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Preface

Thermal energy is present in all aspects of our lives. We experience heat transfer
daily when, for example, cooking or taking food out of the fridge, using a vehicle,
or turning on the heating or air-conditioning system in our office. Sometimes this
thermal management is not evident, but it is essential for our comfort and lifestyle.
In addition, heat transfer is of vital importance in all electric power plants. Whether
some fuel is burned to obtain steam or whether we want to maintain a solar panel
temperature to a certain level, proper management of thermal energy is crucial to
the operation of the system.

Nowadays it is even more important to control thermal transfer perfectly
when designing renewable energy systems where every unit of energy requires
use or when installing an efficiency measure in a process to prevent thermal
losses.

Thermal energy analysis is a complex task that usually requires the use of large
theoretical equations and mathematical models that can predict the behaviour of
a certain system. Many approaches can be followed to study all these phenomena.
Some of them involve experimental developments that include the building of test
benches, rigs, and real systems to replicate the process to be studied. Others are
computational models that predict the performance of the system and can be used
as optimization tools when designing devices.

This book includes a large compilation of those different approaches and serves as
an example of how heat transfer problems can be analysed. It is divided into the
following five sections:

* “Introduction”

* “Simulations”

* “Nanofluids”

* “Design”

* “Thermal Management”
I hope this book will help engineers, researchers, and scientists to
understand thermal processes better and teach them how to address heat
transfer problems. I also hope it serves as an inspiration for the development

of further work.

I would like to express my gratitude to all the authors who have contributed to
this book. I am sure their knowledge and expertise have improved the quality of



this text. Lastly, I give thanks to IntechOpen Author Service Manager Dolores
Kuzelj, whose assistance and patience have been crucial to the success of this

project.

Dr. Miguel Araiz Vega
Department of Engineering,
Smart Cities Institute,

Public University of Navarre,
Pamplona, Spain
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Chapter1

Introductory Chapter: Heat
Transfer

Miguel Araiz

1. Introduction

Heat transfer is the field in Thermodynamics in charge of the study of the
generation, conversion, exchange and use of energy in form of heat (thermal
energy) between different systems. Heat can be transferred using several mecha-
nisms such as conduction, convection, and radiation. The proper understanding
of these modes of heat transfer leads to a successful design of any device in which
thermal energy is involved. That is why it is so important to study and to analyze
heat transfer in any application.

Thermal energy is present in any aspect of our lives. We can daily experiment
heat transfer phenomena at home, when cooking or taking food out of the fridge
[1], when using a vehicle to go to work [2] or turning the heating or air-conditioning
system on in our office [3]. Sometimes this thermal management is not evident but it
is essential for our comfort and lifestyle [4]. Besides, heat transfer is of vital impor-
tance in all the electric power plants. Whether some fuel is being burnt to get steam
or if we want to maintain a PV panel temperature to a certain level, again a proper
management of thermal energy is crucial to the operation of the system [5, 6].

And nowadays it is even more important to perfectly control thermal transfer
when designing renewable energy systems where every unit of energy requires to
be used; or when installing an efficiency measure in a process to prevent thermal
losses [7, 8].

2. Heat transfer analysis

Thermal energy analysis is a complex task that usually requires the use of large
theoretical equations and mathematical models that can predict the behavior of a
certain system. It is not easy to simplify natural or forced convection, phase change
phenomena, or radiation heat transfer, considering their interactions with other
parts of the system under study. Therefore, most of the engineers and researchers
in the thermal field turn to computational models and test benches that help them
understand all these processes [9].

2.1 Computational simulations

A very common approach to heat transfer study is to develop a computational
model making several assumptions prior to the simulations. These models use
thermodynamic equations and energy balances to represent what we can expect to
happen in real conditions. These computational tools are really useful since they
allow us to perform tons of simulations and analyze many cases in a cost-effective
manner. You can use them to optimize a certain design and be sure that it will work
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properly once it has been built. Besides, by using these models a sensitive analysis
can be performed to check which parameter is affecting more to the results of the
system. There are many ways to develop these models, using different solving
techniques. It is essential to understand the heat transfer phenomena you want to
study and then check for the best method to model it.

2.2 Experimental analysis

Another approach to study heat transfer problems is to design and build an
experimental test bench. Sometimes it is so difficult to theoretically model a
thermal energy system that it is more convenient to analyze the problem experi-
mentally. Therefore, an experimental rig is employed to obtain useful results of the
cases under study. Often, all these rigs allow the researcher to modify the boundary
conditions affecting the system, so the problem can be tested under different cir-
cumstances. These test benches are also useful to validate the computational models
and check if they can properly predict the behavior of the system.

3. Applications

As it has been mentioned in the introduction of this chapter heat transfer
appears in many daily activities. Therefore, there is a wide range of fields in which
thermal energy is studied.

It is mandatory to perform a thermal analysis when developing heat exchangers
designed to transport heat from one point to another. For that, it is vital to identify
which kind of heat sink best fits the application (can natural convection be used, or
it should include some forced convection? For example). This analysis is also useful
because the conditions under which heat is being transferred will determine the
material of the systems that is being used, requirements about auxiliary consumption,
limit of maximum temperatures of operation, and so on.

Heat transfer analysis is also crucial in electronic applications that are con-
tinuously growing with higher consumptions, and therefore, higher thermal
management requirements. As Murshed explains, power electronics are facing a
huge challenge in removing high heat fluxes maintaining a low temperature in the
device [10].

Conventional heat transfer approaches are still being used, but there are some
other new technologies that are being included in these applications such as: nano-
fluids, phase change devices, and so on.

4, Conclusions

The chapters included in this book are a good example of how scientists,
researchers and engineers from the industry are solving heat transfer issues that
appear in many fields. You will find computational models, the use of nanofluids in
heat transfer devices, an optimization of a bunch of heat exchangers, and several
samples of thermal management in different applications.
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Chapter 2

Numerical Analysis of a
Water-Cooled Condenser at
Startup Conditions for
Refrigeration Applications
Supported with Experiments

Carlos Acosta

Abstract

Refrigeration for commercial purposes is one of the industrial sectors with the
largest energy consumption in the global market. Therefore, research and develop-
ment of more efficient components such as compressors, condensers, and refriger-
ants continue to render promising results in terms of GWP and operational costs.
However, Due to the urgency typically found in industry to develop prototypes,
finding scalable solutions can be challenging. Arguably, this is the case for con-
denser and evaporators that are designed and assembled under the assumption that
refrigeration systems operate at steady condition, where in real circumstances such
systems operate under transients based on ambient temperatures or unfavorable
startup conditions. The aim of this study is to characterize the thermal and fluid
dynamics behavior of refrigerant R404a in a water-cooled condenser at startup
conditions. The boundary conditions to solve the CFD simulations are taken from
experimental values and set as user defined functions in a commercial software. The
results displayed the time dependent oscillatory phase-transition details of the
refrigerant throughout the domain.

Keywords: Heat transfer, fluid mechanics, multi-phase flow, turbulence,
phase-transition

1. Introduction

Water-cooled condensers are commonly used in vapor compression refrigera-
tion for industrial applications due to their high rate of heat transfer [1], simple
configuration and the relatively low cost of manufacturability compared to other
types of condensers [2]. On the other hand, population growth, and the exponential
increase in energy consumption throughout the world keep stressing freshwater
resources [3]. Typical components used in refrigeration systems such as compres-
sors, evaporators, condensers, and refrigerants are constantly iterating to provide
more energy efficient solutions [4] in order to minimize the environmental impact
due to toxic molecules in refrigerants and reduce the production of residual heat [5].
Unfortunately, the steps imposed by regulatory agencies in United States and
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Europe sometimes lead to production ready solutions that have not been
thoroughly tested for industrial applications. Perhaps, one common example is the
race in banning HFC refrigerants for compressed vapor refrigeration cycles [6].
Ideally, the components in the refrigeration system can remain intact by changing
refrigerants, but this fails to be the case for most systems since the oil in the
compressor and even the compressor specifications need to be tailored to the new
refrigerant [7].

Virtual experimentation using numerical simulations offer great insights at the
micro and macroscopic level to support design and research activities of heat
exchangers, condensers and evaporators [8] given that experimental studies can
reach elevated costs and access to sensorial points to capture significant physical
details are difficult to incorporate in pressurized systems [9, 10]. In fact, the analy-
sis of startup condition for physical components in thermodynamic cycles is partic-
ularly challenging given the small-time scales and the large variations detected in
the variables of interest [11]. This alone calls for special attention in the sampling
rate and physical location of feedback sensors given that dynamic and unstable
conditions can be reached in a thermodynamic cycle by unpredicted changes in
loads or variations in energetic states, and false positive readings can be measured
depending on the flow characteristics through the system.

Concomitantly, the design and fabrication of condensers and heat exchangers
require the knowledge and understanding of the physical and chemical phenome-
non and other factors such as the properties of the working fluids or multi-phase
flows [12], their regimes and states, and the geometrical characteristics of the
system [13]. But rigorous experimentation in thermodynamic systems can be par-
ticularly costly because environmental chambers are often needed to obtain repro-
ducible results [14]. Evidently, the lack of accessibility to an environmental
chamber means that the ambient temperature is a random variable and the uncer-
tainty of the experimental results can increase significantly [15] since the thermo-
dynamic states of the thermodynamic cycle tend to fluctuate as a function of the
heat rejected and the heat absorbed to and from the environment [16].

A less rigorous alternative to this approach is to perform a design of experiments
at ambient conditions and execute the test multiple times to assess the error and
response variations [17]. Unfortunately, this route can also lead to an expensive and
time-consuming solution on top of developing variable startup conditions that can
affect the performance of the system. Consequently, Numerical simulations and
theoretical analysis of thermodynamic cycles should help alleviate the cost of mate-
rials, manufacturing, and redundant testing.

Heat and time-dependent multi-phase computational solutions targeting prob-
lems with complicated geometries that cannot be simplified by axisymmetric con-
ditions or reduction of dimensions tend to be challenging to develop, and the results
are always suspicious if no experimental validation is provided. Therefore, a balance
between experiments and simulations seems to be the ideal recipe to obtain cost-
effective solutions with solid scientific ground.

In the last few decades, significant efforts have been focused on developing
more rigorous models that account for turbulent fluctuations on mufti-phase flows
[18-20] evidencing the complicated nature of such problems even for simple
geometries [21] such as tubes and channels [22]. However, no three-dimensional
studies have been reported on the CFD multi-phase modeling of R404a condensa-
tion in a medium temperature water-cooled condenser at startup conditions. This
research aims to provide a study of the unsteady condensing and evaporating
characteristics of R404a in a water-cooled condenser by modeling the raising tem-
perature and pressure in the system induced by the compressed vapor entering the
condenser based on experimental data.
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1.1 Numerical analysis of turbulent phase-transition in the condensation
process of refrigerant flow

Multi-phase flow refers to the flow of a mixture of phases or species such as
gases in liquids or liquids in gases of different densities [23] where the liquids, and
gases are considered distinct phases. There are different mathematical character-
izations targeted to study multi-phase flows. For instance, for dispersed flows, one
phase consists of discrete, noncontinuous elements (such as bubbles) and the sec-
ond phase is considered as a continuum. This approach is widely accepted for the
analysis and characterization of oil and refrigerant relationships in vapor com-
pressed cycles, given that at certain conditions, oil can scape the compressor and
affect the system performance due to the variations in the thermal properties of the
mixture induced by the oil [24].

In bubbly flows or other types of applications where dispersed multiphase flows
are applicable, the properties of the inhomogeneous mixture are defined relative to
the continuous phase [25]. The mathematical manipulation for such flows can
happen under a Lagrangian representation for the dispersed phase [26], and an
Eulerian reference for the continuous phase. For the continuous phase, the material
properties are defined at every point within a control volume [27], whereas in a
separated flow under the Euler-Euler approach the phases are continuous but
divided by a single contact surface [28].

This research focuses on the incompressible volume of fluid model where the
mass transfer between phases is given by:

T-T
My = —1my = ¢oyp; {Tm} s T> Ty 1)
sat
for evaporation and
. ) Ty —T
mp = —my = coyp, l:% s T<Toy (2)
sat

for a condensation process. In the study of phase-transition of refrigerants, the
saturation temperature is found based on the operating conditions of the system
[29]. In this study, the inlet and outlet temperatures and pressures were measured
experimentally to compute T';.

From a modeling perspective, the saturating temperature is a dominant factor in
the prediction of the evaporating and condensing process. Therefore, the measured
temperatures, pressures and the saturation temperature were loaded in the simula-
tion as dynamics boundary conditions to drive the phase-transition process given
the dynamic value of T.

In order to find the quality of the mixture the volume fraction is defined as:

a(X) +a(X) =1 3)

where the sum of volume occupied by the phases is 100%. Furthermore, the
microscopic dynamics of the phase-transition process of refrigerants in heat
exchangers and condensers can be studied by considering both the vapor and liquid
as continuous and interpenetrating fluids under the Eulerian frame of reference
[30]. Even though this approach is computationally expensive given that the
governing equations for each phase are solved together with the momentum equa-
tion, the mass diffusion can be monitored by a straightforward calculation. For this
case, the microscopic behavior of the phases can be monitored by:

11



Heat Transfer - Design, Experimentation and Applications

d N 7
% +V- (ual> = @ = Sinass 4)
Pl
and
o0 - m
%"‘ & (uav) =-——= —Smass (5)
Pv

for which p; and p, are the densities of the liquid and vapor phases. Then. the
mixture density and mixture viscosity are:

Pm =P1F Py (6)
and
H = Hy + Hy- 7)

For each phase, the momentum conservation is given by:

0 _ A -
% (avpvu,,) + Ve (a,,pvuv . uy) =—a,Vp+Ver, +y, (8)

and

J — -~ -
% (azpzW) +Ve (azpzuz 'ul) =—aqVp+ Vet +y,; 9)

where y, and y; are the momentum sources and the stress tensor is given by:
- - ~T 3 - =
T; :aiyi(Vu,-—s—Vui ) —&-ai(li—zyi)Vou,- I (10)

given that 4; and y; are the shear and bulk viscosities of the phase i. Then, the
two equation k — ¢ turbulent model for multi-phase flow is:

d — 0 ok
% (apppk) + Voo (a,)pukuv) = {ay (/4 + %) a] —wppye+a,Ge + S, (11)
J € J

for the turbulent kinetic energy x and

2

d — d de € €
o (avpug) + Ve (avpuguv) = E |:av (ﬂ + &> _:| - a,C1. =G — ,Coep, — G + S,
X j Or) 0xj K K

(12)

for turbulent dissipation & where y, = C,p, % and C, = 0.99.
The thermal energy in the process is conserved and computed for each phase by:

%Z(aﬁi(piﬂ +P)> =V« (KsVT) (13)

—2
Where the energy is E = h; — /% + %4~ and the enthalpy and effective thermal
conductivity are:
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b aipihy + ayp,hy

(14)

aip; + ap,
hi = Cypy(T = Ty)shy = Cp(T — T), (15)
Ktﬁ = qK; + a,K,. (16)

2. Experimental procedure

Since the energetic state of a refrigerant far from its critical point can only exist
for stable conditions at a single pressure and temperature pair [31], it is crucial to
properly identify the coupled operating pressures and temperatures to obtain the
saturated temperature of the refrigerant. For this reason, an experimental setup was
designed and constructed so that the inlet and outlet conditions of the water and the
refrigerant under transient conditions can be detected and used as dynamic bound-
ary conditions for the numerical simulation.

The water-cooled condenser was fabricated using copper tubing. The dimen-
sions for the line of water, refrigerant line and copper wall separation are shown in
Table 1. To enhance the heat transfer, thermal insulation (Polyethylene foam) was
placed around the water copper jacket and the rest of the tubbing connecting the
components in the refrigeration system.

Figure 1 shows the configuration adopted to characterize the condensing details
of R404a. The figure shows the standard cycle corresponding to a vapor compression
cycle including the compressor (Copeland ZB15-KCE), the water-cooled condenser,
the evaporator, and the thermostatic expansion valve (Danfoss T2). The temperature
and pressure of the vapor and liquid refrigerant were measured at points (1) and (2)
by attaching thermocouples to the refrigeration line and connecting pressure trans-
ducers to measure the pressure drop of the refrigerant across the helix. The water
inlet and outlet temperatures are monitored (3) and (4) in a non-invasive fashion.

The test methodology consisted of 6 consecutive runs for 4.75 minutes each in
order to stabilize the system and reach thermal equilibrium given that an environ-
mental chamber was not used for this study. A flow meter (5) and pressure regulator
are located at the water inlet to measure the flow rate and sustain the water pressure.

Table 2 shows the magnitude of the variables monitored to control the steady
performance of the system.

Parameter Dimension
Dag, 0.0254 [m]
Dqg, ,, 0.0127 [m]
Da, . 0.0147 [m]
Dy, 0.0127(m]
Pitch 0.031[m]
Dprx 0.213 [m]
Laye 3.05[m]
As—g 0.3847 [m?]
A0, 0.2127 [m?]
As o 0.1834[m?]
Table 1.

Parameters and dimension of the water-cooled condenser.
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P

1®
)

Compressor

Evaporator

Figure 1.

Schematic representation of the refrigeration system depicting the testing points measuring the inlet and outlet
temperatuve and pressure of the refrigerant at (1) and (2), as well as the water temperature at the inlet and
outlet at (3) and (4).

