, then asymptotically X tð Þð Þt≥0 switches arbitrary between large and
small positive values.
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3. Moments properties of COBL(1,1) process

In the sequel, we shall focus on the popular sub–model (4). The popularity of such
a model comes from its solution in terms of stochastic integral, i.e.,

X tð Þ ¼ X 0ð ÞΦ tð Þ þ μ

ðt

0

Φ tð ÞΦ�1 sð Þd sð Þ, t≥0: (5)

or equivalently

X tð Þ ¼ X 0ð Þ þ
ðt

0

αX sð Þ þ μð Þdsþ γ

ðt

0

X sð Þdw sð Þ, t≥0,X 0ð Þ ¼ X0 (6)

It is easy verified that the process X tð Þð Þt≥0 as defined by (5) satisfies (1) for any α,
μ, γ, β = 0 and X 0ð Þ, it is the unique strong solution to (1). The following proposition
summarizes the second-order properties.

Proposition 3.1. If X 0ð Þ is a random variable, then under the Assumption 1, we have

1.m tð Þ ¼ E X tð Þf g ¼ Ψ tð Þ E X 0ð Þf g þ μ
Ðt
0
Ψ�1 sð Þds

� �
and as t ! þ∞, E X tð Þf g ¼

m ¼ � μ
α >0.

2.For any h≥0, K t, tþ hð Þ ¼ Cov X tð Þ,X tþ hð Þð Þ ¼ Ψ hð ÞK tð Þ, where K tð Þ ¼ K t, tð Þ
is the variance function given by K tð Þ ¼ ϕ tð Þ K 0ð Þ þ γ2

Ðt
0
ϕ�1 sð Þm2 sð Þds

� �
, so as

t ! þ∞, K tð Þ ¼ �m2 γ2

2αþγ2. Hence K t, tþ hð Þ ¼ �Ψ hð Þm2 γ2

2αþγ2 and the correlation

function is however ρ hð Þ ¼ eαh. Therefore asymptotic stationary COBL(1,1)
process has autocorrelation function similar to a CAR(1) processes.

Proof.

1.The first formula follows directly from (5).

2.The derivation of the second formula may be derived upon the observation that
X tð Þ �m tð Þ ¼ Ψ tð ÞY tð Þ where dY tð Þ ¼ γY tð Þ þ γΨ�1 tð Þm tð Þ� �

dw tð Þ or
equivalently Y tð Þ ¼ Y 0ð Þ þ Ð

y

0
γY tð Þ þ γΨ�1 tð Þm tð Þ� �

dw tð Þ with Y 0ð Þ ¼
X 0ð Þ �m 0ð Þ (see Bibi and Merahi for further details): So for any h≥0, we have

E Y tð ÞY tþ hð Þf g ¼ K 0ð Þ þ Ð
t

0
γ2E Y2 uð Þ� �þ γ2Ψ�2 uð Þm2 uð Þ� �

du ¼ E Y2 tð Þ� �
.

Moreover, taking h ¼ 0 and noting that Ψ2 tð ÞE Y2 tð Þ� � ¼ K tð Þ and
Ψ tð ÞΨ tþ hð ÞE Y tð ÞY tþ hð Þf g ¼ K t, tþ hð Þ, we obtain K t, tþ hð Þ ¼ Ψ hð ÞK tð Þ and
K tð Þ ¼ Ψ2 tð ÞVar X 0ð Þf g þΨ2 tð Þ Ð

t

0
Ψ�2 uð Þ γ2K uð Þ þ γ2m2 uð Þ� �

du. Since K tð Þ ¼
Ψ2 tð ÞE Y2 tð Þ� �

, then dK tð Þ ¼ 2Ψ2 tð ÞE Y2 tð Þ� �
dtþΨ2 tð ÞdE Y2 tð Þ� �

where
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dE Y2 tð Þ� � ¼ γ2E Y2 tð Þ� �þ γ2Ψ�2 tð Þm2 tð Þ. Thus dK tð Þ ¼ 2αþ γ2ð ÞK tð Þ þ γ2m2 tð Þ.
By solving the last differential equation, the expression of the variance follows.
The rest of the proof fellows immediately by the dominated convergence
Theorem.

