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Preface

Calculus is the elementary subject of applied analysis and its study includes a rich
variety of functions and their behavior. This book brings together a range of different
concepts from across the wide spectrum of the concept of calculus.

The book is in two sections. The first deals with advances in analysis and the second
with the application of some results of functional calculus to applied problems.

The first section opens with an analysis of logarithmic potential transform. The sin-
gular values of this transform are discussed on the Poincaré disk. This potential can be
used to illustrate some of the important features of field theory such as dimensional
regularization and renormalization. Although most recent textbooks do not discuss
this potential in detail, the calculations to demonstrate some of its unique features are
quite simple. The bound state energy of this logarithmic potential is obtained through
the uncertainty principle, phase space quantization and the Hellmann-Feynman
theorem.

In the second chapter of the first section, the authors define and prove new Tauberian
theorems under triple statistically Norlund-Cesaro summability. Some theorems,
lemmas and corollaries can be defined and proved similarly by using the (1, 0, 0),
(0,1, 0) and (0, 0, 1) summability method. Although Tauberian theorems for single
sequences of a single variable are well established, they remain in their infancy for
triple sequences.

The final chapter of the first section is devoted to the study of the Calderon operator,
which is the sum of the Hardy averaging operator and its adjoint and plays an impor-
tant role in the theory of real interpolation. On the other hand, the Hilbert operator
arises from the continuous version of Hilbert’s inequality. Both operators appear in
different contexts and have numerous applications within the harmonic analysis. In
this chapter, the authors briefly review the Calderon and Hilbert operators, showing
some of the most relevant results within the functional analysis and presenting recent
results on these operators within Fourier analysis.

The second section of the book collects some results from applied analysis The first
chapter deals with the study of heat transfer development of titanium oxide nanofluid
of platelet-shaped nanoparticles over a vertical stretching cylinder. A set of nonlinear
equations is obtained using suitable transformation on the governing equations which
are then solved with numerical scheme BVP4C. The results obtained are interpreted
graphically and numerically. The effects of Prandtl, Eckert and unsteadiness param-
eters on temperature distribution are depicted, and skin friction and Nusselt number
are also computed. In the second chapter, a nonlinear response of the follower motion
is simulated at different cam speeds, different coefficients of restitution and different
internal distances of the follower guide from inside. The nonlinear response of the fol-
lower is employed to investigate the chaotic phenomenon in the cam follower system in



the presence of follower offset. The numerical results are achieved using Solid Works
software. The chaos phenomenon is detected using Poincaré maps with phase-plane
portraits, the largest Lyapunov exponent parameter, and a bifurcation diagram.

The largest Lyapunov exponent has its maximum value when the follower offsets to
the right, and its minimum value when the follower offsets to the left. The chaotic
phenomenon in cam follower systems when the follower offsets to the left is greater
than the chaotic phenomenon when the follower offsets to the right. The final chapter
investigates the decision fusion problem for large-scale sensor networks associated
with the Internet of Things and artificial intelligence. The sensor networks discussed
are those with unavoidable transmission channel interference and non-ideal channels
that are prone to errors. A generalized algorithm is proposed that enables decision
fusion rules to be designed for large-scale sensor networks and can at the same time
search for the optimal sensor rules and the optimal fusion rule. Finally, numerical
examples show the effectiveness of the new algorithms for large-scale sensor networks
with non-ideal channels.

Hammad Khalil
Department of Mathematics,
University of Education,
Lahore, Pakistan
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Chapter 1

The Singular Values of the
Logarithmic Potential Transform
on Bound States Spaces of Landau
Hamiltonians on the Poincaré Disk

M’hamed Elomari and Ali El Mfadel

Abstract

In the present manuscript, we prove that the singular numbers of the Cauchy

transform £, [f](z) = —%ID% log (Izi ﬂ) (1-¢&8) “du(&) (2) defined on the space

L*°(D) of complex-valued measurable functions, which are (1 — &) o_zd,u(.f)-square
integrable on D where ¢ > 1 is a fixed parameter, are asymptotically

“4u+41 .
~CVE" ™ as k — oo where C is a constant.

Keywords: the logarithmic potential transform, the singular values, Cauchy transform.

1. Introduction

Let D be the complex unit disk endowed with its Lebesgue measure x and let JID

be its boundary. Denote by L?(DD, du) the space of complex-valued measurable func-
tions, which are dyu square integrable on . The logarithmic potential transform:

L*(D) — L*(D) is defined by

o) = 2| T tog (L1 o) W

7lpé—z Iz — ¢

This operator is very important as the transformed Cauchy and it often appears in
Analysis [1].

The dimensional analysis [1, 2] and scaling arguments form an integral part of
theoretical physics to solve some important problems without doing much calculation.

The logarithmic potential in physics forms an interesting one as it provides some
unusual predictions about the system. Moreover, this potential can be used suitably to
illustrate some of the important features of field theory such as dimensional regular-
ization and renormalization. In most of our textbooks, this potential is not discussed in
detail; although the calculations are quite simple to demonstrate some of its unique
features. We have obtained the bound state energy of this logarithmic potential
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through uncertainty principle, phase space quantization, and the Hellmann-Feynman
theorem.

In Ref. [3] the authors have been dealing with the restriction of £ to the space
L2(D) of analytic u-square integrable on D. They precisely have considered the
projection operator Py: L?(D) — L?(DD) and they have proved that the singular
values 4, of LPy, (which turn out to be eigenvalues of the operator \/(LPy) " (LPo)

behave like k™! as k goes to oo. They also concluded that £P, belongs to the
Schatten class S1,c.
Now, consider the following weighted logarithmic potential transform

Lol =2 [ 19 g (#) (1= &8)" du(e), @

zlpé—z ° \|lz—¢

defined on the space L>°(ID) of complex-valued measurable functions, which are
(1- &) gfzdﬂ(é)-square integrable on D where ¢ > 1 is a fixed parameter. We observe

that the subspace L>°(DD) of analytic functions on D and belonging to L*°(ID) coincides
with the eigenspace

A3(D) = {y €L**(D), Ay = 0}, 3)

of the second order differential operator

AG::—4(1—z§)((1—z§)a—2— _a)} (4)

wE &
known as the o-weight Maass Laplacian and its discrete eigenvalues are given by
em=4m(c —1—m), m =0,1,2,...,|(c — 1)/2], (5)
with their corresponding eigenspaces
A7 (D)= {w €L>*(D) and A,y = €y}, (6)

are here called generalized Bergman spaces since ...

After noticing that, we here deal with analogous questions as in Ref. [3] in the
context of the weighted Cauchy transform (2) and for its restriction to the space
A7 (D). That is, we are concerned with the operator C,P;, where P, is the projection
L*>*(D) — A% (D). The results achieved are as follows:

Firstly, we find that the singular values of £,P,. For k # m, it can be expressed as

e =~J1+],+]3

where

Ji= (1+k—m), 22‘*’: T(2n 42k —2m + 6 — 1) (40 — 2m — 1)
7 \mle —m +1) " C(2n + 2k — 4m + 4v + 6) ’

J - " Zi 4 T4y —2m —1)T(2n +2)
2 \w-m-1 " Tn44v—2m+1)

n=0

n=0
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and
I = (1+k—m),a™ iA Ik —m+2)I'(4v —2m — 1)
P mlk—m+ 1) (2w —m—1) (& [(4v —k — 3m) '
For k = m can be expressed as
2 o 22u—m =
A= 8(x (2v—m+1 ;;sz— @)

where

oo

I'( m+1 2u—m)F(2(y—m) +1)
Z Q2w —m)L2v —m +2) ’
vim F(Z)F(Z(Wl - D) + 1)
% TTm+ L2 +m—2)

n—=

Secondly, we show that these singular values behave like

M~ CVE"™ 1 a5 kb — oo,

where C is a constant.

The paper is organized as follows: In Section 2, we review the definition of the
weighted logarithmic potential transform, as well as some of its needed properties.
Section 3 deals with some basic facts on the spectral theory of Mass Laplacians on the
Poincaré disk. In Section 4, a precise description of the generalized Bergmann spaces
is reviewed. Section 5 is devoted to the computation of the singular values of the
weighted logarithmic potential transform. The asymptotic behavior of these singular
values is established in Section 6.

2. The weighted logarithmic potential transform £,
21Thecaser =1

Let D the complex unit disk endowed with its Lebesgue measure y and let dID its
boundary denote by L*(ID) the space of complex-valued measurable functions on D
with finite norm

171 = | Fe)fauco). ®)
)
The Logarithmic Potential operator £ : L?(D) — L*(D) is defined by
1
cile) = | flertos (72 Jaucer ©)
1D £ — 2|

2.2 The case of v >1

We fix a real parameter v such that 2v > 1 and we consider the following weighted
logarithmic potential transform

5
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Ly[sz):JDf(s)log <|§1 |)(1 )" du(®), (10)

defined on the space L**(D) complex-valued measurable functions are

(1 - 55) » 2y du(&)-square integrable on D. As a convolution of L*>*-functions with the

compactly supported measure % Tpdu(é) £, : L**(D) — L>¥(D) is obviously
bounded. Moreover, it is not hard to show that £, is in fact compact [4]. This raises a
question concerning the spectral picture of £,.

3. The Landau Hamiltonian H, on the Poincaré disk D

Let D ={z € C, 2% < 1} be the complex unit disk with the Poincaré metric ds* =
4(1 — 2%) “dzdz. D is a complete Riemannian manifold with all sectional curvature
equal —1. It has an ideal boundary dID identified with the circle {w € C, w@ = 1}. One
refers to points w € dID as points at infinity. The geodesic distance between two points
z and w is given by

2(z —w)(z —w)
= . 11
coshd(z, w) = 1—1—(1 20— wi) (11)
By Ref. [5] the Schrédinger operator on D) with a constant magnetic field of
strength proportional to v> 0 can be written as:
- 2\? 0 2
L= — (1 — |2 ) portey uz(l — |7 ) + vz(l — |zl ) + Pz (12)

which is also called Maass Laplacian on the disk. A slight modification of £, is
given by the operator

H,:=4L, — 4* (13)

acting in the Hilbert space
2,0 2 2\ 2
L(D)={¢:D—=C, | lp@)P(1-kF) du@<+eop, (4
D

For our purpose, we shall consider the unitary equivalent realization H, of the
operator H, in the Hilbert space

2v-2
120 ={o:0 ¢ [ @ (1- )" dute) <+ o, (1s)
which is defined by

I:Iy = Q;lHqu (16)
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where Q, : L»(D) — L*°(D) is the unitary transformation defined by the map
o~ Q,lp]= (1 - |z|2> yqo. Different aspects of the spectral analysis of the operator H,
have been studied by many authors. For instance, note that H, is an elliptic densely

defined operator on the Hilbert space L**(ID) and admits a unique self-adjoint reali-

zation that we denote also by H,. The spectrum of H, in L>*(I) consists of two parts:
(i) a continuous part [1, 4+oo[, which corresponds to scattering states, (ii) a finite
number of eigenvalues (hyperbolic Landau levels) of the form

e, =4v—-—m)(1—v+m), m=0,1,2,, [v — ;] (17)

with infinite degeneracy, provided that 2v > 1. The eigenvalues in (17) correspond
eigenfunctions, which are called bound states since the particle in such a state cannot
leave the system without additional energy. A concrete description of these bound
states spaces will be the goal of the next section.

4. The bound states spaces A, (D)

Here, we consider the eigenspace
A, D):={®:D— C, ®cL>(D)and H,® = &, ®}. (18)

See Refs. [6, 7], for the following proposition.
Proposition 4.1. Let 2v> 1 and m = 0,1,2,-+,[v — 3| .Then, we have.

(i) an orthogonal basis of Af’m (D) is given by the functions

—m .
()=l (1 faf?) e

m—k—;|m—k|’zy_m+|m—k|2—m+k

(19)

mmcm+ ,Hw—wwﬁ

k= 0,1,2,---, in terms of a terminating ,F1 Gauss hypergeometric function.
(i) the norm square of ¢y"™ in L>* (D) is given by

—k|4+m—Fk —k|+m—Fk
AT+ — ) T(m = 22 1) (20— — eotonct)

o = |
2w —m)-1) r(m kot | 1)r(2y —m+ 7""—’@'2—"1%)

(20)

Corollary 4.1. The functions {®,™}, k = 0,1,2, ..., given by

. 2v—m) —1\! (kT2 — m) +m)\?
@, (z)==(—1)k< :1 ) <m!F(2(1/ —7:;) +7Z)> ey

x(1- 2f) gk plnh 20 (1 ez 22)

. . . . . 2,
in terms of Jacobi polynomials constitute an orthonormal basis of A,)" (D).
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Proof. Write the connection between the ,F;-sum and the Jacobi polynomial

” 1+a 1—u
Pk’ﬁ(u):( 7 )k.2F1<—k,1+a+ﬂ+k,1+a;T),
then the functions
) K, 2(-m)-1)
o (z) = | e Rargzpln Bl 2 (1 ogg), (23)

constitute an orthonormal basis of Az,m. The norm square of ¢ in L>*(D) is
given by

H¢y’m||2_ 7 (mVE)TQ2W —m)+mAk) 24)
k Q2w -m)—1) mAR)TQ2—m)+mvVk)’
Here, m Ak := min (m, k) and m V k := max (m, k). Thus, the set of functions
Y™ = ¢’}: Jk=0,12,.. (25)
g2
is an orthonormal basis of Ai’m (D) and can be rewritten as.
oo o gk (2= m) = 1\ (RICQw —m) +m)\?
®" @) = (1) ( p mIC (20 —m) + k) (26)
x (1 [af?) " kR 2 (1 - 222) 27)

by making appeal to the identity (S, p.63):

[(m+1) _ Tm+a+1) (u—1\°
—P( 5, @) = P(S, @) 1<s< 28
F(Wl—S—l—l) m (u) F(m_5+a+1) 2 m—s (u) Ss<m (28)

fors=m—k,t =1—-2z anda =2(v —m) —1...[0.

Corollary 4.2. The L*—eigenspace Ai,O(ID)), corresponding to m = 0 in (3.1) and
associated with the bottom energy €} = 0 in (2.6), reduces further to the weighted Bergman
space consisting of holomorphic functions ¢: D — C such that

[l#)P (1 =) duto) < + (29)

D
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5. Computation of the singular values 4,

Elements of this basis are given in terms of Jacobi polynomials as

(71) min (m, k) .
7( ok g ™ Hlgin—kiangepln 2T (1 9g7). (30)
1-z )

V.

The norm square of ¢ in L>*(D) is given by

P (z) =

o P (mVvE)TQ2W—m)+mnak)
Pk 2w -m)—1) mAR)TQ2—m)+mVk)’ (3

Here, m Ak := min (m, k) and m V k :== max (m, k). Let us introduce the notation.
The set of functions

1 mAk
. = k=0,12,.. (32)

v,m
yk - \/p-bk’—ﬁ bl

So that we consider the elements

v,m v,m —k| —i(m—Fk)ar m—k|, 2(v—m)—1 _
" (e) =" gy Bl e P a2 39)
5.1 The action £,
Lemma 5.1. We set z = pe'’, and [ = ffgne"(k’m)e log (|z — re”|) 42, we have
I=—log(pAr) k=m,

ei(kfm)t r m—k r m—k (34)
’—z|m—k|<<p) ;) ) e

Proof. By ref. [3], it remains to prove that this lemma for k& <m.
We have

2 2r
J 9 Iog (|pe — re®|)d6 = _J Fm R0 Jog (|V€i(—t) _ pei0) |>d(—9) (35)
0 0

The function § — &%= Jog (|re!~") — pe'~9)|) is a periodic mapping with the
period equal 27, then

9
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2
JO ei(kfm)e lOg (‘peit _ V€i9|)d9

2” . . .
_ _J ¢ log ([re ) — p =0 )d(~0)
0
pik—m)t r m—k r m—k
“2m—k) <E) A<;) |
O

Lemma 5.2. For all A€ 0D. L, commutes with the rotations R,, where
(Rif)(z) = f (42).
Proof. We observe that
Ripy™ () = "™ (2), Vk # m.

O
Corollary 5.1. { L, (g{),‘;’m) };::0 arve orthonormal in Lz’”(]D)).

Proof. As R; is an isometry of L>*(D),

(2.0, 2.(47))
= (R0 RL(457))
=GR, £ (7))
= (L), £(7))s if >Ry

or

=29y, (), if m<k

For all €D, since 1 # 0, we have
(L), £u(m)) =0 if j # k.

O

Lemma 5.3. If we denote *¢;™" (), if k>m and *¢;"™ (2), if k<m, we have

T+ 1T —m)

L, (1¢Z,m) (z) = Fm + M2 — ) L, (2¢Z,m) (2).

Proof. Just use

Tm+1) Tm+a+1) (u—1\°
— ) _plsa) = pe @) 1<s<m.
I'm—s+1) " (u) T(m—s+a+1) 2 s (U),1<s<m (36)

O

10
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Proposition 5.1. The action of the operator L on a basis element ¢, is of the form:
If k = m, We put z = pe’ then

m B " 2v=—m)—1_ S uwm1 -m+Lw-—mW-m+1_
L4 )(2)72(2u7m+1) . 1) 3F2< 2w —m), 2w —m+2 E p)'

(37)

If k % m then

v,m i(k—m)t
o my e
L, (b )(Z):m(h +14),
where

1+k—m _ w-m—1 —-m+1,2(v—m)+k
13 ( )m pk m+2(1 _pZ) 2F1< ‘pz ,

“mlle —m+1) 2+4k—m
and
au,m 2u—m—1 —m+1, 2v—m—1
Ih=—2"%*  (1-p? F 2).
* 2u—m—1( 7) 21( 2(v —m), |p>

() o) = CE I (1 ) e (1 2067 g - ()

N1l
=(-1)" MJ (1- 72)2b7m72P(0’ 2emm1(1 — 22 log (p Ar)dr”

T 0 "

_q\m _ _ 1
_EY" e—m) 1J (1) 2P0 2= (1 2) log (p* Vt)dt

2 T 0 m
-)" Rv-m)-1
_ ! 2) v ;”) I +1).
where
0?
I = J (1- t)zyimfzpﬁ,?’ 2<”_"‘)_1)(1 —2t)log (p2 Vt)dt,
0
and

1
I, = J (1 — ) " 2P0 20=m=1) (1 _ 2¢) log (t)dt.

pZ
Calculus of I;.
1
I = log (pZ)J (1 — ) " 2P0 20=m=1 (1 _ 2¢)d.
P

We use the formula

11
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PP (u) =

1+ a), ~k,1+a+p+k 1—u
F | .
k! 2 1+a 2

We have

2

» —m, 2w —
I; = log (pz)J (1- t)zy_m_22F1< v |t> dt.
0

By Ref. [8], we have

> b _ 1,b
Jx‘_1(1 — %) LR (a |x>dx = %xc(l — %), (a M x) ,

4

implies that

Y —-m+1, v —
L= tog (A2 - )" " m (LT ).

Calculus of I,.

1
I = J (1 — ) " 2p\0 20=m=1) (1 _ 2¢) log (t)dt.

2

Use the previous formula in Ref. [8] and the integration by part gives

- oy (LW —m Yo [mtLwem
L = t1—t 2F4 [t )logt| — [,1—t*""F |t |dt
2 » ’ 2
—-m+1,2v—m —-m—+1,2v—m
_ 7/)2 10gp21 _ p22b—m—12F1 < ) |/)2> _ J:z 1— tZu—szl < , t> dt.