Table 3 shows the sensors and instruments used for the experimental study as
well as the accuracy reported by the manufacturers. The sampling rate was fixed to
100 ms using LabView 18 software and the corresponding hardware with the data
acquisition system to gather the temperatures and pressures values of both water
and refrigerant.

The water and refrigerant temperature at the inlet and outlet of the condenser
are reported in Figure 2 with the corresponding variation to document the test
repeatability. The figure also shows the measured refrigerant pressure and the
computed liquid saturation temperature using Coolproops 6.4.1 [32].

The experimental data demonstrated that the system reached maximum operating
pressure close to 300 ms after starting the compressor, and a steady-state condition

Variable Magnitude

Super-heat 25+25[°C]

Sub-cool 18 +£2.5[°C]

To 2+09[C|

MR404a 0.398[%]
Table 2.

Operational parameters of the refrigeration system.
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Variable Instrument Accuracy
P Transducer (PX-309) 0.25%Full Scale
T J-Type Thermocouple +2.2°C
MH,0 2321FG 2.0%Full Scale
Table 3.
Instrumentation.
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Figure 2.
Experimental data obtained experimentally and computed saturation temperature of R404a.

for the vapor refrigerant pressure was reached around 1200 ms after initialization. In
order to characterize the startup conditions, the first 2000 ms of the average between
the different experiments corresponding to each variable displayed in the Figure 2
were programed in ANSYS Fluent as dynamic boundary conditions.

3. Computational domain and boundary conditions

A time-dependent numerical model in three-dimension was developed to simu-
late the phase-transition and heat transfer of R404a in a water-cooled condenser.
The geometry accounts for two fluid regions as well as one solid domain (copper)
that separates both flows and provides the thermal mechanism for heat transfer.
The computational domain (€4 U, UQ;3) contains three distant regions belonging
to the space X — R assigned as follows:

a. Fluid region for water (€).

b. Solid copper region for physical division of water and refrigerant (Q;,).
c. Fluid region for refrigerant R404a (Qs).

The properties of the materials and working fluids are show in Table 4. The
temperature dependent material properties were programmed in Fluent using

15
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Property unit Substance/Material
Water R404avapor  R404aliquid  Copper
K X 0.6 [33] 0.015 [34] 0.063 [34] 387.6 [35]
P [Lg] 799.71 + 1.6040T — 3.161x10 372 65.24 [34] Pi_raosa(T) [34] 8978 [35]
" [33]
% [ J } 4182 [36] 1221.4 [37] 1542.3 [34] 381
kg K [35]
Iz [%} Tt g155138] Ho-ra04a(T) [36]  py_paoas(T) [36]
& ] 7.52 [37]
M ] 18.6 [33] 97.6 [37]
Ter—raosa K] 345.25 [39]
To_raosa K] 227.15 [39]
Table 4.

Physical properties of the water, copper, and vefrigerant regions.

transient data tables and user defined routines. A schematic representation of the
domains describing the computational domain is shown in Figure 3. The figure
shows the inlet and outlet faces assigned for the water and refrigerant flows. The 3D
geometry was modeled in SpaceClaim from the real dimensions and the numerical
solution was obtained using Ansys Fluent 19.2. The contacting surfaces were
discretized with conformal elements and the computational grid was created using
tetrahedral objects with a maximum Skewness of 0.74. The mesh contains
36040897 nodes and 119573669 elements with a mean size of 3.12e-2[m].

The residual target (RMS) for the momentum and energy equations were set to
le — 3 and 1e — 5 respectively. The time step was fixed to 1e — 6 for a total simula-
tion time of 2 seconds.

0000 omsa 800 m)
— —

Figure 3.
Three-dimensional computational domain specifying the fluid and solid regions considered for the numerical
simulation.
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Model validation and verification against experimental data is an important aspect
of any numerical solution. For turbulent multi-phase flows, the model validation for
the phase-transition process is particularly important because the solution of the
volume fraction equation depends on the saturation temperature [40]. However, the
model validation and identification of the saturation temperature can be challenging
if the geometry is complex enough to obstruct the path of light for particle image
velocimetry and particle image thermometry or block the access of probes for electric
tomography techniques [41]. Unfortunately, the phase-transition process in the
water-cooled condenser complies with the restrictions mentioned above because the
refrigerant phase-transition takes place in a region where standard field experimental
techniques offer limited information due to the water and copper jacket around the
refrigerant line. Therefore, in order to develop a model that resembles reality, the
saturation temperature has been programmed as a boundary condition based on the
inlet and outlet temperatures and pressures measured experimentally.

3.1 Boundary conditions

The inlet boundary conditions for water and refrigerant are set to the mean mass
flows. The flow rate of water measured experimentally going into the system ranges

from 0.21to 0.3]‘%g and the inlet refrigerant mass flow corresponds to the compressor
mass flow provided by the manufacturer at the operating conditions.

The inlet and outlet time dependent temperature, pressures, and saturation
temperature are loaded as user functions in Fluent from the experimental values
shown in Figure 2. A no slip velocity condition was assigned to the boundary walls

(;ggi = O) and a thermal insulation condition was assigned on the wall between the

water and the environment. The outlet quality was set to 100% liquid given that the
actual system was designed and fabricated with the charge and specifications to
hold a constant sub-cool temperature after the condenser.

"Min_R404a 0.398 [’%}
PG_in—R404a From experiments (see Figure 2)
PG—our-R404a From experiments (see Figure 2)
Tin-Rr404a From experiments (see Figure 2)
Tout—R404a From experiments (see Figure 2)
Xin—R404a 0
Xout—R404a 1
Min=tz0 0.26%]
Pout-1,0 0[Pa)
Tin-m,0 From experiments (see Figure 2)
Tour—H,0 From experiments (see Figure 2)
Uo, = Uon, ,, = Uoo, oy = o, 0
9oy o 0

o
—Quq, ,, = Quo, 12.7[kW]
Qo, ., = —Qaq, 12.7[kW]
Tsu From experiments (see Figure 2)

17
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4. Results and discussion

The condensing behavior and evaporating dynamics of refrigerant R404a have
been simulated using the VOF approach. Due to the temperature difference, and
heat flux, the refrigerant condenses throughout the spiral tubing array, whereas
sporadic evaporation occurs given the inertial and body forces present in the flow.
The simulation was initialized by filling the total volume of the condenser section
with both, the primary fluid (liquid water) and the secondary fluid domain (refrig-
erant) in a vapor state.

Figure 4 shows the domain initialization at t = 0.0 s. After this instant, the water
starts to flow while the refrigerant is still in a full vapor state. The magnitude and
direction of the water velocity is presented by the streak line in the internal flow
section, and the quality of the secondary flow is indicated by the contour interface.

At t = 0.15 s, the refrigerant leaving the condenser has fully condensed near the
outlet section based on the sub-cooled temperature boundary condition. Upstream
the copper tube, the refrigerant begins a phase-transitioning throughout the lower
section of the spiral geometry (shown in Figure 5) induced by the fluid temperature
distribution.

The two-phase flow in the copper tube shows complicated details, with various
phase-transition patterns and irregular oscillation manifesting at the periphery of
the geometry due to the centrifugal [42] and inertial forces. The mean vapor quality
found in the refrigerant region is 60%.

The water around the copper elbow carrying vapor refrigerant near the inlet
develops a high velocity zone due to the reduction of area enhancing the heat flux in

i ANSYS
VeIocn\t)f L
WaterVelocity
8.000e+00
- 6.000e+00

Vapor R404a.Volume Fraction
1.000e+00

9.000e-01 F
8.000e-01
7.000e-01
6.000e-01
5.000e-01
4.000e-01
3.000e-01
2.000e-01
1.000e-01
0.000e+00

o 0,050 8.100 (m)
—

Figure 4.
Numerical solution of the phase transition of R404a in the water-condenser at t = 0.0 s.
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. ANSYS
VeIocu\tjy W19.2
WaterVelocity
8.000e+00
. 6.000e+00

Vapor R404a.Volume Fraction
—_— 1.000e+00
9.000e-01 F
8.000e-01
7.000e-01
6.000e-01

N — — ! 5.000e-01
[m s*-1] % R = === 4.000e-01
: ' 3.000e-01
2.000e-01
1.000e-01
0.000e+00

Velocity

Figure 5.
Phase-transition and velocity field development at the outlet of the condenser at t = 0.15 s.

the system [43]. On the other hand, the vapor refrigerant develops a vortex pair at
the beginning of the first spiral. This is probably induced by the tube curvature
close to the inlet elbow. Interestingly, no other vortices develop in subsequent
curved regions which suggests that the vortex develops due to the thermal and
inertial characteristics of the vapor refrigerant entering the tubular array and the
proximity to the 90° elbow located at the inlet.

Figure 6 shows the refrigerant phase transition details at 0.5 s. At this instant, the
refrigerant has completely transitioned to liquid at the last quarter of the spiral
leading to the outlet of the condenser. In the middle section of the condenser, the
saturated vapor condenses and evaporates along the outer wall in repeated patters of
saturated vapor and multi-phase flow swirling due to gravity and rotational speed.

Since the wall temperature across the copper wall was assumed constant, the
phase-transition region extends across a large region of the tubular array. This
boundary condition prevented a flash point transition between phases [44].
Furthermore, the outlet temperature was specified to remain in a sub-cool state
allowing the saturated liquid to develop further into the inner regions of the
condenser.
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Figure 6.
Numerical solution of the phase transition of R404a in the water-condenser at t = 0.5 s.

Figure 7 shows the condensing and evaporating characteristics of R404a at

t = 1.25 s. At the tube periphery and after the first revolution, the saturated vapor

begins to condense, transitioning into a two-phase flow with a 90% quality and

further decreasing into a quality of 82% while displaying a parabolic profile along
the outer surface wall. Then, the mixture evaporates back to a saturated vapor state

before it reaches its full condensation state after the third revolution.

Since the heat transfer can be enhanced or penalized by geometrical factors [45],
the widely used Dittus-Boelter (Eq. (17)) was employed to find the Nusselt number

in the internal tubing section for the vapor refrigerant flow. Based on the funda-
mental restrictions of the geometry, parametric modifications to the equation

determining the Nusselt number (Eq. (18)) need to be considered based on constant

wall temperature assumptions [46], curvature ration [47], and fluid regime [48]
such that:

(%) Re ,Pr,
Nu, = 4e3 < Re <5¢6,0.5<Pr<2e3 (17)
107 +127(4 ) (Pr, 066 — 1)
and
Nuty prx = Nu, (1 + 0. 35( 2 °°> ) . (18)
Duyix
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Figure 7.
Numerical solution of the phase transition of R404a in the water-condenser at t = 1.25 s.

where the friction factor is given by:
f=(1.82InRe —1.62) > (19)

given that the Prandtl and Reynolds numbers are:

HyCp—v
Pr, =——— 2
=g (20)
and
u,D
Re = Putolos (21)
Hy

Figure 8 shows the Nusselt number with respect to vapor refrigerant mass flow
as a function different tube diameter. For Do, = 0.0063m, the Nusselt number
calculated ranges between 900 and 1500 at different vapor mass flows. On the other
hand, the Nusselt number at Do, = 0.0191m, ranges between 2250 and 4200,
suggesting that the heat transfer enhancement occurs by increasing the diameter of
the refrigerant line and reducing the number of spirals.
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Figure 8.

Predicted Nusselt number as a function vapor vefrigerant mass flow as a function of inlet diameter.

5. Conclusions

A time and temperature dependent three-dimensional multi-phase simulation
with dynamics boundary conditions determined experimentally has been
developed to characterize the thermal, inertial, and phase-transition details of
refrigerant R404a in a water-cooled condenser at startup conditions. Given the
complicated geometrical configuration of the system, where the secondary fluid
(refrigerant) is concentric and flows inside the copper jacket in contact with the
primary fluid (water), it becomes a challenging task to capture experimental infor-
mation about the phase-transition details of the refrigerant using common optical or
fluid field experimental methods such as optical tagging, particle image
velocimetry, or tomography techniques. Therefore, indirect methods have been
applied to obtain temperature and pressure values at the inlet and outlet sections of
the condenser.

The numerical solution showed the condensing and evaporating oscillatory
nature of the phase-transition throughout the spiral tubbing as well as the
progression of saturated liquid at the outlet of the refrigerant line.

Condensation occurs due to the temperature differences between the water and
the refrigerant. Evaporation takes place given the body and inertial forces present
in the system that prevent further bubble nucleation to sustain the condensation
process.

The velocity profiles for both water and refrigerant show vortices developing at
the inlet and outlet zones due to the curvatures and elbows present in the geometry.
Nusselt numbers show that heat transfer can be optimized by slightly increasing the
diameter of the refrigeration line without inducing a disruption in the flow regime
or affecting the manufacturability of the part.
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Nomenclature

A, Surface area [m?]
D Diameter[m]

h Enthalpy [llz—ﬂ

S Source

T temperature [K]
t Time [s]

\% Volume

” Velocity [2]

X Quality
Subscripts

cr Critical

cu Copper

eff Effective

1 Liquid

) Reference

Ref Refrigerant

sat Saturation

A4 Vapor

Greek letters

a Vapor volume fraction

P Density

¢ Surface tension [Y]

S Mass transfer intensity [1]
P Stress tensor [Pa|

U Viscosity

Q 3D domain
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Chapter 3

The CFD Based Method for
Determining Heat Transfer

Correlations on Individual Rows
of Plate-Fin and Tube Heat
Exchangers

Dawid Taler, Jan Taler and Marcin Trojan

Abstract

The chapter provides an analytical mathematical model of a car radiator, which
includes different heat transfer coefficients (HTCs) on the first and second row of
pipes. The air-side HTCs in the first and second row of pipes in the first and second
pass were calculated using the correlations for the Nusselt number, which were
determined by CFD simulation using the ANSYS software. Mathematical models of
two radiators were built, one of which was manufactured of round tubes and the
other of oval tubes. The model permits the determination of thermal output of the
first and second row of tubes in the first and second pass. The small relative
differences between the thermal capacities of the heat exchanger occur for different
and uniform HTCs. However, the heat flow rate in the first row is much greater
than the heat flow in the second row if the air-side HTCs are different on the first
and second tube row compared to a case where the HTC is uniform in the whole
heat exchanger. The heat transfer rates in both radiators calculated using the devel-
oped mathematical model were compared with those determined experimentally.
The method for modeling of plate-fin and tube heat exchanger (PFTHE) proposed
in the paper does not require empirical correlations to calculate HTCs both on the
air side and on the inner surfaces of pipes. The presented method of calculating
PFTHEs, considering different air-side HTCs evaluated using CFD modeling, may
considerably reduce the cost of experimental research concerning new design heat
exchangers implemented in manufacturing.

Keywords: Air-cooled heat exchangers, Air-side Nusselt number, Different heat
transfer correlation on individual pipe row, CFD modeling, Empirical heat transfer
correlation

1. Introduction

Cross-flow finned heat exchangers are used in many industrial fields. In the case
of heat exchangers operating at high parameters, individual round fins are welded
to the outer surfaces of the tubes. On the other hand, heat exchangers in which the
temperature of the working medium is just above the ambient temperature consist
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of aluminum tubes fitted with aluminum fins. These are compact heat exchangers
known as plate-fin and tube heat exchangers (PFTHEs).

In finned heat exchangers with both inline and staggered tube arrangements
with continuous fins, the heat transfer coefficient reaches its highest values on the
first tube row (laminar flow). In subsequent rows, the HTC decreases. This is due to
the large HTC values in the inlet part of channels between the fins compared to the
mean coefficient on the entire fin surface.

Different methods are used to calculate heat exchangers. In the e-NTU (Effec-
tiveness - Number of Transfer Units) method, one effectiveness value is determined
for the entire heat exchanger [1]. In the P-NTU (Effectiveness - Number of Trans-
fer Units) method, P efficiency is determined for each medium [2]. Both the above
methods and the LMTD (Log Mean Temperature Difference) method assume a
constant HTC value on the gas side.

Kuppan collected in his book [3] relations and diagrams to determine the effi-
ciencies of typical heat exchangers. The temperature of the working media in large
heat exchangers built from several rows of tubes can be determined by numerical
models [4] based on the finite difference method or the finite volume method.

The determination of the average air-side HTC of PFTHESs built with one, two,
three, and four rows of tubes have received much attention in the literature. For
finned tube heat exchangers with more than four tube rows, the air-side average
HTC for the entire heat exchanger is determined as for a heat exchanger built with
four tube rows. Kim et al. in [5] proposed formulas to calculate wavy PFTHEs. The
formulas are valid for both in-line and staggered tube arrangements and allow the
determination of the air-side Nusselt number and the friction coefficient. On the
other hand, the paper [6] describes correlations based on experimental measure-
ments and applicable only to PFTHESs with a linear tube system. The paper [7]
describes a study showing that increasing the number of tube rows in a continuous
plain fin and tube heat exchanger under dehumidifying leads to a decrease in heat
transfer. Similar studies were presented by Halici et al. in the paper [8].

The authors studied PFTHEs with a staggered tube arrangement, made of cop-
per tubes and aluminum fins. The results of the study allowed the determination of
friction and Colburn coefficients and HTC for air. The determined friction factor
and heat transfer coefficient for wet surfaces were greater than for dry surfaces and
decreased with the increasing number of pipe rows. Correlations for the Colburn
factor presented in [5-8] were determined for whole finned heat exchangers. No
correlations for Colburn factor were determined for individual tube rows in
PFTHESs. Also in the works [9-10], the correlations determined were for the entire
car radiator and not for individual rows.