Remark 3.2. If X 0ð Þ is a real constant, then the mean and variance of X tð Þð Þt≥0
reduces to

m tð Þ ¼ E X tð Þf g ¼ Ψ tð Þ X 0ð Þ þ μ

ðt

0

Ψ�1 sð Þds
0
@

1
AandVar X tð Þf g ¼ γ2ϕ tð Þ

ðt

0

ϕ�1 uð Þm2 uð Þdu:

Moreover the K t, tþ hð Þ depends in general on time and on initial condition, thus
the COBL(1,1) process is not stationary but is asymptotically stationary. Except, for
instance, in the following cases:

1.Apart from assumption 1, if E X 0ð Þf g ¼ � μ
α, γ

2 ¼ �2α and every K 0ð Þ then the
process X tð Þð Þt≥0 is second-order stationary.

2. If E X 0ð Þf g ¼ � μ
α and K 0ð Þ ¼ γμð Þ2

α2 2αþγ2ð Þ then the process X tð Þð Þt≥0 is second-order
stationary.

3.1 Higher-order moment of COBL(1,1) process

In what follows, we consider the function f xð Þ ¼ xn, then f X tð Þð Þ is also an Itô’s
process. Applying Itô’s formula on f X tð Þð Þ , we have

df X tð Þð Þ ¼ f 0 X tð Þð ÞdX tð Þ þ 1
2
f 00 X tð Þð Þ dX tð Þð Þ2

¼ f 0 X tð Þð Þμ X tð Þð Þdtþ f 0 X tð Þð Þσ X tð Þð Þdw tð Þ þ 1
2
f 00 X tð Þð Þσ2 X tð Þð Þd tð Þ

which results to dXn tð Þ ¼ anXn tð Þ þ bnXn�1 tð Þ� �
dtþ cnXn tð Þdw tð Þ or equivalently

Xn tð Þ ¼ Xn 0ð Þ þ
ðt

0

anXn sð Þ þ bnXn�1 sð Þ� �
dsþ cn

ðt

0

Xn sð Þdw sð Þ (7)

where an ¼ nαþ n n�1ð Þ
2 γ2, bn ¼ nμ and cn ¼ nγ. Due to stationarity and the fact

that the last term of equation (7) is a zero mean martingale, then the moments of
invariant distribution satisfy

E Xn tð Þf g ¼ �a�1
n bnE Xn�1 tð Þ� � ¼ �1ð Þn

Yn
i¼1

a�1
i bi: (8)

The above equation allows us to find the moments of the invariant probability
distribution for the Markov process generated by (5) for example E X tð Þf g ¼ � μ

α,

E X2 tð Þ� � ¼ 2μ2

α 2αþγ2ð Þ and Var X tð Þð Þ ¼ � μγð Þ2
α2 2αþγ2ð Þ.
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Example 3.1. As already pointed out in the above section, the unique invariant proba-
bility distribution for the stationary solution of (5) has the form signG�1 � μ

α

� �
where G has

Gamma-distribution G a, bð Þwith a ¼ γ2 � 2αð Þ=γ2 the shape parameter, b ¼ γ2

2μ is the scale

parameter and the density f xð Þ ¼ 1
Γ að Þba x

a�1 exp �x=bf g, x>0. So simple computation

give E Gf g ¼ ab and Var Gf g ¼ ab2 however E G�1� � ¼ � μ
α and Var G�1� � ¼ � μ2γ2

α2 2αþγ2ð Þ.