Calculus of

1 mt1, 2w
(1—t)* " F, moLamm It )dt.
2 g 2

Use the following formula, which has place in [9]

a,b \  T(c)'(c—a—Db) a, b -
2F1( c |t>_F(ca)F(cb)2F1<a+b_c+11 t)

T(e)T(a+b—c) e a, b
T Tarey . Y b2Fl<a+bc+1'1_t>'

We puta =1—m, b = 2v —m, ¢ = 2 and use the formula Boher-Mollerup, for
z€IR],

e LS 2\-1 .
I(z) = (1 —) -
() 2 H +n e

n=1

which implies ﬁ = 0, then

12
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—-m+1,2v—m 2U2(m —v) +1) -m+1,2v—m
oF; |t = F; |1—t s
2 mC(2+m —2w), 2w —m)

implies that

1 —-m+1,20—m Ar(2m—v)+1) (1 —-m+1,2w—m
1-t)» ™ F ’ tldr="C— T (1) ™ F ’ 1—1¢)dr.
Lz( " 1< 2 I) mC(2+m — 2v) Lz( " 1< 2w —m) | )

By the change 1 —t =5, we get

1 -m+1L,2%-m A (2(m —v) +1) (7 —m+1,20—m
1-0)*™F ’ t dt:—J 2 F ( ’ t)dt.
[ (S e (M

In [8], p. 44,

a1 a, b o x° a,b,a C(@)(a — a)L(b — a)l(c)
Jx ZFl( c |—t)dx N ;3F2 (c, a+1 |_t> + [(a)L(b)[(c —a)

Sincea =1-m,b=2v—m,c=2(v—m),and a = 2v — m + 1 we have

and by the change t = —s

1-p? -m+1,2v—m
J t2y—m+12Fl ‘t| At

0 2w —m)
P —m+1,2v—m
= (—1)’”J " F, |—t| |dt
0 2(v—m)

2 _ g\l —m+1L,2v—m,2v—m+1
e Sy o ).

W-m+13° 2W—m),2v—m+2
we set a;”" :%. We get
m1 —-m+1,2v—m
,pZIng217p2 m 2F1< , |,02
L=

i ﬂzzHHF —m+1,2u—m,2u—m+1| 5
+ —1"a> 771/7 2 1-p7|.
ko 2-mily U —m,2v—m+ 2

Finally

" 2b—m) —1 Wem—1 —-m+1L,2v—-—m,2v—m+1
k ( ) (1*P2) 3F2( |1—ﬂ2>-

L,(¢4;") (@) :2(2v—m+1) 2b—m), v —m+2

Now if k >m, set z = pe'.

13
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v,m L um g2 Z=m=2 k—m 1 (k—m, 2(v—m)—1) _ 2
L") (=) =1, JD(l ¢ ) & " log <|Z_§|>Pm (1 2/¢] )du(é)
1 2
_ yz,mJ (1 _ 72)2D7M72Vk_m+1p,(5_m’ 2(v—m)—1) (1 _ ZVZ)J ei(k—m)f) lOg ( . )d@d?’
0 0 Iz — 7
vm i(k—m)t 1 k—m b
_ m;k(ke_ - JO (1 _ VZ)ZIJ—m—Z?k—mP;(,:Le—m, 2(v—m)—1) (1 _ 2;,.2) ((g) A (g) )d?‘z

f’f?’Z’mei(kfm)t r M2 ks (k—m, 2v-m)-1) (1 _ 5,2 r ko P\ o
= | @ (-2 (; AE)T ar

1 k—m m
+J (1 _ 72)2b7m72rk—mpirlf—m, 2(v—m)-1) (1 _ 21,2) <<Z> A (B)k >d7‘2-

P P "
We set
- P N\ mm=2 ke (k—m, 2v—m)—1) (1 _ H,2 r -m P k—m 2
I3 - Jo (1 ) Vk Pm (1 2r ) P (V) dr
and
1 k—m k—m
_ N2 ki p(k—m, 2(v—m)—1) (1 _ 9,2 K '3 2
L= [ a=m e g zﬂ((p) () )dr-

Calculus of I3.

2

m—k

P14k —m) J" _ —m—2 (—m, 2b—m)+k >
I; = m | fem(1 -t F t |dt.
3 m! 0 ( ) 2 1+k—m |

By the formula

—Cc— ﬂ,b 1 - a+1,b
JXC71(1 _x)b 12F1( |x>dx = Exc(l —x)h 2F1( i1 x)a

we have
(1+k _m) Jo— +2 2 2u—m—1 (_m + 1’ 2(1/ _m) +k 2)
L= 2 Wm phems2(q F
} m!(k—m—f—l)p (1= 21 2+k—m o
Calculus of 1.

1 k—m k—m
I, = J (1 o V2)2u7M727k7mP£57m, 2(v—m)-1) (1 _ 21’2) ((g) A (/_)) >d7‘2

P r

fe—m _ 1 -m,2(v—m)+k
_a ;mk, ") J (- R ( . -‘v(- . W)l It> d.
! ) _
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As the previous

1 —-m, 2w —m)+k 1 -m+1,2u—m
j (1—t)* "% F |t> dt = a,;va (11—t "™ %R 11—t |dt
ﬂl

1+k—m s 2(v —m)

0 -m+1,2v—m
- (—1)’”0¢mj f-m2Fy o )t

pP-1

vm
Y,

_ (1 7p2)2b7m713F2 —-m+1L,2v—m,2v—m—1 |1 7p2
w—m-—1 2—m), v —m

also
—-m+1L2v—m,2v—m—1 -m+1L,2v—m—1
, , 12— .F > 1_ 2
”( 200 —m),2u—m | ”) “( 2 —m) | p)
Now if k& <m. We have
v PO —m) —LRIT@E—m) 4 m) (N kw4
#" @) = 1)\/ z m!F(Z(v—m)—f—k)(l |Z‘) S (1 2‘Z|)'

By the formula

Tm+1) ()
Cm—s+1)" ™

Cim+a+1) <u—1)f

Tm—s+at1)\ 2 PrW)i<s<m,  (38)

and puts =m —k and a = 2(v — m) — 1, we have

b v Tk+a+1) )
pim—ks 2v=m)-1) (1 _9 2) _m ple=m, 2(u-m)-1) (1_2 2),
k =) = orm a1 i

substituting in the expression of ¢, (z), we get

#7E) = (1) \/2@ —m) —1mCQRw —m) + k) (1 - |z|2)

T kIC(2(v —m) +m)

m

7mzk—mp(k*m, 2(v—m)-1) (1 - 2|Z|2) 5

it is the same formula for k >m, which proves the same formula of £, (¢,")(z) if
k>m.

Remark 5.1. By the previous formula in [9], we have

-m+1,2v—m)+k 2\ kT2 +k—m) -m+1,2w—m)+k 5
2F1< 2o —m) ') m( 20— m) '1*”)'

5.2 The spectrum of £,

Proposition 5.2. If k # m, then

e =J1+]2+]5

15
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where

]1_((1+k m) >Z’°: I'2n+2k —2m+6 —1)I'(4v —2m — 1)
0

ml(k —m +1 I'(2n +2k — 4m + 4v + 6) ’
B = T(4v—2m—-1)I(2n+2)
o= <2y— —1> z; Ir2n+4v—-2m+1)
and
. 1+k—m),o™" f:A Ik—m+2)I'(4v —2m — 1)
Pmle—m+1)(w—m—1) \ & [(4v — k — 3m) ’
If k = m then
. o (22v—m =
4= 8(x (2u—m—|—1 ;n+2u— (39)
where

oo

I'( m+1 2z/fm)F(2(yfm) +1)
nZ: nl'(2 m)I'2v —m + 2)

Proof. If k # m. We have

(Lo(d™)) (@) = %euk—m.

We set H = (LZ( ), ( €] ) 2d (5)),]3 = I3(p), and I4 = I4(p) we have

o= (Lu(d)s Lo(8) )
" 2
= s | @)+ 1)

Calculus of fg (Is(p)) pdp.

(1+k—m) f—m42 2\ 2v—m—1 (_m""l’ 2(1/—7]1)4—]6 2)
Iy(p) = = m eomi2(p F .
3(p) m!(kfm+1)p (=) 2t 24+k—m o
Since
-m+1,2(v—m)+k 2) 2 (-m+1), 2w —m) +k), p?
F = n n_’
2 1( 24k —m o ; 2+k—m), 7l
then
2 (1+k m 4u 2m—2
1) = (S ) S an |
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where
_ 1 Em+1)(-m+1), 2 —m) + k)2 —m) + k),
An =12 @ —m) 2 —m)),
Thus
1 —m 2 o 1 1

Use the fact that

1 a-1pq _ p\F-1g. _ C(a)L'(B)
Lt (1—1) dt_—l"(aJrﬂ)’

implies

1 oo
5 B u F2n+2k—2m+6—1I'(4v —2m — 1)
JO(Is(P)) pdﬂ—<m|(k m+1) 2) ['(2n + 2k — 4m + 40+ 6) '

(40)

Calculus of fg (I(p)) pdp.
In the same,

B 1 2 B = T(4v—2m—1)I'(2n +2)
]2*J0(I4(/’)) pdp = < _1) z; Fontdv—am+1) (41)

Calculus of 2 (I3(p)) (I+(p))pdp.

1+k—m), o™ iA Ik—m+2)T'(4v —2m — 1)
ml(k—m+1)(2v —m —1) " I'(4v — k — 3m) '

(42)

1
Ja= zjo (I3(0))(Ts(p))dp =

Ifk =m.

Since

<3F2<—m+1, w—m, 2(v—m)+1 |17p2>> Z“’:r m+1 (v—m )F(Z(I/fm)Jrl)(l,[)Z)n.

2W—m), 2v—m+2 n'(2 m)[(2v —m +2)
(43)
P = J n+21/7m71 "2 -m) - 1) & B,
e (2v7m+1 Z B = g —m+1) ;nuwm
(44)
where

oo

I( m+1 Qu—m)T'2(v —m)+1)
nz nC2v —m)['(2v —m +2)

17
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6. Asymptotic behavior of singular values 4;, as k — o

Ji~

18

Proposition 6.1.

M~ CVE"™™ 1 g5 ke — oo,

where C is a constant.
Proof. If ke >m, then

e =~J1+]2+T3

where

—m 2 ) —2m — v —2m —
]1:((1+k )m)>z T(20 42k~ 2m 46 - D4 —2m 1)

ml(k —m+1)) = T(2n + 2k — 4m + 4v + 6) ’

]2:< : —1> S, T2 Z TG+ 2)

W-m 2 T 20 + 4w —2m + 1)
and
J.— (1+k—m),a™ iA Tk —m+2)T(4v —2m — 1)
P mle—m+ 1) (2w —m—1) (& T(4v —k — 3m) '

The limit of A, ask — oo.
We use the formula

we have

oo

2
—1-m oo
A,
(k ) > AT (4v = 2m —1)(2)" T~ kTR T (4 — 2m - 1) Z—'.
n=0 O

m!
(45)
J2 = Opeo(1) (46)
In the same
met1 0 T4 =2m — 1) &
Jark m!(2v —m — 1) ;A"' (47)

Therefore

Ak ~ C /km74l/+1’

where C is a constant.
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Chapter 2

Some Tauberian Theorems under
Triple Statistically Norlund-Cesaro
Summability Method

Carlos Granados

Abstract

In this paper, we extend the notion presented by Braha (2020) in a higher

(1,1,1)

dimension, we introduce the notion of N,*¢C, >,

-statistically convergence and
show necessity and sufficiency conditions under which the existence of the limit

st- lim x,,, = L follows from that sz- lim N77"¢ CLLD — I, These conditions are
n,m,g—oo n,M,g—00 P9 n,m.g

one-sided or two-sided if (x,m ) is a sequence of real or complex numbers, respectively.

Keywords: N6rlund-Cesro summability method, one-sided and two-sided Tauberian
conditions, triple statistical convergence

1. Introduction

The concept of statistical convergence was introduced by Fast [1] and Steinhaus
[2]. Besides, in this connection, Fridy [3] showed some relation to a Tauberian condi-
tion for the statistical convergence of (x;). Subsequently, many researchers have
worked in this area in several settings. For more recent works in this direction, one
may refer to [4, 5]. Existing works in this field based on statistical convergence
appears to have been restricted to real or complex sequences; however, Parida et al.
[6] extended the idea for a locally convex Hausdorff topological linear space. Tauber
[7] introduced the first Tauberian theorems for single sequences, that an Abel sum-
mable sequence is convergent with some suitable conditions. Later, a huge number of
authors such as Landau [8], Hardy and Littlewood [9], and Schmidt [10] obtained
some classical Tauberian theorems for Cessaro and Abel summability methods of
single sequences. Recently, Braha [11] introduced some notions on statistical conver-
gence by using the Nérlund-Cesdro summability method in a single sequence and
proved some Tauberian theorems. In the last year, Canak and Totur [12], and Jena
et al. [13] presented and studied several Tauberian theorems for single sequences. On
the other hand, Knopp [14] obtained some classical type Tauberian theorems for Abel
and (C, 1,1) summability methods of double sequences and proved that Abel and
(C,1,1) summability methods hold for the set of bounded sequences. Further, Moricz
[15] proved some Tauberian theorems for Cesdro summable double sequences and
deduced Tauberian theorems of Landau [16] and Hardy [17] type. Canak and Totur [18]
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have proved a Tauberian theorem for Cesaro summability of single integrals and also
the alternative proofs of some classical type Tauberian theorems for the Cesaro
summability of single integrals and later introduced by Parida et al. [6] for double
integrals. Otherwise, the notion of (C, 1,1, 1) summability of a triple sequence was
originally introduced by Canak and Totur in 2016 [19]. Later, Canak et al. [20] studied
some (C,1,1,1) means of a statistical convergent triple sequence and gave some
classical Tauberian theorems for a triple sequence that P-convergence follows from
statistically (C, 1,1, 1) summability under the two-sided boundedness conditions and
slowly oscillating conditions in certain senses. Then, in 2020 Totur and Canak [21]
proved Tauberian conditions under which convergence of triple integrals follows
from (C, 1,1, 1) summability. For more studies associated to the main topic of this
paper, we refer the reader to [22-24].

Let (pn’m g) and (qn,m g) be any two non-negative real sequences with

n

g
Zpi,j)kqnfi,mij‘gfk #0 ((n,m,g) eN x N xN)
k=0

M§

Rym

Il
o

i=0 j

and (C, 1,1,1)-Cesaro summability method. Let (xnm g) be a sequence of real of
complex numbers and set

n

Nn m,gC(l 1,1) _

nmg

£ 1 ik
= Zpi,j,kqnfi,m—j,g—ki_'_ jit1 k szu’v’y

k=0 v=0 y=0

Ms

nmgl ]

i
o

for (n,m,g) eN x N x N.
In this paper, we show necessary and sufficient conditions under which the

existence of the limit lim xy,»¢ = L follows from that of | hm N Cnlri A=,
n,m,g—oo g

These conditions are one-sided or two-sided if (x,) is sequence of real or complex
numbers, respectively.

Given two non-negative sequences (pn,m g) and (qn’m g), the convolution (p*q) is
defined by

n m

R",””g (p*q nmg Z

i=0 j=0

m_ g
Pijrdn—im—jg—t = Z Z anfi,m—j,g—kqi,j,k

with (C, 1,1,1) we will denote the triple Cesaro summability method. Now, let
(xumg) be a sequence, when (pxq) # 0 for all (n,m,g) €N x N x N the general-

Mw

x>
Il

0

n,m,g

ized Nérlund-Cesdro transform of the sequence (x,m ) is the sequence Ny Cnlri?

obtained by putting

g 1 1 i J k
NETCEY = g 2 2 DT i i 4T T T R 2 0 2

0 j=0 k=0 ] u=0 v=0 y=0
¢
We say that the sequence (x,,g) is generalized Nérlund-Cesdro summable to L
determined by the sequences (pn,m g) and (qn,m g> (or simply summable Ny7"¢ Cnlyié )
to L if
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lim N"”"@c (LL1) _ 7, ()

n,Mm,g—00 n,mg

Throughout this paper, we will assume that the sequences (pn,m g) and (qn,m g) are

satisfying the following conditions

n

m &
Tong 215 Zszjwnmg, (n,m,g) eN x N x N, 3)
i=0 j=0 k=0

k=
Do onigr SUnimjgio i= 12 womj =12, omsi>Te =12, .30>1, (4)

GoimjekS25 s =12 s dsf =12 s ik = 1,2, 1,50 <A<1, (5)
where 4, = [An], A, = [4m] and A, = [4g]. On the other hand, @, g ~ bymg means
that there are constants C, C; such that a, ;¢ < Chymg < Ciaymg. If

lim xnmg—L (6)

n,m,g—

implies (2), then the method N" mgC (LL1) is said to be regular. Nevertheless, the

n,m.g
converse is not always true as can be seen in the following example:

Let us consider thatp, , , =4¢,,,, = 1forall (n,m,g) €N x N x N. Besides, we

define the following sequence x = (x;;%) = (—1)"7*, then we get

1

j k
Z Z u+11+y|

1 n m g
(n+1)(m+1)(g+1)| ZZ (i+1) (]+1 Y(k+1)

i=0 j= k:O u 0 v=0 y=
1 n m £ i j k
< 1—1asnm,g— oo.
m+)(m+1)Eg+1) ;;H—l(]—l—l )(k+1) = ;:yz: £

and as we know, x = (xi ,j,k) is not convergent. Notice that (6) can imply (2) under
a certain condition, which is called a Tauberian conditions. Any theorem which states
that convergence of a sequence follows from its Ny7*¢C, <1’1’1) summability and some

Tauberian conditions are said to be a Tauberian theorems for the N7'¢ szl,ié sum-
mability method.

Next, we will find some conditions under which the converse implication holds,
for defined convergence. Exactly, we will prove under which conditions statistical
convergence of sequences (X, ), follows from statistically Nérlund-Cesdro summa-
bility method.

A sequence (X, is weighted I\ CLLY _statistically convergent to L if for

nmg
every € >0,
1 - ShGhE
nr}ll{grlmm|{l’]:kﬁ(?*4)nmg (p*q g 2 ;;Pz]kqn im—jg—k
L 1 1 i J

k
qu,v,y —Lj ZE}I =0.

i+ 1+ 10k +1) e 5
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And we say that the sequence (xn m g) is statistically summable to L by the

weighted summability method Ny 7*¢ Cnlrié if st — hmgN; 7t Cff,i; L. We will

denote by N, "¢ Cﬁlly;;’é) (st) the set of all sequences which are statistically summable, by
the weighted summability method N mgC (LL.1)

n m,g
Theorem 1.1 Let x = (x,n,) be a sequence N mgcnlnié summable to L, then the
sequence X = (X, mg) is I\ Cnlrié -statistically convergent to L, but not conversely.

Proof: The first part of the proof is obvious. To prove the second part, we will
show the following example:
Let us define

{,/xyz, for i=n?j=m? and k =g*
Xije =

0, otherwise

andp,, =1= Under this conditions we obtain,

qn,mg‘

1
n+1)(m+1)(g+1)

1 NS
l(n+1)m+1 Jg+1) ZZE%

i=0 j=0

VoA Dm D+
T m+)(m+1)(g+1)

H{ij,k<n+1m+1,g+1:

— 0.

On the other hand, fori = »?%,j = m? and k = g2, we have

i j ke
DD Xusy =

u 0 v=0 y=0

1 n m g
m+1(m+1)(g+1) ]z:z; z+1(]+1 Yk +1)

as n,m,g — oo.