Rich [11] performed a study of PFTHESs with a staggered tube arrangement with
a higher number of tube rows (5 and 6 tube rows). The results also showed that the
HTC on the air side decreases with the increasing number of rows. The tests were
conducted for air velocity of less than 3.5 m/s and Reynolds number of 12000.

Markovi¢ et al. [12] based on experimental data proposed a formula to deter-
mine the air pressure drop in a finned heat exchanger with a staggered tube
arrangement. In the paper [12], the Darcy-Weisbach friction factor on the air-side
depends on the Reynolds number and the ratio of the total external surface area of
the finned tube to the surface area of the unfinned tube.

The works [1, 3, 13, 14] contain information describing the effect of pipe
dimensions, shape and wall thickness, fin size, the longitudinal and transverse pitch
of tube spacing on heat transfer in PEFTHE.

In addition, in [14], it is discussed how the heat output of the heat exchanger
changes depending on different methods of heat transfer intensification on the
inner surfaces of the tubes.
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CFD simulations were used in [15-17] to determine the uniform heat transfer
coefficient for the entire PFTHE.

Sun et al. presented the results of CFD simulations and experimental studies of the
optimized PFTHE in their paper [15]. The optimization of the finned heat exchanger
consisted of directing the airflow to the back of the tubes using appropriately pre-
pared channels. This procedure was intended to stop the formation of dead zones,
thus improving heat transfer and reducing the pressure drop on the air-side.

Numerical and experimental studies of different types of fins are presented in
the paper [16]. Wavy and plain fins with radially spaced winglets around the tubes
in the plate fin tube heat exchanger were discussed. Numerical calculations were
carried out in the form of CFD simulations in which laminar flow was assumed for
air velocities ranging from 1.5 m/s to 3.5 m/s. For air velocities above 3.5 m/s, the
turbulent flow was assumed. On the other hand, experimental studies allowed the
determination of correlations for the air-side Nusselt number.

Nagaosa in paper [17] used direct numerical simulation (DNS) to determine the
air-side heat transfer correlation, which was then verified experimentally. Good
agreement of the obtained results was achieved. Unfortunately, computer-based
DNS calculations require a long time to perform.

When turbulent flow occurs on the air-side (high Reynolds numbers), the
Nusselt number in the first pipe row of the PFTHE takes on lower values than the
Nusselt numbers in the subsequent pipe rows. This phenomenon occurs both in
heat exchangers made of smooth tubes [1-3] or single finned tubes [18] and in heat
exchangers with continuous fins [11]. Kearney and Jacobi [18] determined by
experimental study the Nusselt number for each row of tubes in cross-flow finned
tube heat exchangers with two-rows of tubes. The results showed that for a heat
exchanger with an in-line arrangement of tubes, the Nusselt number in the first row
was 34% lower than the Nusselt number in the second row for a Reynolds number
of about 5000 and 45% lower for a Reynolds number of about 28000. In a heat
exchanger with a staggered arrangement of tubes, a 45% lower Nusselt number over
the entire range of Reynolds numbers was obtained for the first row of tubes
compared to the second row.

In the available literature, few works are describing mathematical models of heat
exchangers considering different heat transfer coefficients on different rows of heat
exchanger tubes. The works [19-20] used mathematical models of PFTHEs with
different heat transfer coefficients on the first and second row of tubes to simulate
steady-state operation. In work [21], calculations of PFTHESs operating under
transient conditions were performed.

The paper [22] describes an analytical method for determining the required air
mass flow rate of a heat exchanger used in the propane pre-cooling cycle of an LNG
plant. The method can be used to control the air mass flow rate through the fin
tubes of an air-cooled heat exchanger to control the outlet temperature of the
working media.

The paper [23] deals with the numerical modeling of a heat exchanger with
finned tubes with large fin pitch. Computer simulations were carried out to propose
the optimal perforation size and design for maximum heat transfer coefficient. Fin-
and-tube compact heat exchangers (FTCHEs) were investigated in [24]. The results
of a three-dimensional CFD simulation for an FTCHE heat exchanger constructed
from oval tubes with smooth and corrugated fins are shown. Thermal-hydraulic
studies were carried out for Reynolds number in the range of 200-900. The com-
putational results show that the average Nusselt number for FTCHE with corru-
gated fins can be increased up to 20% compared to the case with plain fins. The
average performance value for the single- and three-wave finned oval tube compact
heat exchangers increased by 5% and 15%, respectively, relative to the plain tube
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case. CFD modeling has also been used by the authors of a paper [25] to evaluate the
thermo-hydraulic conditions of heat exchangers with finned tubes of circular, oval
and flat cross-sections, with in-line or staggered tube arrangements. The study was
carried out for small Reynolds numbers (400-900). For the selected performance
criteria, it has been shown that the oval tube with the highest axial ratio is the
optimum configuration that provides a heat transfer coefficient increase of 14% at
Reynolds number Re = 400 and 5% at Reynolds number Re = 900. In turn, the effect
of different combinations of circular and elliptical tubes on the air-side flow and
heat transfer characteristics of the heat exchanger was investigated in [26]. Inlet air
velocities were in the range of 0.5-2.5 m/s. The CFD modeling results obtained
show that at low inlet velocities, the system with the elliptical tube in front of the
circular tube is better than the system with the circular tube alone. At higher air
inlet velocities, the system composed of elliptical and circular tubes performs better
than the heat exchanger with elliptical tubes alone. Also, the heat exchanger per-
formance was found to be better when elliptical tubes were grouped in the upper
region and round tubes in the lower region compared to the alternative arrange-
ment of elliptical and round tubes.

An analytical mathematical model of a two-pass car radiator taking into account
the different air-side HTCs on the first and second row of pipes was presented in
this chapter. The results of modeling car radiators made of round and oval pipes
were compared with the results of experimental research.

2. Mathematical model of the two-pass PFTHE with different heat
transfer coefficients on each tube row

An analytical mathematical model of a two-pass radiator with two rows of pipes
was developed. The first and second-row HTCs were calculated using heat transfer
correlations, which were determined based on CFD (Computational Fluid
Dynamics) simulations. The radiator flow diagram is shown in Figure 1.

The mass flow rate 7z, to the car radiator is divided into two equal parts 7z,, /2
flowing through the first and second row of pipes in the first pass. The starting point
for building a mathematical model of a car radiator is a single-pass double-row heat
exchanger (first pass of two-pass heat exchanger with two rows of tubes) (Figure 2).

|
sl um

Ty o = fw =
%’Twl_,—" Fa TW'Tw.z

Figure 1.

Flow arrangement of the analyzed two-pass car radiator with two rows of tubes; 1 — First tube row in the first
pass, 2 - second tube row in the first pass, 3 - first tube row in the second pass, 4 - second tube row in the second
pass.
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2.1 Analytical model for the first row of pipes

The governing energy conservation equation equations for the water and air in
the first tube row are

AdTya(xT)

aO) N [Tyalst) - Thy()] Osxsl @
TI + ot
ol ) N Tua(x) =i p0)] 0sx'<1 0yi<1 @)

ayy

where: x* = x /L., y] = y,/p, dimensionless coordinates; x, y, Cartesian coordi-
nates (Figure 2) T, ; the temperature of the water in the first row of pipes, Tfl the
temperature of the air in the first row of pipes.

Two local dimensionless coordinate systems were introduced (x*,y;) and
(x*,y3) (Figure 2). The average air temperature T, ,(x™) over the first-row width
p, is determined by the expression

—

T (x") = | Toy(x"yf)dyf ®3)

¥7=0

The number of heat transfer units on the water-side N’ and air-side N’ are
defined as follows

N{u = 2UIA£0ut/(mw Epw> Ni =U Aiout/(m“ EP“) (4)

where: AIImt = n! Py L., nl, total number of pipes in the first row of the first pass,
A}, outer surface area of the bare pipes in the first row of the first pass, Py, outer
circumference of the plain tube, L, length of a tube in the PFTHE, The symbol ¢,
means the average specific heat of water in the temperature range from 7", to T’,, and
the average specific heat of air ¢, in the temperature range from T, to T, (Figure 2).

The overall HTC U’ is calculated using the expression
1 A, 1 A,dw 1

bout bout “w
= bt — g Thout S 5
U A AL R T ®

where: A}, = nl P;,L, inner surface area of the pipes in the first row of the first
pass, P, inner circumference of the tube, hf-n HTC on the tube inner surface in the
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Figure 2.
Diagram of a single-pass two-row heat exchanger.
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first row of the first pass, Aum = (A}, + A}y, )/2 mean heat transfer area of the

plain tubes in the first row of the first pass, &, tube wall thickness, k,, thermal

conductivity of the tube material. The equivalent HTC /!, taking into account the

heat transfer through the fins fixed to the outer surface of a plain pipe for the first
row of pipes, is given by

Al Al
Py L Rk S 6
* ‘ Aiout AIbout rlf( a) ( )

where: /! air-side HTC in the first row of tubes in the first pass, Aif tube surface
area between fins, 7, fin efficiency.
The boundary conditions for Egs. (1) and (2) are as follows

Tw,1|x+:0 = T;,,l (7)
T o =T, ®)

The solution to Egs. (1) and (2) with boundary conditions (7) and (8) is

1
Tuwa(x") = Ty + (Tipy — Tm) €xp {—% [1— exp (—Ni)]x+} 0<x"<1
a

(9)
Th(x",y7) = Twalx™) — [Twalx™) — Ty, ] exp (-Niy7) 0<x"<1 0<yf<1
(10)

By substituting y; = 1 into Eq. (10) and performing appropriate transforma-
tions the air temperature T/, (x") behind the first row of pipes can be obtained

Th(x") =Th(x",y7 =1) = Tpalx™) = [Twalx") —T,,] exp (-N,)  (11)
Expression (9) describes the temperature Ty, 1(x"). The temperature T/, ,

denotes the average air temperature after the first row of tubes. The temperature
T%,, can be calculated as follows

1
1
T = JTZ(x+)dx =T, + % (T;ﬂ’l — T;m) [1— exp(—B)] (12)
0 w
where B stands for
NI
B= i [1— exp(-N)] (13)

The temperature distribution of water and air in the first row of pipes of the first
pass can be determined using Egs. (9)-(13).

2.2 Analytical model for the second row of pipes

The relevant differential equations for the second row of pipes are
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2
where

N} =2U" A}/ (i Epw) NI =U"A},,/ (4 Tpa) (16)
Eq. (5) allows to determine the total HTC U”. Heat transfer coefficient &,
should then be replaced by h%. The effective air-side HTC k. can be calculated

using Eq. (6). HTC ! should then be substituted by HTC 4 for the second row of
tubes. The average air temperature over the width of the second row of pipes
T (x*) is determined as follows

1
T = | TG a7)

After taking into account that the water temperature at the inlet to the second
row of pipes is T}, ,, and the temperature of the air at the inlet to the second row of
pipes is equal to the outlet temperature of the air from the first row of pipes the
appropriate boundary conditions are

Tw,2|x+:0 = T;,v,z (18)
TYyo = Th(x") (19)

The solution to Egs. (14) and (15) under boundary conditions (18) and (19) is

Tw’z(er) =
Tem + 55 [exP (=Bx") — exp (=Dx")] + (T, = T,,,,) exp (~Dx")  (20)
0<x"<1
Tq (5593) = Twa(x™) = [Twa(x™) — Ty(x™)] exp (-Ngy7) (21)
0<x"<1 0<y;<1
where
I
D=si[l—exp(-N;)]  E=D(T,;—T,,)[1—exp(-N))] (22

Eq. (13) allows to calculate the coefficient B. To determine the air temperature
behind the second row of pipes T, (x*) (Figure 2), it is necessary to take into
account in Eq. (21) that y; = 1. Then Eq. (20) should be substituted into Eq. (21).
The resulting equation allows, after simple transformations, to write an expression

for the air temperature T, (x*) behind the second row of pipes
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m

a

(") =T (x"oy5 =1) =

Thp + [1— exp (=N7)] { D]fB [exp (~Bx") — exp (~Dx")|+

—l—(T;))z —T,,) exp(—Dx") } + (T;m - T, [1 — exp (—Né)] exp (—Bx" — fo)
0<xt<1 (23)

The average air temperature after the second row of pipes T, is determined by
the formula

T = [ To 9)as™ = Thp [t exp (M) {5 255 11— exp (B
0
T ,—T
pgp i ooy Tz Tonl g oy <—D>]}—

e Ten) [y exp (1)) [exp (B —NY) — exp (-]
(24)

When the air-side HTC %, on the first pipe row is equal to the HTC /4" on the
second pipe row, then D = B and the denominator (D - B) is going to be zero. When
D = B the formula (20) requires transformation. Writing Eq. (20) as
E —Dx™*
Tuals) = Thp + =222 fexp (D - B2 - 1)

+ (T2 = Tin) exp (~Dx7) (25)

and applying the L’Hépital rule to an expression where, at D = B, the numerator
and the denominator are equal to zero, one obtains

j—z [exp (zx™) — 1]

exp[(D—B)xT]—1 exp (zxt) —1

tim U E iy SREN D g e T
dz
+ +
lim ¥ exp (zx ):x+
z—0 1
(26)
wherez = D - B.

Taking into account the relation (26) for D = B in the formula (25), i.e. for hi =

hg = h,, it takes the following form

Tua(x") = Ty + {B(Ty1 = Tap) [1 = exp (=Ng)] x* + (T}, = T,) } exp (—Bx™)

0<xT<1
(27)

where N; = Ng =N,.

If b = k' = h,,, then the air temperature T, (x*) after the second row of pipes is
obtained with Eq. (23) after taking into account the relation (26)
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T, (x") =T (x*,y; =1) =T, + [1— exp (—N%)] x
- Tlam)] exp (_Bx+) + (T:A),l - T,am) exp [_ (BxJr +Ni)]}

(28)
where the symbol C means

C = B(T,, ~ T,,)[1— exp (V)] (29)

a

3. An analytical model of a car engine radiator

The relationships derived for the single-pass double-row PFTHE, taking into
account the different HTCs on the first and second row of pipes, were used to
develop an analytical mathematical model of the entire radiator, the flow diagram
of which is shown in Figure 1. This is an engine radiator with a displacement
capacity of 1600 cubic centimeters.

The constructions of coolers made of round and oval tubes are described in
detail in articles [9, 10], respectively. First, the temperatures T}, , and T}, , of the
liquid at the outlet from the first pass of the cooler are calculated. Then the tem-
perature T, of the liquid is calculated after mixing the liquid streams from the first
and second pipe row (Figure 1). Water at the T, temperature feeds the second
pass of the automobile radiator with the water mass flow rate 7, divided into two
equal parts 7, /2 flowing through the first and second row of pipes. The air stream
flows through the entire cross-section of the radiator. The mass flow rate through
the first (upper) pass is 72,7,/ (n, + n;), and the second (lower) pass is
any/(ny + np), respectively. The symbol 71, denotes the mass flow rate of air
flowing through the radiator. The symbols 7, and #; stand respectively for the
number of pipes in the first and second pass in the first row of tubes. The numbers
n, and n; are equal ten and nine, respectively. Thermal calculations of the first and
second row of pipes in the second (lower) pass have been carried out analogously to
those of the first and second row in the first (upper) pass.

The thermal conductivity of aluminum tubes and fins was assumed to be
k., = ke =207 W/(m-K).

4, Heat transfer correlations on the air-side

Based on CFD modeling performed in ANSY-CFX, the air-side heat transfer
coefficient values were determined. The paper [19] provides a description of the
method for determining the correlations for the average Nusselt number in the first
and second row of pipes and for the entire cooler.

Nusselt number correlations for PEFTHE from oval and round pipes are given
below:

* oval pipe radiator

Nu! =30.7105Re >*Pr!/3> 150 < Re, <330 (30)
Nu! = 0.0744Re %7°Prl/? 150 < Re, <330 (31)
Nu, = 1.0605Re >¥7*Prl/3 150 < Re, <330 (32)
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The Reynolds number on the air-side can be determined by knowing the
hydraulic diameter and the air velocity in the smallest flow area. The hydraulic
diameter for the oval tube cooler analyzed was dj,, = 1.42 mm. The average Nusselt
number on the first row of tubes varies very little (the exponent at the Reynolds
number takes small values). Hydraulically and thermally developed laminar flow is
characterized by a constant Nusselt number. Because the exponent at the Reynolds
number for the second row of pipes takes larger values, the phenomenon of vortices
forming near the front and rear stagnation points is more visible there. The heat
transfer relation (32) for the average Nusselt number in a two-row bundle is similar
to the expression for the average Nusselt number on a plane surface for thermally
and hydraulically developing laminar flow, for which the exponent at the Reynolds
number is 1/3. Formulas for determining the air-side Nusselt number for an engine
radiator made of circular tubes are presented below.

* round pipe radiator

Nu! = 1.6502Re 9**1*Prl/3 100 < Re, <525 (33)
Nu = 0.1569 Re ***°Prl/3 100 < Re, <525 (34)
Nu, = 0.6070 Re 378Prl/3 100 < Re, <525 (35)

Analyzing formulas (33) and (34), it can be observed that the exponent at
Reynolds number for the first row of circular pipes is low and equals 0.2414. This
indicates the dominance of laminar flow in the first row of pipes on the air-side. In
the second row of tubes, the exponent at Reynolds number is higher and equals
0.5499. There are vortexes at the front and rear of the tube.