More generally for a> n we have E G�nf g ¼ 2μ
γ2

� �nQn
i¼1 a� ið Þ�1. However, the above

expression coincides with (8).
Now, define mn t, xð Þ ¼ E Xn tð ÞjX 0ð Þ ¼ xf g to represent the n-th conditional

moment of the process X tð Þð Þt≥0 defined by (5) for n ¼ 0, 1, 2, … with m0 t, xð Þ ¼ 1.
Then simple manipulation of conditional expectation shows that mn t, xð Þ satisfy the
following first-order recursive differential equation

dmn t, xð Þ ¼ anmn t, xð Þdtþ bnmn�1 t, xð Þdt, (9)

its solution is given in the following proposition
Proposition 3.3. Suppose that the constants a0, a1, a2, … an are distinct. Then under

the Assumption 1, the solution of (9) for n ¼ 0, 1, 2, … is given by mn t, xð Þ ¼Pn
i¼0ξi nð Þeait

where ξi nð Þ satisfies the recursion

ξi nð Þ ¼
Xi
j¼0

B nð Þ
jþ1A

nð Þ
i,j x

j,B nð Þ
jþ1 ¼

Yn

k¼jþ1

bk,A
nð Þ
i,j ¼

Yn

k¼j

j6¼i

1
ai � ak

(10)

with the convenient B nð Þ
nþ1 ¼ 1, A nð Þ

n,n ¼ 1.
Proof. See Bibi and Merahi [17].
Example 3.2. The first and the second conditional moments are

m1 t, xð Þ ¼ � b1
a1

þ P0 xð Þea1tandm2 t, xð Þ ¼ b1b2
a1a2

þ P1 xð Þea1t þ P2 xð Þea2t

where P0 xð Þ ¼ b1
a1
þ x

� �
, P1 xð Þ ¼ b1b2

a1 a1�a2ð Þ þ b2
a1�a2ð Þ x

� �
and P2 xð Þ ¼

b1b2
a2 a2�a1ð Þ þ b2

a2�a1ð Þ xþ x2
� �

.

Remark 3.4. Note that when αþ n�1
2 γ2 <0 for any n, the mn t, xð Þ converges as t ! þ∞

to unconditional moments E IGnf g. Moreover, when X tð Þð Þt≥0 is a GBM process mn t, xð Þ
reduces to mn t, xð Þ ¼ xneant because polynomial B nð Þ

jþ1 ¼ 0 for any j< n and B nð Þ
nþ1 ¼ 1.

Additionally, since for any n≥ 1, mn t, xð Þ depends on time, thus COBL(1,1) process with
initial condition is non stationary, however it is asymptotically stationary.

4. Subordinated COBL(1,1) process

The main idea of subordination (or change of time method) is to find a simple
representation for X tð Þð Þt≥0 with a complicated structure, using some simple process
and subordinator process T tð Þð Þt≥0. For example, if we consider a Brownian motion
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w tð Þð Þt≥0 as a simple process and X tð Þð Þt≥0 that satisfies the stochastic differential
equation (4) as a complicated process, then the question is: can we represent X tð Þð Þt≥0
in the following form X tð Þ ¼ w T tð Þð Þ? In many cases, the answer is “yes” (see [18]).
Hence, in this paper, we propose that T is represented by a homogeneous Poisson
process.

4.1 Poisson counting process

The Poisson counting process, N tð Þ; t>0f g consists of a nonnegative integer
random variable N tð Þ and satisfy the following definition

Definition 4.1. A Poisson process N tð Þð Þt>0 is a counting process with the following
additional properties

1.N 0ð Þ ¼ 0

2.The process has stationary and independent increments.

3.P N tð Þ ¼ nð Þ ¼ λtð Þn
n! exp �λtð Þ for t>0 and n ¼ 0, 1, :: the parameter λ is called the

rate of the Poisson process.

Remark 4.1. Note that N tð Þ is not a martingale but N tð Þ � λt it is. Moreover, in
general, the “intensity” quantity λt may be replaced by a function λ tð Þ which may be
stochastic, to obtain an inhomogeneous Poisson process. It is worth noting that the definition
4.1 is quite close to the definition of the Wiener process and therefore have a similar method
of approaching the simulation.