From last relation follows that x = (x,m) is not Nye Cnl,;é summable to 0.

Theorem 1.2 Let x = (xnm g) be a sequence statlstlcally convergent to L and
Xpme — L| <M for every (n,m,g) €N x N x N. Then, it converges N">"¢CLLD gtatis-

Sm.g y g g Pq n,m.g
tically to L.

Proof: From the fact that (x converges statistically to L, we have

n,m,g g y
llm |i>j>k§”,m,g3 Ixi,j,k _L|2£}| _

n,m,g—ro0 nmg

We will denote B, = {i,j,k <n,m,g :|x;jx — L| > ¢} and B, =
{i,j,k<n,m,g :|x;jp — L|<€}. Then,

n m g 1 i j L
nm,g;]z;pukqn i,m—j.g—k 1_|_1 (]+1 k—|-1 u UZJ;'X””J’
1 IS 1 i j k
nmg £ ;;Pukqn im—jg— k(z+1)(]—|—1)(k+1 £ vz:;yz:; Xupy —
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1 n m g 1 i J ok
= Rome ? 2. Pijn—im—je=k (7 1) G+ 1)(k + 1) & DD Fuuy LI

(i) € Be

1 n m g 1 i k
P Romg 2 2 it ot D) G4 D 1) 2 2g 2 oy —
s v=0 y=

as n,m,g — oo,

for some constant C,.
Converse of Theorem 1.2 is not true as can be seen in the following example.
Consider thatp, ,, , = (n +1)(m +1)(g + 1), (%,mg) = 1 for some

(n,m,g) €NU{0} x NU{0} x NU{0} and define the sequence x = (X, ) as follows:

1, for i:p2 - P, ...,pz— j:tz—t, w2 —1and k=0>—o, ..,0° —1;
1
xi,j,k: 7%’ fo;ﬁi:pz,pzz,..j:tz,tiz,.. and k:02,0:2,
0, otherwise

Under this conditions, after some basic calculations we get that x = (x,, m ,g) is
N;:;”gc,(zl’;,lté)—summable to 1. Therefore, by Theorem 1.2, x = (xnm g) is N” m’g Cnlyié)
statistically convergent. On the other hand, the sequences pz; =23, .., tz, t=
2,3, ... and 0%;0 = 2, 3, ... have natural density zero and it is clear that st-

11m 1nf Xnmg = 0and st- 11m supx,me = 1. Hence, (x;;x) is not statistically convergent.
n,m,g

2. Tauberian theorems under Ny>7*¢ C (L.L.1) statlstlcally convergence

In this section, we show the results that we obtained. Throughout this paper, R;, ,,
and R), ;,,,5, will have the same meaning.

Consider that st-lim,j, kx; ;. = L; (x,,,m g) is N” mg C'nlﬂllé) -statistically convergent
and (13) satisfies, then for every ¢ > 1, is valid the followmg relation

1 i j k
g=lme——a— > > D Pucti-ui
i —R:. w,e,rd Ai—w,lj—e,dk—r
bk Rayy = Rijo /=70 550,550

@)

1 ik
Xwer —Xiir) =0
(w+1)(e+1)(r+1) 0; :0( wer = Xijk)

u=0 v=0y

and in case where 0 <t <1,
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) . X
1 d J
st—lim ———M— o
E D S Sl D S

i w=7;+1 e=k+1r=Ap+1

(8)
, — 0.
(w+1(e+1)(r+1) = ;),z:o: Xijke ~ Xwer)
The condition given by relation (13) is equivalent to the condition
R, m.g
st — 1g R) >1, 0<i<1. 9)
n,m,g—oo g

Mg

Proof: Suppose that relation (13) is valid, 0 <A<1,w = 4, = [An], e = 4, = [Am]
and r = 4, = [4g], (n,m,g) €N x N x N. Then, it follows that

1 w _ [in] 1 e [im]
2122 DU PN L e BN S 1 P
ﬂ> é}, ; n /1> éﬂ, : m an ﬂ,> éﬂ , =g

From above relation and definition of sequences (pn m ’g) and (qn m ’g> , we have

R I AN R R u) [m] 1
e > .21 = st — liminf =€ >s — liminf 121 >1
R/{n,m,g Rj-n,m,g 1,1, g0 j-n,m,g 1,1, g0 ln,mg

Conversely, suppose that (9) is valid. Now, let 1> 1 be given and let 4, 15, 13 be
chosen such that 1</11,/12,/13 <A Setw =4, = [An],e = A = [Am] and r = A, = [Ig].
From 0 < ; 1< Al s ﬂ s /1 <1, it follows that

</1n—1<M_w </1m—1 [im] e and </1g—1<[/1g}_r

"= A M M Tk A &= A3 3 A

provided A1, 4y, 13 <4 — = /1 — A= g%, which is a case where if 7, m and g are large

enough. Under this condltlon, we obtain
g

An,mg /In,m,g

Ry, Ripg o o
e > : = st — liminf >st — liminf
Rume " R1 11T, "L Ry m g S ATANE

Consider that (13) is satisfied and let x = (xi ;,k) be a sequence of complex numbers

which is N7 C,},;? statistically convergent to L. Then,

> 1

I 4

An
t — lim ! E E E Piind
st — - -
m, i,k Ay =i, —j,Ag—F
wm gRln,%g Rn Mg i=n+1j=m+1k =g+1 ¢

(10)

1 i j k
i+ 1)+ 1)k +1) ZZX“’”:LﬁW >1

u v=0 y=0
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and
, 1 1 n m g
St — Iim — E p q . .
n,m, _ 2 : ij,kdn—im—jg—k
an,mg Rﬂn,mg i=n +1j = +1 k=T +1

(11)

1 i j ke
wwy = L 0<i<1.
G0+ 1)k +1) 2 ;;x”y for

Proof: We begin proving the case (10), i.e. when 4> 1. Then, we have

An A 1 i J
R R 2 2 Zpquﬂﬂ o Gk (G 1)+ 1) (k +1) sz“”’y

nmg ”ngz—n—o—l] m+1k=g+1 u: =0 y=0

1

Ry,
Pijidi—ipm . .
Rgnmg—angRA,,w,;U;lk_zg; PR TR (1) 4+ 1) (R + 1)

Pij e, —i =iy~

M\
Ma:-
=
<
=
>u|
; ;j
&
[y
N
M§
Mw

1 i J__k
G+ DG+ 1k +1) :OZZ("”»W_L)

R
= b Z sz]kqﬂ —Lydm g

Rlnmg —ang Anmg i= n+1j=m+1k=g+1

Rn,m,g 1 n m g
S ES RS IZZ Xupy — L) — Rippe — Zzpi,j,k

Rn Mg Rn ME =0 j=0 k=0

O

u

‘<

1 i J k
(q/ln—i,/lm—j,ﬂg—k Y im gk~ qn—i,m—j,g—k) G+1)G+D(k+1) Z Z(xu,v,y —L)

u=0 v=0 y=0
e P DD I >
~ Ripy ~RumgRi,, 2 Y m+1k—g+1p” bk
1 i J__k Rumg | s
G+ 1)+ 1)k +1) & ;FO s L R R Rume 2 ;;p”’k

1 i j k Rn,mg 1 n m £
qn —i,m—jg— k(z+1)(]+1)(k+1)zozzxu,v,y_ R,l’ — ’ ’ ' Zzpi,j,k

1 i j k
(qiy,fi,ﬂmfj,ﬂg—k - qnfi,mfj,gfk) ()G +1)(k+1) 2 Z Z(xu,v,y —-L).
(12)
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Anmg

From (12), definition of the sequence (qn - g) and relation lim supR}Ri_R‘g < oo,
5 nym,g in,m.g n,m
we get (10).
Prove of (11) is made similarly to the prove of (10).

In the following theorem, we characterize the converse implication when the

ClllAM

statistically convergence follows from its N} 7*¢C,, >

statistically convergence.

Theorem 1.3 Let (pn’m g) and (qn,m g> be two non-negative real sequences and

st — 11m1nf

gﬂwR

£ >1 for every 1>1, (13)
nmg

where 4, g = dudmis = [An][Am][Ag] denotes the integral part of Animig for every
(n,m,g) €N x N x N, and let (xn mg) be a sequence of real numbers which is
I\ ct1 1) -statistically convergent to a finite number L. Then, (x,g) is st-conver-
gent to the same number L if and only if the following two conditions hold

Ai A A
P .. 1 . ’ *
}I‘If; thUP | Z,]5k SRn,m,g : W Z Z Z pw,e,rqiﬁw,/ljfe,lkfr
>t mmg Knmg Aijhe Ak 1 e 511 rlet1
1 i j k
X —x < —¢e}| =0,
(w+1)(e+1)(r+1) ZZ wer =~ %iji) H=

u 0 v=0 y=

(14)

and

1 1 N B
D T RL F R
<A<l mmg Rnmg Bk T ik =311 e=a+1 =g +1

1 i J_k
w+De+1)(r+1) :OZZ(xz;k Xuer) < — e} = 0.
(15)

Proof: Necessity: Suppose that lim ,, ;s g—.coXn,me = L and (13) holds. By Proposi-
tion 2, we have

E , Pij g, —ihn—j

:n,rlli,?l‘oc R, —-R,. . Z Z Z Pijk9h, it —jig—k

Rj%mg I i=n+1j=m+1k=g+1

1 i J k
U — Xnm :O’
R EE I R,

u 0 v=0 y=0
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for every 4> 1. In case where 0 <4 <1, we have that

1 n m

nﬂkglmoﬁr;;;“ggzggljij > ji: Pijpdn-imjg—

It j=An 1 k=7 +1

1 1
G+ )G+ 1)k +1)

k

J
Z Z Xn mg xu,v,y)

u=0 v=

O

\e

n m g
= Am S = | o= > > D Pijpaim ek

Rippe 2 At 1= +1 k=g +1
i Jj k

+1)(;+1 1e+1Z D uoy)} = 0.

u: v=0 y=0

Sufficiency: Consider that (14) and ((15) are satisfied. In what follows, we
will prove that nlzi?L Xnmg = L. Given any ¢ > 0, by (14) we can choose 4; >0

such that

. 1
e DD DI D A

Ay shmy Agy —Rnmg = n+1j=m+1k=g+1

J k
Z Z(xu,v,y — Xnmg) = — &

u=0 v=0 y=0

| (16)

1 1
(+1)G+1)(k+1)

where A, = [An1], Am, = [Am1] and A, = [Ag,]. By the assumed summability
N8 Cnl,;é of (Xnmg)> Proposition 2 and (16), we have

limsupx, ;g <L + ¢, 17)

n,m,g—00

for any A>1.
On the other hand, if 0 <1 <1, for every £> 0, we can choose 0 <1, <1 such that

1 n m

g
mnl,lrg}gIEEoRn,mg—Ra y! Z Z Z Pijjen—im—jg—k

n2 sy Aes il 41 j= Ay +1 k=l +1

. (18)

1 i j k
(+1)G+1)(k+1) ZZ(x”’mg_x“’”’y)Z_‘?’

u 0 v=0 y=0

where 4,, = [n2], Am, = [Ama] and 4, = [ﬂgz]. By the assumed summability
N8 Cnlyié of (Xnmg)> Proposition 2 and (18), we have

liminf f Xnmg = L —e¢, (19)

n,m,g—
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forany 0<i<1.
Since £ > 0 is arbitrary, combining (17) and (19), we obtain

lim xnmg—L
nmg

In the following theorem, we will consider the case where x = (xm,) is a
sequence of complex numbers.
Theorem 1.4 Let (13) be satisfied and let (x,,)m g) be a sequence of complex

numbers which is N} 7*¢ C,(ll’;i’?-statistically convergent to a finite number L. Then,

(Xnsmg) is convergent to the same number L if and only if the following two
conditions hold

1 Ai 4 A

|{i,j,k <Rumg m Z Z Z P ey —w,i—e y—r
ik J

BR w=i+1e=j+1r=k+1

inf limsup
4>1 n,m,g n,m.g

Xw,eor — Xijk ZE}IZO’
(w+1(e+1)(k+1) = ;y;( iik)
(20)
and
1 i j k
it Jimsup p =Y bk <Rumg g DL D D Puesliwi-err

ik w=Ai+1e=A+1r=/+1

1 i J k
(w+1)(e+1)(r+1) —~ ZZ(xiJ,k *xw,e,r) >e}| = 0.

(21)

Proof: Necessity: If both (2) and (6) hold, then Proposition 2 yields (20) for every
A>1and (21) for every 0 <A< 1.

Sufficiency: Suppose that (2), (13) and one of the conditions (20) and (21) are
satisfied. For any given &> 0, there exists 4; > 0 such that

1 1 /Iml /Ié’l

limsup | - s 2l DD DD D U7 PR

7,1, 800 XAy shomy »Agq Ry ME i=p+1j=m+1k=g+1

1 i Jk
E+DG+D(k+1) ZZ(xu,v,y—xn,m,g)lse,

u =0 y=0

where A, = [n1], Am, = [Am1] and 4, = [Ag,]. Taking into account fact that
(xn,m g) is NZ:;”g Cill,};’é) summbale to L and Proposition 2, we have the following
estimation
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limsup |L — % ]
n,m,g— oo
Iy

) 1
Sr}’lyrzggglL —M—_ Z Z Z Pij iy =ity =

iy 5Amy gy R i=n+1j=m+1k=g+1

ik
DD Funy|

u=0 v=0 y=0

+7}121§52|L_— Z Z Z Pij ki, =iy gy

Rj”" Ay A ”mz =n+1j=m+1k=g+1

j k
Z Z (xu,v,y - xn,mg) |

u 0 v=0 y=0

1 1
(+1)G+1)(k+1)

1 1
(+1)G+1)(k+1)

<e.

For a given £ > 0, there exists 1, > 0 such that

1 n m g
limsup| ST Pislnim
1,1, g0 R, g — Rlly,z g ik dn—im—jg—k

%2 =y +1j= Iy +1 k=Ag, +1

k

Jj
Z xn,m,g - xu,v,y)l <eg,

u=0 v=0 y=

1 i
(+1)G+1)(k+1)

where 4,, = [An], Am, = [Am2] and 4,, = [4g,]. Taking into account fact that (x,m)
is No*¢ Cnlrié summbale to L and Proposition 2, we obtain the following

limsup |L — %, ]

n,m,g—oo
. 1 n g
e s R DI DD D L
1 i J k
G+ 1G+ Dk +1) DD Fuwy]

u=0 v=0 y=0

1 n m g
+ limsup | ik n—im—jg—

) s%mys7gy i:in2+1j:1mz+1 k:lngrl

1 i J k

G+ 1)G+1)k+1) > (Fnmg = Xuoy)|

u=0 v=0 y=0

<e.
Since £ > 0 in either case, we get

lim  x,mg =L.

n,Mm,g—00
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3. Conclusion

In this paper, we have defined and proved new Tauberian theorems under triple
statistically N6rlund-Cesaro summability, as a consequence of results showed in 2,
some theorems, lemmas and corollaries can be defined and proved similarly by using
(1,0,0), (0,1,0), and (0, 0,1) method of summability. It is well know that Tauberian
theorems for single sequences of single variable have been achieved a high degree of
development; however, it is still in its infancy for triple sequences. For that reason,
the results established in this paper can be extended and studied in some inclusion,
Tauberian type theorems and Tauberian convexity type for certain families of
generalized Norlund.
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Chapter 3

A Brief Look at the Calderén and
Hilbert Operators

Guillermo J. Flores

Abstract

The Calderén operator is the sum of the Hardy averaging operator and its adjoint,
and plays an important role in the theory of real interpolation. On the other hand, the
Hilbert operator arises from the continuous version of Hilbert’s inequality. Both oper-
ators appear in different contexts and have numerous applications within harmonic
analysis. In this chapter we will briefly review the Calderén and Hilbert operators,
showing some of the most relevant results within functional analysis and finally we
will present recent results on these operators within Fourier analysis.

Keywords: Calderén operator, Hilbert operator, Lebesgue spaces, Lipschitz spaces,
BMO spaces, weighted inequalities, Calderén weights

1. Introduction

The Calderén and Hilbert operators are among the most relevant operators in
harmonic analysis, arising from Hilbert’s double series theorem which is one of the
simplest and most beautiful in the theory of double series of positive terms. It was
proved by Hilbert, in the course of his investigations in the theory of integral equa-
tions, that the series Zmn N %, where a, > 0 for all z €N, is convergent whenever

>, end? is convergent.

Other proofs of Hilbert’s double series theorem and generalizations in different
directions were studied and published over time by influential mathematicians such as
H. Weyl, F. Wiener, J. Schur, Fejér and F. Riesz, Pdlya and Szegd, Francis and
Littlewood, G.H. Hardy and M. Riesz, among others.

In [1, 2], G.H. Hardy observed that Hilbert’s theorem stated above is an immediate
corollary of another theorem which has interest in itself. This theorem is as follows: If

2
a,>0 forallneNand ", _ya? is convergent, then >, (% > qa j) is also

convergent.

The first extension of the just stated Hilbert’s and Hardy’s results in which we are
interested is the following (see [3]): Let 1<p <o andp’ =p/(p — 1) (i.e. p’ is the
conjugate of p). If 3.2 % and Y%, k¥ are convergent, where a, and b, are
nonnegative numbers for all # €N, then
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>y < (Zﬂ )1/ (ZW) andZ(ljilaj)Ps@’y’gag.

m=1 n=1 neN

The constants z/ sin (z/p) and (p') = (p/(p — 1))? are the best possible.
At the same time, the continuous versions of the previous inequalities are the

following (see [3, 4]): Let 1<p < oo and p' the conjugate of p. If [, ,|f" and [, .., lg”
are finite, then

1p
J[O,oo)J[O,oo) x+y dedy < sin (z/p) <J[Ooo | f(x)Pd > (LO)&)LQ’( ) d )

and

1/p'

J[Ow <}J[Ox]f(y dy) s Q%)pj[omﬁf(x)lpdx.

Once again, the constants involved are the best possible.
As usual in harmonic analysis, if E is a measurable subset of R”, then L (E),
1<p <o, is the Lebesgue space of all measurable functions f such that ||f?, 5 =

Jg|f (x)[Pdx is finite. Recall that (LP (E), | - ||U(E)) is a Banach space and in the case
E=R", itis denoted || - I, = II - llr(g)
Now, consider the operators H and P defined by

Hf (x) = J &dt and Pf(x) = 1 J[o f(t)dt,

[O’OO)X‘f't X J[0,x]

which naturally arise from the inequalities presented above. Also consider

o= Lla

o) T

being the adjoint operator of P and satisfying

(Qf (x))dx = SO 4 pdx <c|  (f(x)ydx,
[0,00) [0,00) \Jxe0) T [0,00)

for allf € LP ([0, =0)), 1 <p < oo, where C is a positive constant (see [4]). Therefore,
P and Q are bounded operators from LF ([0, o)) in itself, that is,

P Nl (0,00)) < Cllf L ((0,00)) 20D 1QS 1112 (0,00)) < ClIf 12 ((0,00)) forallf € LF ([0, 00)).
It is immediate that for nonnegative functionsf,
Hf (x) <Pf(x) + Qf (x) <2Hf (x) forall x> 0.

Consequently H is a bounded operator on LF ([0, o0)), that is,
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1Hf 122 (10,00)) < ClIf Nz ([0,00)) forall f €L ([0, )).

It is well known that P is called the Hardy averaging operator and H is called the
Hilbert operator. Also, the Calderdn operator S is defined by S = P + Q, being then a
bounded operator from L7 ([0, o)) in itself.