However, the average Nusselt number in the first row is higher than in the
second row. This is because the inlet section is located in the gap formed by two
adjacent fins, which have very high values of heat transfer coefficients at the fin
surfaces. This results in a greater heat flow rate absorbed by the air in the first row
than in the second row. The vortexes formed near the front and rear stagnation
points on the surface of the second-row tube reduce the heat transfer to a large
extent. The rotating air has a temperature close to that of the fin and pipe surfaces.
From the heat transfer point of view, these are dead zones.

The comparison of the heat correlations determined by CFD modeling with the
correlations determined based on experimental tests was carried out for two differ-
ent car radiators. The flow arrangement of both radiators is the same (Figure 1).
The first radiator is made of round pipes and the second one of the oval pipes.

5. Heat transfer correlations on the liquid-side

The present chapter demonstrates that by using theoretical relationships to
calculate the heat transfer coefficient on the inner surfaces of the heat exchanger
tubes and the use of the air-side correlations determined by CFD modeling, very
similar results to experimental HTCs can be obtained.

The proposed methodology for determining the heat-transfer coefficient will
reduce the cost of experimental tests for designed heat exchangers or even eliminate
them. In determining the HTC for laminar flow, Gnielinski’s formulas were used [27].
For the transition and turbulent flow, the formulas proposed in [28] were used.

In the range of laminar flow regime, the average HTC along the entire length of pipe
L;, assuming that the velocity profile at the pipe inlet is flat and the liquid flow is
hydraulically and thermally developing, is determined by the following relationship [27].
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1/3
Nup = [Nuj, 1 + 0.6+ (Nuyyo — 0.6)° + N, 5| Re,, <2300
(36)

The symbol Nu,, ;1 designates the average Nusselt number for the developed
laminar flow

48
Nuy, 41 = ST 4.364 Re,, <2300 (37)
The second Nusselt number Nu,, ,» represents the Lévéque solution [4] for
developing flow over planar surface and Nu,, 4,3 was derived numerically for con-
stant liquid velocity at the tube inlet

" A\ Y3 Ay, \ 3
Num,q,z =3 F(2/3) ( Re wPrw L—t> =1.9530 ( Re wPrw L_t> (38)
Re,, <2300
d 1/2
Nu,,,3 = 0.924 <Rew #) Prl/3 Re,, <2300 (39)
t

The Nusselt number in the transition and turbulent flow range was evaluated by

Taler’s relatonship [28].
w dhw 2/3
1 &
*(@)

1.084 + 12.4 /%“’ (Pr2® —1)
dhw

2300 < Re,, <10° 0.1<Pr, <1000, - <1

t

tw (Re,, —2300)PrL0%

Nuw = Num,q| Re ,,=2300 +

(40)

The Darcy-Weisbach friction factor for turbulent flow, was calculated by the
Taler formula [29]

&, = (1.2776 log Re,, — 0.406) >** 3000 < Re,, (41)
The relationship for the friction factor in the transition region was obtained

using the linear interpolation [29] between the value £, = 64/2300 = 0.02783 for
Re, =2300 and &, (Re,, = 3000) = 0.04355

&, = 0.02783 4 2.2457 - 107 (Re, —2300) 2300< Re,, <3000 (42)
The Reynolds number on the water side Re,, = w,,d},,,/v,, is based on the
hydraulic diameter dj,,,. The hydraulic diameter was dj,, = 7.06 mm for oval tubes

and dj,, = d;;, = 6.2 mm for circular tubes. The physical properties of the water
were evaluated at the mean temperature T,, = (T, + T},) /2.

6. Experimental results

Based on the experimental testing of a car radiator made of oval and round tubes
(Table 1), heat transfer correlations on the air side were determined.
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Geometric data

Heat exchanger of oval

pipes

Heat exchanger of
round pipes

Outer tube diameter d,, mm Maximum tube diameter d, =72 mm

do,max = 11.82 mm

Minimum tube diameter

dy, min = 6.35 mm
Thickness of tube wall §,,, mm Sp= 0.4 mm Sp= 0.5 mm
Height p, and width p, of the apparent fin p;=185mm,p, =17mm p; =18.5mm,
associated with one tube, mm P, =12mm
Fin thickness 8¢, mm dr=0.08 mm dr=0.08 mm
Air-side hydraulic diameter dj,, mm dp,=1.41 mm dpa=1.95 mm
Water-side hydraulic diameter dj,,, mm dpw=7.06 mm Ay = dy — 25,

dpw= 6.2 mm

Table 1.
Geometrical data of finned tubes in the heat exchanger made of oval and round tubes.

6.1 Engine cooler made of oval tubes

A detailed description of the test stand for experimental research of the engine
radiator constructed from oval tubes can be found in [10]. The necessary parame-
ters, including the exponent at Reynolds number, were determined from measured
data. The air parameters during the radiator studies were as follows:

* Velocity: 0.98 m/s - 2.01 m/s

* Temperature: 11°C - 15°C

The water parameters at the cooler inlet were as follows:
* Volume flow rate: 627 1/h - 24211/h

* Temperature: 59.6°C - 72.2°C.

The Reynolds number on the air side ranged from 150 to 330, and the water-side
Reynolds number in the first (upper) pass ranged from 2500 to 11,850. When
determining the air-side heat transfer correlations, the water-side HTC was calcu-
lated using (36)—(42). The following Equation for the air-side Nusselt number Nu,
was found using the experimental data

Nu, = x; Re¥?Prl/3 150 < Re, <330 (43)
where the parameters x; and x; are
x1 = 0.5162 £+ 0.0116

x2 = 0.4100 + 0.0041 (44)

Numbers with a sign £ in Eq. (44) represent half of the 95% confidence interval.
6.2 Engine cooler made of round tubes
A test stand description of a car radiator made of round tubes can be found in

[10]. Flow and heat measurements allowed to determine the air-side heat transfer
correlations. The air parameters during the radiator tests were as follows:
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* Velocity: 0.74 m/s - 2.27 m/s

* Temperature: 3.6°C - 15.5°C

The water parameters at the cooler inlet were as follows:
* Volume flow rate: 300 I/h - 2410 1/h

* Temperature: 50.0°C - 72.0 °C.

The water flow regime changed from laminar to transitional and then to turbu-
lent during testing. The air-side Reynolds Re, number ranged from 150 to 560. The
Reynolds number Re,,, on the water side in the first pass of the heat exchanger
varied from 1450 to 16,100 during the test. The water-side HTC in round tubes was
evaluated using the relationships (36)—(42). The following Equation for the air-side
Nusselt number Nu, was obtained using the least-squares method

Nu, = x; Re¥Pr/3 225< Re, <560 (45)

Based on the 70 data series, the following values of parameters x; and x, were
found

x1 = 0.5248 + 0.1572 x2 = 0.4189 £ 0.0501 (46)

Numbers with a sign + in Eq. (46) represent half of the 95% confidence interval.

7. Analysis and discussion of heat flow rates from water to air
transferred in the entire heat exchanger and individual rows of pipes

In the case of a radiator made of oval pipes, the results of mathematical model-
ing and measurements are presented as a function of the Reynolds Re, number on
the air side for two selected volume flows of water V,, = 326.1 liters/h and V,, =
1273.4 liters/h. For a car radiator built of round tubes, the results of tests and
calculations are presented as a function of the Reynolds number Re,,, on the water
side for the first pass of the heat exchanger for the preset air velocity wy in front of
the radiator equal to 2.27 m/s.

7.1 Engine cooler made of oval tubes

The thermal capacity of the radiator was calculated by using an analytical math-
ematical model of the radiator proposed in this paper, assuming the uniform air-
side HTC on both rows of pipes. Figure 3a shows heat flow rates calculated using
the mathematical model of the PFTHE for average volumetric flow rate V,, =
326.06 liters/h, average air inlet temperature T',,, = 13.62°C, and average water
inlet temperature T, = 59.61°C. The average values of Vs T'ums and T',, were
calculated based on seven measured data sets. Figure 3b presents heat flow rates

obtained for the following data: V,, = 1273.37 liters/h, T;m =14.28°Cand T, =
60.51°C.

The water flow in the pipes was laminar. The Reynolds number on the water-
side in the first pass was between 1222 and 1287, and in the second pass between
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The heat flow rate Q, ,yrc from water to air in an engine cooler built with oval pipes with uniform heat
transfer coefficient h, on the air side of the whole cooler; a) V,, = 326.06 liters/h, T,,, = 13.62°C and T',, =

59.61°C; b) V,, = 1273.37 liters/h, T;m = 14.28°Cand T, = 60.51°C; 1 - air-side equation for Nu, based
on the CFD modeling, 2 - air-side equation for Nu, based on the experimental data, 3 - relative difference.

1358 and 1430. The velocity of the flowing air was wy, and its values varied from
0.71 m/s to 2.2 m/s. The heat flow rates shown in Figure 3b were determined for the

following data: V, = 1273.37 liters/h, T;m =14.28°C and T',, = 60.51°C. The water
flow in the pipes was turbulent. The Reynolds number in the first pass of the heat
exchanger on the water-side ranged from 5238 to 5440 and in the second pass from
5820 to 5883. The air velocity before the cooler varied from 0.71 m/s to 2.2 m/s. The
heat transfer coefficient on the water-side was calculated using the radiator mathe-
matical model based on Egs. (36)-(42). The air-side HTC was calculated using
Eq. (32) based on CFD simulation (Eq. 1 in Figure 3) or empirical Eq. (43) (Eq. 2 in
Figure 3).

The relative difference was calculated using the expression ¢ =
100(Q, — Q;)/Q,, where Q is the radiator thermal output calculated using the
CFD based air-side Eq. (1) and Q, is the radiator thermal output calculated
using the empirical Eq. (2) (Figure 3). The analysis of the results presented in
Figure 3a and b shows that the absolute value of the difference e does not exceed
2.75%. The heat flow rates based on the measurement data Q,, ¢, and CFD

simulations Q,, .. were calculated as follows
Q“’» exp — Vw Puw (T;,v, exp) Cuw (T:,u, exp TZ;, exp ) (47)

Qucate = Vo P (le exp> Cw <T;; exp T;/;,mzc) (48)

where: ¢, - the mean specific heat of the water in the range between the outlet

T;’)’exp (Eq. (47)) or T, ;. (Eq. (48)) and inlet water temperature T}, exp> Vi -
water volume flow rate measured at the car radiator inlet.
The relative difference e was calculated from the following expression
e — Qw,exp - Qw,mlc 100’ % (49)

Qw, exp

The results of measurements and calculations of the heat transfer rate Q are
shown in Figure 4. The results are presented for seven measurement series.
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Heat transfer vate Q from hot water to air in a car radiator; 1 - Q,, oy, values determined using the

measurement vesults, 2 - heat flow rate Q,, .y, calculated with the air-side Nusselt number Nu, based on CFD

modeling (a) or empirical corvelation (b), 3 — Heat flow rate Q,,, ., calculated with the CFD based correlation

(a) or empirical correlation (b) and the average input data from 7 measurement series: Vw = 326.06 liters/h,
==

T, =13.62°Cand T',, = 59.61°C, 4 - the relative difference between Quo, exp a1A Qg (between 1 and 2).

Calculations were performed for averaged measurement data: V., = 326.06 liters/h,

T, =13.62°C and T',, = 59.61°C. The mathematical model of the car radiator was
used to determine the heat flow rate Q (Entries 1 and 2). The water-side heat
transfer coefficient in the radiator mathematical model used was determined with
Egs. (36-42). The water flow in the cooler tubes was laminar because the water flow
rate was low. The air-side HTC was determined by Eq. (32) based on CFD modeling
(Figure 4a) or by empirical correlation (43) (Figure 4b). Figure 4 also shows the
relative difference values e calculated using Eq. (49). The results presented in
Figure 4a and b show an excellent agreement between the calculated and measured
heat flow rates when the air-side HTC is determined using Eq. (32) based on CFD
modeling.
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Figure 5.

The heat transfer vate Q from hot water to air in a car vadiator; 1 - Q,, o, values determined using the

measuvement vesults, 2 - heat flow rate Q,, . calculated with the air-side Nusselt number Nu, based on CFD
modeling (a) or empirical corvelation (b), 3 — Heat flow rate Q,,, ., calculated with the CFD based correlation
(a) or empirical correlation (b) and the average input data from 7 measurement series: V = 1273.37 liters/h,
T’ = 14.28°Cand T',, = 60.51°C, 4 - the relative difference between Quo, exp anA Q. cqc (between 1 and 2).
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Both when using heat transfer correlation (32) based on CFD modeling and
empirical correlation (43), the relative differences e range from about (—1.5%) to
about 5.2%.

Figure 5 shows a similar comparison as in Figure 4, but for other averaged

measurement data: V,, = 1273.37 liters/h, T;m = 14.28°Cand T, = 60.51°C. Due to

the higher flow rate of water flow through a car radiator equal to V,, = 1273.37
liters/h, the flow regime of water in pipes was turbulent. The Reynolds number
Re,,, on the water side of the first pass pipes was between 5238 and 5440. In the
lower pass, the Reynolds number Re,,; was higher due to the smaller number of
pipes and varied between 5820 and 5883.

It was found that the correlation for the air-side Nusselt number Nu, deter-
mined for the entire double-row radiator based on CFD modeling provides a very
good match between the calculated and measured heat flow rates transferred from
hot water to air (Figures 4 and 5). Then, the heat flow rates transferred in the first
and second row of pipes in both radiator passes were calculated taking into account
different first and second row HTCs. The following relationships were applied to
calculate heat flow rates in each row of pipes in the first and second pass

My _ .

Qujurc = TW e (T, —Tyy) j=12 (50)
mw = / /! .

QajurCc = - Cw (T, —Ty,) j=12 (51)
mw = /! .

Qsjtire =5 Cw (Tum = Tyy3) j=1,2 (52)
mw — 7 .

Qujrre == Cw (Twm = Tya) j=1,2 (53)

The total heat transfer rate from the air to the water was calculated using the
following Equation

Qujurc = wtw (T, = T,) j=1,2 (54)

The symbols Q; ;yrc i =1, ..., 4 designate the heat flow rate transferred in the
specific pipe row (Figure 1) with the uniform HTC throughout the heat exchanger
given by Eq. (32). The symbol Q; ,yrc i = 1, ..., 4 stands for the heat flow rate
transferred in the particular row, with the different HTCs in the first and second pipe
rows. The HTC in the first row was evaluated using Eq. (30) and in the second row by
applying Eq. (31). If the air-side HTC is uniform in the whole heat exchanger, then in
Egs. (50)-(54) j = 1is assumed, and if the HTCs in the first and second tube row are
not identical, then j = 2 should be taken. The relative differences e; between the heat
flow rate with different HTCs in the first and second row of tubes and the heat flow
rate with uniform HTC in the entire car radiator were also calculated

o Qipnre — Qianre 100

1

i=1,..,4 (55)
Qi,ZHTC

The relative ¢, difference for the whole heat exchanger was calculated with a
similar formula

- Q¢ oure — Quinte .100 (56)
Q:onrc
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A comparison of the first and second pipe row heat flow rates in the first and
second pass of the radiator and the radiator heat output for the uniform HTC
throughout the radiator and different HTCs in the first and second pipe row are

shown in Figure 6a for V,, = 326.06 liters/h and in Figure 6b for V,, = 1273.37
liters/h.

The results presented in Figure 6a and b show that the radiator thermal output
is almost identical for the uniform HTC throughout the radiator and for different
HTCs in the first and second row of tubes. As shown in Figures 5 and 6, the radiator
capacity determined by applying a mathematical model of the car cooler using the
CFD based air-side correlation for the Nusselt number is very well in line with the
measurements. It can also be seen that the heat flow rates exchanged in the first row
of the heat exchanger, both in first and second pass, are significantly higher for
different correlations for the air-side Nusselt compared to the heat flow rates
obtained assuming the same HTC in both pipe rows.

The heat capacity of the heat exchanger is almost identical with the same and
different HTCs on the first and second pipe row (Figures 5 and 6). CFD modeling
and analytical formula [19] were used to determine the air temperature increase in
the entire heat exchanger. A uniform HTC for the two pipe rows was then deter-
mined from the equality condition of the calculated air temperature increases. The
thermal output of the entire heat exchanger will be nearly identical with uniform
and different HTCs on the first and second rows of tubes. This is because the air
temperature increase on both tube rows is equal to the sum of temperature increases
on the first and second tube rows.
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Figure 6.

Comparison of heat flow rates transferved from hot water to air in specific pipe row and entire PFTHE
assuming that the air-side HTC is the same in both pipe rows with the corresponding heat transfer rates
calculated using different HTCs in the first and second pipe rows; a) V,, = 326.06 liters/h, T,,, = 13.62°C
and T'y, = 59.61°C, b) V,, = 1273.37 liters/h, T;m =14.28°Cand T', = 60.51°C; Q; jyrcs i = 1, s 4 -
heat flow rates transferved in specific pipe rows (Figure 1) assuming the same correlation (32) for the air-side
Nusselt number, Q; ,yrcs i = 1, ..., 4 - heat flow rate transferved in individual pipe rows (Figure 1)
considering different corvelations for the air-side Nusselt number, Eq. (30) for the first tube row and Eq. (31)
Sfor the second tube row, Q, ,yrc - car radiator output for the same heat transfer correlation (32) for all rows of
pipes, Q, ,urc - car vadiator output for different heat transfer correlations for the first and second tube rows,
Eq. (30) for the first vow and Eq. (31) for the second tube row.
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Figure 7.
The relative differences between heat flow rates for different and uniform HTCs; a) V,, = 326.06 liters/h,
T;m =13.62°Cand T', = 59.61°C, b) V,, = 1273.37 liters/h, T;m =14.28°Cand T',, = 60.51°C.