Recalling that the probability generating function of N tð Þð Þt>0 is given by
E zN tð Þ� � ¼P∞

n¼0z
nP N tð Þ ¼ nð Þ ¼ e�λt 1�zð Þ: So by differentiation, we obtain the 4th�

order non centered moments vk tð Þ ¼ E Nk tð Þ� �
, k ¼ 1, … , 4

v1 tð Þ ¼ λt, v2 tð Þ ¼ λtð Þ2 þ λt, v3 tð Þ ¼ λtð Þ3 þ λtð Þ2 þ λt, v4 tð Þ ¼ λtð Þ4 þ 6 λtð Þ3 þ 7 λtð Þ2 þ λt:

Moreover, the first four central moments μk tð Þ ¼ E N tð Þ � v1 tð Þð Þk
n o

, k ¼ 1, … , 4,

are given by μ1 tð Þ ¼ 0, μ2 tð Þ ¼ λt, μ3 tð Þ ¼ λt and μ4 tð Þ ¼ 3 λtð Þ2 þ λt. Additionally, the

skewness Sk tð Þ and the excess kurtosis Ku tð Þ coefficients of N tð Þ are given by Sk tð Þ ¼
μ23 tð Þ
μ32 tð Þ ¼ 1

λt and Ku tð Þ ¼ μ4 tð Þ
μ22 tð Þ ¼ 3þ 1

λt. Therefore the Poisson process is always a skewed

and leptokurtic distribution for any t>0.

4.2 Subordinated COBL(1,1) process and their second-order properties

In what follows, we shall focus on the COBL(1,1) subordinate by a Poisson process
Definition 4.2. The COBL(1,1) process X tð Þð Þt≥0 delayed by a Poisson process

N tð Þð Þt≥0 is defined by

Y tð Þ ¼ X N tð Þð Þ (11)
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that is, the role of time is played by the Poisson process which makes Y tð Þð Þt≥0 a Lévy process.
From the above definition, we can see that there are two sources of randomness:

the ground process X tð Þð Þt>0 and a time process N tð Þð Þt>0. So, it’s referred to as a
stochastic time change, or ’time deformation’. From the solution (6), it follow that

X N tð Þð Þ ¼ X 0ð Þ þ ÐN tð Þ

0
αX sð Þ þ μð Þdsþ γ

ÐN tð Þ

0
X sð Þdw sð Þ, t≥0, then the 1st change-of-

variable formula yields

dY tð Þ ¼ αY tð Þ þ μð ÞdN tð Þ þ γY tð Þdw N tð Þð Þ, t≥0,Y 0ð Þ ¼ y0: (12)

Therefore, several authors have considered the process Y tð Þ ¼ X bN tð Þ
� �

where

bN tð Þ is the inverse of N tð Þ, i:e:;

dY tð Þ ¼ αY tð Þ þ μð ÞdbN tð Þ þ γY tð Þdw bN tð Þ
� �

, t≥0,Y 0ð Þ ¼ y0 (13)

(see [19] and the references therein) who gave the connection between the classi-
cal Itô SDE (4) and their corresponding subordinated SDE (12) and (13). The above
discussion is summarized in the next lemma

Lemma 4.2. [Duality of SDEs]. Let N tð Þ be a Poisson process, then

a. If X tð Þð Þt≥0 satisfies the SDE (4) , then Y tð Þ ¼ X N tð Þð Þ satisfies the SDE (12).

b. If Y tð Þð Þt≥0 satisfies the SDE (13), then X tð Þ ¼ Y bN tð Þ
� �

satisfies the SDE (4).

Proof. See [19].
Now, we are in a position to state the following proposition
Proposition 4.3. The unique, strong solution to homogeneous SDE (12) is explicitely

written as

Y tð Þ ¼ F tð Þ Y 0ð Þ þ μ

ðN tð Þ

0

Φ�1 sð Þds

8><
>:

9>=
>;
, t≥0 (14)

where F tð Þ ¼ exp Z tð Þf g is the fundamental solutionw with Z tð Þ ¼ α� 1
2 γ

2
� �

N tð Þ þ
γw N tð Þð Þ.

Proof. It suffices to show that the process Y tð Þð Þ given by (14) satisfies SDE (12).