We end this section with some of the first and most important direct applications
obtained from Hilbert’s and Hardy’s inequalities.

Theorem 1.1 Let E be the interval (0, 1) and f € L?(E) not null in E. Then

oo

> (JEx"f (x)dx> 2 < nJE F2(oc)dox

n=0

and the constant 7 is the best possible. The integrals [x"f (x)dx,n = 0,1, ... are
called the moments of f in E and are important in many theories.

Theorem 1.2 (Carlema’s inequalities) Let {a, } be a sequence of positive numbers
and 1<p <oo. Then

3 (Za,g/p> < (f) S and Y (Hak> <> a.
=1 \"" =1 -V = n=1 \k=1 n=1
The constants involved are the best possible.

The corresponding integral version for the second inequality of Carlema’s inequal-

ity is: If f is a positive function belonging to L'([0, o)), then

J exp <1J logf(t)dt> dx = J eP1os @)y < eJ f(o)dx.
[0,00) (0,] [0,00)

X [0,00)

where the constant e is the best possible.
Theorem 1.3 Let 1 <p <2 and p’ the conjugate of p. If Lf (s) = [;°f (t)e " dt, i.e. Lf is
the Laplace transform of f, then

J:Lf(s)p/dss ;],T <J:f(s)pds>p ’ forall f€L?([0,)).

Therefore L is a bounded operator from L7 ([0, o0)) into L? ([0, o)), 1<p <2, and
ILF 1, < a/p") 2 If 1,

The number of applications and results that arise from Hilbert’s and Hardy’s
inequalities is by now very large and it would be impossible to give a detailed survey
of all of them in a reasonable amount of text. We have simply made a very brief
introduction about them in this section.

2. Calderén weights and L?-weighted inequalities

A function w defined on R” is called a weight if it is locally integrable and positive
almost everywhere. For a measurable set E CR”, |E| denote its Lebesgue measure,
w(E) = Jpw, and E° the complement of E in R". Given a ball B, ¢B is the ball with the
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same center as B and with radius ¢ times as long, and f, = ﬁ 5f - As usual, yp denotes

the characteristic function of E and B(x, ) denotes a ball centered at x with radius .
Also, C denotes a positive constant.
Let w be a weight in R” and 1 <p < o0. A Lebesgue measurable function f belongs to

7 (o) if
e = (] 170) " <o

We say that an oprator T is a bounded operator on L (@) if
NTf e (@) < Cf Nlp (@) forallf € L? (o).

Given 1<p < oo, it is said that o is a Calderdén weight of class C,, that is w € C,, if
the Calderén operator S is bounded on L (w) (see [5]) or, equivalently, if P and Q are
both bounded on L? (w) (see also [6]). It is well known that the class C, for p >11is
given by the conditions

1p ) vy
M, : J o(t)dt J —dt <C for all x> 0;
0] o)

olt) 1/p 1/p'
M ((J —dt> <J Pl (t)dt> <C for all x>0.
o) P [0,

The Calderén operator plays an important role in the theory of real interpolation
and such theory related to Calderén weights is developed in [5]. On the other hand, in
[7], the authors considered a maximal operator N on (0, o0) associated to the basis of
open sets of the form (0, b), given by

NF(x) = sup % J[O ) IF(¢)\dt

b>x
for measurable functions f. Then, for nonnegative functions f, we have
P(x) <Nf(x) <Sf(x) forall x> 0.

The classes of weights w associated to the boundedness of N on L (@) are those
that satisfy the Muckenhoupt-A, condition, 1<p < oo, only for the sets of the form
(0,b). These classes are denoted by A, ¢ and defined as follows:

Aip: No(x)<Cw(x) for almost all x> 0;

r—1
1 1 /
Appo: —J w —J o'P <C for all x>0,wherel<p <co.
X J{ox] X J[0x]

Then, in [7] is proved that N and S are bounded operators on L? (w) if and only if
@ € Ay for 1<p < co. This result implies, in particular, that the classes of weights C,
and A, o coincide for 1<p < oo,
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Taking into account these results it is natural to wonder for the action of the
Calderdn and Hilbert operators over suitable spaces such as BMO or Lipschitz spaces.
Also, another interesting question is: which are, in these cases, the Calderén weights in
order to obtain weighted inequalities between these spaces?

These problems were treated for instance in the case of the fractional integral
operator in [8, 9], which have been the main motivation for the article [10] and for
the development of the following sections.

3. The n-dimensional Calderén and Hilbert operators

For 0 <a<mn, f a Lebesgue measurable function and x € R", x # 0, the general
n-dimensional Calderén and Hilbert operators are defined by

$£0) =Pf) + Q) and Hf o) = | Iy,

where Pf (x) = = [, . f 0)dy and Quf (x) = [, ¥ dy.

Again, it is immediate that for nonnegative functions f, the following pointwise
inequalities hold

Hof (x) <Sqf (%) <2 “Hef (x), ¢

and consequently, all weighted-L? inequalities obtained for S are true for H and
reciprocally.

In spite of the punctual comparison (1), we will show in Section 4 that the results
obtained for S, and H, are not analogous when the BMO” and Lipschitz spaces are
involved.

Both operators S, and H, appear in several different contexts and applications, see
for instance [4, 11-17].

Next, we introduce the spaces of functions and the classes of weights which appear
in our main results.

Recall that a measurable function f defined on E C R” is said to be essentially
bounded provided there is some M > 0, called an essential upper bound for f, for which
[f (x)| <M for almost all x € E. As usual, the class of all functions that are essentially
bounded on E is denoted by L*(E) and ||f ||, is the infimum of the essential upper
bounds for f € L*(E). Then, (L*(E), || - |l.) is a Banach space.

Now, a Lebesgue measurable function f belongs to L () if |[fw||,, < oe.

Also recall that L}, (R") denotes the space of locally integrable functions f
satisfying that ||fy;||; is finite for every ball BCR".

Definition 3.2. Let w be a weight in R” and 0 <y <1/n. A locally integrable
function f belongs to BMO” () if there exists a constant C such that for every ball
BCcR",

ST | ~fo=C ?

The seminorm of f € BMO (@), ||f Il gmor(w)» is the infimum of all such C.

39



Functional Calculus - Recent Advances and Development

Definition 3.4. Let w be a weight in R” and 0 <y <1/x. A locally integrable
function f belongs to BM} () if there exists a constant C such that

1
BT 10 *

for every ball BCR" centered at the origin.

The norm of f € BM})(w), denoted by IIf s () » is the infimum of all such C. We
will denote by BMo(w) = BM)(w).

Observe that with these definitions the space BMO® () is the weighted version of
BMO introduced by Muckenhoupt and Wheeden in [18]. Also, the family of spaces
BMO' (w) is contained in the family of weighted Lipschitz spaces Z,(y) defined and
studied in [8], and BMO" (w) for w = 1 is the well known Lipschitz integral space.
Furthermore, we note that L= (@) C BMo(w) N BMO(w).

Given p > 1, it is known that a weight w satisfies the reverse Holder inequality with
exponent p, denoted by w € RH(p), if

1 |
(mle) =cml,e ®

for all balls BCR” and some constant C.

Definition 3.7. Given p > 1, a weight w belongs to RH (p) if it satisfies (4) but only
for balls centered at the origin.

Definition 3.8. A weight w belongs to Dy if it satisfies the doubling condition
w(2B) < Cw(B) for every ball BCR” centered at the origin and some constant C.

Definition 3.9. Let > 1, a weight ® belongs to D, if it satisfies the doubling
condition

@(2B(x, |x|+7))
B, le|+)]"

@(B(x,7))
B, 7)"

<C

every ball B(x,7) CR" and some constant C.

It is immediate that D, C Dy for all 7, and D, is increasing in #. It is well known that
each weight in the Muckenhoupt class A, is in RH(p) N D, for some p and for some 7,
see for instance [19]. On the other hand, there exist weights belonging to D,, for some
n, such that it is not in A.., see [20].

Also, we observe the following property that we will use along this chapter. If
w € D, there exists a constant C such that

o(B) <Cw (B\%B) (5)

for every ball BCR" centered at the origin.
Definition 3.11. Let 0 <a <7 and 1< p < . A weight w belongs to Ho(a, p) if there
exists a constant C such that

' vy
0 _py) <o 2B ®)
(JBc |y|("*a+1)p/ y) |B|1+1/p7a/n+1/n
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for every ball BCR” centered at the origin.
A weight o belongs to Hy(a, o) if there exists a constant C such that

o(y) w(B)
JBt Iy‘n—(l"'l dy S |B|1*a/7l+l/7l

@)

for every ball BCR" centered at the origin.
The classes of weights Ho(a, p) and Ho (a, o0) satisfying (6) and (7) respectively but
for all ball Bc R”, were introduced and studied in [8].

4. Weighted Lebesgue and BM O’ norm inequalities for S, and H,,

Before beginning our study of the generalized Calderén operator, we notice that S,f
can be identically infinite for some functions f belonging to L? (o ?) or BM}(w). For
example, for @ = 1and a> 0, if f (x) = |x| “¥p(0,1)(x) and n/a <p, thenf € L? (o "?) but

Sof = 0. For the case n/a = p, if g(x) = |x| *(log |x\)_(1+1/p)/2;(3c(0’2) (x), then

gELP (0 ?) but Spg = oo. Also, if h(x) = ype(0,1)(x), then & € BM{(w) but Sk = oo for all
0 <a<n. However, in Lemma 4.7 we will show that if f belongs to L (o ?)UBM}(w)
and S,f (x) is finite for some x # 0, then S,f is finite on R”\{0}. This also happens for
the generalized Hilbert operator since the comparison (1).

Therefore, throughout the following sections we shall consider S, and H, defined
on functions f belonging to L? (w?) or BM}(w) such that Sof and H,f are finite for
some x # 0.

Also, note that S,f is finite on R”\{0} for all compactly supported functions
f€L”(w™ ), and the same holds for H,f. These functions belongs to L? (w7) and
those such that zero is not in their support belongs to BM} ().

The operator P is naturally bounded from BM into L* and analogously, Q is
naturally bounded from BM, into BMO (see Proposition 3.5 in [13]). So, immediately
the Calderén operator is bounded from BM, into BMO. This natural boundedness is
our motivation in order to consider the BM}(w) spaces and obtain Theorems 1.5 and
1.7. Likewise, since L (w~1) C BM(w), we get Corollaries 4.1 and 4.2.

We now state the main results of this chapter.

Theorem 1.4 Suppose a>0,n/a<p<n/(a—1)",n=1+1/n+1/p — a/n and
8 = a/n — 1/p. The operator S, is bounded from L? (o ?) into BMO’(w) and ¥ € D if
and only if w € RHy(p') N D,,.

Theorem 1.5 Suppose 0<a<1,0<y<1/n—a/n,n=1+1/n—a/n—yand § =
a/n + y. The operator S, is bounded from BM}(w) into BMO®(w) and @ € Dy if and
only if weD,.

Corollary 4.1. Let n = 1+ 1/n. Then S is bounded from L™ (w™1) into BMO(w) and
w € Dy if and only if w €D,

Theorem 1.6 Suppose a>0,n/a<p<n/(a—1)",n=1+1/n+1/p — a/n and
8 = a/n — 1/p. The operator H, is bounded from L? (w™?) into BMO’(w) if and only if
w €Ho(a,p) NRHo(p') N D,

Theorem 1.7 Suppose 0<a<1,0<y<1/n—a/n,n=1+1/n—a/n—yand 6 =
a/n + y. The operator H, is bounded from BM}(w) into BMO®(w) if and only if
w € Ho(a +ny,)ND,.
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Corollary 4.2. Let n = 1+ 1/n. Then H is bounded from L (w ™) into BMO(w) if and
only if w€Hy(0,00) ND,,.

Remark 4.3. Tt is classic the study of the boundedness of operators between L* and
BMO spaces. In [10], the results obtained in Corollaries 4.1 and 4.2 are originals, even
in the unweighted case for H. The unweighted case for S is contained in Proposition
3.5 of [13].

Remark 4.4. The limit case p = oo (p’ = 1) of Theorem 1.4 is contained in Theorem
1.5 with y = 0, since the hypotheses on the weights coincide. This also is true to
Theorems 1.6 and 1.7.

Let a, p and 5 be as in Theorems 1.4 and 1.6. It is not difficult to show that if
o € A1 then @ € Hy(a, p) NRHo(p') N D,. Also, if w(x) = |x|/ with
pe€(0,14+n/p — a), then o ¢ A1 but we Ho(a,p) NRHo(p") N D,,. Furthermore, if
w(x) = x|’ with p = 1+ n/p — a, then @ € RHo(p') N D, but @ & Ho(a, p). Now, if in
addition 0 <@ <1and p'>n/(1 — @), we have that if o €Ay 1,0 then
w € Hy(a,p) NRH(p') ND,,. In fact, the Ho(a, p)-condition is obtained directly from
the Ay 11,0-condition, and by Holder inequality we have that

o (B(0,2(|jxo[+7)\ " _ I1B(0,2(lxo|+7) _ (ol +7\" @(B(xo,7))
(|B<o,2<|xo|+r>>|) = (Blxo,) <C( r ) 1B xo, )|

<C ol + 7\ w(B(xo,7))
B r |B(x0,7)|

for all balls B(xo, ) CR". Thus, the RH(p') and D,, conditions follow from the last
expression.

On the other hand, suppose that @,y and  be as in Theorems 1.5and 1.7. f w € A1 9
then w € Hy(a + ny, 00) N D,,. Also, if o(x) = |x|’ with f€ (0,1 — a — ny), then
w & A0 but o € Ho(a + ny, o0) N D,. Finally, if w(x) = x|’ with f = 1 — a — ny, then
w €D, but w & Ho(a + ny, o).

We shall denote by A(x, 7, R) with 0 <7 <R the annulus centered at x with radii »
and R, and by C and ¢ positive constants not necessarily the same at each occurrence.

Before proceeding to the proofs of the main theorems we give some previous
lemmas.

Suppose that 1 <p <o and @ € RHy(p'), then it is easy to see that there exists C
such that

»(B)
1Bl'/p

for all f € L? (0 7)and for every ball BCR” centered at the origin.
Lemma 4.6. (i) Let 0 <a<nand 1<p < oo. If o € Ho(a, p) then there exists C such that

J o)l »(B)

" |y|n7(l+1 ySC ‘B|1+1/p—a/n+1/n H—f”l’p((‘fP)

[ =cZlip, ) ®)

for allf € L? (w?) and for every ball BCR" centered at the origin.
(i) Let 0<a<1, 0<y<1l/m—a/nandn=1+1/n—a/n —y. If
w € Ho(a + ny, 00) ND,, then theve exists C such that
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(B
JB" [yl]lit(yozll dy<C |1§'7) M”BMg(w)

for all f € BMj(w) and for every ball BC R” centered at the origin.
Proof: The part (i) is immediate from Holder’s inequality and Definition 3.11. For
(i), since the hypothesis on w and (3.10), for B = B(0,r) we have

fFol -1
JH' b,|n7a+1 dy SC; (2k )n7a+l JZkr<|y|<2"’+l lf()’)|d)’

o k+1
<ClIf llangy o Z“’( (0.277))

n a+1-ny

M(
0 21r)\B(0,2))
<C”f”BMV(w)Z ( V>n (a+ny)+1
B
<Cllf lswry T;,R.

Lemma 4.7. (i) Let >0, 1<p <ocoand w € RHo(p'). If f € LP (w™?) and there exists

x # O such that Suf (x) is finite, then S,f is finite on R"\{0} and S f € L}, (R"). The claim
also holds for H,.

(i1) Let w €Dy, If f € BM})(w) and there exists x # 0 such that S,f (x) is finite, then Sqf
is finite on R"\{0} and S,f € L, (R"). The claim also holds for H,,.

Proof: Since (3.1) we will only consider the operator S,. Suppose f is a nonnegative
function in L} (IR") such that S,f (xo) < oo for some xo # 0. Then Qf (x) < oo for
lx| > |xol, and if 0 < |x| < |xo| then

Quf(x) < —r

- |x|naJ|x|<|;V|<lxo| W)y + Qof (x0) <o

Furthermore, since

| @fw-afenss| fordy<e,
B(0,r) B(0,r)

where |v| = r, then Q f €L}, (R").

If @> 0 it is immediate that P,f €L} (R"). Therefore, (i) follows from (4.5). For
(ii) it remains to show that P,f €L}, .(R") in the case & = 0. Let B; = B(0,27r),j =
0,1, ..., by (3.10) we have

Jo 5 Jy PO < U g | et
B B(0,]x])

0 |.X'| By |x|

oo 1/‘"7_”
<ClIf o o J o(Bj)dx
;)2](;1;/ n) BB i1 ( ])

<C”f”BMV (@) ny Z ]\B]+l>

2
< C”f”BMS(m) J/w(BO)‘
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Proof of Theorem 1.4: We begin showing the sufficient condition. Let B =
B(xg,7). If xo = 0, letu = ve1/2 and v = 3re; /4, wheree; = (1, ..., 0). If xg # 0, let
u = (|xo|47/2)x0/lx0| and v = (|xo|+37r/4)x0/|x0|. Thus, we consider the following
two regions

U=B(u,r/8)n{u+h:sign(u;) =sign(h;) i =1, ...,n},

V =B(,r/4)n{v+h :sign(v;) =sign(h;) i =1, ...,n}, ©)

where u = (41, ..., uy), v = (1, ... ,0,) and & = (hq, ..., h,). In the case u; = 0 for
some i, we choose /; > 0. Clearly, we have the estimates dist(U, V) = Cr,

1 1
|U| = 5 1B(w,/8)| = CIB| and V| = = |B(v,7/4)| = C|B].

Letf a nonnegative function in L? (@ ?) such that supp (/) € B(0, |xo|+7/2), where
supp ( f) is the closure of the set {x : f(x) # 0}. Then

C
1Sef | prod () = 4[ J [Sof () — Sof (2)|dzdx
Flavori 2~ | | 156 =552
: J J ( ; ; >J
> | — — g )dy|dzdx.
o(B)|B"? Julv \Ix[""  [s" B<0,|xo\+r/2)f(y g
Note that, for x € U and z € V we have Ix\% - ‘Z‘% >C——L— Then
(Ixol+7)

CVW+1 J f(y)d ( )
— ly. 10
B (jxol +7)" = J (0. o +7/2]

Sy 5 () =
15 o>

Thus, taking f(y) = wp/(y);(mo,‘xow/z)(y) in (10) and since the boundedness of S,
and o? €Dy, we have

o (B(0, |xo|+7) W< ool 7\ 0(B)
IB(0, |xo|+7)| - r 1Bl

Taking xo = 0 in the last expression, we have that w € RHo(p’). Then, applying the
Hoélder’s inequality, we obtain that w satisfies the desired condition D,

Now, let us show the necessary condition. Let f € L¥ (0 7) such that S,f (x) is finite
for some x # 0 and let w € RHo(p') N D,,. It is immediate that o’ €Dy. Thus

S.f €L}, (R") by (i) of Lemma 4.7. First, we consider B = B(0,7), x €B and x # 0. Let
v be such that |v| = 7, and let

. |y|na} . { b}|n(l}
K,(x,y) = min< 1, “———=r — ming 1, “—= .
) = min {1, ]

Then, since K, (x,y) = 0 for |y| > |v|, we have

wm—wmzhmfmwj%@- (1)
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If |y| < |v| then K, (x,y) > 0, so

s 1 o)l
MLBJ(’C) —Sof (V)ldx < —J J K, (x,y) dydx

o(B) Js)s "™
o )[B-[Iylslxl[ oy )Iyl” i (B)J J\x|<|y\gv1<"(x’y)W‘“dydx'
(12)

Now we estimate each term in (12).
If [y| < |x| then K, (x,y) < [y|* x|~ "~). So, by (8) we have

b Ol e < L i
w(B) JBJDI|<|.X‘| (%.9) "~ adydx < w(B )JB| = J If )ldyd.
SCIIfIIUv(w—p)|B| .