Figure 7a and b illustrate the higher heat absorption by the air in the first pipe row
and the significant reduction of heat transfer in the second pipe row if different corre-
lations for the Nusselt numbers in the first and second pipe row are taken into account
compared to the respective outputs of the individual rows with a uniform HTC.

Figure 7a and b show that the more considerable differences in the exchanged heat
flow through the first and second row of pipes for uniform and different HTCs are
higher for the larger volume flow rate passing the cooler. The differences in the heat
flow rates exchanged by the individual pipe rows with equal and different HTCs on the
first and second pipe row become smaller as the air-side Reynolds number increases.

7.2 Engine cooler made of circular tubes

Figure 8 depicts a comparison of the heat flow rates for the CFD based
air-side correlation (35) and empirical correlation (45) for averaged measurement
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Figure 8.

Thgeuizeat transfer vate Q, ,yrc from water to air in a car radiator made of round tubes with an equal HTC on
the air side of the entire radiator as a function of the water-side Reynolds number Re ,,,; 1 - air-side correlation
for Nu, based on the CFD modeling, 2 - air-side relationship for Nu, based on the experimental data,

3 - relative difference e.
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data: wy = 2.27 m/s, T,,, = 8.24°C and T',, = 70.56°C. The volume flow

rate of water V,, at the radiator inlet varied from 309 to 2406 liters/h. The

air-side Reynolds number Re, changed from 482.5 to 489.5 and the

water-side Reynolds number Re,,, in the first pass of the cooler varied from 1834
to 16084.

The results presented in Figure 8 show that the capacity of the cooler
constructed with round tubes calculated for the empirical correlation to the
air-side Nusselt number exceeds the capacity of the cooler calculated using the
correlation to the air-side Nusselt number determined by CFD modeling. The
relative difference e calculated from Eq. (49) is about 5% for a water-side
Reynolds number Re,,, of 1800 and about 10% for a Reynolds number of 16,000
(Figure 8).

The relative difference e between the cooler output determined
experimentally and that calculated using the mathematical model of the cooler
with the air-side Nusselt number correlation obtained from CFD modeling ranges
from 3% to about 8.3% (Figure 9). When the air-side correlation is determined
experimentally, the relative difference e is smaller and ranges from —4-0%
(Figure 9b).

Figure 10 shows a comparison of the heat flow rates transferred in each pipe
rows assuming the same air-side heat transfer coefficient in the mathematical model
of the radiator and different HTCs in the first and second tube rows.

The air in the first pipe row takes up a significantly higher heat flow rate
assuming different HTCs in the first and second pipe row compared to the heat
flow rate determined assuming an even HTC throughout the heat exchanger
(Figures 10 and 11).

The relative differences e; and e; are approximately 7.5% for Re,,, equal to
1000 and increase with Re,,, to about 15% for the Reynolds number Re,,, equal to
18,000. The relative differences of ¢, and e, are approximately —8% for Re,,, equal
to 1000 and decrease with Re,,, to approximately —18% for the Reynolds number
Re . equal to 18,000. The results depicted in Figures 10 and 11 show that the
radiator thermal output is almost identical with an even HTC and different HTCs on
both rows of pipes, despite the various capacities of the first and second rows of
tubes.
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Figure 9.

The comparison of heat transfer rate Q from hot water to air in a car vadiator as a function of the water-side
Reynols number Re,, determined experimentally and using the mathematical model of the car radiator with
the uniform air-side Nusselt number Nu, based on CFD modeling (a) and empirical correlation (b); e- velative
difference.
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Figure 10.
Hg; flow rates transferred from hot water to air in specific pipe row and entire car radiator assuming that the
air-side HTC is the same in both pipe rows with the corvesponding heat transfer rates calculated using different
HTCs in the first and second pipe rows; W, = 2.27 m/s, T, T  =824°Cand T',, = 70.56°C; Qi snr0 P =

1, ..., 4 - heat flow rates transferred in specific pipe rows ( Fzgure 1) assuming the same Eq. (32) for the air-
side Nusselt number throughout the radiator, Q; ,yrc, i = 1, ..., 4 - heat flow rate transferred in individual
pipe rows (Figure 1) assuming different equations for the air-side Nusselt number in the first and second tube
row, Eq. (30) was used for the first tube row and Eq. (31) for the second tube row, Q, ,yrc - car radiator
output for the same heat transfer Eq. (32) for all rows of pipes, Q, ,yrc - car radiator output for different heat
transfer equations for the first and second tube rows.
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Figure 11.

The relative differences e; and e, between heat flow rates for different and uniform HTCs calculated using
Eq. (55) and (56); W, = 2.27 m/s, T:m =8.24°Cand T',, = 70.56°C.

8. Conclusions

An analytical model of a two-pass car radiator with two rows of pipes was built.
The use of the correlations determined by CFD modeling to calculate the air-side
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heat transfer coefficient was proposed. Radiators constructed from round and oval
pipes were investigated. Mathematical models of car radiators were developed, in
which only one average heat transfer coefficient for the entire exchanger was used,
as well as different heat transfer correlations for evaluating the air-side heat transfer
coefficient on the first and second row of pipes. The use of the proposed heat
exchanger calculation method will allow designing a heat exchanger with the opti-
mum number of tube rows. Taking into account different heat transfer coefficients
on each row of tubes in the calculations also allows for a more accurate calculation
of the thermal output of individual rows of tubes.

The water flow regime in the tubes may be laminar, transitional, or turbulent.
The results of the calculations of both tested car radiators were compared with
experimental data. The compatibility of calculation and measurement results is very
good. The presented method of calculating plate-fin-and-tube-heat exchangers is
attractive because of eliminating costly experimental research necessary for the
experimental determination of the heat transfer correlations on the air and
water side.
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Chapter 4

Numerical Investigation of Heat
Transfer and Fluid Flow
Characteristics in a Rectangular
Channel with Presence of
Perforated Concave Rectangular
Winglet Vortex Generators

Syaiful and M. Kurnia Lutfi

Abstract

The high thermal resistance of the airside of the compact heat exchanger results
in a low heat transfer rate. Vortex generator (VG) is one of the effective passive
methods to increase convection heat transfer by generating longitudinal vortex
(LV), which results in an increase in fluid mixing. Therefore, this study aims to
analyze the convection heat transfer characteristics and the pressure drop of airflow
in a rectangular channel in the presence of a concave rectangular winglet VG on a
heated plate. Numerical calculations were performed on rectangular winglet pairs
vortex generators (RWP VGs) and concave rectangular winglet pairs vortex gener-
ators (CRWP VGs) with a 45° angle of attack and one, two, and three pairs of VGs
with and without holes. The simulation results show that the decrease in the value
of convection heat transfer coefficient and pressure drop on CRWP with three
perforated VG configuration is 4.63% and 3.28%, respectively, of the three pairs of
CRWP VG without holes at an airflow velocity of 2 m/s.

Keywords: heat transfer, pressure drop, vortex generators, vortex intensity,
synergy angle

1. Introduction

A compact heat exchanger is a heat exchanger with a large area to volume ratio
so that it has a high surface area of heat transfer to volume [1]. Compact heat
exchangers are widely used in the air conditioning, refrigeration, chemical, petro-
leum, and automotive industries. Fin and tube heat exchanger is one type of com-
pact heat exchanger that is often encountered. One example is the condenser in air
conditioning, where air is used as a refrigerant cooling medium. However, the high
thermal resistance on the airside results in a low heat transfer rate [2]. Therefore, to
increase the heat transfer rate, the thermal resistance needs to be lowered by
increasing the convection heat transfer coefficient [3].
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The method of increasing the convection heat transfer coefficient has become an
interesting thing to investigate [1]. In general, the method of increasing the con-
vection heat transfer coefficient is divided into two, namely the active method and
the passive method [4]. The active method is a method that uses external energy to
increase the rate of convection heat transfer, for example, by electrostatic fields,
fluid vibration, and flow pulsation [1, 5]. In contrast, the passive method is a
method that does not use external energy to increase the convection heat transfer
rate. Passive methods are more often used than active methods because they are
simpler and more effective [6]. The increase in the convection heat transfer rate in
the passive method is performed by adding an insert structure and surface modifi-
cation, which results in the formation of swirl flow [4, 6].

Vortex generator (VG) is an insert that produces vortices due to the formation
of swirl flow, which increases the heat transfer rate [7-9]. The vortex can be divided
into two, namely the transverse vortex and the longitudinal vortex [9]. The trans-
verse vortex has a vortex axis that is perpendicular to the main flow. Meanwhile,
the longitudinal vortex has a vortex axis parallel to the main flow. Longitudinal
vortices are more efficient in increasing convection heat transfer because they can
improve thermal performance better than transverse vortices with the same pres-
sure drop. Longitudinal vortex causes increased fluid mixing, boundary layer mod-
ification, and flow instability resulting in increased convection heat transfer
coefficient [10].

Various studies regarding the use of VGs to improve convection heat transfer
have been carried out. A. Datta et al. (2016) conducted a numerical investigation of
heat transfer on a rectangular microchannel installed with VGs with angle position
variations in two VGs with a Reynolds number range of 200-1100 [11]. The simu-
lation results proved that the increase in heat transfer is directly proportional to the
increase in the Reynolds number and the angle of attack of VG. Installation of angle
of attack of 30° with Reynolds number 600 is the best combination. In addition, H.
Y Li (2017) conducted an experimental and numerical study on the case of fluid
flow in a pin-fin heat sink mounted with a delta winglet vortex generator (DW
VGs) [12]. The study was conducted to determine the effect of Reynolds number,
angle of attack of VGs, and height of VGs on convection heat transfer. The results
show that the increase in the Reynolds number causes a decrease in thermal resis-
tance resulting in an increase in the convection heat transfer coefficient. The results
of these studies also indicate that the angle of attack of 30° is the best. Meanwhile,
the optimum VGs height is 3/2 H.

In 2017, H.E. Ahmed et al. conducted a heat transfer study on a triangular duct
with a DWP VGs in three-dimensional modeling with nanofluid flow [13]. The
simulation results showed an increase in heat transfer and pressure drop of 45.7%
and < 10% respectively due to the installation of VGs and 3% Al,O3 nanoparticles.
Overall, the use of VGs and nanofluids can improve heat transfer with lower
pressure drops. In addition, Syaiful et al. (2017) conducted a numerical study of the
installation of CDW VGs on rectangular channels [14]. The results showed that the
increase in the heat transfer coefficient due to the installation of CDWP VGs is
much better than DWP VGs. However, the use of COWP VGs results in a higher
increase in pressure drop. In general, the results showed that the increase in con-
vection heat transfer coefficient and pressure drop due to the installation of three
rows of CDW VGs are 42.2-110.7% and 180-266.9%, respectively.

Then, M. Oneissi et al. (2018) conducted a numerical study on the increase in
heat transfer due to the installation of DWP VGs and inclined projected winglet pair
VGs with the k-o turbulent model [15]. In this three-dimensional simulation, the
increase in heat transfer was viewed from the distribution of the Nusselt number,
the coefficient of friction, and the vortices. The simulation results showed that the
inclined projected winglet pair produces 7.1% better performance in increased heat
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transfer than that of the DWP VGs. Zhimin Han et al. (2018) conducted a three-
dimensional simulation study of the heat transfer characteristics through the perfo-
rated rectangular type of VGs [16]. In this study, the flow velocity was varied in the
Reynolds number range of 214-10,703. The simulation results showed that giving
holes to VGs can reduce pressure drop. The optimal thermo-hydraulic performance
was observed for VGs with a hole diameter of 5 mm.

In addition, M. Samadifar et al. (2018) studied the effect of a new type of VG
with variations in the angle of attack on the increase in heat transfer in the plate-fin
heat exchanger in the triangular channel [17]. Six types of VGs were used in this
numerical simulation, namely rectangular VG, rectangular trapezius VG, angular
rectangular VG, wishbone VG, intended VG, and wavy VGs. M. Samadifar et al.
performed a numerical simulation approach with turbulent k-o SST modeling. The
simulation results showed that rectangular VGs provide a better heat transfer
increase than other VGs, with an increase of 7%. The simulation results also showed
that the best VGs installation is VGs with an angle of attack of 45°. Jiyang Li et al.
(2019) investigated the increase in heat transfer in finless flat-tube heat exchangers
due to the installation of double triangle, triangular, and rectangular VG [18]. In
modeling, VGs were installed in front of the finless heat exchanger with a distance
of 1 mm so that the condensation water does not hit VGs. The results showed that
VGs could disturb the thermal boundary layer so that the mixing of cold and hot air
increases, which results in an increase in heat transfer performance. In addition, the
results also showed that the double triangle VG increases the heat transfer coeffi-
cient by 92.3% at an air velocity of 2 m/s. The double triangle VGs increase the heat
transfer coefficient by 20% greater than that of the triangular and rectangular VGs
but also an increase in pressure drop.

G. Luand X. Zhai (2019) conducted a numerical investigation of the flow charac-
teristics through the curved VG on the fin and tube heat exchanger [19]. G. Lu and X.
Zhai varied the curvature and angle of attack of VG in their research. Flow charac-
teristics were reviewed based on several non-dimensional parameters, namely Nu/
Nuo, f/fo and R = (Nu/Nug)/(f/f5)* with a Reynolds number range of 405-4050.
Their results showed that the best thermal-hydraulic performance was obtained for
VG at a curvature of 0.25 with a value of R = 1.06 at a 15’ angle of attack. R.K.B.
Gallegos and R.N. Sharma (2019) also conducted heat transfer experiments due to the
installation of VG flapping flags on the rectangular channel [20]. Their experimental
results showed that VG increases the flow instability and the turbulence rate so that
the Nusselt number increases by 1.34 to 1.62 times. However, VG also causes an
increase in pressure drop because of the resistance to VG. This can be identified by an
increase in the friction factor, which increased by 1.39-3.56 times.

The use of VG causes an increase in thermal performance, but its use has an
impact on an increase in pressure drop, which results in low hydraulic flow perfor-
mance. This study discusses the effect of installing RWP VGs and CRWP VGs on
thermal and hydraulic performance. Thermal performance is investigated through
analysis of the field synergy angle, spanwise average Nusselt number, and convection
heat transfer coefficient values. Meanwhile, the hydraulic performance is analyzed
through an increased pressure drop. This study aims to determine the effect of the
type of VG and the effect of giving a hole on VG on thermal-hydraulic performance.

2. Physical model
2.1 Experimental set-up

Experiments on the effect of VG on heat transfer and pressure drop flow were
carried out in a rectangular channel made of glass with a thickness of 1 cm and a
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length of 370 cm, a width of 8 cm, and a height of 18 cm, as shown in Figure 1. The
blower sucks air into the channel from the inlet side through a straightener com-
posed of pipes with a diameter of 5 mm and wire mesh to equalize the flow velocity.
The flow velocity in the channel was varied in the range of 0.4 m/s to 2.0 m/s with
an interval of 0.2 m/s using a motor regulator controlled by an inverter (Mitsubishi
Electric-type FR-D700 with an accuracy of +0.01 Hz) and measured with a hotwire
anemometer (Lutron type AM-4204 with an accuracy of £0.05). In this study, the
airflow flowed through VGs with variations in the number of rows (one, two, and
three rows) as well as variations with/without holes to investigate the effect on heat
transfer rate and pressure drop. The VGs were mounted on a flat plate that was
heated at a constant rate of 35 W using a heater that was regulated by a heater
regulator and monitored by a wattmeter (Lutron DW-6060 with an accuracy of
+0.01). Thermocouples K type was used to measure surface temperature, inlet and
outlet temperatures, which were connected to data acquisition (Advantech type
USB-4718 with accuracy £0.01) and were monitored and stored in the CPU. In the
pressure drop test, two pitot tubes were installed at the inlet and outlet of the test
section and connected to a micro manometer (Fluke 922 with accuracy +0.01) to
monitor the pressure drop due to the installation of VGs. Flow visualization tests
were also carried out to observe the longitudinal vortex formed as a result of VGs
insertion. The longitudinal vortex was formed when the smoke resulting from the
evaporation of oil in the heater was flowed through VGs and captured by the
transverse plane formed by the luminescence of the laser beam. The camera was
used to record the longitudinal vortex structure that was formed.

2.2 Computational model

In this study, the effects of the installation of RWP and CRWP VGs in the
rectangular channel on thermal-hydraulic performance were compared. The geom-
etry of the VG used in this study can be seen in Figure 2. In this simulation, VGs
were made from an aluminum plate with a thickness of 1 mm with/without holes
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Figure 1.

Schematic of experimental set-up.
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with a diameter of 5 mm. Table 1 shows the geometric parameters of the CRWP
and RWP VGs. Figure 3 is a top view of the RWP and CRWP VGs. VG with the
angle of attack (a) 45° arranged in-line in common flow-down orientation with a
longitudinal pitch of 125 mm. The distance between the first row and the inlet
channel is 125 mm. Meanwhile, the leading-edge transverse distance between
winglet pairs VG is 20 mm. The rectangular channel modeled in this simulation has
dimensions of length (P), width (L), height (H) of channels of 500 mm, 75.5 mm,
65 mm, respectively.

Figure 4 shows the computational domain used in this modeling. This domain
consists of an inlet extended region and an outlet extended region. An inlet
extended region was provided to ensure that the airflow entering the channel is a
fully developed flow. Meanwhile, an extended region outlet was added so that the
air does not experience reverse flow in the channel.