Set Y tð Þ ¼ F tð Þg tð Þ where g tð Þ ¼ Y 0ð Þ þ μ
ÐN tð Þ

0
Φ�1 sð Þds. By the Ito formula and the

differential identities we have

dY tð Þ ¼ eZ tð Þg tð ÞdZ tð Þ þ eZ tð Þg0 tð Þdtþ 1
2

eZ tð Þg tð ÞdZ tð Þ þ eZ tð Þg0 tð Þdt
� �0

¼ Y tð ÞdZ tð Þ þ μdN tð Þ þ 1
2
Y tð Þd Z,Z½ �

¼ Y tð Þ α� 1
2
γ2

� �
dN tð Þ þ γdw N tð Þð Þ

� �
þ μdN tð Þ þ 1

2
γ2Y tð ÞdN tð Þ

¼ αY tð Þ þ μð ÞdN tð Þ þ γY tð Þdw N tð Þð Þ:
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Thus Y tð Þ satisfies (12), completing the proof.
Remark 4.4. If X tð Þð Þt≥0 is a GMB, then the explicite solution of its subordinated version

Y tð Þð Þt≥0 is Y tð Þ ¼ F tð ÞY 0ð Þ, t≥0 and hence More generally, for any k∈, we have

E Yk tð Þ� � ¼ E Yk 0ð Þ� �
exp �λt 1� exp α� γ2

2

� �
kþ k2

γ2

2

� �� �� �

and hence E Yk tð Þ� �! þ∞ as t ! ∞ whenever α� γ2

2

� �
kþ γ2

2 k
2 >0 . Additionally,

1.If α> 1
2 γ

2, then lim
t!þ∞

Y tð Þ ¼ þ∞,

2. If α< 1
2 γ

2, then lim
t!þ∞

Y tð Þ ¼ þ0,

3.If α ¼ 1
2 γ

2, then asymptotically Y tð Þð Þt≥0 switches arbitrary between large and
small positive values even infinitely.

An extension of Proposition 3.3 for the process Y tð Þð Þt≥0 is stated in the following
proposition

Proposition 4.5. Let Mn t, yð Þ ¼ E Yn tð ÞjY 0ð Þ ¼ yf g the n-th conditional moment of
the process Y tð Þð Þt≥0 defined by (11) Then under the condition of proposition 3.3, we have
Mn t, yð Þ ¼Pn

i¼0ξi nð Þe�λ ∗i t where λ ∗
i ¼ λ 1� eaið Þ and ξi nð Þ satisfies the recursion (10).

Proof. From Example 3.2, moments properties of the Poisson process and some
manipulation of conditional expectation properties, the results follows.

Example 4.1. For the COBL(1,1) process delayed by N tð Þ process defined by (11) with
fixed initial value, the second-order properties of the process Y tð Þð Þt≥0 defined by (11) are
given by

E M1 t, yð Þf g ¼ � b1
a1

þ P0 yð Þ exp �λ ∗
1 t

� �
,

t≥0andE M2 t, yð Þf g ¼ b1b2
a1a2

þ P1 yð Þe�λ ∗1 t þ P2 yð Þe�λ ∗2 t

where λ ∗
1 ¼ λ 1� ea1ð Þ, λ ∗

2 ¼ λ 1� ea2ð Þ. Note that when the initial value is random, the
expressions of E Y tð Þf g and E Y2 tð Þ� �

may be obtained by replacing the polynomials P0 Yð Þ,
P1 Yð Þ and P2 Yð Þ by their expectations. Moreover, it is clear that the first and second
moments depends in general on time and on the initial condition, thus the Y tð Þð Þt≥0 process
is not stationary but is asymptotically stationary.