For the second term, since 0 <K, (x,y) <1and (8), we have

1 )l 1 1
(B) JBJIx|<|y|<r :7) ™ e P = o(B) JB Ix"aj|x|<Lv|srlf0})ldydx
c a (13)
<= | 1rordy

<ClIf o) |BI.
Then, by (12) and (13), we have proved

1
WLISJ(JC) — Sof W)ldx < ClIf | (s> (14)

for every ball B centered at the origin.

We now consider B = B(xy, ) with 7 < |x¢|/8. By (14) it is enough to consider only
these balls B. Let x € B and v = (|x¢|+7)x0/|x0|. In the same way as (11), we have

S£6) =S = | Kt Jieay

Now, we note that if |y| <|v| then K, (x,y) > 0. Applying the mean value theorem
and using |v| ~ |x|, then

I b bl
( ’J’)— |x| | |n a—Cl |n a+1" (15)

Thus, by (8) and w € D, we have

1 r
o(B) JBISof (o) = Sof (v)ldx < CW J JM N If (v)|dydsx

71 w(B(0
<Clfllr(wr) e (

> 1)) (16)
o(B)
< C”f”Lf’(arP) |B| .
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Therefore, (14) and (16) complete the proof of the theorem.
Proof of Theorem 1.5: We begin showing the sufficient condition. Let B = B(xo, 7)
and let 4, v, U and V as in (9) of the proof of Theorem 1.4. Then, we again have

CVn-H

f)dy, (17)

1Sof 113305 (@) = - J
“= w(B) B (lxol+7)" " b0 1ol /2]

for every nonnegative function f in BM(w) such that supp () € B(0, |xo|+7/2).
Now, if y = 0 we take f(y) = @(y)¥p(0 x| +r/2) (V) in (17) and since ||f | () <1, the

boundedness of S, and w € Dy, we have w € D,,.
Ify> 0, letf(y) = P, (wxmo,\xom /2)) (), then [[f g () < C and

j F)dy = CJ () (o +r/2)" — |t )dt
B0, o +7/2) B(0.Jxo +7/2) (18)

> C(fxol+7)" @(B(0, (xol+7/2)/2)).

Therefore, using this function f in (17), the boundedness of S,, (18) and w € Dy,
we have w €D,

Now, let us show the necessary condition. Let f € BM} (w) such that S,f (x) is finite
for some x # 0 and let w € D,,. Thus S,f €L;,.(R") by (ii) of Lemma 4.7. We begin
considering B = B(0,7), x € Band x # 0. Let v be such that |¢| = 7. In the same way as
we did in (12), we have

s x)— v)|dx 1 x Fol »
o (B) LIS,,f( ) = Sof ()l sw(B)H Kleoy) ey

BJly| < x|

1 Fol ,
+W(B) JBJlx|<|y|<r o ’y)b’|n adyd ’

where K, (x,y) = min {1, E’J‘%} — min {1, m%}
We estimate the first term of (19). Let B; = B(0,277),j = 0,1, .... Thus, since
K, (x,y) < |y" “Ix|""* for |y| <|x| and (5), we have

(19)

b o), oo 1 [ 1 i
o(B) JBJMSMK( ,y)b,ln —zdydx < < @) JB P JMSlx|lf(y)|dyd

1 [ «(B(O,x]))
< C“f”BMf)(m) a)(B) JB |x|n—a—ny dx
= o (B;\B j:1)
S C”f”BMg(m Z 2](”7+f1+ (20)
C |B | Y B
< Cllf sy ) ®(B;\B j1)
]:0

_ )
= ClIf llzmr; (o) |BI"-
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For the second term of (19), since 0 <K, (x,y) <1, we have

1 If @)l 1 (o)l
o8 o)y oy Ko et < s | S| iy (1)

< CIIf llzngy a BI-

Therefore, by (19)-(21) we have proved

1
BB 1S ) S )< SOl v @)

for every ball B centered at the origin.

We now consider B = B(x, 7) with » < |xo|/8. By (22) it is enough to consider only
these balls B. Let x € B and v = (|x|+7)x0/|xol|. In the same way as we obtained (11)
and (15) in the previous proof, we have

S0) - S50) = [ Kol t{% dy

l<vl

and K, (x,y) < Crly["*v| """ By w € D,, we have

L s S Fde<c " .
— | 1Sef (%) = Sef W)ldx <C—————
w(B) JBl f( ) f( )l a)(B)|l/|n7a+1 JUlSIDllf‘(y)l 'y
e w(B(0, |v
< Cllf llamz (o) e ( a()(B; ) (23)

SCIIf||BM5<w)|B|5-

Therefore, (22) and (23), complete the proof of the theorem.
Let x,v €R", v # 0, then

1 1
=S| Oy~ et o)
1 1
R e e e

Proof of Theorem 1.6: We begin showing the sufficient condition. Let B =
B(x¢,7) and let #, v, U and V as in (9) of the proof of Theorem 1.4. Note that if x € U,
z €V then forally eR",

1 3 1 c ’
(el D™ (Rl +WD"" ™ (o)

(25)

Hence, iff is a nonnegative function in L” (o ?) such that supp (/) CA(0,7,m) and
taking xo = 0 in (25), we have

n+1
||H(lf||BMO(s(w> 2 CV JA f(y) (26)

7d s
o(B)[BP Jato.rom pI" 1

47



Functional Calculus - Recent Advances and Development

for every ball B centered at the origin.

Thus, taking f,,;(y) = y| """ V¥ (y)y,, (7) in (26) where A,,; =
A0,r,m)n{y :1/j<w(y) <j}, m,j = 1,2, ..., using the boundedness of H, and letting
m — oo, j — oo we obtain that w € Hy(a, p).

On the other hand, if f is a nonnegative function in L” (0 ?) such that
supp ( f) CB(0,2(|xo[+r)), then by (25)

n+1
cr Fo)dy. 27)

||chf||BM05 ) = —a J
1= w(B)|BI° (|0 |+7)" = Ja(0,201x0 )]

Thus, taking f;(y) = a)?’/(y);(Aj(y) in (27) where A; =
B(0,2(jxo|+r))n{y : 1/j <w(y) <j},j = 1,2, ..., and using the boundedness of H,, we
have

o) s "5

Letting j — oo and taking xo = 0 in the last expression, we can obtain that
w € RHy(p’). Then, applying Hélder’s inequality, we obtain w € D,,.

Now, let us show the necessary condition. Let f € L? (w™?) such that H,f (x) is finite
for some x # 0 and let w such that w € Ho(a, p) NRH(p') N D,. Hence H,f €L}, (R")
since (i) of Lemma 4.7. We begin considering B = B(0,7), x €B and x # 0. Let v be
such that |v| = r. We estimate the two terms of (24). By (8), we have

(el D™ (el + )"

c [ (Ifo)l
-mmLLuW”@“ (28)

dydx

1 ;
sqmmwizﬁﬁwwzqwmwwy

To analyze the second term of (24), we use the mean value theorem, then

1 - 1
(el + D™ (el + D)™™

Thus, by (i) of Lemma 4.6

fv) fv)

r
< |y|n7a+1 :

1 Cr Fo)l
T ny —a n—a d d > — d d
wwﬂJ@wmw+ww (1 + b yx<waJ;MnH1yx (29)
<CIf Il o |BI’-
Therefore, by (24)-(29), we have proved
1
&BEFLWJhﬁ—HJ@wusawm@m, (30)
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for every ball B centered at the origin.

We now consider B = B(xo, 7) with 7 < |x¢|/8. By (28) it is enough to consider only
these balls B. Let x € B and v = (|xo|+7)xo/|x0|, then |v| ~ |x| and |x| ~ |x¢|. Using
[yl <|v| and the mean value theorem

1 B 1
(el + D" (el + D)™™

Then, by (8) and we D,

ﬁLJmslvllﬂwl

C;,}'Hrl

- a)(B) ‘x0|n7(1+1

r
n—a+1"

ool

1 - 1
(el + D)™™ (el + D)™™

| oy
Wl <yl

e
<Clf e (@r) WW(B(O, )

= Cliflls (@Bl

dydx

(31)

Now, using the mean value theorem

1 1

(el + D™ (el + D)™™

r
< |y|71711+1 :

Then, by (i) of Lemma 4.6
Cr ol
dydx < J J dydx
PS8 Nyl et

1 fo) fo)
w(B) JBL;|>|u|
= Clif (o) |BI’-

Therefore, by (24) with v = (Jxo|+7)x0/lxol, (31) and (32), we have

(el + D)™™ (el + D)™™ (32)

1

— | |Hf(x) — Hf W)ldx < Clif llp(0r1s
BT ) Sl
for every ball B = B(x¢, ) considered. This completes the proof of the theorem.
Proof of Theorem 1.7: We begin showing the sufficient condition. Let B = B(xo, 7)
and let , v, U and V as in (9) of the proof of Theorem 1.4. Then, as in (26) of the
proof of Theorem 4 (with xo = 0), we again have

Cr fo)
VHf Nsnioro) 2 | ) 4 (33)
Pl ) B Laorm b

for every nonnegative function f in BM} (w) such that supp ( f) CA(0,r,m) and for
every ball B centered at the origin.

Thus, taking f(y) = [y["' @(y)¥(0,0m)(v) in (33), using that ||f | ) <1, the
boundedness of H, and letting 7 — oo, we have that @ € Ho(a + ny, ).
On the other hand, as in (27) of the proof of Theorem 1.6 we again have
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CVn+1 J f(y)d ( )
prap ly, 34
IBI? (|xco|+7)" " JB(0,200x0 4]

H, 3 () =
I 2 =

for every nonnegative function f in BM}(w) such that supp () € B(0, 2(|xo|+7))
and for every ball B = B(xo, 7).

Ify = 0, we take f(y) = @(¥)¥B(0,2(xo|+r)) (V) in (4.34) and since |[f ||z () <1and
the boundedness of H,, we have w €D,.

Ify>0, letf(y) = Py, (%ml(‘mw) (v) then [[f lIgar; () < C and as in (4.18) of the
proof of Theorem 1.5, we have

j FO)dy > Clxo 47" (B0, [xol-+7).
B(0,2(|xo|+7))

Therefore, using this function f in (34) and the boundedness of H,, we have w €D,,.
Now, let us show the necessary condition. Let f € BM})(w) such that H,f (x) is finite
for some x # 0 and let € Ho(a + ny, 00) N D,.. Hence H,f €L}, (R") by (ii) of Lemma
4.7. We begin considering B = B(0,%), x € B and x # 0. Let v be such that || = r. We
estimate the two terms of (24). Then,
1

1 1
(B) UMV O+ o=~ T oD
C 1
S G B P

iz |Aydx

bl <l (35)
1 [ @B, )™
< C”f”BMg(w) CO(B) JB |x|n7a dx

< Cllf llanr (w) |BJ°.
For the second term of (24), using the mean value theorem

1 1 r

n—a n—a| = — . 36
G e (3¢)
Then, by (ii) of Lemma 4.6
1 1 1
o\ n—a n—a dyd
e AL e e s L
Cr o)l (37)
= w(B) JBJBr NG
< Cllf llaa (w) |BJ°.
Therefore, by (24) and (35)—(37), we have proved
1
WLJHUJC(’C) — Hof (v)ldx < C|f lla () (38)

for every ball B centered at the origin.

50



A Brief Look at the Calderdn and Hilbert Operators
DOI: http://dx.doi.org/10.5772 /intechopen.106027

We now consider B = B(xo, 7) with » < |x¢|/8. By (33) it is enough to consider only
these balls B. Let x € B and v = (|xo|+7)xo/|xo|, then |v| ~ |x| and |x| ~ |xo|. If [y| <|v|,
by the mean value theorem

1 B 1 < 7
(el 4+ D™ (I + D" 7 o
Then, since w € D,,, we have

1 J J 1 1
“n\ | n—a n—a dydx
0B )<l O+ b~ Gl = b

CVn+1 J (39)

S If )ldy

w(B)xo[" " Jyi<w

< ”f”BMS(m) |B|($

On the other hand, using again the mean value theorem as in (36) and (i) of
Lemma 4.6, we get
1

1 1
waJWMV“WM+WV“aw+m>

CVnJrl If(;V)l
< d
w(B) J|y|> T (40)

7+ w(B(0, [v]))
<Cllflwtyo oy~ om

< CIIfllBM{)(w)|B|5-

= |dydx

Thus, by (24) and (39)-(40), we have proved

wo(B)[B] LIHaf(x) — Hof (v)ldx < CIIf llngy ()

for every ball B = B(x¢, ) considered. This completes the proof of the theorem.

5. Conclusions

As a conclusion to this chapter, we have given necessary and sufficient conditions
for the generalized Calderdén and Hilbert operators to be bounded from weighted
Lesbesgue spaces into suitable weighted BMO and Lipschitz spaces. Then, we have
obtained results on the boundedness of these operators from L* into BMO, even in the
unweighted case for the Hilbert operator. The class of weights involved are close to
the doubling and reverse Hélder conditions related to the Muckenhoupt’s classes.

The study of the weighted boundedness for integral operators on function spaces,
like the one we develop in this chapter, is one of the main research fields in harmonic
analysis. In particular, it has had a profound influence in partial differential equations,
several complex variables, and number theory. Evidence of such success and
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importance is the pioneering work of leading mathematicians Bourgain, Zygmund,
Calderén, Muckenhoupt, Wheeden, C. Fefferman, Stein, Ricci, Tao and so on.
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Chapter 4

Effect of Titanium Oxide Nanofluid
over Cattaneo-Christov Model

Hammad Khalil, Tehseen Zahra, Zaffer Elahi
and Azeem Shahzad

Abstract

The proposed chapter deals with the study of heat transfer development of
titanium oxide nanofluid of platelet shape nanoparticles over a vertical stretching
cylinder. The set of nonlinear equations is obtained using suitable transformation on
the governing equations that are then solved with numerical scheme BVP4C. The
obtained results are interpreted graphically and numerically. The effects of Prandtl,
Eckert, and unsteadiness parameters on temperature distribution are depicted.
Moreover the skin friction and Nusselt number are also computed.

Keywords: Cattaneo-Christov model, heat transfer, vertical cylinder

1. Introduction

Cattaneo-Christov model is an improved version of Fourier law as Fourier law does
not detect the initial temperature disturbance; to overcome this ambiguity, Cattaneo
added a thermal relaxation parameter. This parameter covers the ambiguity of Fourier
law. The classical Fourier law is obtained while vanishing the relaxation parameter [1].
Cattaneo-Christov heat flux model gives us heat transfer rate in stretching cylinders as
well as sheets. Heat transfer is a wonderful natural phenomenon that occurs when two
bodies have a thermal difference until both bodies are at thermal equilibrium. The
Cattaneo-Christov model is in the form of a heat equation. The thermal convection effect
is studied using the Christov heat model in conjunction with the Cattaneo heat model [2].
It has been realized that the development of stretchy surfaces and the flow field that
surrounds them speaks to a variety of technological and industrial applications, such as
paper making, glass blowing, crystal growth, and aerodynamic plastic sheet extrusion
[3]. Heat transfer is a common natural occurrence as long as thereisa temperature
differential between things or between various regions of the same object, heat transfer
will occur. As a result, a lot of effort has gone into predicting the heat transport behavior.
In several starting and boundary problems, the uniqueness and structural stability of the
solutions for the temperature governing equations using the Cattaneo-Christov heat flow
model have been demonstrated. The chapter released uses the Cattaneo-Christov heat
flux model to analyze the flow and heat transfer of upper-convective Maxwell fluid
across a stretching sheet [4]. Efforts have been undertaken to increase the thermal
efficiency of processes during the last many decades. On the one hand, there has been an
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attempt to lower the size of the equipment by increasing the thermal exchange surface,
such as with fins, and on the other hand, novel fluid exchangers with higher thermal
conductivity have been developed. Different NPS types (metallic, nonmetallic, and
carbon based) have been synthesized and dispersed in conventional fluids such as water,
oil, or ethylene glycol referred to as nanofluids since the advent of nanotechnology and
the possibility of synthesizing materials on a nanometric scale [5]. The boundary layer
flow and heat transfer caused by stretching flat plates or cylinders are both practical and
theoretically interesting in fiber technology and extrusion operations. This method is
used to produce polymer sheets and plastic films. The cooling of an infinite metallic plate
in a cooling bath, the boundary layer along material handling conveyors, the aerody-
namic extrusion of plastic sheets, the boundary layer along a liquid film in condensation
processes, paper production, glass blowing, metal spinning and drawing plastic films,
and polymer extrusion are all examples of boundary layers [6]. The aim of this chapter is
to manipulate the heat transfer rate of titanium oxide nanofluid with the Cattaneo-
Christov heat flux model over a vertical stretching cylinder.

2. Mathematical formulation

In the coordinate plane, assume that the cylinder is taken in the vertical direction
along the z-axis, and the r-axis is normal to the axis of the cylinder. Consider the fluid
is moving with surface velocity,

bz

U p—
Y 1l-—m

In the direction of stretching cylinder under the external magnetic field defined by

By
V1i—at
Further, suppose = u(r, 2, t) and w = w(r, 2, t) be the velocity components along

the respective axes of the coordinate plane, while T = T(r, 2, t) denotes the tempera-
ture of the nanofluid, as shown in Figure 1.

B(t) =

a_ 0 z-axis g
ar >
B> S AR \l/

Figure 1.
Representation of the dilemma.
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Let the base fluid (water) and platelet-shaped NPS in thermal equilibrium. Under
these assumptions, the equation of continuity, momentum equation, and energy
equations are obtained, which are as follows:

o(ru)  o(rw)
o o

=0 @))

uow wow r ow

v d o 5
+ pw + % _Var<ar> pBuw—&-gB(T Too) @)

oT udT woT v (aw>2+A o) (aw> <6zw a%) T
ol wol _ . _

a 't TTe T o\ar cp \or ) \awor T o2 o
i *T L *T y ’T o *T -+ uw *T
o " e M orar T e o=

ou ou ou\ oT ow ow ow\ oT
+lstetw—- |-+ | Ftu——Fw—|—

ot or oz) or ot or oz ) oz
3)
Subject to the boundary conditions
oT
u:O,w:Uw,gzo.atr:R,
w—0,T— Tewasr — o (4)

The thermophysical properties of density (puf ), dynamic viscosity (uuf ), electric
conductivity (enf ), diffusivity (anf ), and heat capacity (pCp) can be defined in Refs.
[7, 8], while the ratio of thermal conductivity of nanofluid and base fluid is given by
the following equation:

kop (ke + (m — Dlep + (m — 1) (ks — k)

kf k;—l—(m—l)kf—(k:—kf)qﬁ (5)

where ¢ denotes volume-fraction of NPS.

The thermophysical properties of titanium nanofluid with base fluid as water [9]
are given in Table 1, while the viscosity coefficients A1, A2, and shape factor m values
of TiO, nanofluid [10] are listed in Table 2.