2.3 Governing equations

In this 3-D flow modeling, air was assumed to be steady state, incompressible
and has constant physical properties. Flow can be laminar or turbulent based on its

Figure 2.
Geometry of RWP and CRWP VG with and without holes.

VGs o a cv dv ev ch dh eh t R
(°) (mm) (mm) (mm) (mm) (mm) (mm) (mm) (mm) (mm)

CRWP without 45 59 — — — — — — 40 58

holes

CRWP with 45 59 15 14.56 — — 20 9.85 40 58

holes

RWP without 45 60 — — — —_ — — 40 —

holes

RWP with holes 45 60 15 — 15 20 — 10 40 —
Table 1.

Geometry parameters of vortex generator (VG).
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Top view of (a) RWP VG, (b) CRWP VG.
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Figure 4.
Computational domain.

Reynolds number value. Flow velocities were set in the range of 0.4-2 m/s with
0.2 m/s intervals. The Reynolds number is determined from R = pu,,D;,/p in the
range of 1800 < Re <9100. Therefore, the flow was assumed to be laminar at a
velocity of 0.4 m/s with Re = 1800 and the others were turbulent. Based on these
assumptions, the governing equations used to solve this case are:

Continuity equation

ou;
—=0 1
. (1)
Momentum equation
0 —dp 0 [ o
— (puu;) = — (== 2
0x]- (pulu]) ax,- + an (,Lt ax,-) ( )
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Energy equation

d d oT
EE(MMT)Z-——(F ) (3)

ox; \" o,

where p, p, u; and p are the density, pressure, mean velocity on the x-axis, and
dynamic viscosity, respectively. Meanwhile, I' is the diffusion coefficient

I'=2/c,

where 4 is the thermal conductivity, and ¢, is the specific heat of air.

The turbulent flow modeling used in this simulation is the standard k- model.
The transport equation for the standard k-w model consists of the turbulent kinetic
energy (k) and specific dissipation rate (w) equations, respectively, which are
stated as follows:

7} d ok

a(ﬂkui)—aj(lﬂk%) +Gr =Y+ S (4)
d d [0

5 i) — 3 Fw_ Gw - Yw Sw

dxi (pwu ) dxj ( dx) + + (5)

where I, is the specific dissipation rate and Iy, is the diffusion effectiveness of
turbulence kinetic energy. The I',, and 'y, equations are stated as follows:

Fo=p+tt (6)
Oy

Fe=p+2 @)
Ok

o and y, are the turbulent Prandtl number and turbulent viscosity, respectively.
In this governing equation, the turbulent intensity can be formulated as follows:

I=0.16%,"° (8)

2.4 Boundary conditions

The boundary conditions used in this computational domain are described as
follows:

Inlet upstream extended region
u=u,v=w=0,T =T = Const. 9)
Outlet downstream extended region

ou ov ow 0T
—_— = = — = 1
ox oOx o0x Ox 0 (10)

Wall

u=v=w=0T=T, (11)
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Symmetry

ow JT
=" =""=0 12
» (12)

2.5 Numerical method

The finite volume method (FVM) was used to analyze the thermo-hydraulic
characteristics of the rectangular channel installed with VGs. Laminar flow was
simulated using a laminar model, while the turbulent flow was simulated using the
k- model. The turbulent k-» model was used in this simulation because this model
is suitable for modeling fluid flow in the viscous region [21]. The SIMPLE algorithm
was chosen to obtain a numerical solution of the continuity and momentum equa-
tions. The governing equations for momentum, turbulent kinetic energy, specific
dissipation rate and energy were discretized with a second-order upwind scheme.
The convergence criterion assigned to the continuity, momentum, and energy
equations was 107>, 10_6, 108, respectively.

In this numerical simulation, the mesh type was differentiated between the
upstream extended and downstream extended regions with the computational
domain, as shown in Figure 5. The hexagonal mesh was used in both parts of the
extended region because it has a simple geometric shape. Meanwhile, the part of the
computational domain, namely the fluid and plate, uses a tetrahedral mesh because
it has a more complex geometry due to the presence of VGs. The tetrahedral mesh
was also used to obtain more accurate results in this area so that it can show flow
separation and secondary flow in the test section.

2.6 Parameter definitions

The parameters used in this study are as follows:
Reynolds number

D
R — puﬂ—h (13)

0.00 50.00 100.00 (mm)
-
25.00 75.00

Figure 5.
Mesh generated.
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Nusselt number
Nu =—* (14)

where p, #,,, , Dy, and 4 are the density, average fluid velocity, dynamic
viscosity, hydraulic diameter, and thermal conductivity of the fluid, respectively.
h is the convection heat transfer coefficient obtained from the following equation:

q
h=—""—"#6#¥Z¥#¥Y¥— 1
Ar(T =T} (15)

4, Ar, and T, are the convection heat transfer rate, heat transfer surface area,
and hot wall temperature, respectively, while Tris the bulk fluid temperature which
is defined as follows:

T + Tout

Ty= 5

(16)

T}, is the inlet temperature and T, is the temperature at the outlet side which is
determined by the following equation:

T_ Ju(x,9,2) ,)u z)dA

HA X,)%)

HAW ’,'V’ )T (x ’}’> z)dA
JIA (x,9,2)

AP is the pressure drop of fluid flow which can be formulated as AP = P;,-P,,, in
which P;, and P,,, can be described as follows:

(17)

Tout (18)

_ JpdA
P= 1,44 (19)
JIAaurpdA (20)

P out —
' J‘J\Aout dA
2.7 Validation

An independent grid test was performed to ensure that the number of grids
does not affect the numerical simulation results. Four different grid numbers were
used for grid-independent testing. The test was carried out on the computational
domain with three CRWP pairs at a velocity of 0.4 m/s. Table 2 shows the
simulation results of the variation in the number of different grids on the convec-
tion heat transfer coefficient. Because the convection heat transfer coefficient of
the simulation results shows a slight difference, the optimum number of grids is
determined by comparing the heat transfer coefficient from the modeling results
and the results from the experiment. The smallest error from the simulation
results and experimental results is used as an independent grid. Based on the
comparison of the simulation results for the various numbers of grids with the
experimental results, it is found that the grid with the number of elements close to
1,600,000 was chosen for use in this numerical simulation because it has the
lowest error, namely 0.337%. Validation was also carried out by comparing the
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Number of element h(simulation) h(experiment) Error (%)

1,262,840 18.27726 18.18571 0.503

1,478,060 18.34781 18.18571 0.891

1,661,610 18.24699 18.18571 0.337

1,868,587 18.29429 18.18571 0.597
Table 2.

Grid independent test.

experimental results of Wu et al. (2008) and current experimental results with
slightly different conditions, see Ref. [22].

3. Results and discussion

This study aims to investigate the effect of holes on VGs and the number of pairs
of VGs on airflow and heat transfer characteristics. The installation of VG generates
vortices and forms swirl flow so that the convection heat transfer rate on the airside
increases [7-9].

3.1 Flow field

To determine the difference in flow structure in the test section, simulations
were carried out on a channel with VGs and without VGs (baseline). Figure 6(a) is
a flow in the baseline case where vortices and swirl flows are not observed. Whereas
in Figure 6(b), the simulation results show that the installation of VGs on the
channel results in the formation of swirl flow [7], which results in longitudinal
vortices due to flow separation along the VGs caused by pressure differences on the
upstream and downstream VGs [10]. Figure 7 illustrates the counter-rotating pairs
of longitudinal vortices due to the installation of RWPs and CRWPs VGs with a 45°
angle of attack. A strong counter-rotating longitudinal vortex forms behind the VG
with the left rotating clockwise and the right rotating counterclockwise [23]. These
two longitudinal vortices result in the formation of downwash flow in the center of
the channel towards the lower wall of the channel and upwash flow on both sides of
the channel to the upper wall of the channel. This longitudinal vortex configuration
is also called common-flow-down.

1.450 -

(@ (®)

Figure 6.
Velocity streamline in a channel; (a) without VG (baseline), (b) with VG.
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Tangential velocity vector on a channel with three pairs of VG: (a) perforated CRWP and (b) perforated RWP.
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Tangential velocity vector in the cross-section X1.

Figure 8 is a comparison of tangential velocity vectors in the cross-plane X1 with
three pairs of RWP and CRWP VGs for with and without holes at 2.0 m/s. The
tangential velocity vector in the use of RWP and CRWP VGs is high in the down-
wash region, which results in improved heat transfer [7]. In the case of CRWP VGs,
the longitudinal vortex radius formed is larger than that of the RWP VGs. This is
because the frontal area of the CRWP is larger, which results in a better heat
transfer rate increase than that of the RWP VGs [24, 25]. The hole in VG causes a jet
flow, which removes stagnant fluid in the back region of VG and increases the
kinetic energy in this area so that the pressure difference before and after passing
VG can be reduced [26]. Because of this decrease in the pressure difference, the
longitudinal vortex strength decreases. The main vortex, induced vortex, and cor-
ner vortex are observed on CRWP VGs installation, as shown in Figure 9. The
structure of the longitudinal vortex is formed due to several factors. The main
vortex is formed due to flow separation when the flow passes through the VG wall
due to the pressure difference [27]. Induced vortex is formed due to the interaction
between the main vortex. Meanwhile, the corner vortex is formed as a result of the
interaction between the VG wall and the main vortex.

Figures 10 and 11 show the counter-rotating longitudinal vortex as the flow
passes through the VGs. Counter-rotating longitudinal vortices are observed in the
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Figure 9.
Tangential velocity vector in the cross-section X1 in the channel installed VG: (a) perforated RWP, (b)
perforated CRWP.
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Comparison of the tangential velocity distribution in the channel installed RWP at several cross-section positions
at a velocity of 2.0 m/sec.
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cross-sectional plane at positions X1 to X6 and move spirally downstream to a
certain distance and sweep towards the lower wall of the channel [26]. The strength
of the longitudinal vortex is observed to be greater in CRWP than in RWP. CRWP
has greater longitudinal vortex strength because CRWP has a larger frontal area
than that of RWP, which results in a larger longitudinal vortex radius causing in
better heat transfer performance [19]. From Figures 10 and 11, it is observed that
the longitudinal vortex in the X1 plane is stronger than that in the X2 plane for all
types of VG with/without holes. This is due to viscous dissipation, which causes the
longitudinal vortex to gradually weaken as the flow away from VG [28]. In the X3
plane, the longitudinal vortex strength increases compared to the X2 plane due to
the addition of VGs, which results in an increase in fluid velocity in the downwash
region [29]. The hole in the VG results in the weakening of the longitudinal vortex
strength due to jet flow formation [26].
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Figure 11.

Comparison of the tangential velocity distribution in the channel installed CRWP at several cross-section
positions at a velocity of 2.0 m/sec.
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3.2 Longitudinal vortex intensity

The longitudinal vortex intensity is a dimensionless number studied by K Song
et al. [30] and represents the magnitude of the inertia force induced by secondary
flow to the viscous force. In this study, the longitudinal vortex intensity is defined
in Eq. (22)

o pDhU
]

Se (21)

where Se is the longitudinal vortex intensity, and U is the secondary flow
velocity characteristic, which can be formulated in the following equation:

= without hole| soo % Without holel
800 4
& with hole ®_ with hole
L]
.
\
600 00 \
P ] L |
) L . .
: AW | '
= / -
g IV ] | wa ¥ Vi
§ a0 | \ & a0 [ [
= | L] | " A
- \ .
£ W | . .
4 \ [ LI |
200
| \ = | &
I‘ R ]
| o
]
0 - - . . 0
00 0z 04 06 08 1.0 00 0z 04 06 08 10
XL xiL
(a) (b)
1600 - 1600
#— without hole #— without hole.
1400 % With hole 1400 | —*— with hole .
1200 - 1200 A
- LY .
& 1000+ L\Wa 1000 N
= e ]
‘%\ 80O .t BOO - v
R u 5 e
é {’ - & - j‘ LA A m f
= 60| o o N 800 n . g
£ .o . I ]
3 ¥ =& n | s
> a0 / L N 00 | wu
-
/ W . [
200 4 -y | J
o -1 T T T o r" T T T
0.0 02 04 06 08 10 00 02 04 06 08 10
x/L L
() (d)
2000 2000 -
& without hole |—=— without hole
18004 —*  with hole 1800 4 —® — with hole .
1600 4 1600 |
_ 400 . 1400 ] *
@ > |
@ 12004 2 1200 4 I‘
= = 'Y
Z 1000 ot e % 1000 | =
g = e b g
E 1 L] E ]
£ o '] L < w0 " 4
£ o0 L] T £ w0 h . " -
s s | ' s /e "yt . 3
400 [} 400 [ mam .
{ LI L
200 200 [ "
o - - - - 0 re | T T T
00 02 04 06 08 1.0 00 02 04 06 08 1.0
xiL XL
(e) &y
Figure 12.

The mean spanwise longitudinal vortex intensity at a velocity of 0.4 m/s for the case of (a) one-pair RWP; (b)
one-pair of CRWP; (c) two pairs RWP; (d) two-pairs CRWP; (e) three pairs RWP; (f) three-pairs CRWP.
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where o” is the vortices about the normal axis of the spanwise plane. The mean
longitudinal vortex intensity in the spanwise plane at position x (Sey) is defined by
Eq. (24)

U= Dh|a)"| = Dh (22)

pD;, H n
Se, = o"|dA
Alx)p A(x)| |

Figures 12 and 13 show the ratio of Se, in RWP and CRWP cases at a velocity of
0.4 m/s and 2.0 m/s. In general, CRWP insertion produces a greater longitudinal

(23)
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Figure 13.

The mean spanwise longitudinal vortex intensity at a velocity of 2.0 m/s for the case of (a) one-pair RWP; (b)
one-pair of CRWP; (c) two pairs RWP; (d) two-paivs CRWP; (e) three pairs RWP; (f) three-pairs CRWP.
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vortex intensity than that of RWP because the frontal area of the CRWP is larger
than that of the RWP and due to the instability of centrifugal force when the flow
passes over the CRWP surface [19, 31]. The longitudinal distribution of the vortex
intensity is shown in Figure 14 for a velocity of 0.4 m/s and Figure 15 for a velocity
of 2.0 m/s. In the case of CRWP and RWP, the longitudinal vortex intensity tends to
dissipate after passing VGs due to viscous effects [2, 26, 28]. Therefore, the instal-
lation of the second and third rows of VG reinforces the intensity of the longitudinal
vortex as illustrated in Figures 12(c)-(f) and Figures 13(c)—(f) for velocities of
0.4 m/s and 2 m/s, respectively.

The hole in the VG results in a decrease in the intensity of the longitudinal
vortex, as shown in Figures 12-15. The hole in VG causes jet flow formation, which
can interfere with the generation of the longitudinal vortex [26]. For RWP VGs
with a velocity of 2.0 m/s, the intensity of the longitudinal vortex experiences the
highest decrease, namely 17% at x/L = 0.48 for the case of one pair with holes, 11%
at x/L = 0.4 for the case of two pairs with holes and 13% at x/L = 0.48 for the case of
three pairs with holes of ones without holes. Meanwhile, in the case of CRWP VGs
with a velocity of 2.0 m/s, the intensity of the longitudinal vortex experiences the
highest decrease, namely 35% at x/L = 0.48 for the case of one pair with holes, 14%
at x/L = 0.68 for the case of two pairs with holes and 22% at x/L = 0.68 for the case
of three pairs with holes compared to ones without holes.
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Figure 14.
The longitudinal vortex intensity for the case of three pairs of RWP and CRWP at locations x / L = 0.34 and
x/L = 0.32 at a velocity of 0.4 m/s, respectively.
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The longitudinal vortex intensity for the case of three pairs of RWP and CRWP at locations x / L = 0.34 and
x/L = 0.32 at a velocity of 2.0 m/s, respectively.
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3.3 Temperature distribution

The temperature distribution for the RWP and CRWP cases with/without holes
and the baseline in the spanwise plane at a certain position with a velocity of 2.0 m/s
is shown in Figures 16 and 17. Visually, the temperature distribution in the channel
in the presence of VG is better than the baseline. The placement of VG in the
channel increases the temperature distribution due to the counter-rotating pairs of
longitudinal vortices, which result in increased fluid mixing [32]. Counter-rotating
pairs of longitudinal vortices produce a downwash that pushes the fluid towards the
surface of the heated plate resulting in increased local heat transfer coefficients and
thinning of the thickness of the thermal and dynamic boundary layers [32, 33].

Meanwhile, counter-rotating pairs of longitudinal vortices also generate upwash
on the outer side of the vortex and push the hot fluid on the plate wall towards the
flow-stream resulting in a decrease in the local heat transfer coefficient and a
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Figure 16.
Temperature distribution in channel with: (a) RWP without holes; (b) RWP with holes.
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Figure 17.
Temperature distribution in channel with: (a) CRWP without holes; (b) CRWP with holes.
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thickening of the boundary layer as observed in Figures 16 and 17 comparing to the
baseline case, as shown in Figure 18. Visually, the temperature distribution in the
CRWP case is more even than the temperature distribution in the RWP case. This is
because CRWP produces a higher longitudinal vortex intensity than that of RWP
[31]. In addition, the holes in each VG result in the formation of jet flow, which can
reduce the intensity of the longitudinal vortex resulting in an increase in tempera-
ture gradient [26], as shown in Figure 16(b) and 17(b).