4.3 Distribution

The distribution of the process Y tð Þð Þt≥0 defined by (11) is given by

FY yð Þ ¼ P X N tð Þð Þ≤ yð Þ ¼ E IX N tð Þð Þ≤ y
� � ¼ E E IX N tð Þð Þ≤ yjN tð Þ� �� �

:

Since X⇝IG with shape δ ¼ γ2 � 2αð Þ=γ2 and scale θ�1 ¼ γ2

2μ, then each X tð Þ
follows an IG δt, θð Þ, that is, has a probability density function (PDF), f X tð Þ xð Þ ¼
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θtδ

Γ tδð Þ x
�tδ�1 exp �θ=xf g, x>0 and cumulative distribution function (CDF) FX kð Þ xð Þ ¼

Γ tδ, θxð Þ
Γ tδð Þ then the PDF and CDF functions of Y tð Þð Þt≥0 are given respectively by

f Y yð Þ ¼ e�λtI y¼0f g þ e�θ=ye�λt 1
y

X∞

k¼1

θ

y

� �δ

λt

 !k
1

k!Γ δkð Þ I y>0f g

FY yð Þ ¼ H yð Þe�λt þ e�λt
X∞

k¼1

Γ δk, θ=yð Þ λtð Þk
k!Γ δkð Þ :

where H(.) is the Heaviside step function, therefore, the probability law of
Y tð Þð Þt≥0 has atom e�λt at zero, that is, has a discrete part P Y tð Þ ¼ 0ð Þ ¼ e�λt.

Remark 4.6. An equivalent expression of the above PDF and CDF functions may be
given by the following Poisson mixture: f Y yð Þ ¼P∞

k¼0f X kð Þ yð ÞP N tð Þ ¼ kð Þ, FY yð Þ ¼
P∞

k¼0FX kð Þ yð ÞP N tð Þ ¼ kð Þ. These PDF and CDF function are the same as for Z tð Þ ¼PN tð Þ
n¼1 ξn where ξnð Þn≥ 1 is a sequence of i:i:d: random variables independent of N tð Þ. Note

that when X tð Þð Þt≥0 and N tð Þð Þt≥0 are independent processes and the relevant moments
exist, then E Y tð Þf g ¼ tμXμN and Var Y tð Þf g ¼ t σ2Nμ

2
X � σ2XμN

� �
where μN ¼ E N 1ð Þf g,

μX ¼ E X 1ð Þf g, σ2N ¼ Var N 1ð Þð Þ and σ2X ¼ Var X 1ð Þð Þ.
The IG distribution belongs to the exponential family of distribution with respect

to θ ¼ δþ 1, θð Þ0: Indeed, f IG xð Þ ¼ θδ

Γ δð Þ x
�δ�1 exp �θ=xf g ¼ exp �θ0T xð Þ þ A θð Þf g

where T xð Þ ¼ log xð Þ, 1
x

� �0 and A θð Þ ¼ δ log θð Þ� log Γ δð Þð Þ. The function A(.) is
known as the cumulant function its first and second derivative provide the mean and
the variance of T(X). So f Y tð Þ yð Þ may be rewritten as

f Y tð Þ yð Þ ¼ e�λtI y¼0f g þ e�λt
X∞

k¼1

exp �θ0 kð ÞT xð Þ þ A θ kð Þð Þf gP N tð Þ ¼ kð ÞI y>0f g

in which the vector θ kð Þ is obtained by replacing the parameter β in θ by kβ. So, the
distribution of Y tð Þð Þt≥0 may be regarded (asymptotically) as the distribution of GIG
subordinated by the Poisson process. Regardless of the form of the expected value of the
function h(Y) is expressed as E h Yð Þf g ¼ Ð

Θ
EX∣N¼k h Yð Þf ggN kð Þdν kð Þ where EX∣N :f g is

taken with respect to the conditional distribution ofX. In particular, E Yf g ¼ E EX∣N Xð Þ� �
and Var Yf g ¼ Var EX∣N Xð Þ� �þ E VarX∣N Xð Þ� �

. Moreover

E Ynf g ¼ e�λt
X∞

k¼0

ð∞

0

yn�δk�1e�θ=ydy

8<
:

9=
;θδk λtð Þk 1

k!Γ kδð Þ

¼ θne�λt
X∞

k¼0

Γ kδ� nð Þ
Γ kδð Þ

λtð Þk
k!