Base Density (kg/m3 ) Thermal conductivity (W/m K) Specific heat (J/kg K)
TiO, 3900 8.4 0.8692
H,O 997.1 0.613 4179

Table 1.

Thermophysical properties of base fluid and TiO, nanoparticles.
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Platelet
Ay A, m
371 612.6 5.72

Table 2.
Viscosity and shape factor values of platelet-shaped nanoparticles.

Introducing the transformations, as

T Tt (=T o = () (2 ;RRz) =\ Jeow

(6)

where  is the stream function (describes the flow pattern) and is defined as u =

=t %"’ and w =1 %‘”. The governing Egs. (2)-(5) have been transformed to Egs. (8)-(10)

using similarity variables in Eq. (7), as
e1(1+2C)E"(n) + 26:CE" (n) — &M £(n)

H[Ee ) (e + D) o =0”

(1+2Cn) (e1Bef () +5-0() ) + % €O+ £(m)"™ — $(20(n) +3 £(n))
erEc(1+2n) (38£"(n) + Snf” ()" (n) — 2£ ()" ()" () 2e:EcCEmE*(n) ]

" 5f'(n)6(n) — %f(n)e’(n) —nf(n)6"(n)
+p 66(n) +—-6"()f(n) +$

| +(n=3)F 0 + 3 ot

L +E/()6” (n) — £(m)E ()& (n) — £()E" ()O(n) + £ (m)6(n) :

,f/(n)e(n)_

(8)

where p is the thermal relaxation parameter and is given by,

cAl
=G ©)
Under the boundary condition,
. —k ¢
f(0)=0,f(0)=1,6(0) = oy y(1-6(0)) atn =R

£(n) =0,6(0) asy — oo (10)

Now the dimensionless constants, such as Ec, Pr, ¢, M, and S, and that of €1, €2,
and €3 are used frequently in the above equations, defined in Ref. [11]. For various
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values of dimensionless parameters, the value of the local Nusselt number is shown in
Table 3. Nusselt number can be defined as,

anf oT
NG T @

The non-dimensionless form of Eq. (11), using Eq. (6), as

Re? Nu=--"20(0) (12)

3. Method of solution

To find the numerical solution of a nonlinear system (7) and (8), the set of first-
order linear equations is obtained by considering the following assumptions. By put-
ting these assumptions in the above equations, we get first-order linear equations,
which are then used in MATLAB by using BVP4C scheme to get numerical and
graphical results.

=5 (13)
Y1 =Y (14)
Vs =3 (15)
V3 =8 (16)
0= V4> (17)
Vi =28v (18)
Y5 =& (19)
9,(0) =0,9,(0) =1,9,(0) —1=0aty =0 (20)
¥,(n) = 0,y,(n) = 0.asp — o (21)

Physical parameters Platelet

Ec Pr Re? Nu
0.0 6.0 0.037666741
0.5 — 0.038924615
1.0 — 0.039829280
1.0 4.0 0.042765482
— 6.0 0.038924615
_ 8.0 0.036302577

Table 3.
Nusselt number of platelet shape nanoparticle.
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where
&1= e1(1+27C) (€3MJ’2 —261Cy; — Ay, — (y]y3 T S(yz + §y3>>)’ (22)
and
) 1 n 2€2C)15
gz—(1+2nc)€3 (Sn)z , <S<y4+§y5) _yl +yﬂ4_ ( Pr
5, bl —Smyy +1

— (14 27C)e1Ecy] — By (e1Ee(1 4 21C) (3Sy3) + Stygyy — 2e1EcCy1y3 — 2y19)5)

11 11 1 n
- <52 (6y4 + 7%) -$ <5m4 - 7y]ys) + (n s+ §y3y4> +Y0s +y§y4> > > :
(23)

g, and g, are the obtained first-order linear equations.

4. Analysis of results

Obtained numerical results and the effect of various parameters on temperature
profile are obtained in both numerical and graphical form and discussed in detail.

4.1 Graphical analysis

Figure 2 describes the influence of Eckert number for platelet shape nanoparticle.
By varying the value of Eckert, it can be seen that the temperature is increasing.
Physically, it can be seen that the Eckert number enhances the thermal conductivity of
the fluid. Figure 3 shows that the increase in the value of the Prandtl number results

T T T T T T T

Platelet

0 —Ec=01. ]
i -—Ec=02
08H Ec=03 1
07“" -=0.1,.!"=I.Q_R'=&0, -

| M=1.0,C=01, S=04
0er 1
Sosf :
c.-:-\; ots \\ .
¢ \
03 b R l.\\\ g
{ T
02y 0808 11214 1
& '
0 P oY RN | 1 [ L o St 24 (O bl
¥ 1 Z 3% 4 5 B 7 Os 9 W

Figure 2.

Effect of Eckert number on the temperature profile.
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Figure 3.
Effect of Prandtl number on the temperature profile.
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Figure 4.
Effect of unsteadiness parameter number on the temperatuve profile.

in deceleration in temperature because of the reduction in thermal diffusivity. As the
unsteadiness parameter increases, the temperature gradually decreases, as shown in
Figure 4. Physically the value of the unsteadiness parameter is grown up, and the
thickness of the thermal boundary layer decreases, which results in a decline in the
temperature profile.

4.2 Numerical results

The heat transfer rate is calculated for platelet shape nanoparticles, which is given
in Table 3. It is inferred that with the rise in Eckert number, Nusselt number increases
while the reverse trend is seen for Prandtl number
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5. Conclusion

By numerical computation, the effect of platelet shape nanoparticle on TiO,
nanofluid over a vertical stretching cylinder is seen in this chapter. Influence of
different physical parameters, such as Eckerd and Prandtl numbers on temperature
profile, is examined both graphically and numerically. The Nusselt number increases
for Eckert number Ec, which decreases for Prandtl number Pr. Graphical result shows
acceleration in temperature profile, while the reverse trend is found in Figure 2.

Nomenclature
u,w velocity components along #, z directions (m/s)

aof, anf thermal diffusion of base fluid and nanofluid (m?/s)
of> pnf density of base fluid and nanofluid (kg/m3)

uf, unf viscosity of base fluid and nanofluid (kg m/s)

of, vnf kinematic viscosity of base fluid and nanofluid (m?*/s)
onf electrical conductivity (—)

Uw surface velocity (m/s)

onf electrical conductivity (—)

(pCp) nf  heat capacity of nanofluid (—)
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Chapter 5

Nonlinear Dynamics Phenomenon
in a Polydyne Cam with an Offset
Flat Faced Follower Mechanism
with Clearance

Louay S. Yousuf

Abstract

Nonlinear response of the follower motion is simulated at different cam speeds,
different coefficient of restitution, and different internal distance of the follower
guide from inside. The nonlinear response of the follower is employed to investigate
the chaotic phenomenon in cam follower system in the presence of follower offset.
The numerical results are done using SolidWorks software. The chaos phenomenon is
detected using Poincare’ maps with phase-plane portraits, the largest Lyapunov
exponent parameter, and bifurcation diagram. The largest Lyapunov exponent has a
maximum values when the follower offsets to the right, while the largest Lyapunov
exponent has a minimum values when the follower offsets to the left. The chaotic
phenomenon in cam follower system when the follower offsets to the left is more than
the chaotic phenomenon when the follower offsets to the right.

Keywords: chaotic phenomenon, follower offset, Lyapunov exponent parameter,
nonlinear response. Poincare’ maps

1. Introduction

The proposed system can be found in windshield wiper on the front window of the
car in which the rotary motion of the cam transforms into an oscillating motion. Yang
et al. introduced the mathematical model to describe the separation, transient impact,
and contact in cam follower system using oblique impact, [1]. They showed that the
cam and the follower system kept permanent contact without the use of coefficient of
restitution at low speeds for the cam. Yousuf studied the detachment between the cam
and the follower using largest Lyapunov exponent parameter, power density function
of Fast Fourier Transform (FFT), and Poincare’ maps due to the nonlinear dynamics
phenomenon of the follower. Nonlinear response of the follower displacement is cal-
culated at different cam speeds, different coefficient of restitution, different contact
conditions, and different internal distance of the follower guide from inside [2, 3].
Flores et al. used a nonsmooth dynamics approach to model the interaction of the
colliding bodies using Coulomb’s law for dry friction [4]. Lassaad et al. studied the
effect of cam profile error on the nonlinear dynamics behavior of oscillating roller
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follower system by using a model with eight degrees of freedom of two nonlinear
Hertzian contacts [5]. Li and Du used the coefficient of restitution as a main control
parameter to analyze the periodic movement and the bifurcation region in Non-fixed
constrained collision vibration system [6]. Wu et al. studied the influence of the joint
clearance on the dynamic response of a planar mechanism with two driving links and
prismatic pair clearance under variable input speeds [7]. They concluded that the
largest Lyapunov exponents are dependent on the clearance size and the input speed.
Chen et al. identified the chaos phenomenon of the 2-DOF nine-bar mechanism with a
revolute clearance using the phase diagrams, the Poincaré portraits, and largest
Lyapunov exponent parameter [8]. Bifurcation diagrams with changing clearance
value, friction coefficient, and driving speed are drawn. The aim of this paper is to
discuss the chaotic phenomenon of an offset follower through the use of impact coeffi-
cient of restitution at different follower guides’ clearances and different cam speeds.

2. Numerical simulation

Follower displacement is calculated using SolidWorks software [9]. The follower
moved with three degrees of freedom. Four values of the follower guide’s from inside
(I.D. = 16, 17, 18, 19 mm) at different cam speeds are used. The follower with the offset
(0 =20, 30, 40, 50 mm) are chosen. The impact coefficient of restitution with the values
(0.2, 0.3, and 0.4) is considered in the calculation of nonlinear response of the follower in
the presence of follower offset. Cam follower mechanism is shown in Figure 1.
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Figure 1.
Polydyne cam with an offset flat-faced follower.
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Figure 2.
Nonlinear response mapping when the follower offsets to the right (O = 10 mm).

The chaotic phenomenon in cam follower system is increased with the increasing
of impact coefficient of restitution in which the impact will happen due the loss in
potential energy of the follower and due to the increase in follower guide clearance
value. Figures 2 and 3 show the mapping of nonlinear response of the follower at
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Figure 3.
Nonlinear response mapping when the follower offsets to the left (O = 10 mm).

different cam speeds, different follower guides’ clearances, and different impact
coefficient of restitution when the follower offsets to the right and left respectively
(O =10 mm). The nonlinear response of the follower is periodic as shown in Figure 2a
and both the cam and the follower are in permanent contact. The follower lost the
contact with the cam at time (t = 13.58 s) and (t = 15.99 s) at detachment height
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(26.98 mm) and (27.43 mm) respectively. Due to the coefficient of restitution, the
follower keep bouncing from the cam from (t = 0.36 s) to (t = 5.658 s) while the
follower will regain energy and keep permanent contact with the cam for the period
from (t = 9.208 s) to (t = 10.11 s) which is having a periodic motion as illustrated in
Figure 2b. The chaotic motion is shown in Figure 2c—f which increased with the
increasing of follower guides’ clearances, cam speeds, and coefficient of restitution.
There is an intangible impact when the coefficient of restitution (0.2) and the
dissipation in potential energy is occurred due to sliding while the contact is still valid
between the cam and the follower, as shown in Figure 3a. The periodic and chaotic
motion is together shown in Figure 3b and c. The periodic motion is shown from the
period (t = 6.1s) to (t = 10.26 s) and from the period (t = 14.14 s) to (t = 19.55s) as
shown in Figure 3b while the periodic motion begins from the period (t = 1.264 s) to
(t = 3.808 s) as shown in Figure 3c. The chaotic motion is shown in Figure 3d-f.
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Bifurcation diagram against cam speeds.

50

48

46 t _
Transition

44 t to Chaos

3207 200 400 600 800 1000 1200
Cam Speeds (rpm)

Difference Follower Displacement (mm)

Figure 5.
Bifurcation diagram when the follower offsets to the left (O = 50 mm).
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3. Bifurcation diagram

The contrast in angular displacement for the cam and the follower is used in the
calculation of bifurcation diagram [10, 11]. Figure 4 is built at the follower guide’s from
inside (I.D. = 19 mm) when the follower offsets to the right and left (O = 50 mm).

The periodic motion is shown in Figure 4 in which it has the blue trend at cam
speeds (N = 100-300 rpm) while the quasi-periodic motion of the follower has red
trend at cam speeds (N = 100 rpm). The transition to chaos for the system when the
follower offsets to the left is grown faster than the system when the follower offsets to
the right as indicated in Figures 5 and 6. It can be concluded that the transition to
chaos is incremented with the increment in cam speeds.

4. Lyapunov exponent parameter

Local Lyapunov exponent parameter is used to detect the chaotic phenomenon of
nonlinear response of the follower attractor. Positive Lyapunov exponent refers to
chaotic phenomenon while negative Lyapunov exponent indicates to periodic motion
[12]. Figure 7 shows the local Lyapunov exponent against number of points when the
follower offsets to the right (O = 10 mm) at coefficient of restitution (0.2), cam speed
(N =200 rpm), and follower guide’s clearance (16 mm). In this figure there are
positive and negative local Lyapunov exponent in which the negative local Lyapunov
exponent represents to the steady state while the positive local Lyapunov exponent
reflects to the transient state. Each value of local Lyapunov exponent has a value of
embedding dimension [13].

5. Poincare’ maps with phase-plane portraits

The contact status of the follower is detected using Poincare’ map at high and low
speeds [14]. Moreover, the quantity of the black dots in Poincare’ maps detects the
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Bifurcation diagram when the follower offsets to the right (O = 50 mm).
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chaotic analysis in follower movement when the follower has detached from the cam.
The system in Figure 8 has smooth orbit of follower displacement at (I.D. = 16 mm
and 19 mm) when the follower offsets to the left (O = 20 mm) at diverse cam speeds.
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Poincare’ maps of chaotic attractor when the follower offsets to the left (O = 20 mm).

The follower displacement is repeated itself based on the single black dots in phase-
plane orbit. The chaotic analysis is detected based on the multi black dots in phase-
plane orbit at (I.D. = 16 mm and 19 mm) and diverse cam speeds as shown in Figure 9.
SolidWorks software is used in the simulation.

6. Follower displacement

Figures 10 and 11 show the follower linear displacement against the time at
different cam angular speeds when the camshaft offsets to the left (O = 40 mm) and
to the right (O = 50 mm) at (I.D. = 17 mm) respectively. The follower stays in
permanent contact when the cam starts spinning at (N = 200 rpm) and
(N = 400 rpm), while the follower starts detaching from the cam at (N = 1000 rpm) as
shown in Figure 10. The follower also starts jumping a little bit higher from the cam at
(N = 800 rpm) as shown in Figure 11.

MATLAB Code:

The code algorithm of phase-plane diagram and Poincare’ map are added
at the end of this chapter. The code is done using MATLAB software and as in
below:

clear; clc; close all

SignalName = '10@0rpm.dat’;
signal = load(SignalName);
signal = signal - min(signal);

% Poincare map

% original D=signal; % Read data
[xImax,t1max] = findpeaks(D(:,1));
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Figure 10.
Follower displacement against time when the follower offsets to the right (O = 50 mm) at various cam speeds.
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Figure 11.
Follower displacement against time when the follower offsets to the left (O = 40 mm) at various cam speeds.

Nmax = length(xlmax); figure(1)

subplot(1,2,1)

for i=1:Nmax-1 plot(xlmax(i),xImax(i+1),'ko','MarkerSize',5,' MarkerFa-
ceColor','k")

hold on

axis square

xlabel('x_{max} ').ylabel('next x_{max}")

grid on

end

%title('n =100 rpm ¢ = 1.5 mm') SignalName = '10@rpmc2.dat’;

signal = load(SignalName);

D = signal; % Read data
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[xImax,tlmax] = findpeaks(D(:1));

Nmax = length(xlmax); subplot(1,2,2)

for i=1:Nmax-1 plot(xlmax(i),xImax(i+l),'ko','MarkerSize',5,'MarkerFa-
ceColor','k")

hold on

axis square

xlabel('x_{max} ').ylabel('next x_{max}")

grid on

end

%title('n =100 rpm c = 2 mm') figure(2)

aa = load('100rpm.dat");

aa = aa - min(aa);

plot(aa, gradient(aa));

7. Conclusions

In this article the chaotic motion of the follower response is considered in the
presence of impact coefficient of restitution using SolidWorks program. The chaotic
motion of the follower response is occurred due to the increase in cam speeds, fol-
lower’s offsets, follower guides’ clearances and impact coefficient of restitution. The
value of Lyapunov exponent is increased with the increasing of embedding dimen-
sions values. The positive local Lyapunov exponent depicts the transient state in
nonlinear response of the follower in the presence of impact coefficient of restitution.
Negative local Lyapunov exponent refers to the steady state in the follower motion.
Some of the nonlinear response of the follower has periodic and chaotic motions at
different time periods. The quantity of the black dots in Poincare’ maps detects the
chaotic analysis in follower movement when the follower has detached from the cam.
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Chapter 6

Decision Fusion for Large-Scale
Sensor Networks with Nonideal
Channels

Yiwei Liao, Xiaojing Shen, Junfeng Wang and Yunmin Zhu

Abstract

Since there has been an increasing interest in the areas of Internet of Things (IoT)
and artificial intelligence that often deals with a large number of sensors, this chapter
investigates the decision fusion problem for large-scale sensor networks. Due to
unavoidable transmission channel interference, we consider sensor networks with
nonideal channels that are prone to errors. When the fusion rule is fixed, we present
the necessary condition for the optimal sensor rules that minimize the Monte Carlo
cost function. For the K-out-of-L fusion rule chosen very often in practice, we
analytically derive the optimal sensor rules. For general fusion rules, a Monte Carlo
Gauss-Seidel optimization algorithm is developed to search for the optimal sensor
rules. The complexity of the new algorithm is of the order of O(LN) compared with
O(LN") of the previous algorithm that was based on Riemann sum approximation,
where L is the number of sensors and N is the number of samples. Thus, the proposed
method allows us to design the decision fusion rule for large-scale sensor networks.
Moreover, the algorithm is generalized to simultaneously search for the optimal
sensor rules and the optimal fusion rule. Finally, numerical examples show the
effectiveness of the new algorithms for large-scale sensor networks with nonideal
channels.

Keywords: decision fusion, multisensor detection, nonideal channels, Monte Carlo
method, importance sampling

1. Introduction

Distributed detection has been an active research area in the past decades [1-7]. It
involves the design of decision rules for the sensors' and the fusion rule [8]. Early
work on distributed detection mainly focused on conditionally independent sensor
observations, such as [2, 4, 9, 10], and the resulting optimal sensor decision rules, as
well as the fusion rule, were likelihood ratio tests (LRTs). Details on distributed
detection with conditionally independent sensor observations can be seen in [1, 6, 7]
and references therein.

" In the rest of the paper, the term “sensor rules” refers to the “decision rules at the sensors.”
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In this chapter, we focus on conditionally dependent observations in sensor net-
works. In [5], the computational difficulty of obtaining the optimal sensor rules was
shown by a rigorous mathematical approach. Some early progress was made on the
derivation of sensor rules for the dependent observation case such as in [11-15]. More
recently, a hierarchical conditional independence model was provided that was applica-
ble to some specific classes of multisensor detection problems with dependent observa-
tions [16]. Copula-based distributed decision fusion methods have been proposed to deal
with dependent observations in sensor networks, such as [17-19] and references therein.
Given a fusion rule, Monte Carlo methods were proposed to reduce the computational
complexity of deriving sensor decision rules with ideal channels in [20, 21], and the
optimal sensor rules were obtained analytically for the K-out-of-L fusion rule in [20].