3.4 Pressure distribution

Figure 19 shows the pressure distribution for the three-pairs RWP and CRWP
cases with/without holes at a Velocity of 2.0 m/s. Installation of VG in the channel
results in an increase in pressure drop due to drag generated on the flow [34, 35]. As
observed in Figure 3.14, the pressure drop generated by CRWP is higher than that
from RWP. This is because the frontal area of the CRWP is larger than that of the
RWP, which results in a higher longitudinal vortex intensity and results in increased
pressure drop [19]. A low-pressure zone is formed behind VG in the RWP and
CRWP cases [26]. The hole in VG causes in the formation of jet flow, which results
in a decrease in the low-pressure zone. This is because the jet flow reduces the
stagnant fluid in the area behind VG and increases the kinetic energy in this area,
causing the pressure difference before and after passing VG to decrease [26].

3.5 Mean spanwise Nusselt number

The local heat transfer improvement can be identified with the mean spanwise
Nusselt number, as informed by Hiravennavar [36]. The equation used by
Hiravennavar is as follows:

; Bq(H/k)

Ny, = ———"—""— (24)
[e(T, — Ty)dz
where B, ¢, H, and k are channel width, heat flux, channel height, and fluid
thermal conductivity, respectively. Meanwhile, T, and T, are the wall temperature
and bulk fluid temperature, respectively.

Figure 18.
Temperature distribution in the channel without VG (baseline).
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Figure 19.
Comparison of the pressure distribution at z = 0.41H.
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Average spanwise Nusselts numbers the RWP and CRWP at a velocity of 2.0 m/s.

Figures 20 and 21 compare the mean spanwise Nusselt numbers in the RWP and
CRWP cases at velocities of 0.4 m/s and 2.0 m/s. The use of VG in the channel
increases the Nusselt number [30]. Figures 20 and 21 show that the mean spanwise
Nusselt number in the CRWP case is higher than that in the RWP case. This is
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because the longitudinal vortex intensity generated by the CRWP is stronger than
that of the RWP. The holes in VG result in a decrease in the mean spanwise Nusselt
number because the holes in VG reduce the intensity of the longitudinal vortex [16].
The highest decrease of the average spanwise Nusselt number in perforated RWP
and CRWP at a velocity of 0.4 m/s was 24% at x/L = 0.32 and 11% at x/L = 0.56 of
VG without holes, respectively. Whereas for the same case at a velocity of 2.0 m/s,
the highest reduction is 2% at x/L = 0.8 and 7% at x/L = 0.32, respectively.
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Figure 22.
Comparison of the convection heat transfer coefficient on RWP with and without holes for installation: (a) one;
(b) two, and (c) three pairs.
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3.6 Convection heat transfer coefficient

Figures 22 and 23 show the comparison of the heat transfer coefficient values
due to the installation of RWP and CRWP. In general, the convection heat transfer
coefficient increases with increasing Reynolds number. From Figures 22 and 23, it
is found that the convection heat transfer coefficient with the CRWP installation is
higher than that of the RWP. This is because CRWP produces a stronger
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Comparison of the convection heat transfer coefficient on CRWP with and without holes for installation:
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longitudinal vortex intensity than that of RWP due to the instability of the flow as it
crosses the CRWP surface [25]. The convection heat transfer coefficient in the RWP
and CRWP cases with a three-pair installation configuration with holes is increased
by 198% and 207%, respectively, from the baseline at the highest Reynolds number.
The addition of pairs of VG results in an increase in the convection heat transfer
coefficient because the addition of VG pairs strengthens the longitudinal vortex
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Figure 24.
Comparison of pressure drop on RWP with and without holes for installation: (a) one; (b) two and (c) three
pairs.
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strength and interferes with the formation of boundary layers and increases fluid
mixing [29]. Meanwhile, the hole in VG results in a slight decrease in the value of
the convection heat transfer coefficient, as seen in Figures 22 and 23, because the
holes in VG generate jet flow, which can weaken the intensity of the longitudinal
vortex [26]. The decrease in the convection heat transfer coefficient at the highest
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Figure 25.
Comparison of pressure drop on CRWP with and without holes for installation: (a) one; (b) two and (c) three
pairs.
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Reynolds number for the perforated RWP and CRWP cases of three pairs is 2% and
8% of the without holes, respectively.

3.7 Pressure drop

A comparison of pressure drop between experiment and simulation for the RWP
and CRWP cases is observed in Figures 24 and 25, respectively. From the two
figures, it is found that the pressure drop for all cases increases with increasing
Reynolds number. The main reason is the increase in the drag generated with
increasing flow velocity [14]. Installation of RWP and CRWP in the channel results
in an increase in pressure drop due to the drag formed on the flow. The pressure
drop due to CRWP insertion is higher than RWP because CRWP produces a stron-
ger longitudinal vortex than RWP [37]. For the perforated RWP case, the increase
in pressure drop with variations of one, two, and three pairs at the highest Reynolds
number is 4.26 times, 8.98 times, and 9.96 times, respectively, from the baseline.
Meanwhile, for the perforated CRWP case with the highest Reynolds number in the
same case, it is 12.52 times, 19.27 times, and 26.31 times from the baseline. The hole
in VG causes a decrease in the pressure drop value because the hole in VG reduces
fluid resistance due to the longitudinal vortex [31]. The highest reduction in pres-
sure drop due to the hole in the RWP with variations of one, two, and three pairs is
7%, 4%, and 13%, respectively. On the other hand, the decrease in pressure drop on
CRWP with the highest Reynolds number for the same case is 5%, 5%, and 11%,
respectively.

3.8 Field synergy principle (FSP)

FSP is a method for analyzing improvement in heat transfer rate, which was
informed by Guo et al. [38]. In their study, Guo et al. define the increase in the rate
of heat transfer by decreasing the angle of the intersection of the velocity vector and
the temperature gradient. The energy conservation equation used by Guo et al. in
their research are as follows:

pcpr(U T dy = —1% (25)
0

where p, Cp, and 4 are assumed to be constant so that the dimensionless form of
Eq. (25) is

1

E)‘ixPrJ (0-9T)dy = Nu (26)
0
where U = U/U.,, VT* = (Tjﬁ,y =9/6. Uy and T, are the velocity and

temperature of the fluid in the free stream region, respectively. Meanwhile, &; is the
thickness of the thermal boundary layer. Vector dot product, U - VT, in Eq. (26) can
be described as follows:

0¥ = |0|[YTcoss 7)

where f is the angle between the velocity vector and the temperature gradient.
Thus, Eq. (27) can be written as follows:
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Figures 26 and 27 illustrate the local synergy angle in the RWP and CRWP
cases, respectively, with speeds of 0.4 m/s and 2.0 m/s. In general, inserting VG in
the channel reduces the synergy angle because VG generates a longitudinal vortex
[39]. The longitudinal vortex alters the flow and temperature fields resulting in
improved heat transfer. From Figures 26 and 27, it can be observed that the
decreased synergy angle is higher in the case of CRWP than that of RWP because
the strength of the longitudinal vortex produced by CRWP is stronger than that of
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Figure 26.

Synergy angle at a speed of 0.4 m/s for the case of (a) one-pair of RWP; (b) one pair of CRWPs; (c) two pairs
of RWP; (d) two-pairs of CRWP; (e) three pairs of RWP; (f) three-pairs of CRWP.
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RWP [25, 40]. The lowest synergy angle in the case of three pairs of perforated
RWP at a velocity of 0.4 m/s are 78.25°, 77.98°, and 79.33° at x/L = 0.28, 0.52, and
0.76, respectively. Meanwhile, at velocity of 2.0 m/s, they are 81.15°, 79.42°, and
81.19° at x/L = 0.28, 0.52, and 0.76, respectively.

In the case of CRWP with the same configuration, the largest synergy angles are
71.64°, 77.52°, and 79.04° at x/L = 0.24, 0.52, and 0.76 at 0.4 m/s, respectively.
Meanwhile, at velocity of 2.0 m/s, they were 72.680, 78.810, and 81.570 at
x/L = 0.28, 0.52, and 0.8, respectively. The hole in VG increases the synergy angle
due to a decrease in the heat transfer coefficient [41]. The increase in the mean
synergy angle due to the addition of holes in the RWP and CRWP three pairs is
0.25° and 0.29° at a velocity of 2.0 m/s, respectively.
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Figure 27.

Synergy angle at a speed of 2.0 m/s for the case of (a) one-pair of RWP; (b) one pair of CRWPs; (c) two pairs
of RWP; (d) two-pairs of CRWP; (e) three pairs of RWP; (f) three-pairs of CRWP.
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4, Conclusion

In this study, a numerical fluid flow simulation was performed to determine the
effect of installing RWP and CRWP with/without holes at 45° angle of attack on
heat transfer and pressure drop in the rectangular channel. The hole in VG results in
a slight decrease in the convection heat transfer coefficient. The reduction of the
convection heat transfer coefficient in the channel with the installation of three
pairs of perforated RWP and CRWP for the highest Reynolds number was 2% and
8% of the without holes, respectively. The hole in the VG was able to reduce the
pressure drop in the channel. The highest reduction in pressure drop due to holes in
RWP with variations of one, two, and three pairs was 7%, 4%, and 13%, respec-
tively. On the other hand, the decrease in pressure drop on CRWP with the highest
Reynold number for the same case was 5%, 5%, and 11%, respectively. The hole in
VG caused a decrease in the mean spanwise Nusselt number in all cases. The
decrease in the average spanwise Nusselt number in the perforated RWP and
CRWP cases at a velocity of 0.4 m/s was the greatest of 24% at x/L = 0.32 and 11% at
x/L = 0.56, respectively, from those without holes. Whereas for the same case at a
velocity of 2.0 m/s, the largest decrease was 2% at x/L = 0.8 and 7% at x/L = 0.32,
respectively. The synergy angle increased due to the holes in the RWP and CRWP.
The average synergy angle increase in the use of RWP and CRWP three pairs was
0.25 and 0.29 at a velocity of 2.0 m/s, respectively.
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Chapter 5

Survey of Some Exact and
Approximate Analytical Solutions
for Heat Transfer in Extended
Surfaces

Raseelo Joel Moitsheki, Partner Luyanda Ndlovu
and Basetsana Pauline Ntsime

Abstract

In this chapter we provide the review and a narrative of some obtained results
for steady and transient heat transfer though extended surfaces (fins). A particular
attention is given to exact and approximate analytical solutions of models describ-
ing heat transfer under various conditions, for example, when thermal conductivity
and heat transfer are temperature dependent. We also consider fins of different
profiles and shapes. The dependence of thermal properties render the considered
models nonlinear, and this adds a complication and difficulty to solve these model
exactly. However, the nonlinear problems are more realistic and physically sound.
The approximate analytical solutions give insight into heat transfer in fins and as
such assist in the designs for better efficiencies and effectiveness.

Keywords: exact solutions, approximate solutions, lie symmetry methods,
approximate methods, heat transfer, fins

1. Introduction

In the study of heat transfer, a fin may be a solid or porous and stationary or
moving that extends from an attached body to rapidly cool off heat of that surface.
Cooling fins find application in a large real world phenomena particularly in engi-
neering devices. Fins increase the surface area of heat transfer particularly for
cooling of hot bodies. These come in different shapes, geometries and profiles.
These differences provide variety of effectiveness and efficiencies. The literature
with regard to the study of heat transfer in fins is well documented (see e.g. [1]).
The solutions either exact, numerical or approximate analytical continue to be of
immerse interest and this is due to continued use of fins in engineering devices.

Much attention has been given to linear one dimensional models [2-4] whereby
Homotopy Analysis Method (HAM) was used to determine series solutions for heat
transfer in straight fins of trapezoidal and rectangular profiles given temperature
dependent thermal properties; nonlinear one dimensional models [5] wherein pre-
liminary group classification methods were utilised to contract invariant (symme-
try) solutions; heat transfer in linear two dimensional trapezoidal fins [6]; heat
transfer in two dimensional straight nonlinear fins were considered [7] wherein Lie
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point symmetries and other standard methods were invoked and recently nonlinear
three dimensional models [8] were considered wherein three dimensional Differ-
ential Transform Methods (DTM) were employed to construct approximate ana-
lytical solutions. The dependence of thermal properties on the temperature renders
the equations highly nonlinear. The non-linearity brings an added complication or
difficulty in the construction of solutions and particularly exact solutions.

Few exact solutions are recorded in the literature, for example for one dimen-
sional problems [2-5, 9-15], two dimensions [6, 7, 16, 17]. An attempt to construct
exact solutions for the three dimensional problems is found in [8], however these
were general solutions. For this reason, either approximate analytical or numerical
solutions are sought. However, the accuracy of numerical schemes is obtained by
comparison with he exact solutions.

This chapter summaries the work of Moitsheki and collaborators in the area of
heat transfer through fin. In their work, they employed Lie symmetry methods to
construct exact solutions. These methods include, the preliminary group classifica-
tion, the Lie point symmetries, conservation laws and associate Lie point symme-
tries, non-classical symmetry methods and recently non classical potential
symmetries. It appeared that most of the constructed exact solutions do not satisfy
the prescribed boundary conditions. The idea then becomes, start with the simple
model that satisfy the boundary conditions and compare it with the approximate
solutions to establish confidence in the approximate methods, then extend analysis
to problems that are difficult to solve exactly.

We acknowledge that some scholars employed many other approximate
methods to solve boundary value problems (BVPs); for example the Homotopy
Analysis Method [18], Collocation Methods (CM) [19], Homotopy Perturbation
Methods (HPM) [20], Haar Wavelet Collation Methods (HWCM) [21], Collocation
Spectral Methods (CSM) [22], modified Homotopy Analysis Method (mHAM) [23],
Spectral Homotopy Analysis Methods (SHAM) and the Optimal Homotopy Analy-
sis Methods [24]. In this chapter we restrict discussions to Lie symmetry methods
for exact solutions, and DTM and VIM for approximate analytical methods.

2. Mathematical descriptions

Mathematical descriptions represent some physical phenomena in terms of
deterministic models given in terms of partial differential equations (PDEs). These
differential equations become non-linear when heat transfer coefficient and ther-
mal conductivity depend on the temperature (see e.g. [5]). This non-linearity was
introduced as a significant modifications of the usually assumed models see e.g. [2].

In this chapter we present a few models for various heat transfer phenomena.

2.1 2 + 1 dimensional transient state models

Mathematical modelling for heat transfer in fins may be three dimensional
models.

2.1.1 Cylindrical pin fins

We consider a two-dimensional pin fin with length L and radius R. The fin is
attached to a base surface of temperature T}, and extended into the fluid of temper-
ature T;. The tip of the fin is insulated (i.e., heat transfer at the tip is negligibly
small). The fin is measured from the tip to the base. A schematic representation of a
pin fin is given in Figure 1. We assume that the heat transfer coefficient along the
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Figure 1.
Schematic representation of a pin fin.

fin is nonuniform and temperature dependent and that the internal heat source or
sink is neglected. Furthermore, the temperature-dependent thermal conductivity is
assumed to be the same in both radial and axial directions. The model describing the
heat transfer in pin fins is given by the BVP (see e.g. [17])

aT 0 {K( )GT} 10 "

oT
0Z| ROR '

oR
The initial condition is given by

T(0,R,Z)=T;, O<R<R,, 0<Z<L,

here, T is the temperature of the surrounding fluid.
Boundary conditions are given by

T(t,R,L)=T,, O<R<R,, t>0,
oT
==
oT
-
oT
5=

0, Z=0, O0<R<R,, t>0.
K(T) —H(T)[T-T,], R=0, 0<Z<L, t>0,
0, R=R,, 0<Z<L, t>0,

In non-dimensionalized variables and parameters we have,

B 0 [0 ®] 5219 [0, %
- {k(e) az} B [k(&)r ay], )

subject to the initial condition

0(0,7,2) =0, 0<z<1, 0<r<1,
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and boundary conditions

0(z,1,r) =1, 0,<r<1, >0,
00
Z_o,
oz

k(ﬁ)?—az:—Bih(e)e, z=0, 0<z<1, 7>0,

where the non-dimensional quantities E = %, and Bi = HK—“S, are the fin extension
factor and the Biot number respectively. Also,

. szcp
T K,
K=K,k, H=Hyh, T=(T,—T)0+T,.

7, Z=Lz, R=R,,

where 7, 2, 7, k, h and 0 are all dimensionless variables. K, and Hj, are the
ambient thermal conductivity and the fin base heat transfer coefficient respectively.

Notice that other terms may be added, for example internal heat generation
(source term) and fin profile.

2.1.2 Rectangular straight fins

Following the similar pattern, in dimensionless variables we have (see e.g. [8])

S T N

subject to the initial condition
0(0,x,y) =0, 0<x<1, 0<y<1,
and boundary conditions

0(r,1,9) =1, 0,<y<1, >0,

20

&ZO, x=0, 0<y<L1, 7>0,

00 .

k(0)— = —Bih(0)0, y=0, 0<x<1, >0,

9y

00

—=0, y=1, 0<x<1, >0,

d

2.2 Two-dimensional steady state models

In this section we consider the two dimensional steady state models. The sym-
metry analysis of these models have proven to be challenging. In some cases stan-

dard method such as separations of variables have been employed to determine
exact solutions.
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2.2.1 Cylindrical pin fins

For steady state problem, the heat transfer is independent of the time variable.
For example, the time derivative in Eq. (2) vanish (see e.g. [16]).

2.2.2 Rectangular straight fins

For steady state problem, the heat transfer is independent of the time variable.
For example, the time derivative in Eq. (3) is zero (see e.g. [7]).