¼ θne�λt
1Ψ1 δ,�n, δ, 0, λtð Þ
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where 1Ψ1 ρ, a, ρ, b, xð Þ ¼P∞
k¼0

Γ ρkþað Þ
Γ ρkþbð Þ

xk
k! is the confluent hypergeometric function

that plays an important role in mixing theory. For certain values of the parameter ρ
and for n>0, it is possible to give representations of 1Ψ1 ρ, a; ρ, 0; xð Þ in terms of well-
known special functions. In general, the exact expression of 1Ψ1 ρ, a, ρ, b, xð Þ is very
difficult to express it, so in literature, the solution is given for certain specific case,
(interested readers are advised to see [20] and the references therein). The solution of
1Ψ1 ρ, a, ρ, b, xð Þ is a vast subject and we will not develop it further here.

5. Estimation issues

In this section, we propose the moment’s method (MM) for estimating the
unknown parameters, α, μ and γ gathered in vector θ involved in COBL(1,1) and in its
distribution IG. The estimates parameters according to MM are obtained from two
processes X tð Þð Þt≥0 and Y tð Þð Þt≥0. Moreover, we concentrated on the weak and/or
asymptotically stationary case and we assume that the parameter λ in the Poisson
process is known. The first and second moments of the asymptotically stationary
process Y tð Þð Þ as defined in Example 4.1 are μ1 ¼ � b1

a1
¼ � μ

α, and μ2 ¼ b1b2
a1a2

¼ �μ2

α 2αþγ2ð Þ.
Additionally, from proposition 3.1, we have asymptotically ρ 1ð Þ ¼ eα. So the following

formulas for the parameters can be derived α ¼ log ρ 1ð Þ, μ ¼ �αμ1, and γ2 ¼
� μ2þ2αμ2ð Þ

μ2
. These relationships can be used for estimating θ byMM, more precisely the

estimators are given by

bα ¼ dlog ρ 1ð Þ,bμ ¼ �bαbμ1andbγ2 ¼ �bα bμ21 þ 2bμ2
� �

bμ2

where bμ1, bμ2, and dlog ρ 1ð Þ are respectively the empirical first, second-order
moment, and the empirical logarithm of autocorrelation. Their consistency and
asymptotic normality are given the following proposition

Proposition 5.1. Under the Assumption 1,we have

1. bθn
� �

converges in probability to θ0

2.
ffiffiffi
n

p bθn � θ0

� �
⇝N O,Σ θ0ð Þð Þ where Σ θ0ð Þ is 3� 3 asymptotic covariance matrix.

Proof. The proof follows essentially the same arguments as in Bibi and
Merahi [21].

5.1 Some simulation results

In order to check the effectiveness of the described estimation procedure, we
simulated 500 trajectories of length n∈ 1000, 2000f g with parameters θ shown at the
bottom of each table below. The vector θ is chosen to satisfy the second-order
stationarity and the existence of moments up to fourth-order. For the purpose of

illustration, the vector of parameters θ is estimated with X tð Þð Þt≥0 noted dθ Xð Þ
m and
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compared with its delayed Y tð Þð Þt≥0 process noted dθ Yð Þ
m :As a parameter of configura-

tion we estimate θ by the generalized method of moment GMMð Þ noted dθ Xð Þ
g and dθ Yð Þ

g .
In the Tables below, the column “Mean” correspond to the average of the parameters
estimates over the 500 simulations. In order to show the performance of the estima-
tors, we have reported in each table the root means squared error (RMSE) (results
between brackets). The results of estimating corresponding to the process (X(t)) and
(Y(t)) are summarized in Table 1.

The plots of the asymptotic density of each component of bθ according to MM and
GMM methods based on process (X(t)) (resp. on process (Y(t))) are summarized in
the Figure 1 (resp. in Figure 3)

Additionally, the estimates of scale and shape parameters of IG distribution are
reported in Table 2.

The plot of estimate IG distribution of the process X(t) is shown in Figure 2.