Some works on the derivation of optimal fusion rules can be seen in [15, 22-24].
For some specific parallel network decision systems, a unified fusion rule was
presented in [15]. Some further results on the problem are available in [25, 26]. In
[27], the authors provided methods that search for the sensor rules and the fusion rule
simultaneously by combining the methods of [2] and [15] in order to attain near-
optimal system performance.

The works discussed thus far assumed the availability of ideal channels in sensor
networks. However, channel errors between the sensors and the fusion center are omni-
present in practical multisensor detection networks, and, therefore, studies on
multisensor detection in the presence of nonideal channels have attracted some recent
interest, such asin [8, 28-33]. Under the Neyman-Pearson criterion, the design of sensor
rules in the presence of nonideal channels was addressed in [32]. The parallel fusion
structure was extended by incorporating the fading channel layer and two alternative
fusion schemes were presented based on fixed sensor rules in [28]. It was shown that the
optimal sensor decision rule that minimizes the error probability at the fusion center is
equivalent to a local LRT for independent sensor observations in [29]. Under Neyman-
Pearson and Bayesian criteria, the work was generalized to dependent and noisy chan-
nels, respectively, in [8]. In [31], the authors considered the optimal sensor rules with
channel errors via Riemann sum approximation under a given fusion rule for general
dependent sensor observations. Although the method based on the Riemann sum
approximation has been developed for dependent observations with channel errors, it is
too computationally expensive to be of practical use in large-scale sensor networks.

In this chapter, a Monte Carlo importance sampling method is provided to reduce
the computational complexity of multisensor detection fusion with channel errors.
Based on the strong law of large numbers, the Bayesian cost function is approximated
by its empirical average through the Monte Carlo importance sampling method. The
main contributions of this chapter are listed below:

1.When the fusion rule is fixed, we derive a necessary condition for the optimal
sensor rules that minimize the approximated Bayesian cost function. A Monte
Carlo Gauss-Seidel optimization algorithm is developed and it is shown to be
finitely convergent. The complexity of the new algorithm is shown to be of the
order of O(LN) compared with O(LN") of the previous algorithm based on the
Riemann sum approximation.

2.When the fusion rule is the K-out-of-L rule, we prove that there exists an
analytical form for the optimal sensor rules in the presence of nonideal channels.
Thus, the proposed method allows us to design decision rules for large-scale
sensor networks.
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3.The Monte Carlo Gauss-Seidel optimization algorithm is extended to
simultaneously search for the optimal sensor rules and the optimal fusion rule.

Numerical examples show the effectiveness of the new algorithms for large-scale
sensor networks with dependent observations and channel errors.

The rest of this chapter is organized as follows: In Section 2, the parallel binary
Bayesian detection network with channel errors is formulated and the Monte Carlo
cost function is introduced. In Section 3, the necessary condition for the optimal
sensor rules is presented. For the K-out-of-L fusion rule, the analytical form for the
optimal sensor rules is provided. In Section 4, the Monte Carlo Gauss-Seidel iterative
algorithm and its convergence analysis are presented. The extension to search for the
optimal sensor rules and the optimal fusion rule are simultaneously described in
Section 5. Simulation results are provided in Section 6. Conclusions are contained in
Section 7.

2. Preliminaries
2.1 Problem formulation

The L-sensor parallel Bayesian detection network structure with two hypotheses
Hj and H; in the presence of nonideal channels is considered (see Figure 1). Assume
thaty,, y,, ..., y, are sensor observations and the jth sensor compresses the #;-
dimension vector observationyj to one bit: [; (yj) :R% — {0,1},j=1, ..., L. For

notational convenience, 7; = 1in the following description. The L sensors transmit the
compressed data to the fusion center and the fusion center makes the decision
between Hy and H;. Since external interference and internal errors may occur, the
channels are not reliable and the fusion center may not correctly receive the symbol I;

sent by the jth sensor. Let I]Q denote the received bit by the fusion center forj =
1,2, ..., L. Generally speaking, I]Q may not be equal to ;. The definition and assump-

tions on channel errors (see e.g., [29, 31]) are summarized below:
Definition 1: The channel errors between the jth sensor and the fusion center are

described as P]?‘?1 = P(I]Q =0l = 1) and P]?‘?0 = P(IJQ =1 = O) forj=1,2, .., L,
where PJ“1 is the probability of channel error when the jth sensor sends 1 but the

fusion center receives 0, and PJC»L’O is the probability of channel error when the jth
sensor sends O but the fusion center receives 1.

, 1,(3)=0/1_ Nenideal I'=0/]
y i\ 1
/l,v Sensor [———"——> ool T 7
N
¥ L(3)=0/1 MNonideal I;=0/1l _ Fusion Center D=0/1
Phenomenon — *> —* Sensor 2 L Channel P8 ]")
T
"i\y‘\. I(3)=0/l  Nonideal 7;=0/]
Sensor . Channel

Figure 1.
The L-sensor pavallel binary Bayesian detection network structure in the presence of nonideal channels.
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Assumption 1: The probabilities of channel error are statistically independent of
the hypotheses, namely P(I]Q|Ij, H,,) = P(I]9|Ij>, v=20,1.

Remark 1: Assumption 1 is due to the hierarchical structure based on the Markov
property (see [29]).

Assumption 2: The channels that connect the sensors to the fusion center are
independent, i.e., P(I%, I3, ..., I%|I1, I, ..., I1) = szlp(fﬂzj).

We consider the parallel binary Bayesian detection network with nonideal
channels that is built on the above definition and assumptions. The final decision
is made by the fusion center based on the received binary bits (I7, I3, ..., I}) from
the L sensors. From the definition of a general Bayesian cost function given in [25],

the L-sensor binary Bayesian cost function with channel errors at the fusion center can
be written as follows:

C(IY(y;), - 12 (y,); F°) = CooPoP(F® = 0|Ho) + Co1P1P(F° = O|H;)
+ C10PoP(F° = 1|Ho) + CuP1P(F° = 1|H,)
=c+aP(F° = 0|H;) — bP(F° = 0|H,), 2)

(1)

where Cp, a, f = 0, 1 are suitable cost coefficients, Py and P; are the prior proba-
bilities for the hypotheses Hy and H;, respectively, F 0 is the fusion rule, and
P(F° = u|H,), u, v = 0, 1 denotes the conditional probability of the event that the
fusion center decides in favor of hypothesis 4 when the real hypothesis is H,. The
cost function (1) is simplified to (2) by defining ¢ = C19P¢ + C11P1, @ = P1(Co1 — C11),
b = Py(C1o — Coo). F 0 is actually a function of the disjoint set of all possible binary
messages (I, I3, ..., I}). The received decisions are divided into two sets denoted as H{
and H? which are given by

HY = { (@, uls s ) s FO((19, 1, o 19)) = 0,10 =, w? = 0/1,j =1, .., L};

Hg = {(u(l)’ug’ . ’uL) FO<(I(1),I(2), ,Ig)) :1,[]0 ],u _0/1]_1 L}

Obviously, H® = {(u?, ud, o ud): IO = u u =0/1,j=1, L} =H)UH).

For any binary decisions (I7, I3, ..., I}) received by the fusion center, the original
sensor decision bits before transmission are (I3, I, ..., Ir) and they consist of the set
H = {(u1, u2, ..., ur) : Iy =uj, u; = 0/1,j =1, ..., L}. Therefore, based on the law of
total probability, the conditional probability formula, and Assumption 1:

P(F°=0|H,) = > P(D°|H,) = Y Y P(D°|D)P(D|H,), €©)

s €H) 0 cHYs€H
where D° = (I, I, ..., I),s° = (s°(1), ..., s%(L)), I} =s°(j), and s°(j) = 0/1is a
specific value ofIJQ, in the same way, D = (I1, I, ..., IL),s = (s(1), ..., s(L)), I; = s(j),
and s(j) = 0/1 is a specific value of I;. Strictly speaking, we should use P(D° = s°|H,)

to represent P(D°|H, ) and we use the latter for notational simplicity. It is similar to
P(D|H,). Based on Assumption 2:
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P(D°|D) :ﬁp( ) (4)

j=1

where for any 1<j <L

P(lfuj) - (1 - P;fo) (1 - 1]9) (1-1) +P1(1 - 1) + (1 - P;fl)lflj + P (1 - 1;’)1,
(5)

Thus, the cost function (2) becomes

CIE (), s BOL)F) =c+ > > P(D°ID)aP(D|H) — bP(DIHo)] (g

s9eHseH
2C(L(y,), - I (yy); FO P0, P, @)

where P° = (P9, ..., P¥°), P*! = (P{, ..., P¥"). Hence, the cost function now
becomes a function of the sensor rules (I3, ..., I.), the probabilities of channel errors
Y, P!, and the fusion rule F°. The goal of this chapter is to optimize the sensor rules
and the fusion rule so as to minimize the cost function with known probabilities of

channel errors.
We rewrite aP(D|H;) — bP(D|Hj) as follows:

aPD|H; — bPD|Hy = quxapyl, o>y [H1 — bpyys ..y, [Hody,-dy;

(8)
= [Io,[apyys >y |H1 = bpyy, sy, [Holdy,-~dy,,

where Q; = {(y;, .., y;) :I1(y;) =s(1), ..., IL(y;) =s(L)}, Iq is an indicator
function on Q;, and the region of 1ntegrat10n in (8) is the full space. Assume that
215955 >y [Hy), v =0, 1 (or p(y|H,)) are the known conditional joint probability
density functions. If not, we can learn the joint probability density functions from
training data using copula functions (see, e.g., [17]). Note that I (y,), ..., I (y, ) are
indicator functions and s(j) = 0/1,j =1, ..., L,

To, =Tg(y oy, )i (30) =50 (3) =500}
- {}’1111(%):5(1)}“. {J’L:IL(J'L):S(L)} (9)
=[1-1)1—s(1) + Lis(1)]---[(1 = I)(1 —s(L)) + Ls(L)].

For simplicity, denote Q](I]) = (1-1I))(1 —s(j)) + I;s(j). Substituting (8) into (6),

C(Il(yl), s I ()/L);FO;P“O, P“l)

—ct 3 Y POID) - Q1) QulapyiE:) ~ byGlHy=c + | Pl )y

0 eHgseH

(10)

where Pyg = Y ¢ 103, e ynP(DVID) Qs (12)-~Qy (I) and L(y) = ap(y|Hy) —
bp(y|Ho). Note that from the definition of Hg, Hf, H°, and H, we have
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Py =Y [1-F°(D°)] ) P(D°ID)Q(1n)-Qu(IL)

SO;H‘;L s€eH . (11)
= Zkz: [1— FO(s,) ] PsIsw) H{{l I ()’])} = 5(7) ]+I( )Skg }
1k=1 j=1

where s is the element of H® and s, is the element of H. F®(D°) = 0/1is used in the
first equality. The second equality holds since there are 2* elements in both H and H°.

2.2 Monte Carlo cost function

An essential difficulty of the Bayesian cost function (10) is the required high
dimensional integration when dealing with large-scale sensor networks. Monte Carlo
importance sampling is an attractive method to deal with this problem. In this
subsection, we approximate the Bayesian cost function (10) by the Monte Carlo
importance sampling method (see, e.g., [34, 35]). According to (10),

C(Il(yl), ey IL()IL);FO;PCEO, Pcel)

1 (12)
:C+JPH8(110I1), ...,IL(yL);FO;PceOa PCEl)‘IgJ—(()):))g(y)dy
Po(Y)L(Y
:Eg%—l—c, (13)

wherey = (y,%,, ..., ¥;), and g(y) is a given importance sampling density such
that (12) is well-defined (i.e., g(y) > 0). In (13), the expectation is taken with respect
to the importance sampling density g. Consequently, assume that N samples
Y1, ..., Yy are generated from the density g, thatis, Y ~ g(y), where Y; =
[Yﬂ, Yiz, ey Y,‘L]. Then

N Pyo(Yia, Yiay .oy Yi)L(Y)

1
C(Ii(y,)s > I (y,); FO P°, P ﬁz

i—1 g(YZ)

éCMC(Il(yl)y ---’IL(yL);FO;PCEOa 13661) N) (15)

+c (14)

Based on the strong law of large numbers, the expectation (13) can be approxi-
mated by the empirical average (14). Denote (14), namely the Monte Carlo cost
function, as Cyc(I1(y;), -» I (y;); FO; P°, P!, N). The optimal importance

sampling density is g (¥;, ¥, - ,yL)aIPHgﬁ 1>y >yl (see, e.g., [34, 35]).

The initial goal is to minimize the Bayesian cost function (10). Instead, we can
minimize the Monte Carlo cost function (15) by selecting a set of optimal sensor rules
Li(y,), 1 (y,)s -->1L(y;) and an optimal fusion rule F°. In this manner, the high-
dimensional integration problem is converted to a problem where we need to deal
with the single summation objective function for large-scale sensor networks. Thus,
for dependent observations with channel errors, the computational complexity is
reduced significantly by the Monte Carlo importance sampling method. In the fol-
lowing sections, we assume that the samples drawn from the importance sampling

84



Decision Fusion for Large-Scale Sensor Networks with Nonideal Channels
DOI: http://dx.doi.org/10.5772 /intechopen.106075

density are fixed so that Cyc (11, vy I FO; PO peet N) does not have any random-
ness, since only deterministic decision rules are considered in this chapter.

3. A necessary condition for the optimal sensor rules

In this section, when the fusion rule is fixed, we derive a necessary condition for
the optimal sensor rules that minimize the Monte Carlo cost function. First, we need
some equivalent transformations for Ppo. Then based on the transformations, the

necessary condition can be obtained. At the same time, an analytical result is obtained
when the fusion rule is the K-out-of-L rule.

3.1 Necessary condition

First, we need some equivalent transformations for Ppp.

Lemma 1 Py can be rewritten as follows:

Pag 2 (10505 [ B (10)s s T (o) a0 )5 o T ()3 P05 20, 29
+132<110q),.“,Q,1Cw71),h+1Cw+l),.“,ILOQ);PO;PWO,Iyd>,

(16)
where forj =1,2, ..., L,
ZL
Pa()® 31 - F(s)] (1= P = P (1= 25(7) P (17)
-
2L
Pal) 3 It = Fls) [s0) + B L = 250 7)) | Py (18)
-

L
Pug2 T {(1—PE)A—s5p(m)) (1~ L) + P (m)(1 — L)
m, m#j (19)

+(1 = Pl)s (m)Ln + Pyt (1 = s (m)) L}
Proof If s3,(m) = L (ym) for allm =1, ..., L, then the continued product term
IT,— 1{ [1—Lu(y,,)|[1 —se(m)] + Lu(y,,)se(m)} = 1in Pyp. Otherwise, it is 0. Thus, Pye
can be rewritten as Pyo = Zk’:l [1— F(sy)]P(syy|(I1, Iz, ..., 1)), where the terms
that equal zero are omitted and P(sy|(I1, Iz, ..., L)) = H]-Lzlp(sk/ (7)|I;). Recalling
the conditional probability formula (5), we rewrite P(sy (j)|I;) as P(sy (j)|I;) =
[1-1] (1 — PO p;ﬂ) (1 25(j)) +5¢(G) + P (1 — 25(j)). Based on these
transformations, Py can be decomposed as (16).
Remark 2: Note that Pj;(-) and Pj(-) are both independent of J; (yj) forj=1, .., L.

In addition, they can also be applied in the Riemann sum approximation (see, e.g., [31]).
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Compared with [36], the sum of 2" terms about s, is eliminated and it greatly reduces
the computational time. In addition, the expression for P;;(-) given in (17) is also a key
equation in the following results:

Substituting the transformations (16) into (15), we obtain

CMC(Il(}Vl) IL()’L)'FO'PMO’PM’ N)
N

=c+— Z NPaTi(Yir)s s L1 (Yign)s Tra (Yigrn)s s I(Yin)s O PO, PY)
i=1
L(Y;
+Pp(11(Yir)s o> i (Yign)s hra (Yiginy)s o IL(Yin); FO PO, P1) } 'g((Y'))’

(20)

where Y; = (Yi1, Yi, ..., Yi). According to (20), the necessary condition for the
optimal sensor rules that minimize Cyc (I1(y;), ., I1(y); FO; P°, PY, N) is stated
in the following lemma:

Lemma 2: Let {I1(y,), ..., I (y,) } be the set of optimal sensor rules, i.e., they
minimize Cyc (I1 (y;), > I (y,); F%; P°°, P!, N) in the parallel Bayesian detection
network, then they must satisfy the following equations:

L(Yn) =1[Pu(L(Yn), I3(Yis), ., IL(Yi); FO PO, P°Y) - L(Y5)], (21)
L(Yn) = I[Py (L(Ya), 3(Yis), wo, IL(Yi); FO P°°, PY) - L(Y3)], (22)

I.(Yi) = I[P (I(Yn), L(Yi), s Io1 (Yiw—1)); FO PO, P°Y) - L(Y3)], (23)

where Pj;(-) are defined by (17) and I[] is an indicator function defined as follows:

] = {1, if x>0; (24)
=0,  if x<o.

Proof: Note that both Pj;(-) and Pj(-) are independent of J; (yj) forj=1, .., L.If

I1(Y;1) minimizes the Monte Carlo cost function under the given I(Y5), ..., I.(YiL),
we only need to minimize the first term of the summation in (20), that is,
[1—L(Ya)lPu(l(Ya), I3(Yis), w, I (Y ); FO PO, P“l) . Note that the value of
I1(Yi1) is 0 or 1 and g(y) is well defined, that is, g(Y;) > 0, Il( Yi1) should be equal to 1
when Py (I,(Y3), 13(Yi3), ..., I(Yir); FO; PO, P*YL(Y,) >0 fori = 1, ..., N, other-
wise it should be equal to 0. Therefore, we obtain (21) by the definition of I|x] in (24).
Similarly, we obtain (22) and (23) by minimizing (20).

3.2 An analytical result for the K-out-of-L rule

When the fusion rule is a K-out-of-L rule, we would obtain an analytical result in
the presence of nonideal channels. It is described as follows:
Theorem 1.1: If the fusion rule is a K-out-of-L rule and the probabilities of channel

errors are less than 0.5 (i.e., 0 < P?e0 <0.5,0< P?‘e1 < 0.5) for each channel, the optimal
sensor rules are I;(Y;;) = I[ (Y, )} fori=1,..,Nandj=1, ..., L.
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Proof: From Lemma 1, we know

ZL
Ba() = D[~ Fs )Py - (1= B = B )1 = 250 )
k=1

= (1= = P Y10~ Flsylsw ) = 0)) = (1= Flsylsy ) = 1)1y
k=1
ZL—l

= (1= B0 = B) S FGsylse ) = 1) = Flsurbs () = 0)]Povsy
k'=1

(25)

Since 0 <P]“'0 <0.5,0 <P]“'1 < 0.5, we have 1 — P]?e0 - P;El > 0. Obviously, Py >0
holds from its definition. If [F(sy|sy (j) = 1) — F(sy|sy (/) = 0)] > 0, Pj1(-) > 0 can be
derived. When the fusion rule is a K-out-of-L rule, F(sy) = I [ZJ-lesk/(j) - K} . Thus,

L
Flsylsy () =1) =1 Z sp(m) +1-K|,
m=1, m#j
L
Fsylsy() =0)=T| > sy(m)+0-K]|.
m=1, m#j

If Z,anl’m#skr (m) 4+ 0 —K >0, then Z];nzl’m#sk/ (m)+1—K >0, and we can get

that F(sy|sy (j) = 1) — F(sy|siy(j) = 0) = 0. If Zfﬂ:l,m#skr(m) +0 —K<0, then
F(sylsy (G) = 1) — F(sylsyy ) = 0) > 0. In a word, F(sy sy (j) = 1) — F(sy|siy(j) = 0) > 0 is
derived, thus Pj; > 0. It is easy to find a s,/ (m), m # j so that Efn:Lm;&jSk’ (m)+0 =

K —1and anzl’mﬁsk/ (m) +1 = K. Thus, there must exist F(sy|sy (j) = 1) —

F(sylsy (j) = 0) > 0. Therefore, the Pj; > 0 is derived. Recalling the necessary condition
for the optimal sensor rules, that is, I(Y;}) = I[Pj(-) - L(Y;)], the proof is completed.
Remark 3: The K-out-of-L rule counts the number of sensors that vote in favor of Hy
and compares it with a given threshold K [37]. It is also referred to as the counting rule
or voting rule and is widely used in the practical decision fusion area [38, 39]. It
encompasses a general class of fusion rules such as AND, OR, and Majority Boolean
fusion rules [40]. The reason we assume that the probabilities of channel errors are less
than 0.5 is based on practical considerations. If the probabilities of channel errors are
greater than or equal to 0.5, the channel is totally unreliable and the performance is not
better than a random decision. Obviously, the analytical solution is very efficient to
tackle large-scale sensor networks with dependent observations and channel errors.