2.31 + 1 dimensional transient model for straight fins
2.3.1 Solid stationary fins

For solid stationary straight fins the model is given by (see e.g. [25, 26])

{f(x)k(e) %} — M?0h(6), 0<x<1. (4)

®_0
ot ox

subject to initial and boundary conditions

20
0(0,x)=0, 0<x<1, 0(r,1)=1 —

=0, >0.
ox r=

x=0

2.3.2 Solid moving fins

It appear, as far as we know, this is still an open problem and in preparation.

2| rer0 F] -0 - rrw Y 0<x<1

subject to initial and boundary conditions

00
0(0,x)=0, 0<x<1, 6(r,1)=1; — =0, >0.
0x x=0
2.3.3 Porous stationary fins
The model was considered in [27].
a4 o a0
— = —| —=N.(6—6,)"" =N, (6* —6"), 0<x<1.
% = o {f(x)k(ﬁ) Ox} (0—06,) (0% —63), 0<x< (6)
subject to initial and boundary conditions
00
0(0,x) =0, 0<x<1, 6(r,1)=1; — =0, 7>0.
0x x=0

2.3.4 Porous moving fins

The model describing heat transfer in porous moving fin is considered in [28]
and is given by
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=5 | FeRO

a0
fPef(x)a, 0<x<1.

—~N(0—0,)""" —N,(0 - 6,)> — N, (6" — 6%

a

subject to initial and boundary conditions

20
0(0,x)=0, 0<x<1, O(r,1)=1; —| =0, z>0.

ox|,_,
2.4 1 + 1 dimensional transient model for radial fins
2.4.1 Solid stationary fins

For solid stationary radial fins thge model is given by

212 lfomo ] - Moo, osr<i

subject to initial and boundary conditions

0(0,1) =0, 0<r<l, 6(zn1) =1

2.4.2 Solid moving fins

For solid moving radial fins the model is given by (see e.g. [29]),

w_10
ot ror

[;f(r)k(&) %] — M?0n(0) — f(V)Pe(?—af, 0<r<1.

subject to initial and boundary conditions

00
0(0,7) =0, 0<r<1, 0(r,1)=1 — =0, 7>0.
aVr:O

2.4.3 Povous stationary fins

For solid stationary radial fins the model is given by

a0 19
ot ror

[;f(r)k(e) % —~N,(0—6,)" —N,(6* —¢%), 0<r<1.

subject to initial and boundary conditions

0(0,7r)=0, 0<r<1l, 6(r,1)=1 — =0, 7>0.

2.4.4 Porous moving fins

For porous moving radial fins the model is given by

0 10 90

o ror or

90

{;f(r)k(a) —} —N,(6—6,)>—N,(6* —6*) — f(V)Peg, 0<r<i

@

(8)

9)

(10)

(11)
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subject to initial and boundary conditions

00
0(0,7) =0, 0<r<1, 6(r,1)=1 —| =0, 0.
aVV:O

2.5 One-dimensional steady state model for straight fins

Considering heat transfer in a one dimensional longitudinal fin of cross
area A, with various profiles. The perimeter of the fin is denoted by P and
length by L. The fin is attached to a fixed prime surface of temperature T},
and extends to the fluid of temperature T... in non-dimensional variables,
one obtains

d de ) -
& [rem0 %] -woro) =0, 0sx<t @)
subject to
_, 4000) _

In case of a moving radial fin the term

dao
f(x)Pea

is added to Eq. (12).

2.6 One-dimensional steady state model for radial fins

Considering heat transfer in a one dimensional stationary radial fin of cross area

A, with various profiles. The perimeter of the fin is denoted by P and length by
Ly, — r; The fin is attached to a fixed prime surface of temperature T}, and extends
to the fluid of temperature T.,. One may assume that at the tip of the fin», = 0. In

non-dimensional variables, one obtains

1d o) o
subject to
_, 4000) _
01) =1, = ==o0.

In case of a moving radial fin the term

f(r)Pe Zl—f

is added to Eq. (13) (see e.g. [30]).
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3. Methods of solutions
3.1 Brief account on lie symmetry methods

In this subsection we provide a brief theory of Lie point symmetries.
This discussion and further account can be found in the book of Bluman and
Anco [31].

3.1.1m dependent and n independent variables

m dependent variables u = (u!,4?, ...,u™) and n independent variables x =
(xb,x?, ..., x"), u = u(x) with m > 2, arise in studying systems of differential
equations. We consider extended transformations from (x, #)—space to
(x, Uy U(1)s U(2)s e 5 u(k))— space. Here u;) denotes the components of all kth-order
partial derivatives of u wrt x..

definition Total derivative. The total differentiation operator wrt x' is

defined by

I A R ., 9
Di —a‘i’uz %+uvﬁ+ +uii1i2-~-ik76u{l'
i

1112 ...in

+ ..., i=12,..,n.

a 2, a
o« Ou o« Ou

oaxi Y oo’

etc.
We seek the one-parameter Lie group of transformations

X =x'+ &€ (x,u) + O(£?),
(14)
4" =u"+en(xc,u) + O(e?),

which leave the system of equation in question invariant. These transformations
are generated by the base vector

. . P
X:é:l(x,”)@Jrﬂ (x,u)%

The kth-extended transformation of (14) are given by

S|

¢ =uf + &} (x,u,u(l)) +0(e?),

17; = MZ + ECZ (x,u,u(1>,u(2)) + 0(82),

(15)

u? =u? i T el? ) (x,u,u(l),u(z), ,u(k)) +0(e?),

11,005 sl 15025 e 115025 er sl

Theorem 1.1 The extended infinitesimals satisfy the recursion relations
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a4 = Di(n*) — u$D; (&),
a a a 1
Gij =D;(¢f) —ugD;(¢),
' (16)
a a a 1
Civiny i = Di (Cil ...z‘k,l) = Uiy iy Die €),
Introducing the Lie Characteristic function defined by
W =yt — &t
then
& = Dy(W*) + &ug,
z =D;Dj(W*) + &uyj,
(17)
tin oy = Dit e Dy (W*) + Euji iy iy
The corresponding (kth extended) infinitesimal generator is given by
7] J a J o d o 4
X[k] = g (X, u) % + '71' (x, u)% + Ci a + + Cibiz,...,ik r, k Z 1

115125 «- 5Lk

Theorem 1.2 A differential function F (x, Uy Uty oees u(p)) p >0, is a pth-order
differential invariant of a group G if

F,usu, osu)) = F(X, 8,85, 0 Ugp) )-

Theorem 1.3 A differential function F(x,u,u1, ...,u(,)) p >0, is a pth-order
differential invariant of a group G if

XPIF = 0,
where X is the pth prolongation of X..
3.2 Approximate methods

3.2.1 p-dimensional differential transform methods

For an analytic multivariable function f (xl,xz, ,xp) , we have the p-dimen-
sional transform given by

F(k1, k2, ...

1 a’€1+k2+...+kpf(xl,x2, ,xp)‘|

sky) =
p) kilky! ... kp' axlilaxlsz dxﬁp

(x1,xz, ,xp):(0,0, ..,0)
(18)
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The upper and lower case letters are for the transformed and the original func-
tions respectively. The transformed function is also referred to as the T-function,
the differential inverse transform is given by

P

f(x1,%2, wsp) = i i i F(k1,k2, ... kp) fo‘. (19)
ki=0ky=0  ky=0

=1

It can easily be deduced that the substitution of (18) into (19) gives the Taylor
series expansion of the function f (xl,xz, ,xp) about the point (xl,xz, ,xp) =
(0,0, ...,0). This is given by

S5 et
flxnx2, sxp) = Z Z Zk ey .

k1i=0k;=0  k,—0

a’€1+k2+ ...+kpf(x1,x2, ,xp)]

k1 5, k2 Ky
0X7'0x57 ... 0xp

x1=0, ... ,xp:0

(20)

For real world applications the function f (xl,xz, ,xp) is given in terms of a
finite series for some ¢,7,s € Z. Then (19)becomes

P
£ (x1,%2, wons2p) Z Z Z (k1, k2, ..., k) fo’. (21)
=1

=0ky=

We now give some important operations and theorems performed in the p-
dimensional DTM in Table 1. Those have been derived using the definition in (18)
together with previously obtained results [32].

In the table

5(]61 —6‘1,k2 — €25 ... ,kp —

1 if kj=¢ for i=1,2,..,p.
ep) = .
0 otherwise.

We now provide one result of the p-dimensional DTM without proof.
Theorem. Proof in [32].

If
F(x1,%2, s 2p) = g(X1,X2, s %) (21,62, 05 Xp),
then
ki ky kp
F(kl,kz, ok E E ee E G(kl,kz, ...,kp +ip)H(k1+i1, s Ry +ip_1,kp).
11 Olz ip:()

Original function f (%1, X2, ..., %) T-function F (ks, k2, ..., ky)

floe1, %25 rxp) = Ag (%1, X2, o005 Xp) F(k1, k2, .. nkp) = AG(k1, k2, ..., k)

Floe1, %25 s Xp) =g (31,22, o5 ) £ p(X1,%2, 05 Xy) F(k1, k2, ..o kp) = Gk, k2, ... kp) + P(k1, ko, ... ky)

fler,x2, %) = r Z;X,ngm ;:,, %) F(k1,ka, ... rkp) = %W(h + 715 ek +7p)

fler,x2, %) = [0 F(k1, ks . skp) = 8(ks —e1, k2 — €2, .. by —€))
Table 1.

Theorems and operations performed in p-dimensional DTM.
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3.2.2 Variational iteration methods

L6+ NO =g(x), (22)

where L and N are linear and nonlinear operators, respectively, and g(x) is the
source inhomogeneous term. He [33], proposed the VIM where a correctional
functional for Eq. (22) can be written as

0 511(x) = 0;(x) + JZﬂ(t) (LO,(t) + No(t) — g(t))d, (23)

where 1 is the general Lagrange multiplier, which can be be identified
optimally via the variation theory, and 6, is a restricted variation, which
means 50, = 0 [34]. The Lagrange multiplier can be a constant or a function
depending on the order of the deferential equation under consideration. The
VIM should be employed by following two essential steps. First we determine
the Lagrange multiplier by considering the following second order differential
equation,

0" (x) + ab (x) + bO(x) = g(x),0(0) = a, &' (0) = f, (24)

where a and b are constants. The VIM admits the use of a correctional function
for this equation as follows,

X

9]'+1(x> = 9](36) + J

0) (9/;(0 + ad(t) + bd;(t) - g(t))dt. (25)

Taking the variation on both sides of Eq. (25) with respect to the independent
variable 6; gives,

50 ;. s ([ , o .
5éj1 ~ltgy (Jol(t) (¢/() + a0) + bB;() - g(t))dt), (26)

or equivalently

X

80 j1(x) = 00(x) + 6 (J o) (a’;a) + ab(t) + b; (1) — g(t))dt> , 7)

0
which gives

X

80 ;1 (x) = 00;(x) + 5<J At) (9”].(t)dt), (28)

0

obtained upon using 50 ;= 0and 5[9; = 0. Evaluating the integral of Eq. (28) by
parts gives,

X
80 j1 = 80; + 620, — 610; + 5J0/1”9]-dt, (29)
or equivalently

X
80 jy1=06(1—A|_,)0; + 820, + 5[0,1”9]»0#. (30)
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The extreme condition of 6 ;1 requires that 66 ;1 = 0. Equating both sides of
Eq. (30) to 0, yields the following stationary conditions

1-2|,_, =0, (31)
Ay =0, (32)
V_, =0 (33)
This in turn gives
A=t—x. (34)

In general, for the n™ order ordinary differential equation, the Lagrange multi-
plier is given by,
(-1
(j=D!

Having determined 4 and substituting its value into (23) gives the iteration
formula

A=

t—x)’" (35)

X

9]‘+1(x) = 9](36') +J

Oa-n@(eqa)+aegw-+beﬂn-gagda (36)

The iteration formula Eq. (36), without restricted variation, should be used for
the determination of the successive approximations 6 ;1 (x),;>0, of the solution
0(x). Consequently, the solution is given by

O(x) = lim 0;(x). (37)

Jj—roo

4. Survey of some solutions

In this section we demonstrate the challenge in the construction of exact solution
for heat transfer in pin fin. Also, we consider the work in [5].

4.1 Some exact solutions
4.1.1 Example 1

Given the power law thermal conductivity in heat transfer through pin fins, that
is in Eq. (3) k(0) = 6". The model admits four finite symmetry generators. Amongst
the others, the two dimensional Lie subalgebra is given by

0 0 0o 200
—, Xo=2—+r—+——

Xy =—,
17 % o o nao

Notice that

[X1,X5] = X1,
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and hence we start the double reduction first with X; which implies (z,7, 0) are
invariants and leads to a steady state problem. Hence writing @ = F(z,7) and
substitute in the original equation, one obtains

10

F.=E*~— (rF'F,).
ror
X, becomes
0 2F 0
Xf=r—+—=—.
2 =T T oF

This symmetry generator leads to the first order ODE
/ n+1 n
g =422 (" et

In terms of original variables one obtains the general exact solution

1 —1/n
O(z,r) = r"/? [—4E2 <n —Z )1 + cl} .
n

The difficulty for group-invariant solutions is the satisfaction of the imposed or
prescribed boundary conditions. This has been seen in two dimensional steady state
problems [7, 16], and 1 + 1 D transient problems [25]. Perhaps the most successful
attempt in in [26]. For nonlinear steady state problems, some transformation such
as Kirchoff [7, 16], may linearise the two dimensional problems which then
becomes easier to solve using standard methods. Linearisation of nonlinear steady
state one dimensional problems is possible when thermal conductivity is a differ-
ential consequence of heat transfer coefficient [5].

4.1.2 Example 2

In [5], preliminary group classification is invoked to determine the thermal
conductivity which lead to exact solutions. It turned out that given a power law heat
transfer coefficient, thermal conductivity also takes the power law form. Given
Eq. (12) with both k(0) and /(0) given by ¢" then one obtains the solution

1/(n+1)
o) = lcosh (\/n +1 Mx)] . (38)

cosh (vVn+1 M)

The expressions for fin efficiency and effectiveness can be explicit in this case.
Furthermore, this solution led to the benchmarking of the approximate analytical
solutions [35]. With established confidence in approximate methods, then one may
solve other problems that are challenging to solve exactly.

4.2 Some approximate solutions
4.2.1 Three dimensional DTM

In this subsection we consider heat transfer in a cylindrical pin fin. We consider
thermal conductivity given as a linear function of temperature 1 + 6 and a power
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law heat transfer coefficient. The three dimensional DTM solution of Eq. (2) is
given by

0(t,1,2) = ct +ctr + cor* +cor® + cor* + o +evr® + v’ 4.
Bic™  , 5 ,,  10Bic™"?

+CTZZ — VT — 5Tz 71’1’322 + o
(1+ pe) 2E? 9E?(1 4+ fc) (39)
(1+ fe) 2F? EX1+pc) ~ 7

One may determine the value of ¢ by invoking the boundary at the base of the
fin, as such

Bic"+1 5¢ Bic"+1

c
cr+cw+crr‘2—|— -I-CT—iTV——TVZ —|—CT—7TV——T1’2—|—
(1+ pc) 2E? (1+ pe) 2E?

=1

To plot a three dimensional figure for this solution one may fix temperature, say
at 7 = 0.4 The results are shown in Figure 2.

4.2.2 Two dimensional DTM

The two dimensional DTM solution for a steady heat transfer through the cylin-
drical fin is given by

Bicm+1 5 Bicm-‘rl ) ; BiCm+1
r+ ..tz — Zr+ .. +cz0 —

O(r,z) = c— 2r +

1+ pc 1+ fpc 1+ fpe

(40)

Figure 2.
Approximate analytical solutions for a two-dimensional cylindrical spine fin with a constant thermal
conductivity (p = o) for t = 0.4. The parameters are set such that E = 2, Bi = 0.2, and m = 3. (see also, [8]).
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and ¢ is obtained from

Bic™ 1 Bignl 12¢ + 1862 4 AE? e 4 AEPBE

_ _ b (1+fc)?
1+ﬂcV+ . +¢

2
r— r 4+ ... =1
1+ pe 4E2(1 4 pe)

c

This solution is plotted in Figure 3

4.2.3 Comparison of one dimensional exact, DTM and VIM solutions

Here the solutions for the one dimensional heat transfer problems are compared,
namely the exact solution given in Eq. (38). The VIM solutions is given by
3c2M?x?  3c°MPx? N ¢’ M*x? N ASM*x* 3¢’M*x* N 59M*x* MMt
2 2 2 8 2 4 4

O(x)=c
+ .-
(41)

The constant ¢ may be obtained using the boundary condition at the fin base.
The DTM solution is given by (see [35])

32M%? M2 *MP(3 — 4aMPc)x* PMP(1— 16M%c)x5
O(x) =c+ - + + —
2 6 48 240

(42)

Likewise, the constant ¢ is obtained using the boundary conditions.
These solutions are depicted in Figure 4.

1 T T T T T T T T T

— steady
— =02

— 7=t

—— =5

0.3 1 1 1 1 1 1 1 1 1

Figure 3.
Approximate analytical solutions for a two-dimensional cylindrical spine fin with a constant thermal
conductivity (p = o) for t = 0.4. The parameters are set such that E = 2, Bi = 0.2, and m = 3. (see also, [8]).
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1 T T T T T T T T
0.95 F /
09r //
0.85 , %/
08 /%
= 075 //
S S |——VvIM:n=2
0