5.2 Comments

Now a few comments can be made
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Figure 1.
Top panels: The overlay of asymptotic kernel of

ffiffiffi
n

p
θ̂m ið Þ � θ ið Þ�

and
ffiffiffi
n

p
θ̂g ið Þ � θ ið Þ�

based on X(t). Bottom
panels: Are the corresponding boxplots summary of θ̂m ið Þand θ̂g ið Þ, i ¼ 1, 2 and 3 according to Design (1)
illustrated in Table 1.

n = 1000 n = 2000

dScale , dSchape dScale , dSchape
MM (1.002, 7.073) (1.023, 7.173)

GMM (1.001, 7.040) (0.938, 6.641)

Design(1): Scale: 0:8889 and Schape: 6:3333

Table 2.
The estimation of the distribution of X(t).

187

The L2� Structure of Subordinated Solution of Continuous-Time Bilinear Time Series
DOI: http://dx.doi.org/10.5772/intechopen.105718



A.By inspecting Table 1

1. it is clear that the results of MM and GMM methods are reasonably closed
to the true values and their RMSE decreases when the sample size increases.

2.The above observations may be seen by regarding the plots of asymptotic
distributions of their kernels estimates displayed in Figure 2 showing the
moderate-fat tails (positive kurtosis or leptokurtic) of such a kernels and
the asymptotic accuracy of MM and GMM estimates.

3.Additionally, it can be seen from the boxplots displayed in Figure 2 that the
methods MM displays more outliers than GMM. This is not surprising due
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Figure 2.
The left plot is the overlay of exact, MM estimate and GMM estimate associated to design (1) of IG distribution of
the process X(t) with n = 1000. The right plot is similar to the left with n = 2000.
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Top panels: The overlay of asymptotic kernel of

ffiffiffi
n

p
θ̂m ið Þ � θ ið Þ�

and
ffiffiffi
n

p
θ̂g ið Þ � θ ið Þ�

based on Y(t). Bottom
panels: Are the corresponding boxplots summary of θ̂m ið Þand θ̂g ið Þ, i ¼ 1, 2 and 3 according to Design (1)
illustrated in Table 1.
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to the robustness properties of GMM and hence its capability to detect the
outliers in nonlinear models.

4.It can be observed that the RMSE associated with GMM is more less than of
that associated to MM.

5. It can be said that the estimation of scale parameters is more accurate for
the smaller values of those parameters whereas the estimation of shape
parameters is more accurate for the larger values of those parameters.

B. By inspecting Table 2

1.The performances of GMM and MM are according to their order, and are
close to each other.

2. It seems that it is very difficult to distinguish between the results reported
in Table 1 and Table 2 and the plots of the asymptotic kernels showed in
Figures 1 and 3. This is due to asymptotic stationary which led to the same
parameters involved in both SDE (4) and (12).

3.For n = 1000 and/or n = 2000, it is observed that GMMworks the best from
MM for both designs of the two parameters α and μ.

6. Concluding remarks and future research direction

The stochastic subordination model proposed in this paper is practically and theo-
retically appealing for the modeling of several phenomena already pointed out in
Section 1. Such models are rich enough to model among others, the observed non-
normal returns, significant autocorrelation of squared returns. In this paper, we have
proposed a theoretical model that not only takes under consideration such specific
property but also exhibits short-range dependence and can be used for data with
visible jumps. This model is based on the stable COBL(1,1) process delayed the
Poisson subordinator. The proposed model is non-linear and non-normal, involves
three additional parameters which may easily and quickly be estimated under the
asymptotically stationarity assumption with a moments method (MM) and compared
with a generalized method of moments (GMM). Clearly, the analyzed process is
complex and the estimation is challenging. A significant advantage of the stochastic
subordination model is that it inherits some properties of the process to be subordi-
nated and hence the stationary and nonstationary process can be obtained through the
subordination approach. These issues are of importance to theoreticians and practi-
tioners alike and will be the subject of further papers. Further research is required to
investigate the asymptotic theory of estimator under more matching conditions. The
model presented in this paper may be slightly modified by replacing the Poisson
process by other processes subject to some appropriate condition.
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