4. Monte Carlo Gauss-Seidel iterative algorithm and its convergence

For general fusion rules that do not have the form of a K-out-of-L rule, an efficient
algorithm can be obtained that is inspired by Lemma 2. Next, we present a Monte Carlo
Gauss-Seidel iterative algorithm and derive its convergence, when the fusion rule is fixed.
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4.1 Monte Carlo Gauss-Seidel iterative algorithm

Based on the fixed-point type necessary condition given in Lemma 2, the Monte
Carlo Gauss-Seidel iterative algorithm is presented in Algorithm 1.

Algorithm 1: Optimization of the sensor rules.

Given the fusion rule F°:

* Step 1: Generate N samples: Y3, ..., Y ~ g(y), where g(y) is an importance
sampling density and Y; = [Yi1, Vi, ..., Yir].

* Step 2: Initialize the L sensor rules, forj =1,2, ..., Landi =1, ..., N,
19(v;) = 0/1. (26)

]

* Step 3: Iteratively search for the L sensor rules until a termination criterion in
Step 4 is satisfied. The z + 1th iteration is given as follows: fori =1, ..., N,

1Y (y,) =1 [Pﬂ (1;"><y,-2>, 1(Yi3), ooy I (Vi ); FO P50, P“’l)ﬁ(Yi], 27)
1 (Vi) = 1P () (Vi) 1 (Vi) s I (Vi s FS PO, PAYL(Y) ], (28)

1V (y) =1 [PLI (1§"“> (Yit)y ooy 0 (Y0 gy )5 FO; PO, P“l)L(Yi)} . (9)

Zn)(Yi2)’ (30)

Remark 4: When we obtain I1(Y;;) fori =1, ..., N, we can compress y, by defining
Ii(y,) = I1(Y#) if the distance |y; — Y| <|ly; — Y;4|| for alli’ # i. In the same way,
we can compress y; forj = 2, ..., L. In fact, the method is to find one nearest neighbor
ofy; forj =1, ..., L and use the corresponding compression rule. Moreover, we can
utilize the k-nearest neighbor (knn) to compress y; (see more in [41]).

Remark 5: The main computation burden of Algorithm 1 is included in (27)-(29).
If we let the number of discretized points Ny = N; = ... = Ni, = N in [31], then
Pp; ()ﬁ(Yl),] =1, ..,L,andi =1, ..., N are computed LN times for each iteration,
as in [31]. But they only need to be computed LN times in Algorithm 1. Thus, the
computational complexity of Algorithm 1, i.e., O(LN) is much less than that in [31],
that is, O(LN"). It is more efficient to tackle large-scale sensor networks with
dependent observations and channel errors.
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4.2 Convergence of the iterative algorithm

Now, we show that Algorithm 1 must converge to a stationary point and the algo-
rithm cannot oscillate infinitely, that is, it terminates after a finite number of iterations
Lemma 3: Given the fusion rule F°, for any initial values (I " 1 (0)) in (26),
Cumc (I;"), s Ij("), I](?l, s I(L" s FO; pee0 | peet N) must converge to a stationary point
after a finite number of iterations.
Proof: Forj =1, L, we denote Cpc (20) in the # + 1th iteration process by
Cuac (I, s 10, 1, I B0 P20, P, N

NZ{[l 1)
Y (Yign)s I (Yigin)»

PO, U N + P10 (Vi) o, 1

)( Vi) -~-,I(Ln)(YiL);F0;

1(I(n+1)(Yi1), ~-~,I(f+1)( G- 1)
I(”) Y: .FO.PceO Pcel N
> AL ( IL)’ 5 5 5 )

(31)

Similarly, we denote the (n + 1)th iteration process of the iterative items Pj( )L(-)

in (27)-(29) by
G]l = le (I(1n+1>(Yi1), ey I;ﬁ;rl) (Yi(jfl)), I;«?l (Yi(j+1))’ 5 ILn)( 3 );FO;PCEO, Pcel, N)L(Yi), (32)
for i=1, ..,Nandj=1, L. Plugging G; into (31), we know
(n+1)
: D) in 1”[11 (Yij)}. ‘
Cuc (13 LI, 1 FO PO, P N) Z Gi+C,
i=
(33)
where C! = ¢ + £V Py (I“‘“)(Y )o oo I (Yigon))s Iy (Vi) s I (Vi) B
Pe0, Pl N) §’> is independent of I and I ("H . Splitting 1 — I](" V() into two terms,
we obtain

(n+1
Cuc (B, s 170,10,

. (v,
B N,«Z; g(Yi)
(34)
RS oY e 7] PP ¥ SN L e L0 1P
N i—1 g(Yl) / 7N i—1 g(Yi) /
= Cue (Y, o 1 1, I FO P, PN DY
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where

D" *i [ i / aye: (35)
N Yl> 7

Note that (27)-(29) imply that I}Hl) (Y,»j) = 0 if and only if G]’: <0and
I;"H) (Yj) =1ifand only if G:>0 fori =1, ..., N,j =1, ..., L. It means

17 0) =1 (v5) | 6] <o G0
Thus, for Vi, j
(17 (vy) ~ 17 (v)| G/ (vi) <o, 7

where the inequality (35) holds since g(-) is well-defined (i.e., g(-) > 0). Substitut-
ing (35) into (33) yields D]-("H) <0. Thus, for Vj <L,

Cuc (I, oo 1MV, 10, s IS FO PO, PN
(38)
<Cuc (10, o 10, 1, IS FO PO, PN
Furthermore,
Cuc (I, 180, 15 FO 0, P, N
(39)

<Cuc (I, 1", o, I3 PO P20, P91, ).

It means Cpc is nonincreasing. Note that Cyc (Ig"), I;”), s I(L");FO; pee0 ) peet N) is

a finite value. We conclude that it must converge to a stationary point after a finite
number of iterations.

Theorem 1.2: Given the fusion rule F, the sensor rules Ig"), I(Zn), s I(L"> are finitely
convergent, i.e., Algorithm 1 converges after a finite number of iterations.

Proof: By Lemma 3, Cpc must attain a stationary point after a finite number of

iterations. It means that the value of Cy¢ cannot change after nth iteration, that is,

Cuac (I, s 1M 10, oy IS FOS P20, P, N)

(40)

= Cue (1, o I 1, IO P, PN,

Using (32) and (37), we derive that D]("H) = 0. Combining (33)-(35), we know

) Y SRR

which implies either I@(Yy) - I("H)( i) =0,ie., I( >(Y ) = I("H)( Y;) or G; =
0,ie,]; (n+) (vy) =1, L (n >(Yij) = 0. It follows that when Cpj¢ converges to a stationary
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point, either IV (Y;) is invariant or I" ™ (v;) = 1, I|" (V) = 0. Namely, IV (v;)
can only change from 0 to 1 at most a finite number of times. Therefore, the

1,1, ..., I are finitely convergent.

5. Extension for simultaneous search for the optimal sensor rules and
fusion rule

In this section, we extend the Monte Carlo method to search for the optimal
sensor rules and the optimal fusion rule simultaneously. Firstly, the necessary
condition is generalized to search for the optimal sensor rules and the optimal
fusion rule simultaneously. Secondly, we describe a generalized Monte Carlo

Gauss-Seidel iterative algorithm. We also give the convergence of the iterative
algorithm.

5.1 A necessary condition for the optimal sensor rules and the optimal fusion rule

Note that (15) can be rewritten as follows:

CMC(II(yl)» --'7IL(),L);F0’;PC€07)I)C€17N)

2L ZL ~ ,
=c+— ZZZl FO(s)|P(sy Ise) - P (I(Yi)L((?))

i1k —1k=1 g\t (42)
1 2L . N 2t f,(Yi)
=c+ NZ |:1 —F (Sk’)] ZZP(Skr |Sk) . ka (I(Yl)g(yl) 5
k=1 i=1 k=1
where P, (I1(Y;)) 2 H]»Lzl st (DL (Vi) + (1 —5() (1 = L(Y5))] and I(Y;) =
(Il(Yi]_), Iz(Y,’z), ey IL(YiL))- Since Psk (I(Yl) =1ifand Ol’lly lfIJ = Sk(j) for all] =
1, ..., L, (39) can be simplified as follows:
CMC(Il(yl)> 7IL()/L);FO7 ;Feoa 7PC€17N)
(43)

where the terms P, (I(Y;)) = 0 are eliminated.

Remark 6: According to (20) and (40), the necessary condition for the optimal
sensor rules is similar to Lemma 2 and the necessary condition for the optimal fusion
rule is given by

(44)

N
Fo(sy) =1 ZP(Sk’Kll(Yﬂ)’ v IL(Yip))) -

fork' =1, ..., 2" The proofs are similar to Lemma 2.
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5.2 Generalized Monte Carlo Gauss-Seidel iterative algorithm

Based on the fixed-point type necessary condition, the generalized Monte Carlo
Gauss-Seidel iterative algorithm is presented in Algorithm 2.

Remark 7: For any initial values (I;O), w1 (), ; FO0 ) the Monte Carlo cost
function Cpc (I;m, s Ij("), I](fl, s I(L">;FO(" ; PO, peet, N) must converge to a sta-
tionary point and Algorithm 2 terminates after a finite number of iterations. The
proofs are similar to those of Lemma 3 and Theorem 1.2.

Algorithm 2: Simultaneous optimization of the sensor rules and the fusion rule.

* Step 1: Generate N samples: Y1, ..., Y ~ g(y), where g(y) is an importance
sampling density and Y; = [Vi1, Vi, ..., YiL).

* Step 2: Initialize the L sensor rules and the fusion rule, respectively, for
j=12, ..,Li=1,..,N,and k' =1, ..., 2%,

1P ) =0/t ) 0.

* Step 3: Iteratively search for the L sensor rules and the fusion rule until a
termination criterion in Step 4 is satisfied. The # + 1th iteration is given as
follows: fori =1, ..., Nand k' =1, ..., 2F

1Y) = 1P (1;"><y,.2), 1(Ys), ...,I§”>(Y,~L);F°<">;Ff°, P“‘l) -ﬁ(Yi)},

1Y (v) =1 P21 (1<"+1>(Y11),1<3">(Y,~3), s I (Y ); OO, peed pfﬂ) L(Y, )}

1" Y(vy) =1 PLl(IgnH)(Yil)aIgnﬂ)(Yiz), s I (Vi) FOW5 P20, Pcel L(v.

n+1) n+1 n+1)
FO(+1)( _1l2p<s,(( Vv, MY (Yi), . 1Y Y}

» Step4:Fori=1, .., Nand k' =1,2, .., 2", the termination criterion of the
iteration process is
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6. Numerical examples

In this section, in order to evaluate the performance of Algorithms 1 and 2, we
present some examples with a Gaussian signal s observed in the presence of Gaussian
sensor noises.

The random signal s and observation noises v1, v5, ..., vy, are as follows:

Hy: ¥ = Hy: Y, =S5+ forj=1, ..., L, (45)
where vy, v, ..., vp, s are all mutually independent and
v; ~N(0,0.6), s~N(1,0.4), forj=1, .., L.
Thus, given Hy and Hj, the two conditional probability density functions are

P01 Y2 s ¥lHo) ~ Nlugs Z0)s (3,925 - ¥ |H1) ~ N(uy, £1),

where pug, pt1, Zo, X are easily obtained from the relationship of s, v1, v2, ..., vL.

Assume that each sensor is required to transmit a bit through a channel with
probabilities of P]?e" = P]“1 = p, where p = 0.05, 0.15, 0.3, forj =1, 2, ..., L. In the
cost function (2), let the cost coefficients Cog = C11 = 0 and C19 = Cp1 = 1. The
receiver operating characteristics (ROC) curves are used to evaluate the performance
of the algorithms. Pf and Pd denote the probability of false alarm and the probability
of detection, respectively.

6.1 Two-sensor network

We compare the Monte Carlo Gauss-Seidel iterative algorithm with the centralized
algorithm and the iterative algorithm based on the Riemann sum approximation in
[31] by using the receiver operating characteristics (ROC) curves.

In this case, we know u, = [0, 0], 4, = [1, 1))T and £, = [0.6, 0; 0, 0.6], T; =
[1, 0.4; 0.4, 1]. Some discrete values of 2 and b are used to plot ROC curves. We refer
to the optimal importance sampling density g(y)|Ppgo (y)L(y)| in Section 2.2 and

IL(y)| = lap(y|H1) — bp(y|Ho)|. The form is similar to the mixture-Gaussian distribu-
tion. Therefore, the importance sampling density g(y) is chosen to be the mixture-
Gaussian distribution. The effects of choosing different g(y) in terms of the perfor-
mance of the Monte Carlo method were shown in [21] via numerical examples. For
Algorithm 1, we take N = 200 samples from the density g(y). For the Riemann sum
approximation iterative algorithm in [31], we take a discretized step-size A = 0.09,
y;€[-8,10], i.e., Ny = N; = N = 200. The ROC curves for three important fusion
rules: AND, OR, and XOR rules with p = 0.05, 0.15, 0.3 are plotted in Figure 2. We
compare the computational time of the two algorithms with p = 0.15 in Figure 3. Note
that the analytical solution is used for the AND rule and the OR rule. Since the XOR
rule is not a K-out-of-L rule, we use Algorithm 1 to search for the sensor rules.
Some observations in Figures 2 and 3 are presented as follows:

* Given the fusion rule, the two points (0, 0) and (1, 1) may not be the beginning
or ending points of the ROC curves, which is different from the case in the ideal
channel cases. In addition, the larger the probability of channel errors is, the
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Figure 2.
Two-sensor ROC curves with the probability of channel ervors p = 0.05, 0.15, 0.3.

farther away from (0, 0) or (1, 1) the ROC curves are. A possible reason is that
the detection probability is not equal to 0 or 1, even when the false alarm
probability is O or 1 in the presence of channel errors.

From Figure 2, when the probability of channel transmission errors increases,
the decision fusion performance of different methods using the optimal sensor
rules decreases.

It can be seen in Figure 2 that the ROC curves of the new Monte Carlo approach
are very close to those of the previous algorithm based on the Riemann sum
approximation. However, from Figure 3, the computational time of the Monte
Carlo importance sampling approximation is much less than that of the Riemann
sum approximation for the three different fusion rules. It also implies that the
new method can be used to deal with large-scale sensor networks.

Note that the computational time of the AND rule and the OR rule is less than
that of the XOR rule for the Monte Carlo importance sampling approximation
from Figure 3. The reason is that the AND rule and the OR rule belong to the
K-out-of-L rules. The analytical form is used for the AND rule and the OR rule,
therefore, the corresponding computation time is relatively lower.

—%— MG: AND rule
#——MC: OR rule
MG: XOR rule
—&— Riemann: AND rule
-5 Riemann: OR rule
—— Riemann: XOR rule

log computation time (s)

=]
]

R i 3
10 " " | . L L | 1 L

0 100 200 300 400 500 600 700 80O €00 100C
N

&

Figure 3.
Two-sensor computational time as N increases with the probability of channel errors p = 0.15.
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6.2 Ten-sensor network

We consider a larger sensor network with 10 sensors, which cannot be dealt with
by the previous decision fusion algorithm based on the Riemann sum approximation
due to its heavy computation requirements. For different probabilities of channel
errors, the ROC curves of the AND rule, the OR rule, the 4-out-of-10 rule, the 6-out-
0f-10 rule, and Algorithm 2 are plotted in Figure 4.

Some observations in Figure 4 are presented as follows:

¢ The ROC curves for the ten-sensor network exhibit similar behavior as those for
the two-sensor network.

* Given the fusion rule and the probability of channel errors, the decision fusion
performance of the AND rule is better than the other rules for a small false alarm
probability and the decision fusion performance of the OR rule is better than the
other rules for a large false alarm probability. The reason may be that both of
them are extreme cases of the fusion rules. For other cases, the 4-out-of-10 rule
and the 6-out-0f-10 rule perform better than the AND rule and the OR rule,
respectively.

* Regardless of the centralized detection algorithm, Figure 4 shows that the ROC
curves generated by Algorithm 2 obtain almost the best performance for different
probabilities of channel errors. It implies that a simultaneous search for the
sensor rules and the fusion rule would provide better decision fusion
performance.

6.3 One-hundred-sensor network

We consider a large-scale network with one hundred sensors. The parameter
settings are similar to Section 6.2. The ROC curves of the 20-out-of-100 rule, the
40-out-0f-100, the 50-out-o0f-100, the 60-out-of-100 rule, and the 80-out-of-100 rule
are plotted in Figure 5.

From Figure 5, it can be seen that the dramatically lower computational require-
ment of our method enables us to handle a large sensor network consisting of one
hundred sensors. This is due to the fact that we have shown that there exist analytical
forms of the optimal sensor rules for the K-out-of-L rule. In addition, the decision
fusion performance of different methods is improved, as the number of sensors
becomes large.

Figure 4.
Ten-sensor ROC curves with the probability of channel errors p = 0.05, 0.15, 0.3.
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Figure 5.
One-hundred-sensor ROC curves with the probability of channel errors p = 0.05, 0.15, 0.3.

7. Conclusion

By employing the Monte Carlo importance sampling technique, decision fusion
algorithms have been provided for large-scale sensor networks with dependent obser-
vations and channel errors. The Bayesian cost function is approximated by the Monte
Carlo cost function. The necessary conditions for the optimal sensor rules and the
optimal fusion rule that minimize the Monte Carlo cost function have been obtained.
Computationally efficient Monte Carlo Gauss-Seidel iterative algorithms have been
proposed to search for the optimal sensor rules and the optimal fusion rule. These
algorithms have been shown to converge after a finite number of iterations. The
computational complexity of the new algorithm (i.e., O(LN)) is much less than that of
the previous algorithm based on Riemann sum approximation (i.e., O(LN")). For the
K-out-of-L rule, an analytical solution has been presented for the optimal sensor rules.
Simulations have demonstrated the effectiveness of Algorithms 1 and 2. Future work
will include the decision fusion algorithms under the Monte Carlo framework for
other networks such as tandem networks, tree networks, and sensor networks under
Byzantine attack.
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